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1 Abstract
This comparative analysis considered the Lattice QCD determined decay properties of the leptonic decay
modes B(c) → τ+ντ in the form of a literature review. Although the LQCD determined mass of B+ is

expected to be more precise than that of B+
c , due to the latter having errors associated to it that are absent

or smaller for B+, the results presented in ref. [1] and ref. [2], don’t reflect this. The decay constants
presented in ref. [2], [3], [4] and [5] indicate a smaller uncertainty for B+ than for B+

c , matching
expectations. The determination of the meson masses and decay constants primarily utilized techniques

incorporating NRQCD valence b quarks in combination with HISQ u/c quarks and techniques incorporating
only HISQ valence quarks. With these decay properties, as well as the relevant CKM matrix elements and
experimentally determined parameters such as the mesons lifetimes (due to these not being determined

through LQCD yet), the branching fractions of the subsequent decay modes were calculated to be:
B(B+ → τ+ντ ) ≈ 0.99(6) · 10−4 and B(B+

c → τ+ντ ) ≈ 1.92(6) · 10−2. The largest contributions towards the
branching fractions uncertainties are relevant the CKM matrix elements |Vub|, |Vcb| and the decay

constants. This paper also gives insight into the less apparent classification of the B+
c meson within the

heavy-light and heavy-heavy meson families by evaluating the positioning of its decay constant ratio within
those of the corresponding meson groups.
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2 Introduction
The ancient question: What are we made of? has stirred scientists to study physical phenomena occurring
at the smallest of distances. When unravelling the structure of matter, the scientific community established
the Standard Model (SM): a theory which forms the cornerstone of particle physics, explaining all but one
of the fundamental forces of nature.1 Starting out as a model for quantum electrodynamics and having
evolved to include quantum chromodynamics (QCD) as well as weak interaction effects (such as parity-
and CP-violation) [6], the Standard Model currently describes the outcomes of hundreds of thousands of
experiments [7].

Powerful as it is, it remains incomplete2, necessitating the search for Beyond the Standard Model
(BSM) physics. The LHCb - an experiment at CERN dedicated to the investigation of rare decays in the
charm and beauty sector (among other things) - performs high precision collisions, whose discrepancies from
the SM hint at new physics[9]. The clean leptonic decays B+ → τ+ντ and B+

c → τ+ντ are in this aspect
very interesting. The parent mesons B+ and B+

c are relatively heavy type of hadrons (when compared to
the familiar protons and neutrons making up most of the matter in the Universe), composed of a bottom
antiquark and lighter other quark: (bu) for B+ and (bc) for B+

c . The interest in their leptonic decays
can be justified by, for example, data indicating violations in lepton flavour universality (LFU) [10]. LFU
states that the coupling of leptons to the electroweak force is independent of the flavour of the lepton
taken in consideration (whether it is e±, µ±, or τ±)[11]. The B+ case is evaluated with the upper limit on
the branching ratio of the B+ → e+νe and B+ → µ+νµ decays. The upper limit indicates the maximum
probability of the relevant decay mode to occur compared to all possible decays and is used since the rates for
decays to e and µ have not yet been measured. Since the B+

c → τ+ντ has not been observed experimentally,
the violation in LFU for this case is recognized with data presenting preferences for lepton flavours when
comparing the decays B → D(∗)τντ and B → D(∗)lνl (with l = e, µ). This is permissable because these
decays are mediated by the same quark-level process (b→ clνl) as the one mediating B+

c → τ+ντ [12].

However, besides being enticing probes for BSM effects, the decays B+/B+
c → τ+ντ also test a cru-

cial Standard Model feature: the CKM matrix elements |Vub| and |Vcb| respectively. Together with the decay
constants fB+ and fB+

c
(which quantify the decay probability and are determined through Lattice QCD

[13]), they form the main sources of uncertainty in the theoretical determination of the branching fractions
[12]. Acquiring precise experimentally obtained branching fractions of these decays has therefore gathered
recent interest, also for possibly playing a role in solving the inclusive vs. exclusive puzzle [14].

Unfortunately, observing the B+
c → τ+ντ decay is very challenging at current particle colliders. In

hadron colliders, such as the LHCb, this is due to the struggle of separating the decay signal from the
overwhelming background noise3 while the clean environments of current e+e− B-factories -such as at
Belle II commissioned at SuperKEKB [18]- don’t operate at energies of the production threshold of
the B+

c meson. In this aspect, the B+ → τ+ντ decay, determined to have a measurement precision
of 20 percent at B-factories [13], is more familiar and well-known than the B+

c → τ+ντ decay. Also
regarding the classification of each decays’ parent meson, it is clear that a significant divide in knowledge
remains: B+ clearly exhibits characteristics associated to the heavy-light meson group, in which mesons
are composed of a heavy quark and light quark, while the classification of B+

c —whether it belongs to the
heavy-light or heavy-heavy group— is not so obvious. This paper investigates if certain properties, such
as the mass, decay constants and branching fractions of the B+

c parent mesons decay are less-known than
that of its fellow beauty meson, and to what extent this is the case if determined theoretically through LQCD.

This paper starts with an overview of the Standard Model to provide the theoretical framework for
understanding the concepts, assumptions and processes relevant to the decays and particles in question. This
is followed by a section dedicated to Lattice QCD, which is a non-pertubative model that approximates how
the quantum fields of quarks evolve over the course of a strong force interaction by discretising spacetime.
In doing so, physical observables and quantities can be extracted using various approaches. Three of these

1Gravitational interactions are not accounted for in the Standard Model.
2For example, the Standard Model does not offer an explanation for dark matter or integrate neutrino masses, imperative to

describe the phenomenon of neutrino oscillations[8].
3Although, researchers of the LHCb Collaboration have remarkably managed to observe decays with the B+

c as its parent
meson numerous times [15][16][17].
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are elaborated on in this section, due to their significance and applicability to the heavy quarks in question:
The Non-Relativistic QCD (NRQCD) formulation is namely able to address the non-relativistic nature of
the b quarks present in both B+ and B+

c , while the Highly Improved Staggered Quark (HISQ) discretises
the heavy quark fields in such a way that extrapolated values are not accompanied by the traditionally large
discretisation errors, substantially improving their precision. The Heavy Quark Effective Theory (HQET)
in turn simplifies the treatment of the quarks within the lattice framework by accurately encapsulating the
workings of the complex physical system in an approximate effective field.

As such, these techniques (and combinations of them) are utilized in the LQCD determinations of
the B+ and B+

c masses and decay constants, which in turn will be used for the determination of their SM
branching fractions, which assess the probability of a parent meson decaying via a particular decay mode.
The LQCD section will also provide a brief outline of the largest contributing physical effects that are often
not taken into account in LQCD calculations (one of them being the effects of electromagnetism) and the
method of incorporating them in the extrapolated values. Due to these effects overall contributing more to
the B+

c meson than for the B+, as well as the c quark within B+
c having larger associated discretisation

errors than B+’s lighter u quark in the utilized HISQ approach, it is expected that the mass and decay
constant of B+

c will have larger associated errors to them than those of B+. However, in the case of the
SM branching fractions (for which the CKM matrix elements and decay constants are the main sources
of uncertainty), this statement can not be made, since the B+ decay is known to have a larger relative
uncertainty corresponding to its CKM matrix element, but expected to have a smaller one for its decay
constant. Therefore, a section is dedicated to evaluate the contributions of the relative uncertainties
corresponding to decay properties needed to determine the branching fractions of the leptonic decay modes
B+/B+

c → τ+ντ . Lastly, the conclusions of this paper are formulated by reflecting on the process and
determination of the decay properties discussed.

3



3 The Standard Model
The Standard Model is written in the language of quantum field theory (QFT), which states that all elemen-
tary particles in the Universe are in fact not particles (though often can be approximated as such), but rather
oscillations of (relativistic) quantum fields[7], whose properties are governed by the laws of symmetry[19].
Quantum Electrodynamics (QED) in turn predicts the behaviour of particles for one such field: the electro-
magnetic field, by describing the behaviour of charged particles and photons. In fact, the discovery of QED
is arguably the first stage of the rapid development of the Standard Model. Over the decades, the Standard
Model incorporated the strong force in the form of QCD, the weak force and even formulated the electroweak
theory, in which the force carrying particles of QED and the weak force are simultaneously built into. To
elaborate on this, the Standard Model predicts that all phenomena in the Universe are the consequence of
either matter particles, which carry half-integer spin and compose the group of fermions, or force-carrying
particles, which carry integer spin and compose the group of bosons. Pauli’s exclusion principle forms the
distinction between these two groups, by stating that only bosons are allowed to occupy the same quantum
state, while fermions are forbidden to [7].

Figure 3.1: Particle content of the Standard Model [20].

3.1 Fermions, Bosons & the Fundamental Forces
The group of fermions, in turn, can be divided into quarks and leptons, as indicated in figure 3.1. The
well-known electron e− falls within the latter group, having two much heavier copies, known as the muon
and the tau leptons (µ−, τ− respectively). Each lepton has a corresponding neutrino (νe, νµ, ντ ), which
is neutral and interacts weakly with matter, making it very challenging to detect. The last constituents of
the lepton group are the leptons anti-particles; particles with identical inherent properties (such as mass and
spin), but with opposite electric charge.

Figure 3.2: The quarks in the 1st generation (u, d) are light quarks while those in the 3rd generation (t, b)
are classified as heavy. The 2nd generation, with quarks having rest masses in between those of the heavy
and light quarks in an inexplicable hierarchical structure, doesn’t have a distinct label in this manner. This
peculiar distribution is the SM flavour puzzle or the flavour hierarchy problem [21].
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The group of quarks have a set of corresponding anti-particles also, defined in the same manner. Quarks are
the fundamental particles that make up most of the matter in the universe, including protons and neutrons.
Just like the group of leptons, there are three generations of quarks, which are ordered based on increasing
mass. Besides being the only set of known particles that undergo all of the three fundamental forces included
in the Standard Model, quarks also have a fascinating intrinsic property called colour, which dictates much
of their behaviour and clarifies the naming of the theory of the strong force: Quantum chromodynamics
(QCD). One property of this theory dictates that quarks are not allowed to exist on their own due to colour
confinement, in which particles are required to be colour neutral. This effect is so unviolated that, when
an attempt is made to separate quarks, it is more energetically favourable for each quark to create a cor-
responding anti-quark pair (such that together they are colour neutral) than to allow quark isolation to occur.

The naming of composite particles (hadrons) is dependant on the number of quarks composing them.
It is important to note here that at the high energies relevant to the processes in this paper, it is oftentimes
too much of a simplification to consider hadrons to be composed of just a small number of quarks. The
internal structure of a hadron is a chaotic turmoil, with quark anti-quark pairs flying in and out of existence
due to gluon annihilation and the possibility of discovering internal quarks heavier than the mass of the
hadron its composing (though admittedly this possibility is very small due to the energy-time uncertainty
principle ∆E∆t ≥ ℏ

2 )
4. If one were to take a look at the composition of the internal structure of the

hadron at one instant, it will most likely be different than the structure an instant later. This described
pandemonium of quarks within a hadron is known as the quark sea. All the quark anti-quark pairs within
the quark sea at one instant in time should cancel out, besides a few quarks we refer to as the valence
quarks. Valence quarks have quantum field amplitudes that contribute the most to the apparent structure
of the hadron, thus determining its mass, spin, electric charge and momentum. As such, a hadron hav-
ing two valence quarks (compelled to be a quark and anti-quark due to color confinement) is labeled a meson.

The three forces described by the Standard Model are the result of the force-carrying particles named
bosons, such that every one of the fundamental forces has a boson associated to it. The most familiar boson
is the massless photon γ, the mediator of the electromagnetic force. The strong force has a massless boson
called the gluon g associated to it, while the weak force has three massive bosons: the charged W+,W− and
the neutral Z0. The mass of the Z0,W± bosons is a result of a coupling to the Higgs field.

The interaction between particles mediated by all the mentioned forces is often easily explained by
the exchange of virtual bosons, leading to the effect of an observable force. In the same way that the
electron creates an electromagnetic field that spreads radially outward in space5, quarks create a gluon
field whose strength is also correlated to distance. In the context of the strong force however, the field
strength increases with quark distance. This is due to the behaviour of gluons: they create flux tubes
between quarks, analogous to a string that can/has been stretched. The strong coupling constant αs thus
increases with quark distance (explaining the creation of anti-particles at attempts of quark isolation)
and decreases with energy scales (αs ∝ 1/q2). When αs is around the order of 1 (at high energy scales
and short quark distances), asymptotic freedom is acquired, allowing for the system to be described
with help of pertubative theories. Pertubative theories approximate the dynamics of the intricate sys-
tem of hadrons by utilizing expansions of 1/αs, analogous to the manner that charged particle interaction
strength with the electromagnetic field (as described by Feymann diagrams) decreases by aEM per vertex [23].

However, the most mysterious of all forces described by the Standard Model is undoubtedly the weak force,
which dictates the process of decay. It allows for parent particles, which are the particles on the left of the
Feynman diagram, to decay into decay products. This force has many peculiarities, such as the violation
of charge and parity conservation6 and the breaking of flavour symmetry, allowing for phenomena such as
neutrino oscillations and quark decay. The relevant decays B+/B+

c → τ+ντ are mediated by the flavour
changing quark level processes b→ uτντ and b→ cτντ respectively.

4An example of this phenomenon is finding charm quarks (mc = 1.27GeV ) withing the proton (mp = 0.94GeV ) one percent
of the time. [22]

5The electron thus interacts stronger with charged particles situated more closely to it than more distant ones.
6The charge conservation symmetry breaking suggests that processes undergoing the weak force need not behave the same

when replacing all particles by their anti-particles, while the parity symmetry breaking indicates that the weak force acts upon
left handed particles, while not doing so for a spatially inverted system containing right handed particles.
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Figure 3.3: Diagrams of the quark level processes that mediate the B+/B+
c → τ+ντ decays respectively.

3.2 Branching fractions
Branching fractions quantify the probability of a particle decaying via a particular decay mode by evaluating
the partial decay fraction of that particle relative to all its possible decay modes. These branching fractions
can be experimentally determined, but can also be predicted with theoretical models that are based on
internal processes and interactions. In the case of our leptonic decay modes, the branching fractions can be
determined with the Standard Model prediction [12]:

B(B+
q → τ+ντ )

SM = τB+
q

G2
F |Vqb|2f2B+

q
MB+

q
M2
τ

8π
(1− M2

τ

M2
B+

q

)2 (3.1)

Here q = u, c for the B+ and B+
c respectively. τB+

q
denotes the relevant meson lifetime. This quantity

contributes positively towards the branching fraction due to it indicating the stability of the parent meson:
the longer the lifetime of the parent meson, the higher the possibility for decays to occur, in turn increasing
the branching fraction proportionally. The same can be said for the mass of the parent meson MB+

q
. The

phase space available for this decay is namely dependant on the mass of the parent meson. A higher MB+
q

would thus result in more phase space being available for decay products, increasing the branching fraction.

The M2
τ and (1 − M2

τ

M2

B
+
q

)2 terms also account for the phase space available, by regarding the difference in

mass between the parent meson (B+
q ) and the only massive decay product7 (τ+). The GF denotes the Fermi

constant, which indicates the coupling strength of the weak force. |Vqb| denotes the relevant exclusive CKM
matrix element(3.3), while fB+

q
is the parent mesons decay constant (3.4), which is a quantity related to the

weak force determined through Lattice QCD (4). The uncertainty of these latter two variables are expected
to contribute the most towards the uncertainty of the branching fraction of these decay modes [24].

3.3 CKM Matrix
The Cabibbo-Kobayashi-Maskawa matrix is a unitary 3×3 matrix which incorporates information about the
strength of the weak interaction coupling to individual quarks and in turn their quark level decay probability.

VCKM =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 , (3.2)

The matrix elements Vij represent the probability of the quark level decay j to i (via a W± boson). The
elements that contribute most are along the diagonal, which correspond to processes that don’t undergo
flavour mixing. The non-zero off-diagonal elements indicate that flavour mixing does occur, however at
significantly smaller amplitudes. The decays B+/B+

c → τ+ντ are sensitive to the matrix elements |Vub| and
|Vcb| respectively. The extraction of the values of these elements require considering multiple (in the case of
the exclusive determination) or all (in the case of the inclusive determination) possible final decay states 8.

7The SM predicts the mass of neutrinos to be zero. This is an incorrect prediction, due to the observed phenomena of neutrino
oscillations in which propagating neutrinos evolve different flavours over time and must thus experience time, forbidding them
to be massless. Equation 3.1 is, however, a standard model prediction, in which the neutrino is massless.

8The exclusive and inclusive measurements contradict each other, with the inclusive values always being determined to be
significantly larger than the exclusive values, despite theory predicting them to coincide. This tension has lead to the longstanding
inclusive vs. exclusive puzzle [14].
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This comparative analysis only considers one final decay state (namely that of the τντ ), and therefore the
values of these CKM matrix elements are taken from literature, instead of determined in this paper. The
values of these matrix elements extracted through B meson decays have been determined to be [25]:

|Vub|excl. = 3.51(12) · 10−3, |Vcb|excl. = 39.10(50) · 10−3 (3.3)

These values have been determined by using a combination of studying the rate of certain decays and
imposing theoretical constraints such as the relevant form factors, which are quantities that describe the
internal structure of hadrons when undergoing interactions with other particles. The subscript excl. in
equation 3.3 indicates that these values represent the exclusive CKM matrix elements of |Vub| and |Vcb|.
These are chosen for the determination of the branching fraction (instead of the inclusive measurements),
since they reflect the dynamics of our specific decay channels better than the inclusive elements which sum
over all possible decay channels of very diverse dynamics. Since the exclusive matrix element also employs
form factors, which are often determined utilizing the same kind of methods as other quantities in this paper,
this choice ensures consistency and compatibility with the remainder of the theoretical framework.

3.4 Decay constant
Since the values of the relevant CKM matrix elements will not be determined in this paper, the focus of this
analysis shifts now to the decay constants, due to their significant contribution towards the uncertainty of
the branching fractions of the leptonic decay modes.
Decay constants, denoted as fP , are singular values that indicate the interaction strength of the corresponding
meson with the weak force, parameterising the probability of the meson annihilating to a W boson [3]. They
are inherent to the meson[26] and, when considering Bq mesons (where q = u, d, s, c), they are represented by
the matrix element of the local current that causes the meson to annihilate [3]. This matrix element represents
the overlap of the meson state with the vacuum state through the weak force and is thus dependant on the
interaction strength that binds the quarks within the meson. The local current differs for pseudoscalar and
vector mesons, being a temporal axial current JA0

for pseudoscalars and a spatial vector current JVi
for

vector mesons. Their respective relation to the decay constant is [3]:

⟨0|JA0
|P ⟩ = fPMP (3.4)〈

0
∣∣JVi

∣∣P ∗
j

〉
= fP∗MP∗δij (3.5)

Here P represents a pseudoscalar Bq meson and P ∗ its vector meson counterpart, while MP (∗) is simply the
mass of the meson in question. The temporal axial current JA0

is defined as [4]:

JA0
= (1 + αsz0)(⟨J (0)

0 ⟩+ (1 + αsz1)⟨J (1)
0 ⟩+ αsz2⟨J (2)

0 ⟩) (3.6)

where αs is the strong coupling constant and zi are renormalization coefficients for the pertubative matching
of the corresponding axial vector current [4], causing, for example z1αs to be a radiative correction to the

current J
(1)
0 [3]. Assuming these corrections to be small (which is relatively precise, particularly in the case

q = l [3]), the axial current JA0
described in 3.6 can be simplified to:

JA0
= (1 + αsz0)(⟨J (0)

0 ⟩+ ⟨J (1)
0 ⟩) (3.7)

The terms J
(i)
0 are current operators composed of light quark fields ψq and heavy quark fields ψQ in the

following manner:

J
(0)
0 = ψqγ5γ0ψQ, J

(1)
0 = − 1

2mb
ψqγ5γ0γ · ψQ (3.8)

Here ψq is the Dirac adjoint of the light quark field, defined as: ψq = ψ†γ0, γ5 is the fifth gamma-matrix
(which is closely related to chirality) and γ0 the time component gamma-matrix [27]. The incorporation
of these gamma matrices is due to the fact that these currents are required to be invariant under Lorentz
transformations, causing them to be bilinear covariants which have the preceding form [28].
Utilizing a multi-exponential Bayesian fit function [29] (which will be touched upon in more detail in section

6.3), the amplitudes of J
(i)
0 can be extracted through Lattice QCD simulations (4):

AA0
=

⟨0|J (0)
0 |P ⟩√
2MP

, AA1
=

⟨0|J (1)
0 |P ⟩√
2MP

(3.9)
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Combining this with equations 3.4 and 3.7, we find an expression for the decay constant of a Bq pseudoscalar
meson (multiplied by the square root of its mass) expressed in amplitudes of the axial currents:

fP
√
MP = (1 + αsz0)(AA0

/
√
2 +AA1

/
√
2) (3.10)

3.4.1 Decay constant ratio’s

Since decay constants encompass information on the mesons internal structure, an insightful property to
investigate regarding mesons and their stability is the decay constant ratio of the vector and pseudoscalar
meson, defined as follows [3]:

Rq =
fP∗

q

√
M∗
P

fPq

√
MP

= (1 + αs(zVi
− zA0

))
AV0i +AV1i

AA0
+AA1

(3.11)

4 Lattice QCD
When the strong coupling constant αs becomes very high at large quark distances and low energy scales (low
q2) the non-pertubative scale of the strong interaction is attained: ΛQCD. Beyond this energy, pertubative
theories (which utilize expansions in 1/αs) fail. This is due to the interactions between the quark and gluon
fields being so intense under these circumstances that they can not be approximated by virtual particles
anymore and so Feynmann diagrams as well as the concept of virtual particles must be discarded. We require
an adapted theory to simplify the intricate behaviour of hadrons[23], guiding us to the non-pertubative theory
of Lattice QCD.

4.1 Working Principle
Lattice Quantum Chromodynamics (LQCD) is a model that approximates how the quantum fields themselves
evolve over the course of a strong force interaction. The starting point in this model is the assumption that
time is another dimension of space. Analogous to the Feynmann path integral (in which one evaluates all
possible paths between two points in physical space), Lattice QCD evaluates the possible ”paths” between
two space-time field configurations. This is mathematically equivalent to [30]:

⟨ψf (tf )|ψi(ti)⟩ =
∫
Dψ(t)e−S(ψ) (4.1)

where ⟨ψf (tf )|ψi(ti)⟩ is the transition amplitude between two space-time configurations, while
∫
Dψ(t)e−S(ψ)

is a functional integral over all possible configurations evaluated at the Euclidean time and restrained by the
exponent of the action S, defined as:

S(ψ) ≡
∫ tf

ti

δtL(ψ, ψ̇) (4.2)

When doing this, one is faced with two infinities: the infinite evolution possibilities of field oscillations between
initial and final configuration and the infinite points contained within the fragment of space-time taken into
consideration. The first is dealt with Monte Carlo sampling, which is a method which utilizes a random
selection from a distribution. For this, a set of values of ψj , j = 0, 1, ...N is taken, called a configuration.
The configurations with largest e−S(ψ) values contribute most to the integral. Through a process called
importance sampling, configurations with probability of e−S(ψ) are generated, for minimal variance and
maximum efficiency. Utilizing this method results in a statistical error associated to the determined value of
the observable [30]. The second infinity is dealt by pixelating space and time [23]. This, in turn, is done by
discretising time: tj = ti + j · a, where a is the lattice spacing defined as:

a ≡ (tf − ti)

N
(4.3)

This is actually what caused ψ(t) to become ψj , j = 0, 1, ...N (discretising it also), with the requirement that
it must be evaluated over all its indices. Equation 4.1 thus becomes:

⟨ψf (tf )|ψi(ti)⟩ = A

∫ ∞

−∞
δψ0δψ2...δψN−1e

−S(ψ) (4.4)
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Here A is a normalisation constant and S(ψ) =
∑N−1
j=0 L(ψj , ψ̇j). The action of discretising space-time

results in a four-dimensional lattice of points -which represents the quark field- with connections that
represent the gluon field [23].

Lattice QCD calculations of physical observables or quantities (such as for example the masses of
quarks within a meson or their decay constants) require multiple simulations on the lattice, each measuring
the value of the observable or quantity for different lattice spacings. This is due to the fact that the
values of observables and quantities determined through LQCD are dependant on lattice spacing, with
their values being more accurate with decreasing lattice spacing (while their true value arises when the
lattice spacing a = 0, mimicking real-life physical systems). This can be observed in figure 4.1 as well as
in equation 4.4 by registering that the integral is only accurate for large N and thus (due to the definition
of a) small lattice spacing. Small lattice spacings, however, come at the cost of large computational power,
such that LQCD simulations for investigating properties of light and heavy mesons usually utilize lattice
spacings a between 0.06fm and 0.15fm [31]. By analyzing the trend between the lattice spacing a and the
corresponding values of the desired observable, one can extrapolate the true value of the observable at zero
lattice spacing. Discretising space-time, however, results in discretisation errors, which are proportional to a
in many approaches, such that the value of the determined observable is accompanied by both a statistical
and discretisation/systematic error.

Another noteworthy aspect of LQCD simulations is that an artificial frequency cut-off in the UV re-
gion (to discard infinities that arise from high momentum particles) is not necessary. This is because a
cut-off emerges naturally due to the fact that wavelengths lower than a (corresponding to particles with
momenta higher than π/a) are automatically disregarded, since they are not detected in the lattice.

Figure 4.1: A particle on two different lattice spacings, having a more accurate length scale in the presence
of lower a. It can also be envisioned that particles associated with wavelengths less than a will not even
correspond to a measure of available lattice spacing and thus a natural cut-off is achieved. [30]

4.2 Non-Relativistic QCD
In LQCD, quark masses are given in lattice units mqa, such that finer lattices require smaller values of quark
mass than courser lattices. When examining heavy systems with large quark masses mQa (where Q = b, c for
example), the corresponding discretisation errors will remain too large at most accessible lattice spacings. For
context, when dealing with b-quarks (with a rest mass of around 5GeV or 4 · 1015m−1 at the energy scale of
the quark itself9), acquiring a reasonable discretisation error requires thatmba should be less than 1 such that
the lattice spacing should be less than 0.04fm, which is very challenging and expensive to achieve. However,
b quarks have been handled on very course lattices (a = 0.1fm) [2] by applying non-relativistic field theories.
This has been done by incorporating the assumption that the mass of such heavy hadrons is significantly
larger than the differences in mass of the different excitation states of the hadron. These differences are
similar for systems containing b and c quarks, suggesting a common mechanism for these excited states, as
well as reflecting kinetic energies of the quarks within these hadrons to be of the order of a few hundred
MeV up to a GeV. This energy scale is somewhat larger than (if not approximately equivalent to) that of
light quark systems, nevertheless being much smaller than the mass of the heavy quarks themselves. The
internal momenta of the b and c quarks are thus considered to be small compared to their mass, so the quark
action can be formulated accurately by assuming non-relativistic behavior [30]. In the context of LQCD, this

9Conversion factor: 1eV ≈ 8 · 105m−1
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is often done with the effective field theory Non-relativistic QCD (NRQCD) or the Fermilab formalism [2].
These methods do introduce additional substantial errors (labeled matching errors), which are conveniently
absent in certain ratios of quantities such as decay constant ratios (3.4.1).

4.3 Highly Improved Staggered Quark
Another frequently used technique when simulating quarks on the lattice is the act of staggering quarks.
Staggering quarks is the action of splitting and spreading out the quark fields over multiple sites of the
lattice. It has been utilized as a form of discretising the quark action for over forty years, in which the quark
fields are staggered on a discrete lattice structure. Staggering quarks is the quickest method to discretise in
a simulation. However, naively staggering quarks (by merely introducing a discrete derivative in the Dirac
action [32]) leads to the rise of the fermion doubling problem, which creates a second quark for every quark
simulated per dimension. When naively attempting to stagger one quark, sixteen pairs of quarks (labeled
tastes) are simulated on the four-dimensional lattice of LQCD (2D), which introduce interaction effects that
are accompanied by unusually large discretisation errors (proportional to a2). These two issues are reduced
significantly when utilizing the Highly Improved Staggered Quark (HISQ).
HISQ reduces the fifteen created copies to three by introducing an additional smearing operator which
suppresses the taste changing interactions significantly. This makes the remaining four tastes much easier
to account for when approaching them as a single quark[32]. HISQ also omits the dominating O(a2) errors
by inserting an additional correction term in the discrete derivative of the Dirac action. This introduced
Naik term is namely dependant on a2. The largest remaining errors are O((apµ)

4), which are negligible for
light quarks, but unfortunately large for c quarks, even when assumed to be non-relativistic10 Thus, when
treating specifically c quarks with HISQ, the Naik term must be retuned by including a parameter ϵ which has
expansions in (amq)

2, making the term non-pertubative and able to account for the charm quark. Although
this procedure does reduce the associated discretisation errors of the c quark significantly, they still remain
higher than those of light quarks when utilizing the untuned Naik term correction, due to the discretization
effects simply being more pronounced for the heavier quark. [1]

4.4 Heavy Quark Effective Theory
The Heavy Quark Effective Theory (HQET) is an accurate approximation for physical systems in which a
stationary heavy quark interacts with particles whose four momentum is much smaller than its mass mQ,
such as for example a (Qq̄) meson. In HQET the heavy quarks’ mass mQ is taken to be infinite, while its
four-velocity vµ is considered constant. For context, the four momentum of the light quark would be of
the order of the non-pertubative scale (pµq ∼ ΛQCD), as a result of the fact that radius of the heavy-light
meson is at least inversely this (r ∼ 1/ΛQCD) and the uncertainty principle that must be adhered to. If an
amount of the light quarks’ four-momentum ∂νpµq is relocated to the stationary heavy quark (with momentum
pµQ = mQv

µ
Q), the change in the heavy quarks’ four velocity becomes [33]:

∂νvµQ ∼
∂νpµq
mQ

. (4.5)

Recall that our physical system is characterized by pµq ≪ mQ, such that the change in the heavy quarks’
four-velocity ∂νvQ → 0, implying a constant four velocity in the infinite mass limit. The infinite mass limit
simplifies strong force interactions of the meson by introducing two symmetries. The heavy quark spin-
symmetry arises due to the fact that the infinitely heavy quarks’ spin decouples from the dynamics of the
system, while the heavy flavour symmetry (which states that the infinitely heavy quark can be replaced by
another infinitely heavy quark of different flavour without altering any other properties) is introduced due to
the fact that in full QCD flavour effects are only dependant on mass [34].
Due to spin decoupling from the dynamics, the pseudoscalar and vector mesons are indistinguishable in
the infinite mass limit, and their decay constant ratio equates to one up to pertubative corrections. This
is especially practical in Lattice QCD calculations when the heavy quark is allowed to propagate through
the entire space-time lattice, unrestricted by any artificial constraints, imitating physical systems relatively
accurately. This way the physical heavy-quark masses can be interpolated (to points corresponding to 1/mQ)
instead of extrapolated [35].

10To quantify this: when dealing with a fine lattice spacing a of 0.06fm and consequently a c quark mass mca of approximately
0.6, the discretisation errors O((mca)4) will still be above the order of 10 percent!

10



4.5 Key missing effects
LQCD, together with the many techniques developed to accurately describe and predict the behaviour of
quarks and gluons within hadrons, incorporates the strong force better than no other non-pertubative model.
In unravelling the underlying processes, it can often accurately predict the behaviour and properties of
particles undergoing weak interactions as well (3.4). However, LQCD fails to incorporate numerous physical
effects, one of them being the electromagnetic force.

4.5.1 Electromagnetism

Although significantly weaker than the strong force at non-pertubative energy scales, electromagnetic effects
would take form in slight discrepancies from the derived values when compared to the real-world system they
represent. The mass of the B+

(c) mesons, for example, would be determined through LQCD to be lower than

the true physical value, since the positive charges of the quarks composing the meson would contribute to
an electromagnetic repulsion within the system, necessitating a higher effective binding energy between the
quarks than predicted by LQCD. This effect can be quantified as an equation [1]:

M(Qq) ≈M(Qq)LQCD +AeQeq +Be2q + C(mq −ml) (4.6)

Here A represents the strength of the Coloumb interaction, B the strength of the light quarks self-energy
effect11, while the C term accounts for the difference in mass between the possible valence u or d quark
within the meson. From experimental values of neutral and charged B and D mesons, values of A ≈ 4MeV,
B ≈ 3Mev and C ≈ 1 were found. It is noteworthy to mention that even though the u and c quark both
have the same positive charge, the resultant effect of EM is not equivalent for the B+ and B+

c , due to
the last term in equation 4.6. Electromagnetic effects also have an impact on the decay constant of the
mesons, though not as clear-cut as for the effective mass. Due to the repulsive behaviour of the quarks within
the real-world meson, the magnitude of the overlap of the meson state with the vacuum state (equation 3.4)
would be larger12, resulting in a higher value of the product fB+

(c)
MB+

(c)
than that determined through LQCD.

However, due to the increased effective binding energy associated with this introduced repulsion (and thus
higher effective massMB+

(c)
), both the denominator and numerator of the expression for the decay constant13

increase, with no clear shift towards an increase or decrease of fB+
(c)

immediately apparent.

4.5.2 Charm quarks in the sea

Another key contributing factor for the B+
(c) decays that is often not taken into account in LQCD calculations

so far is the effects of c quarks in the sea, which are the consequence of the c quarks self-energy contributions14.
Whether the c sea quark self energy would contribute positively or negatively towards the effective meson
masses isn’t so clear cut. An argument for a positive contribution towards the meson mass is through the
assumption that the c sea quarks self energy and mass would contribute towards the system, increasing its
total mass. The process of acquiring c quarks in the sea is namely through massless gluons annihilating to
massive c quarks and anti-quarks, for an instant making the inner structure of the meson look like a four
particle system (if only considering the valence quarks and one pair of produced c sea quarks). This is,
however, a too simplistic approach. A better interpretation of the effects of the c quark in the sea is by
considering that the continuous exchange of gluons is what actually holds the meson together, and that the
lack of high momentum gluons (which is due to their momentary creation of such heavy c quark anti-quark
pairs) reduces the attraction between the valence quarks, requiring a higher binding energy for the systems
stability. Thus the c quarks in the sea ultimately cause an attractive force (signifying that its effects also
reduce the mesons decay constant), which can be visualized by their pertubatively estimated correction to
the potential [1]:

V (r) = −Cfαs
r

→ −Cfαs
r

(1 +
αsr

10m2
c

δ3(r)) (4.7)

11This self-energy effect term is not relevant for Q since it is already absorbed in the heavy quark mass.
12A simplified interpretation of this is that the meson ”is more eager to decay” under these circumstances.

13f
B+

(c)

=

〈
0
∣∣∣JA0

∣∣∣B+
(c)

〉
M

B
+
(c)

14Self-energy is not inherent to the particle itself, but acquired through the interactions of the particle and the system it is a
part of.
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The c sea quark effects only contribute significantly to the B+
c meson mass and not to the B+ mass due to

the fact that the quark states of the B+
c are much more sensitive to these high momentum gluons (that are

able to generate the virtual cc pairs) [1] (The c quarks in the sea will however effect both the mesons decay
constants).
However, if the self-energy effects of c quarks in the sea contribute significantly enough towards the mass
of B+

c , wouldn’t the self-energy contributions of u sea quarks contribute towards the B+ mass in the same
manner? They do, but due to their low mass, the continuous flickering of light quarks in the quark sea
(corresponding to relatively low momentum gluons) is nearly negligible for the inner structure of any system,
whether its of the B+

c or the B+ [22].

Despite the effects of c sea quarks often being absent in simulations on the lattice due to their con-
siderable computational demand, recent simulations have been able to include their effects. In these cases,
the inclusion of different quarks in the sea is denoted by Nf , which indicates the number of flavours
simulated with respect to their mass hierarchy. The most common configurations of sea quark inclusion are
Nf = 2 (only incorporating the u and d quarks), Nf = 2 + 1 (incorporating the u, d and heavier s quarks)
and Nf = 2 + 1 + 1 (incorporating the u, d, s and even heavier c quark).

Figure 4.2: A simplified visualisation of the valence quarks and quark sea within a proton [36].
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5 The parent mesons B+ and B+
c

The B+ meson consists of a b and a u quark, naturally classifying itself within the category of heavy-light
mesons (mesons that are composed of a heavy and a light quark as described in figure 3.2). A fascinating
aspect of this family is the in-medium effects which mildly contribute towards the meson properties (when
compared to light-light mesons)[37]. The in-medium effects (present at high energy collisions such as
heavy-ion collisions and proton-proton collisions at the LHCb) represent the impact of the nuclear medium,
including, for example, the higher particle density (when compared to vacuum) leading to the interaction of
the mesons with nucleons and other particles present in the medium[38]. These effects should contribute posi-
tively towards the weak decay constants and negatively towards the meson mass (thus can be considered as an
effective repulsive force within the meson). These effects arise due to the partial restoration of chiral symme-
try in the presence of the nuclear medium (Vaccuum -the absense of particles- namely breaks this symmetry).

The second parent meson taken into consideration is the B+
c , which is the heaviest meson that de-

cays purely via the weak interaction[39]. If only taking into consideration that this meson consists of a b
and a c quark, one would naively categorize the B+

c meson as heavy-heavy. There is, however, more to
examine regarding the classification of this meson than just the masses of its constituent quarks. On the
one hand, when considering the in-medium effects, which are even more negligible for this meson than for
the heavy-light group -due to the weaker coupling of its heavier quarks to the medium[37]- its placement
with heavy-heavy mesons seems more promising. On the other hand, when regarding the windows of
the approximate chiral spin symmetry (SU(2)cs)

15 for mesons containing the charm quark, they exhibit
analogous behaviour to light mesons [40]. This indicates that (to a certain extent) B+

c distinguishing left-
and right-handed particles and undergoing spin transformations is similar to heavy-light mesons undergoing
the same processes. A more detailed discussion regarding the placement of the Bc decay constant ratio,
which indicates that this meson exhibits characteristics from both the heavy-heavy and heavy-light groups,
is given in 6.4.

6 Results
The decay property that is the focus of this comparative analysis (namely the decay constant fB+

(c)
) is

extracted from Lattice QCD simulations while being multiplied by
√
MB+

(c)
(equation 3.10). It is for this

reason that first the LQCD determined B+
(c) meson masses are considered, before analysing the LQCD decay

constants. The determination of the decay properties of mass and decay constant utilized the different
approaches (and combinations of them) as was elaborated on in section 4.

6.1 Mass MB+

NRQCD b quarks and HISQ c quarks
A determination of the B+ meson mass is done in ref. [1] by utilizing its valence b quark to be in the
NRQCD formalism and its u quark in the HISQ formalism. A Nf = 2 + 1 configuration was utilized and
the lattice spacings a were of determined values around 0.09, 0.11 and 0.15 fm. The justification for using
NRQCD b quarks is due to its velocity vb ≈ 0.01c, while its lighter partner quark with vu > 0.4c required
to be considered with a relativistic formulation. The determination of the mass of B mesons was done by
comparing the one-b-quark-containing B meson to a reference state containing one or two b quarks:

MB = (EB − 1

n
Eref )a

−1 +
1

n
Mref (6.1)

Here EB and Eref are determined on the lattice of spacing a, Mref is the experimental value of the reference
state and n indicates the number of b quarks present in said reference state. To acquire relatively low
uncertainty (originating the a−1 term), the reference state should be chosen such that (EB − 1

nEref ) is as
small as possible. Due to the absence of such a suitable reference state for the B+, its mass was determined
indirectly in this article by evaluating its difference to the Bs (bs) meson mass in order to avoid these large
uncertainties. The reference state used for the determination of the Bs mass was the bottomonium (bb), such
that equation 6.1 becomes:

MBs
= (EBs

− 1

2
Ebb)a

−1 +
1

2
Mbb (6.2)

15SU(2)cs is the symmetry group that includes the transformations of both spin and chirality.
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The relevant values for the LQCD determined energies can be found in figure 9.1 in the appendix, while
the tuned value of Mbb was found to be 9.450(5)GeV (this value purposefully does not take EM effects into
account, such that it is compatible with the other LQCD determined values.)[1].

Figure 6.1: Values of the Bs mass for different lattice spacings and MBs −MB+ for the determination of
MB+ . There are multiple values for a single lattice spacing due to multiple values taken for the c quark
mass to account for mis-tuning errors. The light shaded blue band indicates the associated systematic and
statistical error of the determined Bs mass, while the dark shaded blue and green bands indicate the missing
effects of EM, as determined by equation 4.6.[1].

Extrapolating the Bs mass which corresponds to zero lattice spacing, a value of MBs
= 5.363(6)(9)GeV

is found, indicated by the black cross in figure 6.1 (which is shifted from a2 = 0 for clarity within the
graph). The first uncertainty is statistical due to lattice spacing term and the second is systematic due to
the NRQCD formulation of the b quark and when combined16 give MBs

= 5.363(11)GeV. Using this value
to determine the B+ mass is done by finding the relation between MBs

−MB+(= (EBs
− EB+)a−1) and

Mus
2 −Muu

2 (which correspond accurately to 1
2 (ms

2 −mu
2)). Extrapolating what the value of MBs

−MB+

would be at Mus
2 − Muu

2(≈ 1
2 (ms

2 − mu
2)) = 0.45GeV, gives a value of 0.073(14)GeV. According to

equation 4.6, the effects of electromagnetism will shift this value down by 1.3(7)MeV. This shift due to
electromagnetism is calculated according to ref. [41] (which is where ref. [1] obtained equation 4.6). It
differs from the 1MeV shift in [1] by accounting for 1/mb effects and other limitations of equation 4.6 in the
form of a 50% error on the shift. Including this shift gives us MBs −MB+ = 0.072(14)GeV. Therefore we
can find the mass of the B+ meson to be MB+ = 5.363(11)− 0.072(14) = 5.291(18)GeV.

When comparing this to the experimental value of MB+ : 5.27941(7)GeV[42], it is apparent that the
theoretically determined value and its associated error is larger, while still incorporating the experimental
value within its error. This deviation of about 12MeV, as well as the factor 102 increase in error can be
attributed to the complex process of the simulated mass determination, which involved two extrapolations
due to the absence of a suitable reference state. It can also be explained by considering that, although the
NRQCD and HISQ formulations are well justified in this situation, they remain an approximation of the
more complex physical system (in which e.g. the b quark is slightly relativistic17). The in-medium effects
could also play a role in this deviation, though the magnitude of their contribution is unknown (besides that
it is larger for MB+ than for MB+

c
).

6.2 Mass MB+
c

hh method
Ref. [1], which determined the B+ meson mass with NRQCD b quarks and HISQ c quarks also did so

16The combined error is calculated with the root sum squared method:
√
0.0062 + 0.0092 = 0.011.

17However, this example of including the dynamics of the b quark (due to it’s slightly relativistic nature) would actually
increase the LQCD determined mass, resulting in an even larger deviation. It is given to sketch the presence of more complexity
within the physical system than the one simulated in LQCD.
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for the B+
c meson18, now with a retuned Naik term for the HISQ c quark (4.3). As a reference state, a

linear combination of the bottomonium (bb) and charmonium (cc) state was chosen (to minimize the errors
originating from the a−1 term) such that equation 6.1 becomes19:

MB+
c
= (EB+

c
− 1

2
(Ebb +Mcc))a

−1 +
1

2
(Mbb,phys +Mcc,phys) (6.3)

Determining the B+
c mass with this particular reference state is known as the hh method (heavy-heavy

method), for which the errors associated with the calculated values of MB+
c

per lattice spacing (figure 9.2)

are extraordinarily small, due to the term (EB+
c
− 1

2 (Ebb+Mcc)) being very close to zero. Extrapolating the

value of the mass of B+
c at zero lattice spacing gives us 6.279(10)GeV (as indicated in figure 6.2), in which

almost half is the discretisation error (of 4.2 MeV) that originated from the HISQ action on the c quark (due
to an assigned error of 200% for tuning uncertainty of the c quark mass). Incorporating an upward shift of
1.2(6)MeV due to electromagnetic repulsion (as determined through equation 4.6) and a downward shift of
1(1)MeV because of the attraction due to c quarks in the sea (as illustrated in 4.5.2), results in a determined
value of MB+

c
= 6.279(11) with the hh method. Note that the effects of electromagnetism canceled out with

the effects of c quarks in the sea in this determination, such that they are only observed in the final value of
MB+

c
as a slightly larger associated error.

Figure 6.2: Values of the mass of B+
c for different lattice spacings for both the hh and hs methods. The dark

shaded bands indicated missing EM effects. [1]

hs method
Still using NRQCD b quarks and HISQ c quarks, a reference state that is a superposition of the Bs (bs) and
the D+

s (cs) can be chosen to determine MB+
c
(known as the hs method), such that equation 6.1 becomes:

MB+
c
= (EB+

c
− (Ebs +Mcs))a

−1 + (Mbs,phys +Mcs,phys) (6.4)

Extrapolating the value of MB+
c
at zero lattice spacing by tuning the NRQCD b quark (with assigned tuning

error of 50%) and HISQ c quark (with a tuning error of 200%), a value of 6.280(19)GeV is acquired. This
value has already incorporated the upward shift of 1.2(6)MeV due to electromagnetism and the downward
1(1)MeV shift due to the effects of c quarks in the sea.

HISQ b and c quarks
Ref. [2] uses the HISQ action for both the c and b quark, utilizing theNf = 2+1 configuration and simulations
of lattice spacings between 0.044 and 0.15fm. The mass of B+

c (which is considered an antisymmetric
heavyonium state of cb) was determined through its difference in binding energy between the mass of the
symmetric heavyonium states ηc(cc) and ηb(bb):

∆Hc,hh =MHc
− 1

2
(Mηc +Mηb) (6.5)

18The justification for this is due to vb ≈ 0.04c while vc ≈ 0.35c for B+
c .

19n = 2 since our chosen reference state still contains two b quarks.
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This term is comparable to the reference state term of equation 6.1 and is also desirably small for the
same reason (for small corresponding uncertainties from the lattice spacing a−1). MBc

is reconstructed by
evaluating this term up to the physical b mass (such that H = B). The result of this (derived from the
multi-exponential fit) is ∆Bc,hh = 0.065(9)GeV, as can be seen in figure 6.3.

Figure 6.3: Results of expression 6.5 as a function of the heavionium massMηh for different ensembles on the
lattice (indicated by the different colours). The multi-exponentional fit resulting from this is plotted as the
black line, and the value of ∆Bc,hh obtained is the fit function evaluated at the physical b mass (at Mηb). [2]

The LQCD derived value of 1
2 (Mηc +Mηb) = 6.186(2)GeV, such that MB+

c
= 6.251(9)GeV. Although the

effects of EM were supposedly derived in this article with the same calculations as for the previous two B+
c

mass determinations20, the effects do have inexplicably large varying values. The EM effects increase the
determined mass by a comparable factor (3.1MeV), while the c quark in the sea effects increase the mass by
a staggering value of 5.3MeV. Not only is the effect of increasing the mass (instead of decreasing it) a huge
deviation from the previously calculated effect of the c sea quarks, but the value itself is a factor of five times
larger. Taking these determined effects into account, a value of MB+

c
= 6.259(12)GeV is acquired through

this determination method, while if the effects as were determined in ref. [41] are taken into account, a value
of MB+

c
= 6.251(10) would be acquired. This latter value is the one we will consider further.

When compared to the experimentally obtained value of MB+
c

= 6.27447(32) [42], an evident de-
crease in value is observed (while all other mass determinations exhibited a larger value when compared
to experiment). This deviation of 23MeV is not incorporated in the determined associated error, casting
significant doubt on the reliability of this result.
On the other hand, comparing the (NRQCD b, HISQ c) hh and hs determined masses with the experimentally
obtained MB+

c
results in the smallest deviation so far (around 5MeV).

Determined Meson Masses in GeV
Meson NRQCD b and HISQ c [1] HISQ b and c [2] Averaged mass Experimental value[42]
B+ 5.291(18) - 5.291(18) 5.27941(7)
B+
c 6.279(11), 6.280(19) 6.251(10) 6.279(10)∗ 6.27447(32)

Table 6.1: Table of determined and averaged meson masses, with the relevant articles cited. The averaged
mass was determined through the weighted average of the LQCD values. ∗It was decided to not take MB+

c

determined with HISQ b and c quarks into account due to its questionable reliability and such that the com-
parison to MB+ could be done on equal footing (only determined through NRQCD b and HISQ c quarks).

The weighted average of the determined masses is denoted to encapsulate all findings discussed so far in a
single value (such that it can be utilized to determine the branching fraction in section 6.5), as well as to

20When mentioning and having determined the relevant missing effects, ref. [2] referred to [1].
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acquire a smaller associated uncertainty. If the HISQ b and c quark determination is taken into account in
the weighted average ofMB+

c
, a value of 6.271(8)GeV is obtained. Although this is closer to the experimental

value (as well as having a smaller associated error) than the weighted average denoted in table 6.1, this paper
will continue to recognise the latter due to the scepticism surrounding the HISQ b and c quark determined
mass.

The deviation in values, but more significantly the much larger associated uncertainty of all the
LQCD-determined masses with respect to the experimentally obtained ones exhibited in table 6.1 raises
the question: Why determine properties of hadrons with LQCD at all, when these values can be determined
experimentally with better precision and accuracy? A straightforward answer is that not all these properties
are possible to determine (directly) through experiment at this stage (such as the decay constant) thus
necessitating theoretical determination methods. It is also the case that many experimental results deviate
from SM model predictions greatly (deviations larger than 5σ for example point towards new physics).
Therefore, a more convincing answer to our question is that the confirmation of established physics (such as
the SM) as well as the search for new physics requires a collaborative effort between experiment and theory
[43]. Besides this, LQCD provides an independent crosscheck of experimental values (and vice versa) for
which the discrepancies can indicate effects not taken into account in theory, such as, for example, possible
contributions of the nuclear medium. In the case of the meson masses considered here, the LQCD determined
values were considered instead of the more precise experimental ones in order to asses the expression of the
decay constant extraction 3.10 within the same theoretical framework.

The averaged values (as well as most of the LQCD determined ones used as input for this average)
show a larger uncertainty for the B+ than for the B+

c . This goes against expectations, since the B+
c has

errors associated to it in LQCD that are absent for the B+. The approach of utilizing HISQ c quarks
(done in both determinations of MB+

c
) namely requires retuning the Naik term, whose associated errors

are larger than for the untuned Naik term in the case of the lighter u (and in this case also s) quark. The
determination of the B+

c mass also needed to incorporate the effects of c quarks in the sea, along with
its corresponding 1MeV uncertainty (which was not necessary for MB+). However, this effect ended up
canceling with the effects of EM nicely, such that their only contribution was a 1MeV larger uncertainty
than if not taken into account at all, which is relatively low compared to the large uncertainty of the B+

mass. This relatively larger error for MB+ can be partially justified by the absence of a suitable reference
state in it’s determination and the absence of multiple LQCD determined B+ masses that could lower the
associated error for the weighted averaged mass (as was done for the B+

c averaged mass).

6.3 Decay constant fB+

The Flavour Lattice Averaging Group (FLAG) [13] gives an overview of lattice results so far, in which four
determined values of the B+ meson decay constant have been reviewed. In the Nf = 2 + 1 configuration,
two fB+ values of 195.6(14.9)MeV and 197(9)MeV were found, while in the Nf = 2 + 1 + 1 configuration
values of 184(4)MeV [4] and 189.4(1.4)MeV [5] were obtained. From this it can be confirmed that including
the effects of c quarks in the sea indeed results in a reduction of the mesons decay constant, as explained
in 4.5.2. Only the Nf = 2 + 1 + 1 decay constants are considered in this paper, since they encompass the
significant c quarks in the sea effects.

NRQCD b quarks and HISQ c quarks
Ref. [4] determined the B+ decay constant using NRQCD valence b quarks and HISQ u quarks on lattice

spacings a of 0.09 to 0.15fm. After having fitted the J
(0)
0 and J

(1)
0 (equation 3.6) operators simultaneously

using the multi-exponential Bayesian fitting procedure [29] the amplitudes AA0
= 0.428(9)GeV 3/2 and

AA1
= 0.424(7)GeV 3/2 were found. Together with a procedure that determined the difference in mass of

Bs and B, along with their PDG masses, a decay constant of fB = 0.186(4)GeV was found. This value
already incorporates the downward shift due to EM effects, which were determined with 4.6 to be 1(1)MeV.
To determine fB+ , an extrapolation of the amplitudes to fictitious mesons of uu and dd (for distinction) was
taken into account, resulting with a fB+ of 0.184(4)GeV.

HISQ b and c quarks
Ref. [5] determined fB+ with HISQ c and b quarks on five lattice spacings between 0.03fm and 0.12fm. This

17



paper also utilized a sixth lattice spacing of 0.15fm to check the estimate of discretisation errors, but didn’t
use it for extracting the values since its inclusion worsened the fit. This fit of fP

√
MP evaluated at zero

lattice spacing yielded a parameterization of the decay constant expression as a function of a Hs meson mass
and valence light quark mass mx.

Figure 6.4: Decay constant expressions plotted in units of fp4s, which is defined as a fictitious pseudoscalar
meson decay constant with a valence quark of mass 0.4ms (it’s value has been extrapolated to be ∼ 6.5GeV).
The ΦHu

corresponds to fB+

√
MB+ , such that the y-axis is unitless. The two sets of data/fit lines correspond

to the mu (lower set) and ms (higher set) valence quark mass (thus corresponding to the decay constants of
B and D systems respectively). The red circle indicates the value of interest. (Adapted from [5])

For determining fB+

√
MB+ , the MHs is taken to be MBs (with an experimental value of 5.36682(22)GeV),

which is indicated by the second vertical line labelled B in figure 6.4 and the valence light quark mass is
taken to be mu, which is indicated by the lowest curve/set in figure 6.4. After incorporating the value of
the B+ mass and the effects of electromagnetism (as well as the others highlighted by the paper), ref. [5]
obtains a B+ decay constant of 0.1894(14)GeV. The preciseness of this determined decay constant can be
justified by the utilized fit function that was composed of the combination of three effective field theories
(including a matrix element of a HQET current) and ultimately consisted of 60 fit parameters.

Decay constant ratio
In ref. [3], the decay constant ratio (section 3.4.1) Rl =

fB∗
fB

, l = u, d is determined on lattice spacings
between 0.09 and 0.15 fm, Nf = 2 + 1 + 1 while using NRQCD valence b quarks and HISQ u quarks. These
results are also compared to HQET expectations. The determination of the B decay constant ratio is done

by analyzing its difference to the Rs(=
fB∗

s

fBs
), due to their very similar behaviour and values. The expression

used for finding Rl

Rs
is derived from equation 3.11 to be:

Rl
Rs

= (
A

(0)
B∗

l
+A

(1)
B∗

l

A
(0)
Bl

+A
(1)
Bl

)(
A

(0)
Bs

+A
(1)
Bs

A
(0)
B∗

s
+A

(1)
B∗

s

) (6.6)

Here the values can be determined with the multi-exponential Bayesian fit function which is a function of a
and the relevant quark masses. Using the determined values to determine and plot Rl

Rs
for different ensembles

against the light quark mass in units of the physical s quark mass gives us a value very close to one21 with
a slight decrease when the light quark approaches its physical value.

21This is expected since this ratio indicates the difference in SU(3)- and spin-symmetry breaking, which should be equivalent
for the two considered systems
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Figure 6.5: Rl

Rs
for different ensembles against the light quark mass in units of the physical s quark mass [3].

From this, Rl

Rs
= 0.987(13). Combining this result with the found result of Rs = 0.953(23) in [3], gives

Rl = 0.941(26) (although ref. [3] calculated this to be 0.945(26)). Taking the value of
√

MB∗
MB

= 1.0043, a

value of fB∗
fB

= 0.937(26) is obtained.22

HQET formulation
Now to compare this decay constant ratio to the purely HQET framework, for which spin dependence
drops out in the infinite mass limit (section 4.4), while the renormalization factors that match the currents
as described in equation 3.4 are not the same (causing a deviation for this ratio from the value of one).
Evaluating a HQET expression with expansions in αs up to O(α3

s) (which can be found in [3]), results
in a value of fB∗

fB
= 0.896, indicating a much more stable vector meson (with respect to its pseudoscalar

counterpart) in a pure HQET formalism than if determined through NRQCD and HISQ valence quarks.

6.4 Decay constant fB+
c

NRQCD b quarks and HISQ c quarks
Ref. [3] determined the Bc decay constant using a NRQCD b quark and HISQ c quark formulation with
a Nf = 2 + 1 + 1 configuration. Due to the radiative coefficients of equation 3.6 to be significant for the
charmed B meson (see figure 9.3 in the appendix), this non-simplified form will be utilized instead of 3.7 for
the multi-exponential fit function. The results of the matrix element amplitudes for the different ensembles
are given in figure 6.6, along with the plotted values for fBc

√
MBc

per lattice spacing value a.

Figure 6.6: Fitted matrix element amplitudes (relevant to equation 3.6) and Bc decay constant values for
varying lattice spacings. The green cross indicates the found value for previously determined decay constant
using HISQ b and c quarks for comparison. [3]

22In ref. [3], this value deviates slightly (0.941(26)) due to the difference in calculated Rl.
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Extrapolating the value of fBc

√
MBc at zero lattice spacing a, gives us 1.087(37)GeV3/2, such that

fBc
= 0.434(15)GeV 23.

HISQ b and c quarks
By evaluating both the b and c valence quarks in the HISQ formulation with a Nf = 2 + 1 configuration,
ref. [2] determined the decay constant of Bc. It did this by evaluating different values of mh (in the form of
Mηh) up to the physical b quark mass (this is when h = b) to tune the decay constant of Bc, analogous to the
procedure in which the Bc meson mass was determined by evaluating ∆Hc,hh

up to the physical b mass (6.2).
Plotting the results of the ensembles of the lattice spacing, along with their corresponding multi-exponential
fit, results in figure 6.7, in which fBc

is determined to be 0.421(6)GeV.

Figure 6.7: Results of fHc
as a function of Mηh for different ensembles, evaluated up to the physcial b mass

(at Mηb). The value of fBc
obtained is the fit evaluated at the physical b mass [2].

Incorporating the determined EM effects (which contribute to an increase of 4(1)MeV) and the c quarks in
the sea (which contribute to an increase of 2(1)MeV), we acquire a fBc

of 0.421(7)GeV through the HISQ b
and c quark procedure.

Meson decay constants in GeV
Meson NRQCD b and HISQ c [4][3] HISQ b and c [5] [2] Averaged decay constant
B+ 0.184(4) 0.1894(14) 0.189(2)
B+
c 0.434(15) 0.421(6) 0.423(6)

Table 6.2: Table of determined and weighted averaged decay constants.

The results displayed in table 6.2 indicate that the uncertainty of the averaged decay constants of the B+

is significantly lower than that of the B+
c , which coincides with expectations, due to the present effects of

retuning the Naik term for HISQ c quarks as well as including those of c quarks in the sea for fB+
c
.

Decay constant ratio
The decay constant ratio of the axial and vector Bc mesons can be determined with the same method as for
fB∗
fB

, namely by comparing it to Rs. Following this procedure, a value of
fB∗

c

fBc
= 0.988(27) is obtained. When

plotting the decay constant ratio of Bc along with those of heavy-heavy and heavy-light mesons (to analyze
the internal behaviour of the mesons with respect to eachother), figure 6.8 is obtained.

23The weighted averaged mass of 6.279(10)GeV for the Bc was used for this determination.

20



Figure 6.8: Decay constant ratio’s plotted as a function of inverse mass of the pseudoscalar meson. The
heavy-light data points represent the ratios fB∗

s
/fBs

and fB∗/fB (calculated in 6.3). The purple diamond is
the value of the B+ decay constant ratio obtained through HQET calculations. [3]

When considering that the LQCD-determined decay constant ratio fB∗
c
/fBc

is significantly larger than
fB∗

s
/fBs (indicated in figure 6.8) and fB∗/fB (calculated in 6.3), while also being significantly smaller than

those of heavy-heavy mesons [3], one can undoubtedly confirm that the internal structure of the B+
c varies

from both groups. In fact, when plotted, the decay constant ratio of B+
c lies almost perfectly in the gap

between that of heavy-light and heavy-heavy mesons (with a slight ”inclination” towards the heavy-light line,
while also only having overlapping error bars with it). Another takeaway from figure 6.8 is that, although a
family of bc mesons exist24 of which only the Bc has been observed [2], characteristics of these unobserved
charm bottom mesons are already known through such an analysis. The decay constant ratios of these mesons
should namely lie between those of heavy-light and heavy-heavy and should connect to the Bc to form a line
whose slope is in between those of the heavy-heavy and heavy-light.

6.5 Branching fractions of the leptonic decay modes
B(B+ → τ+ντ )

For the determination of the branching fraction, the value of the B+ meson mass is taken to be 5.291(18)GeV
with a decay constant value of 0.189(2)GeV. A few remaining variables are required to determine the B+ →
τντ branching fraction. Unfortunately, most of these have not been determined through LQCD or other
theoretical frameworks yet. It is for this reason, that experimentally determined values of these variables
are utilized in this branching fraction determination. B+ has a recently theoretically determined lifetime of
τB+ = (1.72+0.35

−0.21 · 10−12)s 25 [44]. The Fermi coupling constant GF has been determined experimentally to
be (1.1663788(6) · 10−5)GeV−2, while the experimental mass of the tau lepton is Mτ = 1.77693(9)GeV [42].
Incorporating these values in equation 3.1, results in a SM branching fraction of:

B(B+ → τ+ντ )
SM ≈ 1.04(21) · 10−4 (6.7)

The error associated with this value was calculated with the following error propagation formula:

∆B
B =

√
(
∆τ

B
+
q

τ
B

+
q

)2 + 2(∆GF

GF
)2 + 2(

∆|Vqb|
|Vqb| )

2 + 2(
∆f

B
+
q

f
B

+
q

)2 + (
∆m

B
+
q

m
B

+
q

)2 + 2(∆mτ

m2
τ
)2 + 2(2(∆mτ

m2
τ
)2 + 2(

∆m
B

+
q

m
B

+
q

)2) (6.8)

For the value in 6.7, the error is predominantly due to the large uncertainty of the determined B+ lifetime
(since it’s error was also around 20%). To analyze what relative contributions the other variables would have
in the absence of this dominating error, the branching fraction of B+ → τ+ντ is also determined with the

24This family is analogous to for example the bottomonium family (consisting of ηb(NS), Y (NS) where N = 1, 2, 3 etc.) and
the members of this bottom charm family would thus exhibit different spin, parity and charge characteristics than B+

c does.
25This value must be converted to (2.61(53) · 1012)GeV−1 before inserted in equation 3.1 such that the branching fraction is

unitless. Here the relationship ℏ = (6.582 · 10−25)GeV · s was utilized.
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more precisely determined experimental lifetime of τB+ = 1.638(4) · 10−12s 26. Especially since B+
c has no

theoretically determined lifetime yet, this is also done such that the branching fractions of B+ → τντ and
B+
c → τντ can be compared on equal footing. For these reasons, this following calculated value is what will

be considered further in this paper. The branching fraction including the experimentally determined value
of the B+ lifetime becomes:

B(B+ → τ+ντ )
SM ≈ 0.99(6) · 10−4 (6.9)

The most recent branching fraction of this decay mode found experimentally by the Particle Data Group is
1.09(24) · 10−4 [42]. Although the branching fraction 6.9 was determined with a combination of experimental
and LQCD variables, it is compatible with the experimental measurement. Noteworthy is that the value in
6.7 (determined with a theoretically determined meson lifetime) overlaps the PDG value much more closely,
which is curious since it doesn’t consider the PDG given meson lifetime, while 6.9 does.

B(B+
c → τ+ντ )

For the determination of the B+
c → τ+ντ branching fraction, an averaged value of 6.279(10)GeV is taken for

MB+
c
, while an averaged value of 0.423(6)GeV is taken for fB+

c
. The experimentally obtained lifetime of the

B+
c meson is τB+

c
= 0.510(9) · 10−12s 27 [42], causing this decays branching fraction to be:

B(B+
c → τ+ντ )

SM ≈ 1.92(6) · 10−2 (6.10)

Since the B+
c → τ+ντ decay has not been observed experimentally, PDG does not have an experimental

branching fraction to compare this value to, while also not having any upper limit for it. However, this SM
branching fraction has been determined in ref. [12] to be 1.95(9) · 10−2 and in ref. [10] to be 2.25(21) · 10−2

with a combination of experimental and LQCD determined variables. The value given in 6.10 is very
compatible with the first one, while deviating from the second greatly28.

Comparison between the leptonic decay modes
Comparing the branching fractions determined with the experimental meson lifetimes for both decays, a
very similar relative uncertainty is found, however being a factor of two times larger for the B+ decay. This
is explicable due to the fact that, although the B+ decay has a more precise decay constant and meson
lifetime, the B+

c decay has a smaller relative uncertainty for the LQCD determined meson mass and relative
CKM matrix element. Combined, these latter variables have a larger contribution to the relative error of
the branching fraction (around 35%) than the meson lifetime and decay constant (around 25%). This is
represented visually in figure 6.9.

Figure 6.9: The proportional contribution of each variables relative uncertainty squared, according to equation
6.8.

26This corresponds to (2.489(6) · 1012)GeV−1.
27This corresponds to (7.746(14) · 1011)GeV−1.
28This is primarily due to the different derivation of the value in ref. [10], which focused on the averaged branching fraction

of B(B → D∗τν, which was not done for the derivation in this paper.
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By incorporating the values and uncertainties of the variables in question, the contributions to the uncertainty
of each decays branching fraction are represented in figure 6.10.

Figure 6.10: The contributions of each variables relative uncertainty squared for the B+ → τντ branching
fraction 6.9 (left) and B+

c → τντ branching fraction 6.10 (right).

As expected and assumed throughout this analysis, the CKM matrix elements and decay constants contribute
most significantly over both leptonic decay modes considered. However, the most compelling finding from
figure 6.9, is that the relative uncertainty squared of the B+

c decay associated CKM matrix element doesn’t
contribute predominantly as it did for the B+ decay due to its factor ∼ 3 times smaller contribution (see
equation 3.3). However, this result is also the case due to the relative uncertainties of the rest of the relevant
B+ properties (decay constant, meson lifetime) being relatively low, compared to those of B+

c , with the ex-
ception of the meson mass. The contribution of the LQCD meson mass uncertainty being so limited in figure
6.10 is due to the fact that their relative uncertainties squared were much lower than for the other variables.
It must be noted that the uncertainty of the LQCD meson mass has been incorporated in that of the decay
constant uncertainty though, therefore indirectly playing a more significant role than portrayed in figure 6.10.

An interesting aspect of the findings of this section is that all the branching fractions have such a
low relative uncertainty when compared to the B+ decays experimental value of 1.09(24) · 10−4, while being
comparable to the SM B+

c decay branching fraction given in [12] (1.95(9) · 10−2) and the SM B+ decay
branching fraction given in [10] (0.858(71) · 10−4). From this, it seems that the SM branching fractions when
determined with the LQCD decay constant result in significantly smaller corresponding relative uncertainties
than when determined experimentally, although the relative uncertainty of the B+

c decays branching fraction
determined in [10] is particularly high, while also not agreeing with the rest of the results examined.

7 Conclusions

This comparative analysis looked at the decay properties of the leptonic decay modes B+
(c) → τ+ντ , while

investigating if and to what extent what extent those of the B+
c are less certain than those of the B+ when

determined through LQCD techniques. In order to asses which decay properties were most interesting the
consider for this analysis, the contribution of the variables relative uncertainty towards that of the branching
fractions of the leptonic decay modes were considered. Based on literature, this was expected to be the
relevant CKM matrix elements and the decay constants [24]. Due to the extraction of the CKM matrix
elements requiring the consideration of multiple (or all) possible final decay states (while this comparative
analysis only considered τντ ), the interest shifted towards the decay constant determination through Lattice
QCD. The decay constant is acquired with the square root of the meson mass when extracted through
Lattice QCD (as indicated in equation 3.10), such that the LQCD determined meson masses of B+

(c) were

considered in this analysis also.

When considering the weighted averaged meson masses, it was expected that the uncertainties would
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reflect experimental data in which those of the B+
c decay are much larger. This was also expected by

taking into consideration that B+
c would have errors associated to it that are absent (or smaller) for B+.

These errors are the mentioned effects of retuning the Naik term when dealing with c quarks in the HISQ
formulation (4.3) and the slightly larger contribution of EM effects for the B+

c (equation 4.6). This was
not reflected in the results, in which the averaged value of the LQCD determined masses of the B+

c was
more precise. This outcome may be the result of the complex process of the determination of the B+

decay properties, in which the B+ meson state was compared to that of Bs, thus adopting all these mesons
corresponding errors on top of its own discretisation errors. An improvement for this study would be to
incorporate (preferably) a HISQ c and b quark determined B+ mass in the averaged mass, such that it
would (hopefully) result in a smaller corresponding error.
The values of the LQCD determined decay constants presented in this paper indeed exhibited a larger
uncertainty for the B+

c than for B+
c , as was expected. This can be explained by the present error of retuning

the Naik term for HISQ c quarks, effects of c quarks in the sea contributing more to the B+
c than for the

B+ as well as the larger effect of electromagnetism for the heavier meson.
The SM branching fractions of the leptonic decay modes calculated were overall compatible with
the experimental value and branching fractions determined in other papers, having values of
B(B+ → τ+ντ )

SM ≈ 0.99(6) · 10−4 and B(B+
c → τ+ντ )

SM ≈ 1.92(6) · 10−2. They were calculated
with LQCD determined masses and decay constants along with experimental values for the remaining
variables in equation 3.1. Ideally, the branching fraction would be determined with only LQCD determined
variables (or by other theoretical frameworks) in order to compare theory to experiment and analyse the
(magnitude of) deviation. However, due to the fact that many of these variables have not been determined
by LQCD yet, as well as the fact that experiment doesn’t offer a branching fraction (or upper limit) for the
B+
c → τντ decay, this comparison/analysis was not possible in this paper.

An evaluation regarding the overall uncertainty as well as the contributions of each variables relative
uncertainty of the branching fractions was conducted in order to deduce whether the B+ decays braching
fraction was more precise than that of the B+

c decay. This was not the case, with the B+ → τντ branching
fraction having a relative uncertainty that was twice as large. This evaluation was necessary since the decay
constants (which were more precise for B+) and the CKM matrix elements (which had a lower relative
uncertainty for the B+

c decay) were expected to form the main sources of uncertainty in the theoretical
determination of the branching fractions [13]: an indication as to their contributions highlights the regions
that would benefit most from further investigation. Both leptonic decay modes (particularly the B+ decay)
would benefit greatly from a more precise determination of the relevant exclusive CKM matrix elements,
while the B+

c decay mode would benefit greatly from a more precise determination of its parent mesons
decay constant and lifetime as well.

It is for this reason, as well as because it has a significantly larger uncertainty for the B+
c when

compared to the B+, that a relevant decay property to investigate further within the theoretical framework
of LQCD is the parent mesons lifetimes. Future studies on the subject could conclude whether the LQCD
determined B+ lifetime is more precise than that of B+

c (which would mirror experimental values) and an
analysis on the discrepancies would enhance the knowledge regarding the parent mesons stability within
theory.
The in-medium effects described in 5 were also not taken into account in any of the determined values of
meson masses and decay constants, due to a lack of knowledge regarding the magnitude of their contribution.
If they were taken into account, however, they should contribute to a larger uncertainty for specifically the
B+ mesons decay properties. The degree to which they would do this could also be the focus of further
research on the topic.
Besides this, the B+

c mesons classification within the heavy-heavy/heavy-light group remains unresolved.
Exhibiting behavioural aspects associated to both heavy-heavy and heavy-light mesons, some literature even
went so far as to state that B+

c can be considered the bridge between the two [2]. However, it is important
to note that the questions To what extent is this the case? 29 and Do all the properties of the B+

c indeed
exhibit the slight inclination toward heavy-light meson properties as for the decay constant ratio? are still
unanswered. This is why further investigation into the true classification of the B+

c meson is necessary for a
more profound understanding of its intrinsic characteristics.

29To elaborate: Do all properties of the B+
c meson fall between those of heavy-light and heavy-heavy (as indicated in figure

6.8, or are there discrepancies whose values are outliers?
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9 Appendix

Figure 9.1: Relevant results for the determination of the mass of the Bs meson on different ensembles of
lattice spacings (indicated by the set) for the ultimate determination of MB+ [1].

Figure 9.2: Relevant results for the determination of the B+
c meson mass [1].

Figure 9.3: Significance of the radiative effects for the determination of the B+
c meson decay constant ratio

[3], justifying the use of equation 3.6 over equation 3.7.

27

https://home.cern/news/news/physics/lhcb-observes-new-decay-mode-charmed-beauty-meson
https://home.cern/news/news/physics/lhcb-observes-new-decay-mode-charmed-beauty-meson
https://arxiv.org/abs/2404.15932
https://doi.org/10.1103/physrevd.82.114504
http://dx.doi.org/10.1103/PhysRevD.82.114504
http://dx.doi.org/10.1103/PhysRevD.82.114504
https://arxiv.org/abs/2204.00039
https://arxiv.org/abs/2204.00039
https://arxiv.org/abs/2402.04224
https://arxiv.org/abs/2402.04224

	Abstract
	Introduction
	The Standard Model
	Fermions, Bosons & the Fundamental Forces
	Branching fractions
	CKM Matrix
	Decay constant
	Decay constant ratio's


	Lattice QCD
	Working Principle
	Non-Relativistic QCD
	Highly Improved Staggered Quark
	Heavy Quark Effective Theory
	Key missing effects
	Electromagnetism
	Charm quarks in the sea


	The parent mesons B+ and Bc+
	Results
	Mass MB+
	Mass MBc+
	Decay constant fB+
	Decay constant fBc+
	Branching fractions of the leptonic decay modes

	Conclusions
	References
	Appendix

