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Abstract

The Standard Model of particle physics remains an extensive yet incomplete description of
the physics behind fundamental particles and their interactions. Among the issues not ad-
dressed by the model are the lepton flavour anomalies, suggesting that the third generation
of leptons requires an alternative description. The R(D) and R(D*) anomalies concerning
the semileptonic T decay mode of a B meson constitute a combined 3.3¢" deviation from
the Standard Model prediction. Potential explanations of these phenomena include novel
bosonic particles — leptoquarks, allowing for a direct transition mechanism between quarks
and leptons. They appear naturally in generalisations of the Standard Model gauge group to
Grand Unified Theories. In this work, three leptoquark models were presented as manifes-
tations of the UV-complete SU(5), SO(10), and the Flavoured Gauge models. The scalar lep-
toquarks were determined to exist with a mass of an order of TeV within the unified SU(5)
and SO(10) models, whereas the last vector leptoquark was identified to emerge from the
non-universal gauge model, with a mass of approximately 1.6 TeV. The inclusion of any of
the leptoquark particles was proven to resolve the R(D(*)) anomalies while simultaneously
accounting for the agreement between certain other observables. A potential observation
of one of these bosons would constitute evidence for a larger symmetry structure in the
Universe.
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1 Introduction

The Standard Model of particle physics is widely regarded as one of the most successful the-
ories, describing the realm of fundamental particles and their interactions with remarkable
accuracy. Albeit an outstanding model, it is troubled by a wide range of uncertainties and
unexplained issues. These include, for instance, the number of free parameters to be deter-
mined experimentally or the apparent symmetry between different generations of quarks
and leptons [1, p. 223]. Moreover, another crucial problem emerges when considering the
universality of lepton flavours, stating that the relative strength of the electroweak interac-
tion involving different generations of leptons is precisely equivalent. It is only broken by
the Yukawa interaction coupling the leptons to the Higgs field [2]. In essence, it implies that
the decays containing various lepton flavours depend only on the available phase space and
helicity suppression effects [3]. This fact has been thoroughly tested through semileptonic
decay modes of heavy mesons, such as the measurements of the R(D) and R(D*) observ-
ables, involving the branching fraction of beauty-charm quark transitions in B-meson decays

B(B — D¥ti,)

R(DW) = .
(DF) B(B — D™)(7,)

The decays involving the third generation of leptons were observed to occur much more
frequently than predicted, within three standard deviations from the Standard Model result,
constituting a violation of lepton flavour universality [4, p. 21].

This violation of the established expectations naturally hints at possible extensions of the
theory, including new physics beyond the Standard Model. Of particular theoretical interest
are the elusive Grand Unified Theories (GUTs), where larger symmetry groups containing
the Standard Model as a subgroup are employed in hopes of rectifying the anomalies and
providing a mathematically concise way to describe elementary particles by utilising repre-
sentations of a single gauge group. One of the fundamental features of such new physics
models is the existence of leptoquarks — bosons coupling simultaneously to quarks and
leptons, providing a direct mechanism to transform between the individual particles [5]. In
the context of solutions to the R(D(*)) anomalies, three leptoquarks often appear: the scalar
doublet Rj, scalar singlet S;, and the vector singlet U, all equipped with different trans-
formation properties [6]. Definite experimental observation of one of these particles may
provide evidence for the applicability of the Grand Unified Theories, elucidating the larger
symmetry structure within the Universe.

This thesis aims to provide a bottom-up approach to the explanations of lepton flavour
anomalies in measurements by determining whether the proposed leptoquark models are
directly manifested within given Grand Unified Theories and other mathematical structures
beyond the Standard Model. The relevant symmetry groups on which the analysis will fo-
cus include flavour non-universal gauge groups with a SU(4) x SU(3) x SU(2) x U(1) sub-
group. Moreover, more traditional extensions, such as SO(10) and the UV-complete version
of SU(5), will also be discussed.

For these purposes, first, a formal overview of the Standard Model will be presented to
establish a solid foundation allowing for comprehending the various symmetries of the the-
ory, the convention of labelling particles depending on their transformation characteristics,
as well as the concept of spontaneous symmetry breaking. Consequently, the current state of
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the R(D) and R(D*) observable measurements will be presented to identify the properties
of the predicted particles. Finally, the relevant GUT frameworks will be discussed to deter-
mine which ones provide suitable representations of the necessary leptoquarks, constituting
possible Standard Model extensions based on the current experimental data.
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2 The Standard Model

Modern particle physics is written in the language of gauge theory, in which the Lagrangian
of a given system determining its dynamics may be modified with a choice of a gauge — a
set of additional constraints that reduces the number of degrees of freedom. The symmetry
group of the system’s action, referred to as the gauge group, is comprised of all possibly
spacetime-dependent transformations that result in an equivalent description, utilising the
existing redundancy in the parameters [7]. For the Standard Model, the gauge group Ggy; is
a direct product of three Lie groups

GSM = SU(?))C X SU(2)L X U(l)y,

constituting the colour SU(3), isospin SU(2)1, and hypercharge U(1)y internal symmetry
groups, corresponding to the strong and electroweak interactions, respectively. These are
identified with the aforementioned relevant quantum numbers, determining the transfor-
mation properties of particles.

Depending on the energy scale, the gauge group describing the symmetry of the theory may
degenerate to a different group in a process known as spontaneous symmetry-breaking. Within
the Standard Model, one such transition is the electroweak symmetry-breaking, where the
electroweak sector SU(2);, x U(1)y breaks into the electromagnetic symmetry group U(1)q,
identified with the electric charge

SU(3)c x SU(2) x U(1)y — SU(3)c x U(1)q.

This mechanism is crucial to many extensions of the Standard Model, with Grand Unified
Theories being the prime example.

The aim of this section is to establish a suitable mathematical framework for describing the
particles and their properties under Ggy;. Identifying these characteristics will allow for
generalising the treatment to certain Grand Unified Theories and recognising the footprint
of new physics particles, such as the leptoquarks responsible for lepton flavour anomalies.
Moreover, the mechanism of spontaneous symmetry-breaking will also be discussed to pro-
vide a solid foundation for the phenomenology of the various symmetry-breaking chains in
Standard Model extensions. The arguments presented in this section are largely based on
“The Algebra of Grand Unified Theories” by John Baez and John Huerta [8, pp. 487-511].

2.1 Particle representations

In many applications, it is convenient to represent the action of a group using the familiarity
of linear algebra. Representations of groups provide a formal way of expressing the ele-
ments of a group as invertible matrices acting on a given vector space. In terms of particle
physics, the concerned vector space is often a finite-dimensional Hilbert space H in which
particle states exist. Depending on the dimension of the representation 7, this vector space
may be simply represented through the set of complex numbers C".

If G is an arbitrary matrix Lie group, the representation I1 of the group is a homomorphism
mapping an element ¢ of G to an n x n invertible matrix M, «,, an element of the general
linear group GL, defined on the appropriate n-dimensional Hilbert space H, mirroring the
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set of transformations imposed by the group in question

IT: G— GL(mH)
g — Muxn(g)-

If under the action of the group, there exist smaller invariant subspaces of the Hilbert space
that remain unchanged by the transformations

H=H1®H,D...,

the representation is deemed reducible and may consequently be decomposed into individual
irreducible representations
=1 ¢Il,....

Fundamental particles of the Standard Model are modelled as basis vectors of the individual
invariant subspaces of the general Hilbert space. In physics literature, it is common to refer
to these vector spaces themselves as representations, which is the convention that will be
used in this work when referring to particles as representations.

The representations of the groups in Ggy provide a means of transforming between particles
through the exchange of bosons. These particles emerge when considering the Lie algebra g
of a matrix Lie group G — the set of all matrices X, such that e** € G, for all real parameters
A [9, pp. 36-37]. In essence, the Lie algebra facilitates approximating the group structure for
elements close to the identity, used when applying infinitesimal transformations.

Consider the adjoint map ¥ 4 obtained by conjugating an element X € g by some A € G [9,
p. 43]

Yp4: G— GL(Q)
A AXAL

The mapping induces a linear transformation on the Lie algebra, resulting in a group homo-
morphism, sinceif A € Gand X, Y € g:

—
-
Ya(XY) = AXYA ' = AXATTAYA L =94 (X)FA(Y).

By extension, the mapping constitutes a real adjoint representation of G, acting on g [9, p. 70].
Each Lie group homomorphism induces a corresponding Lie algebra homomorphism, so the
adjoint representation extends to a representation of the Lie algebra [9, p. 41]. Furthermore, g
may be complexified by forming a linear combination of its elements through the following
form

g1+1g2, 81,82 € 9.

This results in a complex algebra, denoted as g¢ [9, pp. 48—49]. Depending on the dimension,
there is an appropriate number of generators that span the space. These generators of the
complexified adjoint representation of the group are precisely associated with bosons, acting
on the corresponding particle space H. The mechanism of nucleon-nucleon interactions
serves as a suitable illustration of this principle.
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Example (Nucleon-nucleon interactions)

In 1935, Hideki Yukawa conjectured the existence of a hypothetical U-field, mediating
the interactions between nucleons. He predicted that the carriers of this force, named pi-
ons, would be approximately 200 times more massive than the electron [10]. In 1947, Ce-
cil Powell and Giuseppe Occhialini confirmed the existence of two electrically charged
states 777 and 71~ in a cosmic ray experiment, with the neutral state 71° being discovered
consequently in 1949 in a particle accelerator experiment at Berkeley [11], [12].

Let protons and neutrons be the basis vectors of the complex space C?

() -()

Guided by the similarity of interactions based on whether the concerned particle is a
neutron or a proton, in 1936, Benedict Cassen and Edward Condon suggested that the
force is invariant under the symmetry group SU(2) [13]. Even though this proved to be
a significant simplification, it is still considered appropriate to a large degree.

The Lie algebra su(2), after complexification, becomes a three-dimensional algebra s((2; C),
with a basis corresponding to the different pion states [14]

o (01 e (o) (o0}
0 0 0 —1 10

In an example of a nucleon-nucleon interaction, a proton may absorb a negatively charged
pion, transforming into a neutron. In terms of representation theory, this is described by
the action of one of the basis states of s[(2;C) on the Hilbert space of the nucleon C?,
signifying the approximate mechanism of the strong interaction.

£90-0

2.2 Standard Model symmetries

2.2.1 Hypercharge U(1)

The unitary group of the first degree, U(1), in its defining representation, consists of all
complex phases which may be interpreted geometrically as the rotational symmetry group
of a circle ,

U() ={e'’| ¢ €[0,2m)}.
Since this group consists of one-dimensional scalars equipped with regular multiplication,
it is an abelian group. Moreover, the hermitian conjugate of any element U € U(1) is asso-
ciated with the inverse of the element

uu=1 = ut=u1
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The action of the U(1) group on an arbitrary particle state iy € H is represented via the
hypercharge quantum number Y
u- P = e3quo1’b’

where the factor of three in the exponential is present purely due to convention. Hence,
particles with a nonzero value of hypercharge interact with each other through the action of
U(1). Consequently, the vector space in which these particles exist may be labelled by Cy,
since all irreducible representations of the group are one-dimensional. Moreover, the com-
plexified adjoint representation of the Lie algebra is isomorphic to C —hence, the interactions
are mediated by a one-dimensional element, referred to in the literature as the B-boson.

2.2.2 Isospin SU(2)

The special unitary group of the second degree encapsulates all 2 x 2 unitary matrices with
complex entries, equipped with unit determinant

SU(2) = {U € C**2|U'U =T, and det(U) = 1}.
An arbitrary element U € SU(2), may be expressed in terms of three generators ¢;, such that
U =e i90i/2

where 01, 07, 03 correspond to the renowned Pauli matrices [15, p. 39]

Loy o=\ __ (10
%10/ 2 \i o) 2 o =1)°

In analogy with the quantum-mechanical spin of particles, the concept of isospin Iz may be
introduced, as an internal symmetry of a given system under the weak interaction. The
isospin-n/2 representation is the unique (n + 1)-dimensional irreducible representation of
SU(2), given by symmetric tensors of rank n. In this basis, the isospin of a given particle
ranges from —n /2 to n/2 in integer steps

+1, 1,

ne[fogrno gy

Since the weak force interacts with left-handed particles and right-handed antiparticles, the
left-handed fermions form doublets

14 ’u ECZ,
Vi) dL

where u and d represent the up and down-type quarks of any flavour, but within the same
generation. On the other hand, the right-handed particles transform under the trivial repre-
sentation of SU(2), forming singlets

LR, Vops UR, dr € C.

The force is mediated by three W bosons, being the basis of s((2;,C)

w+=01,w0=10,w—:00.
00 0 -1 10
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The quantum numbers identified via U(1) and SU(2) symmetries are related to each other
through the electric charge based on the Gell-Mann-Nishijima formula, introduced indepen-
dently by Tadao Nakano and Kazuhiko Nishijima in 1953, as well as Murray Gell-Mann in

1956 [16], [17]

Y
Q=L+ LX (2.1)

where Q is the electric charge of the particle, I3 is its isospin component, and Y is the hyper-
charge. Initially, the symmetry was identified with the action of the strong interaction, how-
ever, in 1961, it was generalised to the weak force by Sheldon Glashow [18]. This formula
allows for a consistent way of categorising the particles based on their quantum numbers,
representing the transformation properties under the aforementioned groups.

2.2.3 Colour SU(3)

The special unitary group of the third degree is represented by 3 x 3 unitary complex matri-
ces with unit determinant

SU(3) = {u € C¥3 | UTU = I3x3 and det(U) = 1} .
Any given element U € SU(3) may be written as follows
u — ei(p)\,'/2’

where A; belongs to the set of eight traceless hermitian 3 x 3 matrices, known as the Gell-
Mann matrices, generating the su(3) Lie algebra of the group [15, p. 43], [19, p. 59], [20],

010 0 —i 0 1 00 00 1
AM=1100]|, A=1]i 0 0|, Az= -1 0], A=10 00
000 0 0 0 0 0 0 100
00 —i 000 00 0 5 0 0
A=100 o, A=[00 1], Av=]00 —i|, Ag=]0 % 0
. , s
i 0 0 010 0i 0 0o 0 -%

After the complexification of the aforementioned basis, the generators of the resulting Lie
algebra s((3;C) are associated with gluons, the mediators of the strong interaction. The
relevant Hilbert space is identified with the complex space C> with the basis vectors corre-
sponding to the three quark colours. Each quark flavour spans C?, whereas leptons are not
affected by the action of the strong force - they are considered “white”, spanning the space
C, transforming under the trivial representation of the group.

2.3 Labelling particles

In general, any given particle P within the Standard Model representation may be labelled
based on its transformation properties under the individual gauge groups

P~ (m,n,Y/2),
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where m and n are the dimensions of the representations of the SU(3) and SU(2) groups
respectively, and Y /2 is the rescaled hypercharge quantum number. The reason for the
adjustment of the hypercharge is largely conventional since the factor of 1/2 is also present
in the Gell-Mann-Nishijima formula (2.1), and hence allows for relating the isospin and the
electric charge straightforwardly.

Example (Left-handed leptons)

Any left-handed lepton /}, is invariant under the strong force, transforming as a singlet
in C, being a one-dimensional vector space on which the representation acts. Further-
more, it forms a doublet in C? alongside same-generation quarks, implying the SU(2)
representation must be two-dimensional. Lastly, the hypercharge associated with it is
—1. Therefore, the lepton may be labelled within the Standard Model as follows

0~ (1,2,—1/2).

The leptons exist within a isospin-1/2 representation, and hence, I3 € {—%, %}, where
I; = —% is associated with the electron e and I3 = % refers to the electron neutrino v,,
analogously to any other generation of leptons. Using equation (2.1), the electric charges
of the particles may be found directly

2.4 Spontaneous symmetry-breaking

Modern theories in the field of particle physics often rely on studying the symmetries of
the Lagrangian and the various paths in which they may be broken. Including additional
terms in the Lagrangian that violate the preexisting symmetry is known as explicit symmetry
breaking. Arguably more interesting scenario emerges when the system itself disrupts the
given symmetry in a process referred to as spontaneous symmetry breaking.

Following the treatment of Zee [21, pp. 223-229, 263-264], consider a generic scalar field
Lagrangian as a function of N fields § = (¢1, @2, ... ¢n), including a potential function
V(). A particular example of such a function is the Ginzburg-Landau potential’

1,, A
V() = —51'¢" + 1 ()% (22)
such that the full Lagrangian is given as
1 1 A
N e T S B RN AV
L=350ugd"¢+ 1§ — 7(¢°)" (2.3)

!Named in honour of Vitaly Ginzburg and Lev Landau who utilised this model in their study of energy
density in superconducting materials [22, p. 251]. It is also informally referred to as the Mexican hat or wine
bottle potential.
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Comparing this form to the Klein-Gordon Lagrangian for a real scalar field ¢ [23, p. 8]

1 1
—— ey — 22
LxG Zay(])a ¢ zm ¢, (2.4)

it may be concluded that the field given by equation (2.3) produces a particle with m = ip.
However, this situation changes drastically when the symmetry is broken.

For the one-dimensional case N = 1, such that ¢ = ¢, the graph of the potential is illustrated
in figure 1 below.

Vi9)

—v “+v

Figure 1: Plot of the Ginzburg-Landau potential form for N = 1 with a constant A > 0.

The minima v of the potential function may be explicitly calculated.

In the framework of Quantum Field Theory, the probability of tunneling between the min-
ima is suppressed, since the width of the barrier is infinite. Therefore, the ground state of the
system is concentrated around one of the minima. However, it is arbitrary which minimum
it is, as they both represent the state of lowest energy for the system. This fact implies that
the reflection symmetry of ¢ — —¢ is spontaneously broken.

Choosing the ground state to be at +v and substituting ¢ = v + ¢’ in the original Lagrangian
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given by equation (2.3)

‘u2

2

2

L
2 2

— %ayq}'a#qy + (WPo—A0") ¢ + (% — %vz) ¢ + %vz — %714 +O0(¢"®)

1
= 50,90 9' — u?¢" + O(¢"),

(0+ @)% — 2o+ ¢l

_1 N
E—zaycpa(p—l— 1

= %%(P’a” ¢+ 5 (v + 209" + ¢ %(v4 +40°¢' + 607" + 4oy + ¢*)

where the constant terms have been omitted, as they produce no physical effect in the La-
grangian. Moreover, the terms of order ¢'> have been neglected, since they constitute higher-
order corrections. This form of the Lagrangian is identified with a particle with a real mass
parameter m = /2. The process of spontaneous symmetry-breaking forces the field to
assume one of the two minima and acquire a nonzero vacuum expectation value, (¢).

For higher-dimensional situations, e.g. with N = 2, the potential function is very similar, as
shown in figure 2.

Figure 2: Three-dimensional plot of the Ginzburg-Landau potential form for N = 2 with a constant
A > 0. The fields ¢; and ¢, may be identified with the x and y-axes and V (¢, ¢2) with the z-axis of
the graph.

This potential has a continuous rotational symmetry, with an infinite spectrum of minima at

¢ = ++/u?/A. Since all of the configurations are physically equivalent, a particular choice
for the field minima may be made
2
(Pl =0 = %, (Pz = 0.
As previously, performing the substitution ¢ = v+ ¢} and ¢» = ¢), the relevant La-
grangian after rearranging is given as

1 1
L = 50u919" 91 + 50929 93 — o+ O0(g1s).
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The field ¢; has an associated mass m = v/2u whereas, since there is no contribution from
@3, the field ¢, has m = 0.

Example (Nambu-Goldstone theorem)

The aforementioned phenomenon entails that with each instance of breaking a contin-
uous symmetry of a Lagrangian, there is a corresponding massless field known as the
Nambu-Goldstone boson. This realisation is attributed to Yoichiro Nambu, who in 1960
elaborated on the “hidden” nature of spontaneous symmetry breaking in superconduc-
tivity, and Jeffrey Goldstone, who a year later illustrated the quantum theory behind
the transition from a symmetric to an antisymmetric state, providing foundations for
Nambu's idea [22, pp. 56, 61].

To showcase the proof of this statement, known as the Nambu-Goldstone theorem, con-
sider the existence of a conserved charge Q, responsible for a certain continuous sym-
metry. The statement of conservation is equivalent to noting that Q commutes with the
Hamiltonian

[H,Q] =0.

Given the vacuum state |0), it is defined as the state of zero energy, such that H |0) =
0. Moreover, it possesses an invariance under the transformation associated with the
symmetry, i.e. Q|0) = 0. If the symmetry is spontaneously broken this requirement no
longer applies

Q|0) £0.
Applying the Hamiltonian to determine the energy of this specific state

HQ |0) = HQ|0) — QH[0) = (HQ — QH) [0) = [H, Q] [0) = 0.

0

Hence, since the energy is zero, but the state does not correspond to the vacuum, it
necessitates the existence of a massless particle.

Goldstone’s theorem is crucial in the construction of the Higgs mechanism, where the
Higgs boson absorbs such a Nambu-Goldstone boson. It acquires mass through the
introduction of additional degrees of freedom in gauge theories, such as those based on
U(1) symmetry.

2.4.1 Electroweak symmetry-breaking

An example of the mechanism of spontaneous symmetry-breaking within the Standard
Model framework is manifested by the electroweak interaction modelled by the SU(2) x
U(1)y gauge group. Following the outline of [24], the gauge bosons associated with the elec-
troweak interaction are the three W bosons and one B boson, constituting the gauge fields of
the theory. A complex scalar SU(2) doublet ¢ = (¢*,¢°)T is coupled to the fields producing
the following potential function

V(p) = 1*|o p| + Ao g%
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As described previously, there is a freedom of choice for the minimum of the potential,
implying a nonzero vacuum expectation value of the field

Due to this choice, the doublet is assigned a hypercharge Y = 1, such that the electric charge
Q(¢) = 0. This fact implies that even though the electroweak symmetry has been sponta-
neously broken, the vacuum expectation value is not changed under the action of Q, mean-
ing it is still a symmetry of the system. The effective symmetry of the theory has undergone
electroweak symmetry-breaking.



16 Chapter 3 Lepton Flavour Universality

3 Lepton Flavour Universality

The three generations of left-handed leptons, i.e. the electron ¢, the muon y, and the tau T,
are characterised by the same value of isospin I3 and electric charge Q. The same holds for
their respective neutrinos, where the quantum numbers are also irrespective of the family.

Particle H Isospin I3 ‘ Hypercharge Y ‘ Electric charge Q
-1/2 -1 -1
1/2 -1 0

e/u/t
VE/V]/l/VT

Table 1: Summary of all relevant left-handed lepton quantum numbers for the electroweak interac-
tion [8, p. 501].

Due to these characteristics, in the Standard Model framework, the three generations of
leptons interact in precisely the same way via the weak force, leading to the same strength
of the interaction between families, constituting the concept of Lepton Flavour Universality
(LFU). The only distinguishing factor among the different flavours is their coupling to the
Higgs field through the Yukawa interaction, which results in varying masses of the particles,
being significantly higher for the third generation [2, p. 85], [25]

m, = 0.51099 MeV /c?,

m, = 105.66 MeV/c?,
me = 1776.9 MeV /2.

In terms of experimental evidence for that phenomenon, one common approach is to deter-
mine the branching fractions of decays including various lepton generations. In the current
theory, these should only be affected by the available phase space for the decay and helic-
ity suppression effects [3]. However, data from experiments such as Large Hadron Collider
beauty (LHCb) at CERN, Belle at KEK, or BaBar at Stanford have produced tensions with
the Standard Model expectations of the decays involving the third generation of leptons,
seemingly occurring much more likely than predicted, hinting at violations of flavour uni-
versality in phenomena deemed flavour anomalies.

Of specific experimental interest are the B-mesons, containing the beauty quark b, being
the second most massive quark right after the top t. Semileptonic decays of these hadrons
provide an accessible window into the flavour anomalies, as because of their large mass, all
three generations of leptons may be produced in the decay [3]. The LFU violations in B-
mesons decays are referred to as B flavour anomalies, existing in two specific types. Firstly,
the beauty-strange transition
b—slte,

producing a lepton-antilepton pair involves an exchange of a neutral boson, resulting in
neutral-current anomalies. On the other hand, the beauty-charm transition

b— cl™ 7y

results in a production of a lepton and a corresponding antineutrino, requiring a charged
W~ boson to mediate the interaction, constituting charged-current anomalies [4, p. 1].
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3.1 R(D) and R(D*) observables

An example of a charged-current semileptonic decay is the decay of a neutral BY to a possi-

bly excited state of a D-meson D®)", where the parentheses encapsulate both Dt and D*"
possibilities. The decay is represented in the Feynman diagram in figure 3 below.

B - D™y, 3.1)

_ d .
Bo{4 DO

Vz

Figure 3: Feynman diagram of the semileptonic B? decay to D" 7.

Since this decay involves the production of the tau 7, being the heaviest third-generation
lepton, of particular interest are the observables R(D™), being the ratio of the branching
fraction of this decay, named the signal mode, to one containing a lepton of the lower gen-
eration ¢ = ¢, y, referred to as the normalisation mode

B(B — D™)(1,) " '

Based on Lattice QCD calculations, the Standard Model expectations for R(D) and R(D*)
are estimated to be [26], [27]
R(D)gy = 0.299 £ 0.011, (3.3)

R(D*)sp = 0.252 = 0.003. (3.4)

From an experimental standpoint, based on the unified results from LHCb, Belle, and Babar,
the Heavy Flavour Averaging group (HFLAV) compiled averages of the measurements [28]

R(D) avg = 0.342 4 0.026, (3.5)
R(D*)avg = 0.287 £ 0.012. (3.6)

constituting a significant discrepancy between the theoretically established values, resulting
in 1.60 deviation in R(D) and 2.5¢ deviation in R(D*) [28]. Furthermore, the anomaly is
even more pronounced when simultaneously considering the results from R(D) and R(D*),
which yield a combined 3.3¢ disagreement [28].

To compactify the extent of the measurement discrepancy with the current theory, the quan-
tities AR(D) and AR(D*) may be defined as follows

R(D)avG

AR(D) = R(D)s

1, (3.7)
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R(D*)avG

AR(D) = R (D)su

1, (3.8)

utilising the comparison between the averaged experimental value and the Standard Model
calculation with perfect agreement corresponding to AR(D*) = 0. Using the data from
equations (3.3), (3.5), and (3.4), (3.6), the current state of anomaly may be calculated

AR(D) =~ 0.14 £ 0.09, (3.9)

AR(D*) ~ 0.14 + 0.05. (3.10)

Note that due to the nature of the measurement, the uncertainty in the R(D) observable is
significantly higher, yielding less reliable predictions. Therefore, most analyses focus only
on the R(D*) ratio. Moreover, it has been observed that in the decays where the involved
leptons are of the first or second generations, the observable ratio is approximately 1.04 &
0.05, yielding a virtually zero AR(D*), within proper uncertainty bounds [4, p. 21]. This fact
provides substantial evidence for treating the new physics effects as affecting only the third
generation of leptons since, in that sector, the anomalies are the most apparent.

3.2 Leptoquark hypothesis

In discussions concerning the experimental flavour anomalies, the mention of leptoquarks
often appears as a potential explanation for the peculiar phenomena. These particles are
bosons that simultaneously couple to quarks and leptons, providing a direct transformation
mechanism between them. Since in the current state of the Standard Model, the direct cou-
pling of quarks and leptons is not allowed, leptoquarks emerge naturally in the extensions
of the theory to Grand Unified Theories, aiming to unify matter and fundamental forces.

The distinguishing characteristic of the leptoquarks is the introduction of a novel quantum
number, the fermion number F, being a combination of the baryon B and lepton L numbers
defined for many elementary particles [5, p. 3]

F=3B+L. (3.11)

Based on this quantity, in accordance with the convention adopted by Buchmidiller, Riickl,
and Wyler in 1987, the particles may be divided into categories of F = —2 and F = 0, re-
spectively [29]. The spin-zero bosons, known as scalar leptoquarks, include the S and R states,
whereas the spin-one particles - vector leptoquarks - consist of V and U states. These particles
exist in various multiplets, differing in their transformation properties under the represen-
tations of Ggyy = SU(3) x SU(2) x U(1). The leptoquarks are assigned a subscript denoting
the dimension of the SU(2) representation for the particular particle. The summary of all
relevant scalar and vector leptoquarks may be found in the tables 2 and 3 below.
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Type | SU(3) x SU(2) x U(1) | F

S (3,1,1/3) -2
Sy (3,1,4/3) —2
Ss (3,3,1/3) 2
R, (3,2,7/6) 0
Ry (3,2,1/6) 0

Table 2: Summary of scalar (spin 0) leptoquarks [5, p. 4].

Type | SU(3) x SU(2) x U(1) | F

v (3,2,5/6) 2
1A (3,2,—1/6) 2
U (3,1,2/3) 0
o (3,1,5/3) 0
Us (3,3,2/3) 0

Table 3: Summary of vector (spin 1) leptoquarks [5, p. 4].

Alongside the subscript determining the transformation properties of the leptoquarks under
the SU(2) group, it is also customary to identify the electric charges of the particles with a
superscript. These may be calculated using the Gell-Mann-Nishijima formula (2.1) and the

isospin representation.

Example (Electric charge of U3)

The vector triplet leptoquark
Us ~ (3,3,2/3),

transforms under a three-dimensional representation 3 of SU(2). It also corresponds to
the isospin-1 representation, furnished with the following values of I3

I € {—1,0,1}.

Moreover, its hypercharge quantum number, Y = %. Consequently, the electric charges
of the individual states contained in Uz may be calculated using equation (2.1)

Y 125
Q—h+§€{—&§§}

One of the defining characteristics of leptoquarks is their fractional charge assignment. These
bosons may couple the up-type quarks (Q = +2/3) or down-type quarks (Q = +1/3) to the
charged or uncharged leptons (Q = £1 or Q = 0). Hence, all possible electric charge states
of leptoquarks include [5, p. 4]

5 4 2 1
424242 421
QE{ 373 Ty 3}
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The viable leptoquark models proposed by Sakaki et al. as potential explanations of the
R(D™)) anomalies in accordance with experimental data accommodate the vector singlet
Uf/ 3, scalar doublet R%/ 3, as well as the scalar singlet S%/ 3 [6]. The Feynman diagram dis-
playing the b — cT¥; decay is presented in figure 4 below.

b T

~

\ Ui /RSP
\
\

Vz

Figure 4: Feynman diagram of the leptoquark-mediated b — cT7 decay.

The analysis was performed under the assumption that all leptoquarks lie within the same
mass of the order of 1 TeV. The interaction Lagrangian producing contributions to the b —
clv, process was introduced, and based on it, the Wilson coefficients, specifying the coupling
strength of various terms, were calculated at the aforementioned mass scale. Finally, the
synthesised leptoquarks were constrained by the experimental data gathered through B —
X7 and B — DUty decays [6]. Based on this procedure and the induced limits, the
Uy, Ry, and S particles are the only viable leptoquark models used in hypotheses of R(D(*))
observable explanations.

The study of Grand Unified Theory manifestations in the framework of flavour anomalies
in the following sections will focus on these three individual leptoquark states. It is impor-
tant to note that the aforementioned leptoquark study contains several possible limitations,
for example, through the choice of experimental constraints imposed on the theoretical pre-
dictions. Due to the vast amount of experimental data available within the field of flavour
physics, it is not feasible to include all possible restrictions. Therefore, even though the find-
ings are widely accepted in the field, the analysis might not account for certain tensions with
other observables.
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4 Grand Unified Theories

The search for the origin of the symmetry between various generations of quarks and leptons
guided the development of various theoretical frameworks - Grand Unified Theories (GUTs),
which might conceivably provide a common mathematical structure to these fundamental
particles. A defining characteristic of GUTs is the combination of the strong, electromag-
netic, and weak interactions into a single force, described by an individual gauge group
at extreme temperatures. A comparison of the GUT energy scale to other magnitudes is
included in figure 5 below.

Cosmological Constant

Proton/Neutron Planck Scale
Observable Universe Electron LHC GUT
Il 1 1 1 1 ] Il
107 10° 105 10° 107 102 102
Energy (eV)

Figure 5: Physical energy scales, including the average GUT unification energy [1, p. 205], [23].

The unified structure experiences a series of spontaneous symmetry-breaking events, caus-
ing the group to effectively reduce to a particular subgroup, depending on the energy [1,
p- 204]. However, for the new theory to be consistent with the established framework of
particle physics, the last stage of the symmetry breaking must include the Standard Model

gauge group Ggy.

Leptoquarks appear naturally in such theories, due to the necessity of unification of matter
imposed by the single gauge group. A symmetry group of a larger dimension requires
more generator elements to fully describe it, each corresponding to a different boson, as
established previously. Moreover, the dimensions of the Hilbert space on which a given
representation of the group acts would also be larger, allowing for more possible particle
states. Historically, the discussion of leptoquarks began with Jogesh Pati and Abdus Salam’s
1974 paper introducing the symmetry structure known in the literature as the Pati-Salam
Model (PSM) [30], [31]

SU(4) x SU(2); x SU(2)x.

The SU(4) gauge group is employed as an attempt to unify matter particles, treating lep-
tons as the fourth colour of quarks. Alongside the familiar SU(2);, an additional SU(2)g
factor is applied, acting on the right-handed particles, constituting the left-right symmetry
of the theory. The relevant particles are treated as doublets or singlets, depending on the
transformation properties under the combined group SU(2); x SU(2)R [8, p. 530]

SU2).:C?’®C,

SU(2)g: C®C2

PSM remains an important group in discussions of various GUTs, where it is employed as
an intermediate stage in the symmetry-breaking chain, allowing for the unification of the
gauge couplings at high energies.
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In the remainder of this section, three different GUT-like models will be introduced, with
each one describing one of the leptoquarks shown to be hypothetically responsible for alle-
viating the R(D*)) anomalies.

41 UV-complete SU(5)
41.1 Georgi-Glashow Model

The original mention of a SU(5)-based Grand Unified Theory followed from Howard Georgi
and Sheldon Glashow’s 1974 paper, describing the precise mechanism in which all elemen-
tary forces may be combined [32]. It was proposed as the minimal extension of the Standard
Model group, where the symmetry breaking proceeds in a single step at the energy scale
Ay > 10% GeV, estimated based on the proton lifetime 7, > 10%* years [33]. The degenera-
tion of the symmetry is illustrated in figure 6.

SU()

Ay

Gsv = SU(3)C X SU(Z)L X U(l)y

Figure 6: Group diagram of SU(5) including breaking into the Standard Model.

The main idea behind this form of unification is combining the notion of isospin and colour,
creating five basis vectors denoted as u,d,r,g,b € Cd, corresponding to values of isospin up
and down, as well as the three quark colours, respectively [8, p. 513]. In essence, within this
theory, leptons and quarks are compacted into a single fermion representation. Due to this
construction, the direct processes between the two aforementioned types of particles emerge
naturally, constituting hints for the physical realisability of leptoquarks.

Since in the confines of the Standard Model, the notions of isospin and colour are distinct,
they are treated separately, and the full five-dimensional space is split into

C5 — CZ @C?),

governing the individual components. The action of the group on this space must proceed
through a subgroup of SU(5), consisting of block diagonal matrices of unit determinant of
2 x 2 and 3 x 3 unitary block components. This subgroup may be denoted as S(U(2) x
U(3)) [8, p- 513]. This subgroup is isomorphic to the Standard Model group modulo Zg,
accounting for the kernel ensuring that the map is injective [8, p. 514]

S(U(2) x U(3)) = Gsm/Zs.
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Proof (Group isomorphism by explicit construction)
Following the setup introduced in [8, p. 514], consider the map

P SU(3) x SU(2) x U(1) — S(U(2) x U(3)) < SU(5)

60
(@ ,7) ('Yf 7_2(%) -

This map fulfills the homomorphism property, since for (a1, B1,71), (22, B2, 72) € Gsm:

3 30 .3
P((w1a2, B1B2, Y172)) = (sz) P1p2 0 ) = (71'3172& 0 )

0 (7172) 22 0 71 2017, 2
3 3
Y1b1 0 Y282 0 (
= _ _ = Plaq, 1,71) (“2, 2,72),
( 0 ,)/1 20(1) ( 0 ,)/22“2 l/J IB lI] IB

where the fact that U(1) is an abelian group was used to commute y with f € SU(2)
and « € SU(3). Moreover, this map is surjective by construction since all elements
of S(U(2) x U(3)) may be formed through appropriate combinations of «,, and .
However, the kernel of ¢

Ker p = {(a,ﬁ,'y) € Gom | P(a, B,7) = (]Izoxz ]Igoxg> } '

consists of all elements of the form (72l3,3, 7 3l5x2,7). For 4?33 € SU(3) and for
17 3hx» € SU(2), ¥ must be the sixth root of unity: 7® = 1, which may be confirmed by
calculation of the determinant of the individual matrices.

— keryp = Zs

Since the kernel is naturally nontrivial, the previously established group homomor-
phism is not injective, and what follows is not an isomorphism. However, the first
isomorphism theorem may be utilised, stating that if an arbitrary map ¢ : G — His a
homomorphism of groups, then

G/kerg=Ime < H.

For the surjective map ¢ in question, its image is the entire group S(U(2) x U(3)), es-
tablishing the required isomorphism and concluding the proof

GSM/Z6 = S(U(Z) X U(3))
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The kernel of the map acts trivially on all fermions. As an example, since any left-handed
lepton transforms as ¢} ~ (1,2, —1/2), the action of the kernel on the lepton is as follows

(Y353, 7 Masn, v) - b = vy 29> Y0y = v 39730, = 41,

where the the hypercharge Y = —1 and the identity 4 = 1 were used. This fact implies
that an alternative description for the Standard Model gauge group, resulting in the same
physical description, is Ggm/Ze [8, p- 516]. With this conclusion, the applicability of the
SU(5) model is retained since the regular symmetry group is contained as its subgroup.

The Standard Model fermions are placed in two separate 5- and 10-dimensional representa-
tions of SU(5), decomposing in the following way into the Standard Model representation
[34, pp. 27, 29]

5=(3,1,-1/3)® (1,2,1/2),

10 = (3,1,-2/3)® (3,2,1/6) ® (1,1,1).

This structure is mirrored for each lepton generation, implying that to describe the en-
tire fermionic content of the theory, three copies of the aforementioned representations are
needed [34, p. 29].

Even though this prescription of the Georgi-Glashow Model is an appealing and a seem-
ingly natural extension of the Standard Model, it has been rejected as a realistic physical
theory. From a phenomenological standpoint, the model contains a variety of inconsistent
predictions, such as the proton lifetime being shorter than the current lowest bound, fermion
masses conflicting with experimental results, as well as the gauge coupling unification being
virtually unachievable [8, p. 512], [35, p. 3]. However, these problems may be circumvented
by manually introducing additional representations of the group not present in the usual
SU(5) structure. In the following section, one such model, referred to as the UV-complete
SU(5), will be investigated in hopes of identifying manifestations of scalar leptoquarks at
the TeV scale.

4.1.2 Rj scalar leptoquark

The minimal realistic SU(5) model consists of the previously established Georgi-Glashow
model equipped with an additional 45- and 15-dimensional representation. Incorporating it
ensures the possibility of gauge coupling unification and adjusts the fermion Yukawa cou-
plings, necessitating the agreement of their masses with experimental data [35, p. 3]. More-
over, the appearance of leptoquarks within the theory is simultaneous with the inclusion of
a 50-dimensional representation.

Following the treatment of Becirevi¢ et al. [36], the UV-complete structure contains two

scalar leptoquarks
7
Ry~ 1(3,2,-],
:~ (325)

1
S ~ 3/31_ s
’ ( 3)

manifested within 45 and 50 representations, providing a heavy state of R, and light states
of Ry and S3. As outlined in the previous sections, the R, scalar is a candidate for a potential
explanation of the R(D(*)) observable anomalies.
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In the publication by Popov et al. [37], the influence of the R leptoquark on R(D*)) is

studied, in parallel with an additional experimental constraint from R(K(*)) observables,
defined as

(4.1)

Through fixing the mass of R, to 1 TeV, the analysis of the Yukawa couplings of the lep-
toquark is performed, imposing constraints from a variety of decays, including T — ey
Z — 171, and Bt — K'tTe, among others. This numerical analysis yields the Wilson
coefficients determining the strength of the couplings responsible for various decays and
hence provides a method of calculating the expected branching fractions of decays. The
calculation allows for the conclusion that the R; leptoquark is a viable explanation for the

aforementioned flavour anomalies in R(D*)) and R(K(*)) observables.

42 SO(10)

Soon after his 1974 paper with Sheldon Glashow, in 1975, Howard Georgi published his
findings on the SO(10) theory?, accentuating the mathematical convenience and aesthetic
value of the SU(5) symmetry while attempting to accommodate it within a larger structure
[38]. Even though the actual symmetry group responsible for the unification is the double
cover of SO(10), the Spin(10) group, it is common within physics literature to refer to it as
the former [8, p. 522].

4.2.1 Spinor representation

Instead of the regular real representations of the special orthogonal groups, in order to ex-
tend the Standard Model, the spinor representation of the group is necessary. These repre-
sentations are complex for even degrees 2n and, therefore, may provide a suitable descrip-
tion for fermions [39]. The key to constructing such a representation are the gamma matrices
7v;. Based on the treatment of [21, pp. 421-423], for the case of SO(2n) symmetry groups,
it is possible to define a set of 2n hermitian matrices of size 2" x 2", satisfying the Clifford
algebra

v i} = vivg + i = 24 (4.2)

Moreover, using this definition, another 7(2n — 1) hermitian matrices may be constructed
via the commutator of ; and ;

i

Since these matrices are also 2" x 2", they act on a spinor ¢, a 2"-dimensional object, trans-
forming it in the following unitary fashion

lp N ei(AJj]‘U’j]'lp, lp'l' N 17b'|'e—l'(u,‘]‘0’,']"

2In private communication with Anthony Zee, Georgi claimed that he, in fact, discovered the SO(10) GUT
before SU(5) [21].
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where wj; represents an infinitesimal, antisymmetric tensor. Consider the object defined as
v = ¢y

Yrre — gle iy i m gt (1 — deoijoy) vi(1 + iwioig
= ¢ 'y — pliwoip + Y ydwoip + O (wizj)
= "y — iwip (037 — iij) P
= ¢y — it oy, vy,
where the Taylor series expansion of the exponential and the fact that wj; is an infinitesimal

have been used to omit terms of O(wfj) The commutator may also be evaluated using the
definitions given by equations (4.2) and (4.3)

i i
oii, vkl = S1vi il vl = 5 (vivive = vivive — vevivj + vevivi)
2 2

= % (Yivjve — 720 — vevi) — vevivi + (285 — 1K) vi)
! (Yivive — 20i7j + YwerT — 1evivj + 20y — 1A
! (7i(20ik — 1Y) — 20i7j — Yevivj + 205K7i)
! (40jcvi — (20 — Yivi) Vi — 20ikYj — VKViVj)

i

= 5 (40jkyi — Wiyj + wyAT — Wrey) = —2i(0uyj — ok vi)-

N | N |

N |

Substituting this expression in the aforementioned transformation
Yrny = YT —iwiypt (—2i(8uy; — Savi))
= 9T — 2wy + 2w iy
= U — Uy — Z(wkjvj — wikvi) = Uy — Zwk]-v]- — 2Wy0; = U — 4wk]-v]-,

where the antisymmetric property wj; = —wy; was used, alongside relabeling i — j in the
second term. This expression shows that the set of 21 objects v transforms like a vector in
2n-dimensional space, where 4wy; represents the infinitesimal rotation angle. Given

Y =(=)"nr2-Tons (4.4)

it is possible to define a left-handed spinor ¢, and right-handed spinor iz

1-=7")y, (4.5)

N — N~

173

YR = = (1+97)p. (4.6)

These constitute two alternative irreducible spinor representations of the SO(2n) group of
dimension 2" 1. Specifically the representation associated with SO(10) is 16-dimensional. It
incorporates all Standard Model fermions and a right-handed neutrino, in left-handed and
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right-handed representations 16; and 16 respectively, following the general decomposition
below [39, p. 37], [34, p. 45]

where the individual components represent the transformation properties under Ggy;. When
put together, these constitute the full 32-dimensional fermion representation.

4.2.2 Symmetry-breaking

The SO(10) gauge group follows a symmetry-breaking structure which degenerates to the
Standard Model group through a single intermediate subgroup - the Pati-Salam group SU(4)
SU(2)r x SU(2)g. This subgroup may also contain an additional factor of Z,, correspond-
ing to the statement of left-right symmetry of the theory, sometimes referred to as D-parity
invariance, responsible for the complete equivalence of left and right-handed particle sectors
under the action of SU(2) [40]. The symmetry-breaking diagram for the group is presented
in figure 7 below.

SO(10)
Ay
SU(4) x SUQR); x SUQ)g (X Z)

Ac

Gsu = SU(3)C X SU(Z)L X U(l)y

Figure 7: Group diagram of SU(10) including breaking into the Pati-Salam group and, consequently,
the Standard Model.

The reduction to various subgroups of SO(10) proceeds at two distinct energy scales. The
first stage corresponds to the unification scale Ay ~ 10'® GeV, below which the Pati-Salam
group is an effective description of the physics. Furthermore, around the energy Ac ~ 10!
GeV, the Pati-Salam group degenerates into the Standard Model description [40].

4.2.3 S; scalar leptoquark

Following the treatment of Aydemir ef al. [40], the S; scalar leptoquark is identified via a
possible representation of the SO(10) grand unification mechanism

1
1~ (31,-2).
(32 3)

The principal motivation behind investigating this specific symmetry group as a viable ex-
tension of the current physics is the manifestations of a minimal number of leptoquarks at
low energies. Considering the fact that up to this date, no leptoquark sightings have been



28 Chapter 4 Grand Unified Theories

reported at the LHC, it is likely that if such a discovery is reported, only a few or even a
single particle will be observed.

The SO(10) model allows for the occurrence of S in a 10-dimensional representation, de-
composed in terms of the Standard Model representation

1 1 1 = .1
0= (121)e (12-1) (s1-2) = (51.2).

’g g
1

H H S

The last two representations correspond to the scalar leptoquark S; and its antiparticle Sy,
whereas the rest of the factors represent the Standard Model Higgs boson and its antipar-
ticle. Therefore, through this specific SO(10) representation, it may be concluded that the
leptoquark is the only new physics scalar at low energies. Due to this fact, if a sighting of
the particle is reported without any other being observed, it would constitute solid evidence
for the applicability of SO(10) grand unification.

The study of the leptoquarks in this model is similar to the one described in the SU(5)
framework. For a set of benchmark masses of S, being 1 TeV and 2 TeV, the range of possible
Yukawa couplings was investigated, including constraints from a range of decays, such as
b — stvand Z — 717, as well as the pair-production studies at the LHC. The results were
also compared to pp — 717 data from ATLAS. It was shown that a substantial portion of
the parameter space was still available after imposing the constraints, implying that the S;
leptoquark is a viable new physics particle consistent with crucial experimental data. The
relevant Wilson coefficients of the leptoquark were then extracted, allowing for calculations
of predicted ratios R(D) and R(D*), showing that it alleviates the flavour anomaly.
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5 Flavoured Gauge Model

In juxtaposition with the attempts at resolving the Standard Model inconsistencies through
employing Grand Unified Theories, an alternative approach presents itself when assuming
that the gauge group is not fundamentally universal at the unification scale. Whereas GUTs
provide a unified description for each fermion generation, the Flavoured Gauge Model, pre-
sented by Davighi, Isidori, and Pesut in 2023 [41], states that the full description relies on
splitting the symmetry group into separate structures acting on the first and second, and the
third generations, respectively

G = G2 X Gg3,
Gz = SU(4)142 X Sp(4)L X Sp(4)Rr, (5.1)
Gz = SU(4)3 x SU(2)13 x SU(2)Rr3, (5.2)

where Sp(4) is a n = 2 case of the symplectic group Sp(2n), defined for even dimensions
[41, p. 4].

The fermion representations ¥ under G are compactified into 16-dimensional representa-
tions of the group, depending on the generation and handedness of the particles, where the
light fermions transform trivially under G3 and heavy fermions under G,

¥R~ (4412 (111, ¥~ (1L,11)®(421),
Yi~ (41,4)®(1,1,1), ¥i~(1,11)®(41,2).

Even though a separate mechanism is introduced for the light and heavy fermions, each
group allows for the unification of quarks and leptons through a SU(4) factor, in analogy
with the Pati-Salam Model [41, p. 3]. This approach is much in the same spirit as the uni-
tication mechanisms presented before, where larger symmetry groups containing Ggy, are
employed. However, it does not provide the same mathematical conciseness as the afore-
mentioned theories.

Accommodating a separate gauge group acting on the third generation of quarks and lep-
tons is a natural extension of the current theory, based on the experimental flavour anoma-
lies, considering the little difference in the relative behaviour of the first and second gener-
ations. Consequently, a key characteristic of this theory is the prediction of the existence of
vector leptoquarks at the TeV scale [41, p. 2]. This fact might provide additional evidence for
the physical applicability of the theory, given that the masses of vector leptoquarks present
in various GUTs tend to lie in the neighbourhood of the unification scale, such as in the
SU(5) structure [34, p. 40].

5.1 Symplectic group Sp(2n)

Before investigating the implications of the Flavoured Gauge Model, it is beneficial to un-
derstand the mathematical foundation of the groups constituting the light fermion sector.
As stated in equation (5.1), the first and second generations of fermions are governed by a
SU(4) group and a direct product of two symplectic groups Sp(4).
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In general, the symplectic group Sp(2n) is the set of all special unitary matrices M that
preserve the bilinear form B on C", defined as

n
v) = Z UiUpyi — Un 0, (5.3)

for all u,v € C", such that B(Mu, Mv) = B(u,v) [9, pp. 12-13].

Proof (Bilinearity of B(u,v))
For two arbitrary vector spaces V, W and a field of scalars IF, the function f : V. x W — F
is referred to as a bilinear form if it satisfies the following conditions [42]:

1. Forvj,vpeV,a,pceF,andw ¢ W

f(avy + Boy, w) = af (v, w) + Bf (v, w).

2. ForveV,a,BeF,andwy, wp € W

f(v, 001 + pwr) = af (v, w1) + Bf (v, w2).

In essence, bilinearity implies the map being linear in each of its arguments.

To check whether the defining form given in equation (5.3) is indeed bilinear, it suffices
to show that it fulfils these requirements. Let uy,u; € C",a, € C,and v € C™":

B(auy + Bup,v) = ) (auy; + Puy;i)vpri — (Ru1 y4i + BUonti)0i

s

~
I
[uay

QU Uy i+ Bl jUysi — KUY 5107 — PU tiV;

1
n n
Z U,iVnti — Uin4iVi | + B Z U2,iUn+i — U2n+iUi

i=1 i=1
B(u1,v) + pB(uz, v).

Il
1=

|
A

I
R

Moreover, if u € C", a, 5 € C, and vy, v, € C™:

n
B(u,av1 + v2) = Y ui(av1 i+ Poouyi) — Unii(avr; + Pooy)
i=1

n
= Z XUV i T+ ,31/[ U2 n+i — CUp 01, — ,Bun+i02,i

1
n
Z UiU1,p+i — Un+i01,i | + ﬁ Z UiU pti — Up4i02,i

i=1 i=1
= aB(u,v1) + BB(u, v7).

~.

I
2
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oo 0 Tea)
e O

the matrices M satisfy the following identity [41, p. 4]

Moreover, given a matrix

M'OM = Q.
This relation introduces an additional requirement for the determinant of the matrices
det(MTJM) = det ]

det ] - det(M)? = det |
= detM = 41,

where the multiplicative property of the determinant map was used. Specifically, det M = 1
forall M € Sp(2n) [9, p. 13].

The introduction of the two symplectic groups Sp(4)r and Sp(4)r in equation (5.1) serves as
a means of unifying flavour and electroweak symmetry for the light fermion families. The
two individual gauge groups are also responsible for the left-right symmetry of the theory,
acting on left- and right-handed particles, respectively. The choice of the symplectic group
for the model is also motivated by the lack of various gauge anomalies associated with the
group representations [43].

5.2 Symmetry-breaking

The model follows an extensive sequence of symmetry-breaking mechanisms at various en-
ergy scales, illustrated in figure 8.

G Gs
SU(4)1+2 X SP(4)L X Sp(4)R X SU(4:)3 X SU(Z)L,3 X SU(Z)R,:;

Aqp l

SU(B)142 X SU2)1,1 X SUQ)r,2 X SUQR)r1 X U(1)x
eA 12l
SUB)142 X SUR) 1102 X U(1)y142 X SU(4)3 x SUQ2)1,3 X SUQ2)R 3
Ag
SU(4)3 X SU(3)142 X SU(2)r x U(1)%

Ay

Gsuw = SU3)c x SU(2) X U(l)y

Figure 8: Group diagram of the Flavoured Gauge Model, including the symmetry-breaking structure.
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The relevant symmetry-breaking energies are approximately separated by a single order of
magnitude, such that [41, p. 22]

A1p = 1000TeV, eAp =100TeV, Ay ~10TeV, Ayzp ~1TeV.

These energies have been estimated by imposing a series of constraints, such as from the
experimental bounds on the gauge bosons W’ and Z’ generated by the transition

SU(2)L,1+7_ X SU(2)L3 — SU(z)L,

especially based on the most strict requirements from the Z' — ¢¢ decay. Moreover, these
constraints have also been combined with limits from flavour-changing processes in the first
and second generations of quarks [41, p. 22].

5.3 U, vector leptoquark

The last symmetry breakdown at the scale A43;1 represents the degeneration of the so-called
4321-model
SU(4)3 X SU(3)1+2 X SU(2)L X U(l)%

into the Standard Model group Ggy. This proceeds through a scalar particle w, transforming
under the specific representation of G1, x G3

W~ (4,1,4)® (4,1,2).

Due to this symmetry-breaking step, the vector leptoquark Uj is generated with a mass of
the order of 1 TeV with the following transformation properties under Ggy

5
U~ (3,13 ).
= (013)

Similarly to the study of the SU(5) and SO(10) models, the Flavoured Gauge Model is also
able to provide a prediction concerning the R(D(*)) observables when including leptoquark
effects. To obtain numerical values for the predicted branching fractions, the Wilson coef-
ficients must be extracted from the Lagrangian governing b — cfv, transitions. The two
relevant variables are

1 V, Aoy \ 2
(1472 M = BCLL, 5.4
2( e vcb) (Aul Cuk = PrCuL 64

CrL =

where Agy, Ay, represent the energy scales associated with the Standard Model and the
U, leptoquark, respectively, B are the effective couplings between quarks and leptons, and
Ves, Ve are the individual Cabibbo-Kobayashi-Maskawa (CKM) matrix elements [41, p. 23].
Using these quantities allows for the calculation of the metrics introduced in equations (3.7)
and (3.8)

_ R(D) _ ]
AR(D) = gy — 1= Re(2C1s ~300Ci), (5.5)
AR(D") = RBP4 Re(2c,, — 0.24C7 ). (5.6)

R(D*)sm
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Following the data analysis from R(D™)) measurements, an adequate depiction of the ex-
perimental results is obtained for fr = —1. Setting Agyy = 0.1TeV, Ay, = 1.6TeV, and
Bi" = 0, the numerical values of the ratios may be calculated [41, p. 24]

AR(D) =~ 0.06, (5.7)

AR(D*) = 0.027. (5.8)

Comparing equations (5.7), (5.8) to the current state of the R(D(*)) observables given by
equations (3.9), (3.10), it may be concluded that employing this leptoquark model consti-
tutes an improvement over the current Standard Model predictions. Even though the val-
ues do not precisely match the established values of the observables, the model alleviates
the significant tension between theory and measurement [41, p. 28].
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6 Conclusions

Throughout this thesis, the correspondence between leptoquarks manifested in theories be-
yond the Standard Model and lepton flavour anomalies was investigated. For that purpose,
the necessary background and the current experimental status of lepton flavour anomalies
were outlined. The analysis focused on the specific case of R(D) and R(D*) observables,
showing a significant 3.3¢" deviation from the Standard Model prediction. This and many
other anomalies indicate that the current theory, even though widely successful in many
aspects, is still an incomplete description of the underlying physics. In the context of the
aforementioned observables, three leptoquark models have been investigated as a means
of rectifying the complications in the current models by conjecturing the applicability of
larger symmetry groups, forming Grand Unified Theories. These contain three multiplets
from three distinct models, including R, and S; scalars and a U; vector leptoquarks, each
constituting a possible explanation for the R(D(*)) anomalies.

Even though the Georgi-Glashow SU(5) model was shown to be physically not realisable
due to countless factors, such as the limits on proton lifetime, its modification as the UV-
complete model is still relevant in literature. It remains the minimal realistic extension of the
Standard Model, undergoing the symmetry breaking in a single step. Within its 45 and 50-
dimensional representations, it contains states of R, and S3 leptoquarks with a mass of the
order of 1 TeV. Incorporating these new physics particles allows for alleviating the R(D*))
anomalies.

The extension of the SU(5) theory is the model based on the SO(10) symmetry group, which
resolves many problematic aspects of the previously described theory by introducing an
intermediate Pati-Salam subgroup. It utilises two 16-dimensional spinor representations
accommodating fermions. The 10-dimensional representation contains the S; scalar lepto-
quark alongside the Standard Model Higgs boson, making the SO(10) a theory with a single
manifestation of a scalar particle at the TeV scale.

Lastly, an alternative extension of the current physics is obtained by assuming that the gauge
group of the model is fundamentally non-universal at considerable energies. An example
of such an approach is the Flavoured Gauge Model, assigning a separate symmetry group
acting on the first and second, as well as the third generation of fermions. This is a natural
generalisation of the Standard Model, considering the experimental data in flavour physics,
suggesting that the third generation of fermions displays a range of phenomena diverging
from the theoretical expectations. Incorporating such a structure yields an instance of a
U, vector leptoquark with a mass of approximately 1.6 TeV, allowing for alleviating the
observable tensions in question.
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