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Abstract
Coarse-grained molecular dynamics simulations show the shape control of polyelectrolyte grafted
nanoparticles, PE-GNPs, by adding oppositely charged linear polyelectrolyte, LPE. Over two decades
ago, an ultra-soft interaction potential was found for PE-GNPs, hypothesizing exotic phase behavior.
Computational limitations restricted systematic simulations of multiple PE-GNP and LPEs. This
work builds on the current understanding of a single PE-GNP, investigating the concentration effects
introduced by multiple PE-GNP. The combined effects of LPE replacing counterions and multiple
PE-GNPs in solution are reported in this thesis. The degree of neutralization, and LPE length are
studied in concentration corresponding to the dilute and overlap regime. In the dilute regime, adding
LPE leads to a collapse of the PE-GNP, which agrees with the literature. Reaching high neutral-
ization, meaning many LPE and few counterions, dimerization occurs for dilute systems. At high
neutralization and above the overlap concentration, all PE-GNP aggregate. The effect of dimeriza-
tion and complete aggregation completely shifts the behavior of the PE-GNP. It changes from overlap
behavior that homogeneously maximizes space occupation to a system that minimizes surface area
and undergoes liquid-liquid phase separation. The former has polyelectrolyte arms of the PE-GNP
contracting to accommodate one another, and the latter has interpenetrating arms at a concentration
below the semidilute regime. These findings are relevant in guiding the post-synthesis modification of
the shape and size of PE-GNPs, directing the system towards appropriate model systems for solution
properties.
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1 Introduction

Polymer research is at the intersection of physics, chemistry, biology, and engineering. The com-
bined effort has progressed humans from the Iron Age to the Age of Plastics. The field describes the
synthesis, characterization, understanding, and engineering of materials from atomic to macro scale.
Current advancements in polymer synthesis provide controlled ways to make cyclic-, star-, brush-,
comb-, block-co-, triblock-co-, and dendritic polymers.[1]–[3] With the many advantages of using
traditional petrochemical polymeric materials, such as durability and processability, comes a great
price. Plastic waste is piling everywhere, from the Great Pacific Garbage Patch to microplastics in
human testicles.[4]–[6] Current innovations steer towards renewable sources to replace petrochem-
icals, biodegradability, and enhanced properties to minimize plastic usage. Current efforts towards
bio-degradable polymers require modifications to be processable as the more resistant petrol-based
polymers.[7] A fundamental understanding of the polymers and processing involved is critical to
properly finding and utilizing enhanced properties. The newly available polymers drive the research
for structure-environment-properties relationships in polymer science.

Macromolecules pose a multiscale challenge, where a single polymer chain ranges from angstrom
to multiple nanometers in size.[8], [9] Involving chain conformation, lamellar crystallization, and
chain relaxation. Multiple macromolecules increase this towards micrometers, where networks[10],
self-assembly, formation of spherulites[11], and viscoelasticity arise.[12] Understanding polymeric
materials starts experimentally at the atomic scale; Nuclear Magnetic Resonance, Infra-Red spec-
troscopy, or High-Pressure Liquid Chromatography characterize a polymer to find the composition,
degree of polymerization, and polydispersity indexes. With these techniques, the atomic structure
can be determined with high efficiency. Polymeric materials experience a resistance to stress due
to the timescales of intrapolymer relaxation and intermolecular reorganization. The dynamics of
such systems, polymer coils, are studied in soft matter, relating a material’s solid and fluidic behav-
ior. Research focuses on the connection between microscopic structure and macroscopic properties
of colloids, liquid crystals, and, concerning this work, polymers. The relevant systems are studied
by means of scattering experiments, light, neutron or X-ray, electron microscopy, and rheology.[13]
These methods probe the size, orientation, and dynamics in an indirect manner. A more direct under-
standing of how particles move is required to understand the mechanisms involved further. This has
been achieved with Molecular Dynamics (MD).

A class of particles currently being researched is the polyelectrolyte grafted nanoparticles(PE-GNP),
consisting of a core area, rigid, frozen, or flexible, and charged polymers protruding from the core.
The effective potential between these particles was found to be ultra-soft.[14] Such potentials are pre-
dicted to have a rich phase behavior, including re-entrant melting and exotic crystal phases. Typical
polymer chains are tenuous, making them soft and not elastic; hard spheres are dense, making them
hard and infinitely elastic.[15], [16] The PE-GNP, while remaining tenuous, displays soft and elastic
behavior, forming glasses and caging at low-volume fractions compared to the 0.58 volume fraction
of hard spheres.[17], [18] Some applications are in drug delivery[19], [20] with large size and charge
dependencies or adsorption and surface spreading antifouling coatings.[21], [22] Or polyionic liquids
can be used as nanoreactors.[23] Another application is enhanced oil recovery, where viscosity is re-
duced.[24] Responsive systems with shape and viscosity control are vital for these applications. Tem-
porary shape control through solvent quality[25], salt concentration[26], electric field manipulations
[27], and other methods have recently been gaining traction to fulfill the need for better properties in
barriers, yarns, drug delivery, and the ability to process non-conventional polymers on a large scale.
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A different approach to control the size of PE-GNPs is to add multivalent species, such as multi-
valent salt or linear polyelectrolyte (LPE), instead of monovalent counterions. The theory of PE-
GNPs with monovalent counterions is well understood. Systems with multiple PE-GNPs in solution
are described in theory, simulations, and experiments. These studies have documented the effects of
concentration, showing a retraction of arms before interdigitation.[28], [29] The behavior for differ-
ent salt concentrations is apparent in these works, intricating the mechanisms involved. This work
will consider the addition of LPE to modify the PE-GNP reversibly after synthesis. Previous work
theory and simulations have been done for single-particle systems with star polymer-linear polymer
interactions[30], interactions between spherical polymer brushes(SPB) and LPE[31], and SPB with
multivalent salt[32], as well as a model for a non-viral gene factor.[33] These single-molecule sys-
tems are dilute and fixed in space. Experimental efforts use multiple particles as they are hard to
isolate.[34]. This work combines these two lines of research: concentration effects and LPE com-
plexation effects.

Similar models are being studied, focusing on the assembly of oppositely charged PE-GNP.[35],
[36] These show well-defined supramolecular organizations that depend on interaction parameters
like more classical block-copolymer phase-separation. The key difference is that the parameters for
PE-GNP assemblies are temperature and ionic strength instead of temperature and the interaction
parameter, χ. The classic example of block copolymers is polymer-polymer phase separation, and
the PE-GNPs undergo liquid-liquid phase separation. Also, other polymeric substances and archi-
tectures, such as dendrimer conformations, are under investigation.[37]–[39] Self-assembling block-
co-polymers are also studied in Non-equilibrium Dynamics.[40] The assemblies of planar polymer
brushes and charged surfactants were studied, showing structural patterning.[41] The patterns depend
on the charge ratio, a measure of how many brush-neutralizing particles are present. In this work, this
is referred to as the degree of neutralization. Oppositely charged diblock copolymers can be added to
model the zipper brush.[42] More closely related to the frozen core micelles is a similar model that
does not make the assumption of the core being a single particle.[43] Perhaps most reminiscent of
the current work is the theory [44] and simulations [45] efforts towards understanding hybrid colloid-
polyelectrolyte conservation. These works use colloids as a model system for globular protein, solid
nanoparticles, or spherical micelles. The common ground between these works becomes more ap-
parent with the considerations of when a branched polymer becomes a particle.[46] This is with five
or more arms. The key difference is that there is space for linear polyelectrolytes to penetrate the
star, whereas the colloids do not have this space. This is also shown for SPBs, where one sees lateral
and radial surface patterns for respectively low and high grafting density. [47]The main contributions
to the coacervate’s internal structure are the adsorption strength of the polyelectrolytes and the ratio
between the polymer shell and core radius.

These MD simulations are coarse-grained molecular dynamics (CG-MD), as atomic and monomeric
precision is forsaken to obtain reasonable timescales and statistics with the current resources. The
shaving away of details is depicted in figure 1.1. Quantum effects are not captured in all-atomistic
simulations (AA). The characteristics of individual atoms or monomers are left out in CG-MD. Molec-
ular details are lost when transitioning to continuum simulations at the mesoscale or macroscale. Over
the last 15 years, these resources have upgraded and allowed for more detailed simulations on large
molecules, like polymers and proteins, longer timescales, improving access to glassy dynamics, and
more particles, allowing investigation of phase behavior and properties in solution and melt. How the
potential energy landscape is smoothened with coarse-graining in figure 1.2. Different approaches
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are static mapping, dynamic, and reverse mapping.[48] With coarse-graining, one chooses quantita-
tive trends and moves away from qualitative predictions. However, experimental data can be used
as input, and the simulations can be used as verification. To further the understanding of systems
multiscale modeling approaches to go from atomistic or quantum scale to macroscopic properties,
with DFT, AA, CG-MD, and mapping to larger models, such as the tube model[12] or employing
interaction potentials.[49]

Previous unpublished work of this research group developed a coarse-grained PE-GNP model[18]
for verifying experimental systems, such as a star-like block-copolymer assembly aggregating to ki-
netically frozen core micelle.[2] The overlap concentration was related to a vitrified state, showing a
liquid-to-solid transition. The scaled-down model[50] was investigated for grafting density, degree of
polymerizations of the arms, and concentration effects related to shape control. The entropic penalty
for linear chains condensation is much less than counterions and will be osmotically inactive, pre-
venting counterions from being active in the swelling of the PE-GNP.

Figure 1.1: Schematic that displays the length scale as a function of the time, that characteristic dynamics
of these times and lengths. The schematic shows how one leaves details away from quantum calculations,
such as density functional theory (DFT) or Hartree-Fock (HF), towards all atomistic classical dynamics
that can be grouped in coarse-graining as four beads per amino acid, going further to 1 bead per amino
acid or a Kuhn segment. Coarse graining further, one will end up towards dissipative particle dynamics or
continuum simulations at the mesoscale.[51]

In this work, the scaled-down model is further explored by systematically varying the number of
LPEs, ranging from no neutralization to complete neutralization, and the length of the LPE, in the
range of a dimer to polymers longer than the PE-GNP arms. This is performed in the dilute and
overlap regime. An ensemble of 64 PE-GNP will be simulated using CG-MD simulations employ-
ing a bead spring model with implicit solvent. The simulations are limited to no additional salt to
increase simplicity and decrease computational costs. Simulations were run with the Large-scale



8 Chapter 1 INTRODUCTION

Figure 1.2: Graphical representation of what occurs with coarse-graining to the structure of molecules and
the free energy landscape.[52] Starting on the bottom left is an all-atomistic representation, and going to
the right, it coarse-grains further. The corresponding free-energy landscapes are shown from the top left to
the top right, and one can appreciate how the global minimum becomes more available.

Atomic/Molecular Massively Parallel Simulator, LAMMPS.[53] The aim is to uncover the structural
relationship with the addition of LPE and multiple PE-GNPs interacting. The gyration tensor, radial
distribution function, RDF, and mean square displacement, MSD, are used to characterize this be-
havior. These give insight into the shape, size movement, and relative position. The system’s dilute
behavior was validated with single PE-GNP simulations.[31]–[33] The multiple PE-GNP investiga-
tion elucidated the hypothesis that aggregation of PE-GNPs would occur at complete neutralization
and displays the concentration and LPE length dependence.
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2 Theory

To understand the MD simulations and what information stems from them, the following chapter will
explain the key concepts that form the background of the research project. These are Polymers and
soft matter, Poly Electrolyte-Grafted Nano Particles (GNP), and complex coacervation.

2.1 Polymers and soft matter

Polymers are classified as soft matter and, therefore, deformable and influenced by their environment.
Extrapolating from an inherent quality, such as the molecular weight towards the polymer coil size
in solution, is not as straightforward as it would be for a hard sphere. The Zimm model[54], [55],
assuming solvent being dragged with the polymer within its pervaded volume, in combination with
the mean-field model by Flory [56], [57] The radius of gyration, Rg, and molecular weight, Mw, are
related to one another with the exponent ν. The exponent for linear polymer chains used in equation
2.1 ν = 0.6 in dilute good solvent conditions. Increasing the concentration of polymers quickly
complicates the situation.[58], [59]

Rg ≈ Mν
w (2.1)

Relating the inherent Mw to something that describes the size of the coil that can be further related to
macroscopic properties brings predictive power and planning for specific applications. Further chal-
lenges arise when introducing more relevant chemical interactions and varying the architecture. For
neutral and charged star polymers, scaling depends on the degree of polymerization and the number
of arms. Daoud and Cotton found scaling laws describing this behavior.[60] For the number of arms,
degree of neutralization, Kuhn length, and excluded volume selected for this system, the following
scaling would apply R = M3/5v1/5F1/5b. [50], [60]. Scaling complicates star polyelectrolytes further,
with the condensation of counterions becoming an important parameter. Translating the Mw towards
Rg is relevant because this relation gives insight into the more relevant coil size or star size, R, and
viscosity, η. Rg and R are related for this system in Appendix A. The viscosity of neutral polymer
melts in the unentangled regime η0 ≈ N1.0±0.1, where N is the degree of polymerization of a linear
polymer.[25] For entangled polymers, it scales as follows, η0 ≈ N3.4. For soft colloidal suspensions, a
nonlinear rheological response is observed.[61] The material displays both glassy responses, resisting
sheer at high concentrations and at low concentrations where there is little resistance.

The ratio between the radius of gyration and the contour length lc indicates how extended a polymer
chain is. This indicates the solvent quality of the system. A low ratio suggests bad solvent conditions
and a high ratio indicates good solvent conditions. How polymers mix considers the solvent quality
and the interaction between polymers. Flory’s theorem describes mixing and balancing the favor-
able enthalpic interactions and unfavorable entropic contributions from constrained chains.[57] Flory
theorem: polymers in the melt behave similarly to ideal chains without excluded volume. This does
not generally apply to polymers with non-trivial topology. The Rouse model describes polymers as a
series of connected beads without hydrodynamic interactions. It is not ideal for dilute systems, but it
proposes that viscosity is proportional to molecular weight. The Zimm model builds further upon the
Rouse model and includes hydrodynamic interactions. This proposes correct values for the intrinsic
viscosity. These models follow the Fox-Flory equation, leading to the Mark Houwink equation.[25]
Both are given below:

[η] = Φ
R3

Mw
= KMa

w (2.2)
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R being the coil size R ≈ b
√

N square root of monomers with size b (number of beads of size b),
Φ = 0.425Nav and a = 3ν− 1. In θ solvent a = 0.5 and good solvent a =∼= 0.76, entangled star
polymers mainly rely on the number of entanglements per arm for their viscosity. It is independent
of the number of arms. The mode of relaxation is the retraction of the arms. The introduction of
LPE will limit this. Polymers are not limited to dilute solutions or melts. They form arrested states,
networks, and gels, each influencing the viscosity and dynamic properties in their way.

2.2 PE-GNPs
Polyelectrolyte grafted nano-particles, PE-GNP, is not a common term; it will be defined, and some
characteristics will be explained in detail. A nano-scale particle, monomers, aggregates, or typi-
cal metal or polymer particles constitute the core. From this core, polymer arms protrude. These
polymers are charged species and called polyelectrolytes. Classes that fall under this term are: Star-
polymers [28], [29], charged frozen core micelles[2], [18], spherical polymer brush[13], [34]. For
star polyelectrolytes,[28] and polyelectrolyte brushes[62] theory has been well defined, with scaling
laws for different regimes in the presence of counterions and salt. Allowing simulations to test these
theories and use them to build models. The same will be done in this thesis.

Polymers are typically depicted as linear, but unintentional branching occurs during production.
This has evolved into intentional branching. A single central branching point is a star polymer; if
it branches more in the subsequent linear chains, it becomes a dendrimer. If it has multiple branching
points on a linear point, it can be a brush polymer (dense) or a comb polymer (sparse), depending
on the grafting density. A polymer brush is a surface grafted with linear polymer chains, where the
surface is flat or curved for a spherical polymer brush.

2.2.1 Star polyelectrolytes

Star polymers are considered to behave as typical linear polymers with five or fewer arms. With
more arms, behavior tends to be more particle-like.[46] This work will focus more on particle-like
polyelectrolyte stars. The behavior of polyelectrolytes can be subdivided into three concentration-
dependent regimes.[28] Two classical regimes are dilute and semidilute. The third regime is specific
for polyelectrolytes: overlap. These transition into one another with increasing concentration from
dilute to overlap to semidilute. In the dilute regimes, polymer chains are far apart and barely interact
with other polymer chains. The semidilute regime is characterized by polymers interacting and mixing
and, for stars, interpenetration. The overlap regime also has interaction between stars. However, there
is no mixing or interpenetration. Instead, to accommodate the space, the arms of a star retract. Once
this is no longer possible, arms will interpenetrate, which is considered a semidilute regime. These
regimes are characterized by the distance between the center of mass of the star, which is defined as

Rcm ≈ b
(

f M
cb3

)1/3

(2.3)

The f is the functionality of the star, b the Kuhn length, M the number of monomers in a PE-GNP
arm with length b, and c the concentration. If the distance between neighboring stars is much larger
than the radius of a star, it is defined as the dilute regime. In the overlap regime, the Rcm is on the
order of the radius of a star. From this follows the overlap concentration

c∗ ≈ f M
R3 (2.4)
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when Rcm becomes smaller behavior will be semidilute. The concentrations at which this happens
differ depending on the dominant effects. Shusharina and Rubinstein have provided a full description
of the scaling of these systems based on the number of arms and concentration, with and without
salt.[28] A graphical representation is presented in figure 2.1. To understand this, the condition for
ion condensation needs to be clarified

u2a > 1, (2.5)

where u is the ratio between the Bjerrum length and the Kuhn length, u ≡ lb/b. The Bjerrum length
is the length at which Coulombic forces are equal to the thermal forces. a stands for the fraction of
monomers or beads that are charged. In the case of equation 2.5 indicates counterion condensation,
contrarily below 1, counterions do not condensate. The Manning condition for condensations states
that the charge per Bjerrum length should be smaller than the linear charge density[63], as is described
in equation 2.5. To better understand what this means, the Wiegner-Seitz cell is introduced.[64] This
cell has three areas: surrounding the core and proximal to the arms, V1, in the interarm space, V2 and
outside the PE-GNP, V3. A counterion is osmotically active when it has degrees of freedom, such as
translational. In V1, counterions are condensated and lose most degrees of freedom. There is move-
ment along the chain, leading to some osmotic activity.[34] The correlation is stronger for multivalent
counterions or polyions, and osmotic activity is negligible. In V2, the counterion is non-condensated
and osmotically active. When the counterion is outside the star in V3, it is not osmotically active in
expanding the PE-GNP. This work treats condensed and non-condensed counterions as u2a = 1, with
lb,b, and a set to unity.

In the case of u2a > 1, counterions are condensated. This means no dilute polyelectrolyte regime
exists. This regime is characterized by ions moving freely through the solution. This is rooted in the
entropic penalty for confinement being larger than the potential gains from electrostatic interactions.
The osmotic and quasineutral regimes are present when ions condensate. Extended arms that are
pushing against each other characterize these regimes. The origins are counterions that are osmoti-
cally active inside the star and a high segment density in the PE-GNP, forcing extension similar to
a neutral dense system. Translating this towards LPE, the entropic loss caused by confinement gets
smaller with the increasing size of the LPE, as many of the degrees have been restricted by binding.
This means that at u2a = 1, the LPE will condense, and a significant part of counterions are not con-
densed, either osmotically active or in solution. Figure 2.1 (a) becomes applicable for LPE and Figure
2.1 (b) for counterions.

In the osmotic regime, thermal energy is smaller than the Coulombic interactions, and counterions are
confined in the star either way. The size of the star is independent of the number of arms. More arms
will eventually lead to the quasineutral regime where segment density is so high that this dominates
over short-range electrostatics. Scaling for these different relevant regimes are as follows: for the
dilute osmotic regime scales like:

ROS ≈ bMa1/2, (2.6)

This is both for condensated and non-condensated counterions. For c > c∗, there are multiple regimes
of interest where different effects dominate in controlling the shape. In the overlap regime, this is
long-range electrostatic repulsion between arms; this can only occur without counterion condensation.
In the electrostatic and quasineutral overlap regimes, short-range interactions dominate, respectively,
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Figure 2.1: Figure adapted from [28], polyelectrolyte star solution regimes as a function of arms, p, and
the Kuhn segment concentration cb3. The limit in the dilute regime number of arms is signified by the
number of Kuhn monomers, N, the ratio lb/b, u, and the charge fraction, f . In this work, the charge
fraction is designated with a, as the text mentions. The relevant regimes are explained in the text. The
circled numbers signify the crossovers. The relevant ones are 2,2′, and the overlap concentrations c∗.

electrostatically and sterically. Despite different dominant effects, the scaling is the same

RO ≈
(

f M
c

)1/3

(2.7)

2.2.2 Spherical polyelectrolyte brushes

The stretched nature of the grafted polymer chains characterizes polyelectrolyte brushes. These poly-
mer chains are smaller than the radius of the particle or surface on which they are grafted. A ho-
mogeneous segment density over the brush’s height for a conventional brush. In this work, spherical
polyelectrolyte brushes, SPBs, are characterized by the same stretched state but an inhomogeneous
segment density and a curved surface. The density decreases going radially outward. The presence of
multivalent salt or polymeric ions has been studied for polyelectrolyte brushes.[65] For SPBs, this has
been studied by means of anomalous small angle X-ray scattering (ASAXS) and small angle neutron
scattering (SANS).[13], [66] For single SPBs, CG-MD has been performed.[31], [32]. Osmotic coef-
ficients were experimentally determined.[67] The effective interactions between SPBs were studied,
and the PE-star theory previously discussed was extended to the SPB.[14] This produced the predic-
tive model for the osmotic coefficient

Φ =
Q∗

Qbare
(2.8)
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Where Φ is the osmotic coefficient, Q∗ is the net charge of the SPB, and the Qbare is the charge of
the SPB in the absence of ions. The effective potential found was the shape of an ultrasoft repulsion.
Spherical polymer brushes were studied in the context of multivalent salt.[32], [34]

2.3 Complexcoacervation
Complex coacervation refers to associative liquid-liquid phase separation. This type of phase sepa-
ration occurs when two polymers associate through charged interactions. This results in a polymer-
dense phase and a dilute phase, the supernatant. In the case of charged interactions, this can be tuned
by salt concentration or pH. The driving forces involved are the enthalpic interaction between salt
ions and polymer or polymer-polymer, the entropic penalty for the association of polymers or salt
and polymers, and entropic and enthalpic gain for the solvent. The first theory, Voorn-Overbeek’s
theory, combines Flory-Huggin’s theory of mixing and the Debye-Hückel of dilute electrolytes. [26]
The enthalpic interactions from the favorable Coulombic interactions will be the same. However, all
of the entropic contributions to the system will favor LPE condensation. Arresting a larger molecule
is entropically favored over multiple small molecules. The small molecules also do not disrupt the
solvent network as much, giving a favorable interaction. This effect is not captured with implicit
solvents, unlike other solvent-specific effects. Origins have long been debated, but a clear picture of
the interactions involved and the main driving forces are becoming apparent when the interactions
of water are fully captured, and this model could provide more insight.[68]–[70] Proteins undergo
LLPS based on hydrophobic and Coulomic interactions. Current simulation efforts are focussed on
the dominant effects in the coacervation. A more detailed theory on the scaling involved in complex
coacervation focuses on further assemblies, such as complex coacervate core micelles and complex
coacervate microcapsules.[71], [72] Or on inhomogeneous coacervates.[73] Investigation on differ-
ent lengths in complexation shows that smaller chains complex faster but are eventually replaced by
longer polyions.[74] The replacement was seen to go stepwise and is tailored to the available free
charge. Furthermore, they show the shrinkage of the polymer chains upon complexation.

The viscosity of complex coacervates is dominated by the dynamics of single ionic bonds acting as
temporary crosslinks between the polyelectrolytes.[75], [76] This is then tunable with salt, decreasing
the strength of these crosslinks. Theoretical efforts refer to a ”sticky” Rouse model.
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3 Methods

In this section, I will discuss how the computer simulations on which this work is based are set up
and how the output was analyzed. Molecular dynamics (MD) was employed to emulate how poly-
meric particles move and interact with their environment and each other. MD simulations can be all
atomistic (AA), where every bead represents an atom or coarse-grained, approximating molecules or
monomers as an excluded volume with a degree of homogeneity in interaction potentials. Here, we
apply a Coarse-grained model based on the same coarse-graining commonly seen in polymer physics,
a bead spring model. These respective techniques and fields will be explained to understand the model
and how it is coarse-grained.

Molecular dynamics is a widely applied technique using Newtonian physics. Software like GRO-
MACS and LAMMPS [53] are employed to solve the equations of motion for a particle-filled box.
This simulation box has a V = L3 volume and several particles inside, n. A typical unit for exper-
imental science is the number of Avogadro na = 6.02214 · 1023. Currently, systems of such n are
not accessible in reasonable timescales. To work around this limitation, periodic boundary conditions
have been introduced to simulate bulk materials or solutions.[25] Further reduction in simulation costs
can be achieved by implicitly treating the solvent, meaning it is a structureless continuum that causes
the solvent-mediated effects on the system. This greatly reduces the number of particles and degrees
of freedom. A simulation begins with the following input parameters: initial position ri, velocity of
the particle dri/dt (generated randomly from a velocity seed), Temperature T (stemming from the
average kinetic energy), pressure P and interaction potentials between particles.[25] These interac-
tion potentials can be empirical, pair, many-body potentials, or a mix of these examples. Treating the
solvent implicitly is performed by adjusting these potentials and shifting or truncating the behavior.
This work uses pair potentials, which will be specified in the model’s section.

Different dynamics such as Stochastic[33], [77] Brownian[31] and Langevin using the Verlet algo-
rithm [50] or higher order integrators[78] can be applied to include more forces such as drag and
overall acceleration or not. Stochastic and Brownian dynamics use stochastic forces and have no net
acceleration or drag; Langevin dynamics do to a certain extent. To simulate hydrodynamic behav-
ior properly at larger timescales, possible than AA simulations, one can choose dissipative particle
dynamics (DPD).[40], [79] In DPD, multiple solvent molecules are grouped to emulate the hydro-
dynamic effects properly. This is performed by calibration in post-processing instead of originating
from microscopic properties. With the yearly downsizing of chips and other efforts, computational
power increases, leading to the ability to probe larger systems. Not only with more computing power
but also with coarse-graining, we can achieve larger systems and larger timescales. Coarse graining
is the art of taking details away from your molecule while capturing the behavior of interest. This
allows us to obtain meaningful qualitative trends. With more multiscale modeling, one can obtain
meaningful quantitative data.

The equations that are being solved are called Newton’s equations of motion. These arise from the
total force on a particle, coming from every other particle. This differs from mean field techniques,
and every individual contribution is counted:[25]

mi
d2ri(t)

dt2 =− ∑
i ̸= j

0≤i, j≤n

∂U(ri − rj)

∂(ri − rj)
(3.1)
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These forces sum together as the previously mentioned equations of motion. One integrates numeri-
cally over a small timestep to solve these and obtain a trajectory. This can be done by using the Verlet
algorithm:

ri(t +δt) = 2ri(t)− ri(t −δt)+(δt)2 d2ri(t)
dt2 (3.2)

The Verlet algorithm is used for microcanonical ensembles with a constant number of particles, vol-
ume, and total energy (NVE) or constant Temperature (NVT). Both are used and will be discussed in
the simulation details. These are Nose-Hoover-style equations of motion that can generate positions
and velocities from the aforementioned microcanonical ensembles. More exotic integration methods
can be used depending on what is kept constant or when translating AA to CG simulations. [78]

3.1 Model

This research project consists of coarse-grained molecular dynamics (MD) simulations of polyelec-
trolyte grafted nanoparticles (PE-GNP) and oppositely charged linear polyelectrolytes (LPE). A poly-
electrolyte is a charged polymer, either anionic or cationic. These simulations are coarse-grained and
are, therefore, in Lennard-Jones units. This increases the characteristic length of the systems and al-
lows for longer timescales than an all-atomistic approach would. The model is based on the Kremer-
Grest bead spring model[80]–[82] with a harmonic bond potential[83], truncated-shifted Lennard-
Jones (LJ) potential [25], and a Coulombic potential[83]. These will be described in detail here, as
well as the other details of the model.

A PE-GNP comprises a core that represents a frozen core from block-co-polymer assemblies, PS
nanoparticles, or other grafting points. To this core, polyelectrolytes are grafted to denote the archi-
tecture of these polymers f and M is used. f represents the number of arms. M represents the number
of beads comprising one arm, the chain length, or the degree of polymerization. The architectural
parameters of the PE-GNP are in the low functionality and arm-length limit: f = 16 and M = 30,
respectively. The degree of polymerization of the LPE is similarly denoted by N. Counter ions are in-
troduced to ensure charge neutrality when LPE and PE-GNP do not neutralize one another. To model
the polymers in good solvent conditions, a shifted and truncated LJ potential [25] is introduced:

ULJ(r) =

{
4εLJ

[(
σLJ
r+∆

)12 −
(

σLJ
r+∆

)6
]

for r ≤ rc +∆

0 for r > rc +∆

(3.3)

Where εLJ is defined as the pair strength and set to unity εLJ = 1 σLJ is the pair length and the diameter
of a bead. These beads represent a Kuhn segment of the polyelectrolytes for both the arms in the GNP
and the linear polyelectrolytes. The counterions are also represented by a bead with a diameter of 1
σLJ and a mass of 1 mLJ . The bead representing the core is the only bead that deviates. It has a diam-
eter of 2 σLJ and a mass of 8 mLJ . ∆ defines the shift of the LJ interaction. These are set separately
for each particle type pair. The core-core shift is 1 σLJ , core monomer(PE-GNP arm and LPE), and
core ion shift 0.5 σLJ . All other interactions are not shifted. Lastly, rc is the unshifted cutoff distance
for the interaction or simply the radius of the bead; these are 2.5 for core-core interactions. For all
other interactions, rc = 1.12246σLJ ≈ 2

1
6 σLJ



16 Chapter 3 METHODS

Figure 3.1: schematic representation of experimental systems represented by the model studied in this
work. (a) Polystyrene core, methyl acrylate arms, star polymers by Raffa et al..[2] These assemble in
micelles, increasing the core size and the number of arms. (b) diblock polystyrene-polyacrylamide assem-
blies by Maan et al..[21] (c) polystyrene colloidal particle with polystyrene sulfonate grafted on it by Mei
et al..[34]. (d) representation of the architectural parameters f ,M,N, that are respectively the functionality
of a PE-GNP, length of PE-GNP arms and length of the LPE.

A harmonic potential is introduced to hold the particles and macromolecules together. The LJ poten-
tial is purely repulsive and arranges the volume exclusion effects in polymers. This potential will be
both attractive and repulsive.[83]

Uh(r) = k(r− l0)2 (3.4)

with k = 2500εLJ/σ2
LJ , where the equilibrium bond length for monomer- monomer bonds is l0 =

1.0σLJ and for core monomer l0 = 1.5σLJ . The equilibrium bond length and the shift in LJ potential
determine the size of a bead. The larger equilibrium bond length and shifted LJ potential make the
diameter of the core 2σLJ .

The electrostatic interactions must be defined and incorporated as we are interested in charged par-
ticles. The charge of a single bead is set to the elementary charge, q = 1e, for all beads except for
the neutral core. qPE−GNP arm = −1; qion = +1 f or β < 1; qion = −1 f or β > 1; qLPE = +1 The
charge of a GNP is defined as follows: QGNP = MfqPE−GNP arm. For a single LPE, it is described as
QLPE = NqLPE . The β parameter is defined as how much the charge of the GNP is compensated by
the LPE or the degree of neutralization. To put it in a formula, which assumes a homogeneous distri-
bution of LPE over the GNP, is as follows: β = |QLPE ·numLPE/QPE−GNP·numPE−GNP|. The Coulombic
potential is defined below:[83]

Ucoul(r) =
C ·qi ·q j

εLJ · r
for r < rc (3.5)
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C is an energy conversion constant or energy scale. The charge screening properties of water are not
considered in this potential. Other methods include debye screening for this cause. It is an added term
in the shape of a decay exponential e−κ∗rij , with κ, the Debye length. This describes the screening
effects of the medium. The Bjerrum length is related to the strength of an electrostatic interaction and
the thermal energy. The dielectric constant is ε; this is changed to gauge the strength and robustness.
The Bjerrum length is defined as lb = e2/4πε0εrkBT which was set to unity. ε0 and εr are the vacuum’s
permittivity and the solvent’s relative permittivity, and e is the elementary charge. These Coulomb
interactions are calculated with the particle-particle-particle mesh (PPPM) approach; calculations are
performed partly in real space (directly) and partly in reciprocal space (in kspace).[84] The Ewald
value or accuracy set for this was 10−4, the mesh size was 30 in all dimensions. The cutoff for that is
rc = 10σLJ

The size of the counterions is not feasible but necessary; realistic scales would break the simula-
tion. Mass scales in a cubic fashion with bead radius while the forces on the counterions remain the
same. One quickly enters a mass difference and, thus, an acceleration difference that nullifies the dy-
namics that are being studied. It would become a Born-Oppenheimer approximation that, instead of
electrons, studies counterions.[85] The counterions are present for charge neutrality so that the PPM
method can converge fully. Counterions are monovalent; LPE differs from multivalent counterions as
LPE reaches much higher charge values while staying reasonable and has the added effect of paying
a minor entropic penalty for aggregation. One could also add counterions for each component of
the simulation cell. In this way, we get similar results, but the number of particles and simulation
time is reduced significantly for simulations with increasing degrees of neutralization. Being aware
of complex coaservation, studying a range of salt concentrations is possible and exciting. To avoid
complicating the project in this way, only counterions for charge neutrality were studied

3.2 Simulation details
In all simulations, the number (64) and architecture 16 arms consisting of 30 Kuhn segments(f16-
M30) of the PE-GNPS are kept constant. The contour length is defined as Lc =M ·BondLengthequillibrium.
The red bead represents the core in the figure 3.1 and all other snapshots. Pink is LPE, blue is the arms
of the GNP, and yellow counterions. All particles are randomly seeded into a box and compressed
under NVT conditions according to the values in tables 3.1, 3.2. The concentration is based on the
volume of the GNP beads and the box size: c = VGNP/Boxlength3. The boundaries of the box are
periodic. T = εLJ/kB was set to unity. The time unit was defined as follows: τLJ = σLJ(mLJ/εLJ)

1
2 ,

where m is the mass, mion = 1mLJ , and the same goes for the beads of LPE and PE-GNP arms. The
mass of the core is mcore = 8mLJ . The integration timestep is δt = 0.005τLJ

σLJ = 1 nm approximately according to the Kuhn length.[18], [42] The values in this paper for per-
sistence length seem rather different, 10 nanometers for low salt concentrations.[86] Kuhn length is
two times the persistence length. However, this is an inherent quality of a polymer that is used for the
model.

In this work, the degree of neutralization (charge ratio) β, N, the degree of polymerization of the
linear polyelectrolytes, and c, the concentration, were varied. The concentration varies in the range c
(vol% )= 10−2 - 5 and the corresponding box lengths. The degree of LPE polymerization is varied in
the range of 2 - 50 beads. The degree of neutralization is in the range of 0.0 - 1.0 going from zero,
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a bare star, to a stoichiometric QGNP = QLPE elaborate depiction of the simulations, are given in the
tables 3.1, 3.2. In most analyses, β is an input value, which assumes a homogeneous distribution of
the LPE over the PE-GNP; however, this is not the case. When PE-GNP are investigated individually,
they will correspond to the actual value.

This work is made under the Ergodic hypothesis.[87] If all relaxation times of the system are shorter
than the simulation time and are in equilibrium, the microcanonical ensemble is equivalent to the time
average. The sampling of generic thermodynamic ⟨A⟩ comes from the instantaneous value A(t), in
the following way[25]:

⟨A⟩= 1
X

X

∑
j=1

A(t0 + jδt) (3.6)

This means that every frame can be regarded as a separate data point and weighed in on the standard
error, making our sampling good enough to do fewer simulations.[88], [89] The equilibration time to
test for substantial equilibration was the correlation of the end-to-end vector of the linear chain. In
previous work, the relaxation of the PE-GNP was determined and deemed suitable.[50]

Table 3.1: simulation details Beta, constant architecture f16-M30 and LPE length N = 30

Concentrations (vol%) Degree of neutralization, β

0.01 0.0, 0.1, 0.25, 0.4, 0.5, 0.6, 0.75, 0.9, 1.0, 1.5
0.1, 0.05, 0.25, 0.5 0.0, 0.1, 0.5, 0.75, 0.9, 1.0

1.0 0.0, 0.1, 0.25, 0.4, 0.5, 0.6, 0.75, 0.9, 1.0
3.0 0.0, 0.1, 0.5, 0.75, 0.9, 1.0, 1.5
5.0 0.1, 0.9, 1.0

Table 3.2: simulation details Degree of LPE polymerization, at β 0.0, 0.1, 0.5, 0.9, 1.0 (f16-M30)

Concentrations (vol%) degree of polymerization, L
0.01, 1.0 2, 5, 10, 20, 30, 40, 50

0.1 5, 10, 20, 30, 40, 50
0.05, 0.25, 0.5 30

3.0, 5.0 5, 10, 30, 50

3.3 Methodology
It takes multiple steps to arrive properly at the production run. This starts with randomly generating
the PE-GNP in a box, followed by the LPE and counterions. The LPE is the number of PE-GNP arm
beads multiplied by β, and the number of counterions is the number of PE-GNP arm beads minus the
number of beads of LPE. Starting there are only LJ3.3 and harmonic3.4 potentials. A soft potential is
introduced for non-bonded interactions to untangle overlapping molecules (NVT, 50τLJ). With this,
the initial crashing of the simulation is prevented. As mentioned, the box length has been modified to
match the correct size. This is done for 500τLJ under NVE conditions and with the soft potential still.
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Without the soft potential, the system is equilibrated for 50.000τLJ , NVT. This suffices for systems
in solution and does not have a high polymer melt density. Followed by a further 500.000τLJ under
NVE. The charges are introduced over 500τLJ and relaxed for another 500τLJ . Here, PE-GNP arms
extend, and the LPEs condensate and coacervate with the PE-GNP, depending on concentration. This
is enough time for the rearrangement of the PE-GNP and the association of the LPE. The aggregation
of multiple PE-GNP is heavily time-dependent and does not happen over the whole following pro-
duction run. That results in a production step of 50.000τLJ

To mitigate this effect, simulations run longer, and the time scale at which this happens is currently
investigated. Multiple simulations would not improve the results, as the aggregation needs to happen
(this is in the high degree of neutralization range).

The radius of gyration (Rg) indicates the size of the GNPs in the solution. This stems from the
moment of inertia but is calculated as the square root of the average distance vector of all particles
to a reference point. This reference point is the center of mass. To obtain this, we use the gyration
tensor as Arkin and colleagues did; this results in Rg and the asphericity, a measure that indicates how
spherical the particle or molecule is. [90]

Radial distribution functions (RDFs) provide information on the spatial distribution between parti-
cles by calculating how density varies as a function of distance from the reference. It also provides
insight into the degree of ordering in the system with regular patterns indicating crystalline structure,
for example. This was calculated using InterRDF, with the following equation[91], [92].

gab(r) = (NaNb)
−1

Na

∑
i=1

Nb

∑
j=1

⟨δ(|ri − r j|− r)⟩ (3.7)

Mean square displacement shows how the molecules’ displacement evolves. This becomes useful
when probing the caging dynamics of the GNP solution and obtaining diffusion coefficients. More
information about the uniformity of the movement of the particles can be obtained. To calculate,
Freud is used with the following equation[93]

MSD(m) =
1

Nparticles

Nparticles

∑
i=1

1
N −m

N−m−1

∑
k=0

(⃗ri(k+m)− r⃗i(k))2 (3.8)

The end-to-end vector is the vector between the first and last particle of the LPE. This is calculated
using numpy (array, positions, and inner). It gives an idea of the size of the polymer and how extended
the polymer chains are. Especially when it is compared to the contour length (ℓc), this is the maximal
length of a polymer chain with restricted angles between bonds or monomers. Our system does not
pose such limitations on the polymer chains as this information is taken up in the Kuhn segment. The
contour length is thus the number of monomers multiplied by the bond length.

Signac and Signac-flow Python packages were used for data management. [94], [95] Visualization of
simulation trajectories and obtaining snapshots was achieved with Ovito.[96] Simulations were run
with LAMMPS software.[53]
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4 Results

4.1 Dilute Regime

To fully investigate the effects of the introduction of LPE on the phase behavior and shape of PE-GNP,
the model has to be verified with current literature on a single PE-GNP. Therefore, the ⟨Rg⟩ of the PE-
GNP and where LPE and counterions are located will be discussed. The effects of the number of LPE,
the degree of neutralization β, and their chain length, N, will be investigated. A single fixed particle in
a box would have no interactions with other PE-GNP. It would approach an infinitely dilute solution,
aside from the effect of the box walls or itself in periodic boundary conditions. Concentration is
calculated as the PE-GNP’s excluded volume divided by the volume of the simulation box. The values
in the literature are ≈ 0.0004 vol% when the same principle is applied.[31], [32] The architectures,
space position, and box lengths are summarized in table 4.1. They use different pair length values
where one bead is more approximate to a small monomer. However, for c = 10−3 vol%, unphysical
behavior was seen in previous projects[50], and the PPPM was suggested as a possible problem for
these box sizes and the number of particles. Therefore, the concentration that has been researched is
two orders of magnitude higher, with a concentration of 0.01 vol%. This concentration remains in the
dilute regime, and PE-GNP sizes correspond to previously found radius of gyration in the dilute limit,
Rg0, values.

Architecture(f-16-M-30), the linear chain length at N = 30, core diameter 2σLJ , and grafting density
1.27arms/σ2

LJ have been kept constant. Figure 4.1(a) shows how the PE-GNP collapses under the
effect of neutralization by LPE. It is plotted with ⟨Rg⟩ as a function of β, where the data points are

averaged over all individual
√

R2
g calculations of PE-GNP and all timesteps. The error bars repre-

sent the standard error. The values for A somewhat quadratic decay can be observed for the brush
thickness in a single particle simulation, with a minimum of β = 1.[31] This matches their mean-field
theory model. This work focuses on the behavior of the whole particle; thus, the Rg that includes
the particle’s core is more sensible than the brush thickness. The values for the radius of gyration do
not match, as is expected for a smaller core, less arms[33] and a larger core, more arms.[31]. What
is comparable is how much the particle collapses. Both examples where Rg does not match reduce
to ∼ 50% of their original value. The same can be seen in this system’s inset of figure 4.1(a). The

Table 4.1: Summary of architectures, box lengths, and simulation setups for other relevant works.

property Mei et al.[32] Ni et al.[31] Larin et al.[33] This work
Total numbers of particles 2401 2401 601 61504

Number of PE-GNPs 1 1 1 64
Arm length 30 30 30 30

Number of arms 40 40 10 16
Core radius 6 6 0.5 1
Pair length a = 0.2367nm a = 0.25nm unspecified σ σLJ ≈ 1 nm
Box length 160 160 unspecified 546.85

Box boundaries periodic periodic periodic periodic
Particle position fixed center fixed center fixed center randomly seeded
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trend of ⟨Rg⟩ does not follow an equal trend as the brush thickness.[31] Towards β = 1 the collapse
seems to be suppressed. Simulations of this work have further elucidated this. A quadratic decay
occurs before β = 0.9, and afterward, its decay is dampened and nearing a plateau. The minimum
is attained at β = 1. The origin of the collapse has been attributed to the loss of osmotic pressure as
LPE replaces counterions. The nature has been identified as entropic as the same result is not seen
for monovalent salt.[32], [34] They claim that condensated ions remain somewhat osmotically active,
whereas multivalent ions are more strongly correlated, and their osmotic contribution is negligible.
The more correlated, the smaller the osmotic contribution. This raises the hypothesis that longer LPE
will have a larger effect on the ⟨Rg⟩. This was found to be true for a single PE-GNP and multiple
PE-GNPs. The effect of N does not continue infinitely and eventually plateaus. Figure 4.1 (b) shows
that with increasing LPE length, the PE-GNP shrinks more. What was previously not shown is the
dependence towards β for the plateau region. With increasing β, this is shifted to higher values of
N. At low degrees of neutralization, there is barely any effect of LPE length, meaning it plateaus at
N = 2. At a high degree of neutralization, the plateau has shifted to N = 30. This chain length was
selected to achieve the maximal effect on the PE-GNPs while having the most number of chains and
the most homogeneous behavior. Following from the distributions in the appendix A.1 where N = 50
more strongly favors narrow distributions towards no LPE in PE-GNPs. N = 30 performs better for
this while maintaining a maximal impact for all studied β values.

In Mei et al. 2008, the Bjerrum length has been set to 3 a by a value of 7.1 Å. The Bjerrum length
in the simulations of 1 σLJ equals the Kuhn length of a monomer, which should approach this value.
In previous work, this has been approximated to 1σLJ = 1 nm. This implies a Bjerrum length equal
to 10 Å. This is overestimating the strength of the Coulombic interactions if one wants to simulate
water at room temperature; calculating this for water would result in a temperature exceeding 100◦C.
The shielding of water is not taken into account within the implicit solvent. One could add an expo-
nential decay to the Coulombic potential to address the screening of water. Current efforts in systems
where long-range electrostatics are relevant, such as bipolar nanopores, employ an all-atomistic ex-
plicit solvent representation of the system and a coarse-grained implicit solvent.[97] This is also done
in protein simulations. [98]. The screening nature comes forth from the partial charges on oxygen
and hydrogen, creating a dipole that screens charges.

The ratio of Rh and Rg was used to give more insight into the behavior and conformation of the
PE-GNPs.[33] Typical values for a regular multiarm star are 0.93, and for a hard sphere, they are
1.29.[99] Upon increasing the degree of neutralization, the ratio Rh/Rg increased monotonously start-
ing from 0.9, indicating a conformation more similar to a uniform hard sphere. Methods to calculate
the hydrodynamic radius are with a single particle and not accessible for this work; this would have
been valuable to estimate how compact the complexated PE-GNP and LPE are and help estimate the
radius from Rg. [100]–[102]

Linear polyelectrolyte complexes of hyaluronic acid and chitosan hydrogels show the collapse when
chains are not charged, a sharp increase when charged but not fully coacervated, towards a shrinkage
once complexated that remains over a large pH range. [103] This was investigated with static light
scattering, SLS.
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Figure 4.1: Description of the dilute regimes (0.01%) PE-GNP size (⟨Rg⟩). (a): The ⟨Rg⟩ as a function
of the degree of neutralization β, for constant LPE length N = 30. This shows a stretched exponential,
like e−5/2, which comes close to its horizontal asymptote at β = 0.9. The snapshots belong to β = 0.0 and
1.0 (b): The ⟨Rg⟩ as a function of the degree of polymerization, N, at varying degree of neutralization β.
where the strength of the exponential decay depends on β. The insets on the left side of the figure are N =
5, and on the right side correspond to N = 50, from OVITO snapshots.

Figure 4.2: Simulation snapshots taken with OVITO, constant concentration c = 0.01% at different β: (a)
β = 0.1, (b) β = 0.5, (c) β = 0.9. Red spheres (not visible) are the cores of the PE-GNPs, blue beads
represent the Kuhn segments comprising the arms of the PE-GNPS, pink beads represent the LPE, and the
yellow beads are counterions

Free linear chains cannot be seen in any of these snapshots. The literature confirms the denaturing be-
havior by comparing complexated linear chains to free linear chains. To show the denaturing effects,
the ⟨Rg⟩ during charged is depicted in appendix A.2; this shows the denaturation of the LPE in dilute
systems, where it is more stretched before complexation. In the overlap concentration, LPE is never
free in solution, and upon charging, complexation is quicker than complete stretching of the LPE. The
nature of these polymers can be further specified by characterizing the non-Gaussian parameter. The
cores are strongly correlated, causing a high intensity; therefore, the peak at a higher length seemed
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Figure 4.3: Radial distribution functions showing the association of multiple PE-GNP in the dilute regime.
(a) The g(r) are plotted against r and are normalized for the maximal value. These show the correlation
between the cores of the PE-GNP. The strong shift upon going to a high degree of neutralization is clear;
the remaining peak, around 140, is less noticeable.

to have disappeared due to the normalization. The implications of this will be discussed further in the
next chapter. Longer box length in this analysis could elucidate more of the structure of the second
peak and indicate a glass or crystal structure. However, the MSD of the cores does not show a plateau
indicating such structures. This is depicted in the appendix A.3

Figure 4.4: Mean square displacement and radial distribution functions in the dilute regime (c = 0.01 %)
for N = 30. (a) mean square displacement showing that counterions are less associated with the slower
PE-GNP at higher β values. (b) Shows how the linear chains are found within the Radius of the PE-GNP
when β is increased. The peak broadens as more LPE are associated with the LPE and fill it radially. (c)
Show the peak of the RDF shifting further away from the core. Also the the RDF does not become 0 for
high neutralization, indicating for counterions, which are free to move, in solution.
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Figure 4.5: Mean square displacement at different degrees of neutralization for different chain lengths. (a)
β = 0.1, (b) β = 0.5, (c) β = 0.9. Upon increasing β, the behavior of N = 2 diverges more. significantly
diverging its behavior from the longer polyions. Increasing the degree of neutralization leads to earlier and
more diffusive behavior, indicating a weaker correlation between LPE and PE-GNP

Looking at how the ions are distributed, it can be seen that they are shifted further away from the core
and are also more common at farther distances. Further strengthening that the ions are becoming less
osmotically active with increasing β. And complexation of LPE around the core pushing counterions
out. The trend for linear chains is that they are situated as close to the core as possible, and when more
LPE are in solution, this distribution widens but remains within the radius of the PE-GNP, meaning
that they are not in solution.

The mean square displacement (MSD) shows no difference for the GNP in dilute systems in fig-
ure 4.2 when comparing different LPE lengths. For the ions, there is a larger difference. When more
LPEs are added, the attractive electrostatic interaction between PE and counterion is weakened, and
the ions are more free to move. The diffusion coefficient could be obtained as jusufi does in[37], [38],
[104]. ions is 0.62τ/a2, trivalent 0.11 and monomers 0.05 τ/a2. Showing close approximation of the
trivalent atoms towards the arms.
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4.2 Overlap Regime
In the previously discussed dilute regime, PE-GNP behavior is mainly governed by the interaction be-
tween itself, counterions, and the LPEs (and solvent implicitly). Decreasing the simulation box size
will force inter-PE-GNP interactions to occur. It will also increase the likelihood of LPEs interacting
with multiple PE-GNP, potentially introducing bridging effects and coagulation.[31], [44] The effects
of concentration are investigated with the previously explored parameters: degree of neutralization β

and degree of LPE polymerization N. This introduces new fluctuation and correlation effects aside
from electrostatics. The architecture will be kept constant, and aside from the investigation in LPE
length, N will be kept constant, too.

Figure 4.6: Description of the overlap regimes (1vol%) PE-GNP size (⟨Rg⟩) and the distribution of LPE
across the PE-GNPs. (a): The ⟨Rg⟩ as a function of the degree of neutralization β, for constant LPE length
N = 30. This shows a stretched exponential, which comes close to its horizontal asymptote at β = 0.9.
The snapshots belong to β = 0.0 and 1.0. (b): The ⟨Rg⟩ as a function of the degree of polymerization, N,
at varying the degree of neutralization β. where the strength of the exponential decay depends on β. The
insets are on the left side of N = 5 and the right side of N = 50 from OVITO snapshots.

The effects and trends shown previously for a dilute system remain mainly present; adding more LPE
leads to a smaller ⟨Rg⟩. The LPE-induced shrinking of the PE-GNPs is dampened as the whole system
is already compressed. This holds at low β values where the ⟨Rg⟩ decreases with about 2σLJ due to
the concentration effects. The same shrinkage is not seen at high β values. The radius of gyration is
slightly larger. More importantly from β= 0.9 to β= 1.0, the ⟨Rg⟩ shows an increase in the ⟨Rg⟩. This
signals a more complex process involved in the shape control aside from the concentration-induced
shrinkage [28] and LPE-induced collapse [31].

Until moderate degrees of neutralization in the dilute regime, LPEs remain condensated on the same
PE-GNP. This is depicted in appendix A.4. This is also the case for higher degrees of neutralization
initially. This does not continue, and the exchange of LPE happens throughout the rest of the simula-
tion. When PE-GNPs are closer in the overlap regime, there is some exchange between the PE-GNPs.
At β = 0.9, there is much more exchange of LPE. There is no initial absence of exchange as the
aggregate has already been formed. This has also translated to the distribution of LPE. This gives the
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Figure 4.7: The distribution of LPE of PE-GNP over the whole simulation. An LPE is counted as asso-
ciated if one of the beads is inside a sphere with an approximated radius from the Rg and the degree of
neutralization. (a) dilute regime, 0.01 vol%, (b) overlap regime, 1.0 vol%

sharp distribution for β = 0.1 and 0.5, independent of the concentration. Two different distributions at
a high degree of neutralization indicate two different states of PE-GNP LPE complexation. These are
sharp distributions similar to those of lower neutralization systems and a much smoother and broader
distribution. The former indicates the LPE being stuck in the PE-GNP. The latter suggests that LPEs
are somewhat free to redistribute themselves among the PE-GNPs. This relates to the dimerized and
fully coagulated states for respective dilute and overlap concentrations with a high degree of neutral-
ization. A single PE-GNP is more common than dimerized PE-GNPs in the dilute regime. For the
overlap concentration, the agglomerate is predominant.

At low β, the distribution includes PE-GNPs that do not have LPE condensation within them. This
affects the behavior and should be noted; however, the scale of effects seen at higher β values does not
seem significant. There seems to be overlapping PE-GNP; this can be a 3d effect where they are be-
hind one another in space. However, with this and the distribution of LPE in 4.2. The hypothesis that
complete neutralization aggregation occurs and LPEs are shared between multiple PE-GNPs seems
likely. In the dilute regime, these PE-GNP do not interact; however, still, some interaction happens,
and in 10 τ, these dimers form; going more dilute would probably circumvent this, as PE-GNP do not
coalesce further.

The distribution further insinuates that there is interpenetration as the two confirmation sets with
and without interpenetration have shifted more towards the interpenetration one. Meaning more lin-
ear chains inside. There are still PE-GNPs that do not have this interaction as strongly.

Typical concentration-driven shrinking in the overlap regime has a slope of -1/3; for a semidilute
electrostatic regime, this is -1/4 without condensation of counterions or LPE. This typical decrease
is when polyelectrolyte stars get so compressed that the particles can not compress further and must
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Figure 4.8: (a): Average values for the Rg as a function of concentration. (b): average asphericity of PE-
GNP as a function concentration. Introducing LPE shifts the size behavior from interdigitation avoidance to
interpenetration-driven swelling of the PE-GNP. The shape, however, is not affected by either concentration
or β. The inset shows a PE-GNP and its environment. The left side is in the dilute regime, and the right side
is in the overlap regime. The top left shows a single PE-GNP with condensated LPE and both condensated
and uncondensated counterions. When more LPEs are added, dimerization can occur in the dilute regime.
This is depicted in the bottom left, where the core size is exaggerated to show the presence of two PE-GNP.
On the bottom right, more than one PE-GNP is depicted. The added shading is important as this is part
of a larger agglomerate. The light side is on the outside, and the darker areas are on the inside. The top
right shows a single PE-GNP, but in the overlap concentration, this is completely surrounded by the arms
of other PE-GNP and counterions.

interpenetrate to accompany one another. When concentration is increased enough, it will become
constant in figure 4.8. Two trends can be seen. Below β = 0.75, a constant dilute regime shifts into
the overlap regime where the particle collapses.[50] Above β = 0.75 a gradual increase in ⟨Rg⟩. Fur-
ther cementing that the behavior shifts upon agglomeration. At high β, chains interdigitate and extend
more due to the favorable interaction between LPEs and PE-GNPs. At β = 0.75, there seems to be
a turnover in the behavior, where until c = 1 vol% shows overlap behavior, the ⟨Rg⟩ decreases with
increasing concentration. Above this concentration, it shows an increase instead of a further collapse.
This could indicate that the turnover point of most PE-GNPs are complexated. It can also be that the
minimum size of the PE-GNP has been reached. Increasing the concentration further will show if this
is due to the concentration effects plateauing out and reaching quasineutral semidilute regimes or if
the agglomeration is dominant. The overlap concentration, c*, is defined as the intersection of the
linear fit for the dilute regime and overlap regime, corresponding to the PE-GNP arms touching. The
LPE-dampened concentration effects in the overlap regime shift this to lower concentrations. This
does not fit in as the particles are smaller and expected to have an overlap concentration at a higher
concentration than PE-GNPs with altered architecture.
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Figure 4.9: Simulation snapshots taken with OVITO, constant concentration c = 1% at different β: (a)
β = 0.1, (b) β = 0.5, (c) β = 0.9. Red spheres (not visible) are the cores of the PE-GNPs, blue beads
represent the Kuhn segments comprising the arms of the PE-GNPS, pink beads represent the LPE, and
counterions are omitted for clarity.

What is important to note is that the PE-GNPs do not become more spherical or aspherical with
increasing concentration. A fully extended star has been reported to be more spherical, with a lower
value for asphericity.[105] The asphericity is plotted against concentration for various degrees of neu-
tralization in Appendix A.5. Concentration and aggregation do not make a meaningful difference in
the asphericity, and the number of associated LPE does not either.

The snapshots show that the particles have agglomerated. At a low degree of neutralization, the sim-
ulation box is occupied by PE-GNP. When more LPEs are present, the system shows empty space.
Empty space is because of the implicit solvent and would constitute the supernatant phase. The inter-
core distance is a good indication of the aggregation of the PE-GNP. This is not visible from the
snapshot. Therefore, the first RDF peaks between the PE-GNP cores are introduced to show the prox-
imity of the PE-GNP. This shows a sharp decrease in the length between the cores when the number
of LPE is increased. This is also dependent on the LPE length. N = 10, 30, and 50 transitions be-
fore β = 0.9. N = 5 transitions after β = 0.9. This has changed from the dilute system and N = 10
transitions at lower β. The correlation between cores shifts to shorter lengths for values lower than
twice the ⟨Rg⟩ and much more than twice the characteristic radius, R. Indicating the interpenetration
of PE-GNPs. This is further confirmed by linear chains interacting with multiple PE-GNPs. Around
β = 1.0, this phenomenon induces this behavior for all LPE lengths.

The MSD is similar to the one previously displayed for the dilute system in figure 4.4, where linearity
is achieved. In figure 4.11, the MSD of LPEs does not become linear. At β = 0.1, a plateau at the end
of the simulation is seen. This is an indication of a glass or crystal structure. Longer simulations are
necessary to explore this effect further. Counterions are uncondensed and remain mobile. The RDF
shows the same trends as the dilute system; LPEs are closest to the core, and counterions are pushed
out further. The neighboring PE-GNP and its associated LPE and counterions are representing the
second peak shown for both LPE and counterions.
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Figure 4.10: The figures describe the shrinkage of the inter-core distances at c = 1.0 %. (a) shows the
RDF between cores. (b) shows the location on the x-axis for the first peak in Figure (a) for multiple LPE
lengths.

Figure 4.11: Mean square displacement and radial distribution functions in the overlap regime (c = 1 vol%)
for N = 30. (a) mean square displacement showing that counterions are free at higher β values. (b) also
shows this, as well as the counterions being further away from the core. (c) shows how the linear chains
are inside the PE-GNP and fill it up more and more when β is increased.
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4.3 general discussion

When increasing the LPE in solution, this Rg0 is strongly influenced, similarly to changing whole
architectures. Before aggregation is induced by LPE, this is an effective way to tune the viscosity
and shift the non-linear rheological response. For these β values, soft colloidal rheology is a good
descriptor. The particles do not get meaningfully deformed by the addition of LPE, which would
suggest the behavior shifting to more polymer-like. When aggregation happens at high degrees of
neutralization, the system behaves as a complex coacervate. This changes the rheological response
to that of a crosslinked network with temporary crosslinks originating from the charged interactions.
LPE association is expected to be tunable with salt concentration in both cases. Increasing the salt
concentration leading to the screening of the charges and minimizing the entropic and enthalpic gain
of the solvent, similar to complex coacervation of LPEs.

Two states are distributed at high β and dilute concentration, the sharp distribution indicating non-
aggregated PE-GNP and the broader one PE-GNP that are aggregated. There is an exchange of LPE
between these PE-GNP, also when they are not fully aggregated and only dimerized. Dimerization
allows for the interchange of LPE between PE-GNPS. It also takes on the characteristic semidilute
behavior. The distance between the cores is smaller than the PE-GNP’s radius or the brush’s length.
Indicating interpenetration of the arms. However, the behavior will remain colloidal, as discussed in
the previous paragraph.

This is a quantitative model; one needs a more sophisticated method and proper parameterization
for more qualitative predictions. Without going all atomistic, one can introduce ion-dipole ∼ 1/r4

interaction potentials and accompanying induced or permanent dipoles. Coase-grained models will
not suffice to capture effects originating from chirality, hydrogen bonding, and solvation. The current
model provides the basis for adding more and more system-specific interactions.

Simulating the appropriate time to achieve reliable results from the equilibrium state is needed. There
is an inversion of the effective potential between PE-GNPs for high beta. Depending on the concentra-
tion, this leads to an aggregation or phase separation with a different timescale. High-concentration
systems assemble instantaneously; lower-concentration systems do not. This is known. However,
dimerization occurs only in the first 5% of the simulation. Thus, the system will still be treated as
if it were in equilibrium. The system tends to crystallize in other group work; these timescales are
not explored. Longer simulations did not show more aggregation, and further investigation will focus
on compressing and decompressing the system. This will show if the aggregate forms and if it will
hold. The MSD of the dimer system shows no signal of a long-range vitrified state, preventing further
agglomeration. With regards to uncovering the size and shape of the PE-GNP, it matters for particles
to be in solution or as coacervate and need to be studied; there is already a model showing the coac-
ervate, and this model at higher concentration.

Further characterization of the system, which is currently not present, is the average end-to-end vec-
tor of the PE-GNP arms, which could give an accurate value for the thickness of the brush. Rg is
still a more experimentally accessible alternative, but the average end-to-end vector could be used to
verify the estimation of the PE-GNP radius based on Rg. Although it may break down in the overlap
regime depending on the arm contraction. The non-Gaussian parameter could be introduced to spec-
ify the uniformity of behavior of PE-GNP, LPE, and counterions. Contact analysis of the LPE with
the PE-GNP elucidates how these interact. Surface area analysis could further cement the complex
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coacervation when the surface area is minimalized. The complex coacervation can be further explored
and compared to phase diagrams. It is expected to have a narrow area that shows phase separation.
Coupling this with the viscosity of soft particles and complex coacervates has the potential for 3d
printing of polyelectrolytes.

LPE longer than N = 30 attaches near the center of the core, as shown in the RDF. In this work,
we do not push the limit or compare it to common complex coacervation where chains have a similar
amount of charges. However, results similar to those of hybrid coacervation might arise when there is
more charge than one PE-GNP.[44] Here, the LPE is bridging the space between colloids. Simulating
longer linear chains than the charge of a single PE-GNP could be interesting and hard to predict with
the current results.

The future of this research will focus on combining changes in architecture and the addition of LPE.
Some unexplored gaps remain. Pushing the limit of LPE length would allow LPE to interact with
multiple PE-GNP at a lower degree of neutralization. The previously mentioned further exploration
of the aggregation, mainly with compression, the dielectric constant, and the effect of water screen-
ing. Pushing the limit of multivalent ions further, although unrealistic, could provide more insight
into the workings of the system and the impact of entropy.
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5 Conclusion
This work has presented the control of the size and shape of polyelectrolyte grafted nanoparticles,
PE-GNPs, with the addition of linear polyelectrolytes, LPEs, to the solution. The coarse-grained
molecular dynamics model of the PE-GNP has built upon single PE-GNP simulations and architec-
ture studies of multiple PE-GNPs. The role of the degree of neutralization was studied concerning
the structural configuration, showing the collapse of PE-GNPs as previously shown in the literature.
Up to a degree of neutralization of 0.75, a collapse of the PE-GNP is seen, while overlap behavior,
typical of star polymers, remains. At higher degrees of neutralization, previously hypothesized ag-
gregation occurs. In the dilute regime, this leads to dimerization. Above the overlap concentration,
the whole system aggregates. This aggregation decreases the inter-core distance to below that of the
radius of the PE-GNP, achieving semidilute behavior at concentrations below the transition to the
semidilute regime. This was shown with the RDF, and the interdigitation of PE-GNPs was confirmed.
Interdigitation of PE-GNP, without LPE, is only seen in the semidilute regime. A hint of glass for-
mation is seen at c = 1.0 vol% for low degrees of neutralization. This is inhibited when the degree
of neutralization is higher. Combining the effects of LPE and concentration shows that both effects
are simultaneously present. Analysis of the LPE length effect shows the importance of the degree
of neutralization, β shifts the plateau in Rg induced at longer chain length to higher values. This is
compressed into the notice of the dynamic behavior of the solution, which is well described by soft
colloidal solutions, with size-related jamming being important. When the PE-GNP aggregate, the
dynamical behavior is better described as a complex coacervate governed by temporary electrostatic
crosslinks.

Relevant areas and current gaps in this work are in a broader range of LPE lengths (N ≤ ±480) that
show the effect of LPE that can fully neutralize a PE-GNP or induce PE-GNP aggregation at a lower
degree of neutralization. A systematic investigation beyond complete neutralization (β ≥ 1.0) will
show the disaggregation of the PE-GNP. This potentially leads to a narrow phase diagram that fully
describes these systems. To study this, it is essential to have a better understanding of the long-scale
dynamics. This is to elucidate the complexation time scale and link the PE-GNP’s size and shape to
the polyelectrolyte solutions’ dynamic state. The estimation of the Bjerrum length being larger than
room temperature water and the absence of screening of water could present future challenges. Future
work will further explore this line of research for different PE-GNP architectures.
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Appendices

A Additional analysis
The radius of the star is estimated from the Rg by accounting for the packing of the star, in comparison
to a hard sphere and a fully extended star. These have a respective conversion factor to the radius of
1.29 and 1.75. These are estimated to scale linearly with the density of the particle, where the hard
sphere has a density of 1.

Figure A.1: Distribution of LPE over the PE-GNP, every chain length is shifted to show every bar without
overlap. (a) dilute regime 0.01 vol%, (b) overlap regime 1.0 vol%

There are more linear chains at β = 0.9, which indicates the changes in figure A.4. A normalized
version does not make sense; this is about general activity. For β = 0.9 it is 921, β = 0.5 512, β = 0.1
102.
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Figure A.2: plot of ⟨Rg⟩ of LPE versus time. The charging phase is the 500τ where all charges are ramped
from 0e to 1e and subsequently relaxed for 500τ. The production run is when the system is charged, and
regular data is acquired. (a) dilute regime 0.01 vol%, showing an increase in ⟨Rg⟩, stretched conformation,
before complexation occurs and the LPE denatures (b) overlap regime 1.0 vol% LPE complexes are formed
before going to a stretched state.

Figure A.3: MSD of the core of the PE-GNP, approaching linearity towards the end of the simulation and
diffusivity. (a) dilute regime 0.01 vol%, (b) overlap regime 1.0 vol% there is a hint of a plateau in the MSD
for low degree of neutralization, that would indicate glass formation
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Figure A.4: The changes in the number of LPE for the whole system. (a) dilute regime 0.01 vol%,
no exchange of LPEs has been recorded at moderate degrees of neutralization. For high neutralization,
no exchange has been initially documented. After 2000 τLJ, there is an increase in how many LPE are
exchanged. Inset is a zoom-in of the start of the production run. (b) overlap regime 1.0 vol%, for low
and moderate neutralization there is a minimal exchange, for high neutralization there is a more significant
exchange of LPE

Figure A.5: Average asphericity of the PE-GNPs over the whole ensemble and the whole simulation. This
shows the almost concentration-independent asphericity of the PE-GNP.
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Figure A.6: The distribution of LPE of PE-GNP over the whole simulation, for individual β. An LPE is
counted as associated if one of the beads is inside a sphere with an approximated radius from the Rg and
the degree of neutralization. dilute regime, 0.01vol%,

Figure A.7: Simulation snapshots depicting the surface area minimization upon aggregation of all PE-
GNP, at c = 3.0 vol%, β = 1.0.
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Figure A.8: Simulation snapshots taken with OVITO, constant concentration c = 1% at different β: (a)
β = 0.1, (b) β = 0.5, (c) β = 0.9. Red spheres (not visible) are the cores of the PE-GNPs, blue beads
represent the Kuhn segments comprising the arms of the PE-GNPS, and pink beads represent the LPE

Figure A.9: clariffication of a single GNP in the snapshots used in figure 4.8. (a) showing a dimer complex
of two PE-GNPs. (b) shows a PE-GNP surrounded by other PE-GNP and countrions
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Figure A.10: Individual Rg contributions for different PE-GNP.
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A.1 Past complete neutralization

Figure A.11: The figures describe the shrinkage of the inter-core distances at c = 3.0 %. (a) shows the
RDF between cores. (b) shows the location on the x axis for the first peak in figure (a) for LPE length N =
30.

Further investigation of the system has shown that upon the addition of more LPE the system becomes
a homogeneous phase once more.
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Figure A.12: Concentration dependant collapse or dimerization.
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A.2 Dielectric constant

Table A.1: simulation details Dielectric constant (f16-M30), not discussed as of now

Concentrations (vol%) dielectric constant, K
0.01, 0.1, 1.0 0.5, 1, 2, 10

3.0 0.5, 1, 10
0.05, 0.25, 0.5, 5.0 1

The dielectric constant was varied, but no conclusive results were gathered.
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B Verification of the simulations
The system was equilibrated to apply the ergodic hypothesis and tested on the end-to-end vector
correlation decorrelation of the LPE. The values are reported below.

Figure B.1: Relaxation times determined from the correlation decorrelation of the end-to-end vector of
LPE
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Figure B.2: Examples end-to-end vectors over time. Where the interception with 1/e is taken as the
relaxation times for different concentrations and β
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