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Abstract

Opinion dynamics in social networks studies the interplay between individual beliefs and collective
behaviour. This thesis investigates binary opinion dynamics within connected social networks influenced
by biased agents, as studied by Mukhopadhyay et al. (“Voter and majority dynamics with biased and
stubborn agents,” Journal of Statistical Physics, vol. 181, pp. 1239–1265, 2020). Biased agents have
a preference for a specified opinion, the preferred opinion. Two updating rules are analysed; the voter
and the majority rule. The voter rule stipulates that agents update their opinion by randomly sampling
the opinion of another agent, whereas in the majority rule model, agents take a sample of 2K agents
and adopt the majority opinion of this random sample. It is of interest to study whether consensus
is reached, that is, when all agents hold the same opinion. The voter model analysis will demonstrate
that the exit probability, the probability that consensus is achieved on the preferred opinion, converges
to 1 as the network size increases to infinity. The analysis of the majority rule model will show that a
phase transition exists in the exit probability. Moreover, the mean consensus time for both models is
characterised to be Θ(logN), where N is the network size.
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1 Introduction

Mathematical modelling has been used to examine opinion dynamics in social networks, highlighting the
complex interaction between personal beliefs and group behaviour. Understanding how opinions evolve
and consensus forms in such networks is not only of academic interest but also holds practical significance.
Applications of opinion dynamics can be seen in fields ranging from sociology and marketing to biology and
physics, for example, in studies on species conflict [1] and interacting particle systems [2]. Models such as the
voter and majority rule have yielded significant insights into these dynamics, although they frequently assume
that individual decision making is unbiased. However, in reality, people can be influenced by various biases,
which can significantly impact the formation of opinions. This thesis reviews the work of Mukhopadhyay et
al. [3], providing an in-depth explanation of the proofs presented in their article. The focus here is on binary
opinion dynamics modelled by the voter and majority rule models with biased agents. This means that the
agents are biased to one of two opinions and the opinion which the agents are biased towards is called the
preferred opinion. In their research, Mukhopadhyay et al. investigate how biases influence opinion formation
within a connected network and the conditions under which consensus, meaning all agents hold the same
opinion, is achieved. The analysis examines the convergence of the exit probability, the probability that the
network reaches consensus on the preferred opinion, as the network size approaches infinity. In addition, the
mean time needed to reach consensus within both models is characterised, showing that the expected time
until consensus is reached is logarithmic in the network size.

The field of opinion dynamics is a relatively new area of study, but it is quickly increasing in popularity.
Its foundations are found in sociology and socio-psychology. In the nineteenth century, phenomena such as
herd mentality and mass hysteria were observed, leading to psychological studies in the twentieth century
on conformity, social norm, and obedience, which showed that people tend to conform to the majority [4].
Economists later integrated this into analyses involving corporate investments and financial markets, while
sociologists examined group polarisation, minority influence, and models of social influence [4]. In 1956, the
use of a Markov chain model was introduced to represent the spread of social influence and the development
of public opinions within social networks [5]. In political research, understanding the development of public
opinions on issues or candidates is of great interest; this inspired the development of models such as the
voter model. The voter model is based on the idea that people update their opinions through interactions
with others. On the other hand, the majority rule model posits that individuals conform to the opinion held
by the majority. The use of mathematical and computational tools has since expanded this research into a
multidisciplinary framework, integrating social sciences with physics, mathematics, and complex systems to
explore how opinions spread and evolve [4].

Early studies primarily examined opinion dynamics in societies structured on regular lattices. Recently,
however, the focus has shifted toward complex networks, reflecting the growing significance of complex
network science [4]. Studies on the voter model have looked at heterogeneous graphs [6], complete graphs
with three states [7], random networks [8], connected d-regular graphs [9]. In contrast to the majority
rule model presented in Mukhopadhyay et al., in the first study of the majority rule model, agents formed
random groups, within which all members adopt the majority opinion of the group [10]. Cruised and Ganesh
examined a broader model based on the majority rule model [11]. The voter model consisting of agents with
a preference for one opinion on finite-dimensional lattices was initially explored by Mobilia [12]. A variation
on biased agents is the stubborn agent who never changes their opinion, this has been studied by Mobilia et.
al [13] and Yildiz et. al [14]. Various overviews of research on opinion dynamics have been created, including
a broad history and overview of opinion dynamics from a multidisciplinary viewpoint [4], a review from the
perspective of statistical physics [15], and a more recent survey that includes an algorithmic perspective [2].

Within the field of opinion dynamics, there are models that represent more than the binary choice of
opinion of the voter and majority rule models discussed here, such as the culture dissemination model [16],
[17], and the bounded confidence model [18]–[20]. Despite the binary choice of opinion being a simpler model,
we find many practical sociological applications, such as voting for one of two political candidates, choosing
to quit or continue smoking, and buying or selling decisions in financial markets [4]. Opinion dynamics is
a relatively young field, and recent computational progress has significantly expanded the body of research.
The analysis presented here is an exploration of foundations for the stochastic analysis of the voter and
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Figure 1: Complete graph with N = 6 nodes.

majority rule model with biased agents.
The model we consider consists of a network of N agents, each holding one of two opinions, 0 or 1.

The networks examined are finite complete graphs, so that all agents can interact with every other agent
in the network, depicted in Figure 1 for N = 6. Initially, a given fraction of all agents in the network hold
opinion 1, while the rest hold opinion 0. We denote the number of agents starting with opinion 1 by ⌊αN⌋
for some α ∈ (0, 1), where ⌊·⌋ is the floor function. Each agent in the network considers updating their
opinion at random times. The times at which agents consider updating their opinion follow independent
Poisson point processes with rate 1, that is, each agent has an independent unit rate Poisson point process
associated with themselves. Therefore, the inter-arrival times for an agent to consider updating their opinion
is exponentially distributed with parameter 1. When an agent considers updating their opinion, they either
retain their current opinion with probability pi = 1 − qi or update their opinion with probability qi, where
i ∈ {0, 1} indicates the opinion currently held by the agent.

Biased agents are individuals who are influenced by certain predispositions or preferences that affect
their decision-making process. These biases can manifest as a tendency to favour one opinion over another,
regardless of the opinions held by their neighbours. For example, a biased agent may be more inclined to
adopt the opinion of a specific subgroup within the network, or it may have a predetermined inclination
towards a particular opinion due to personal beliefs or external influences. In the model considered here, we
assume that all agents are biased towards opinion 1, therefore, we set q1 < q0.

If an agent decides to update their opinion, they do so according to either the voter or majority rule
model. When updating according to the voter model, the agent adopts the opinion of another agent chosen
uniformly at random. If updating according to the majority rule model, the agent samples 2K agents
uniformly at random and adopts the majority opinion among the sample plus themselves. This process of
agents updating or keeping their opinion occurring at the times of their Poisson process continues indefinitely
or until consensus is reached.

We can represent this model as a continuous-time Markov process, X(N)(t), with state space {0, 1, . . . , N}
representing the number of agents with opinion 1 at time t ≥ 0. The rate of transition from state i to j is
denoted q(i → j). These transition rates differ for the voter and majority rule model, as these rates reflect
the probability of agents switching opinions based on interactions and bias. For a continuous-time Markov
process, we can define an embedded discrete-time Markov chain that is simpler to work with. The embedded
discrete-time Markov chain is a random walk on {0, 1, ..., N}, with jump probabilities p(n) to the right and
q(n) = 1 − p(n) to the left when the chain is in state n. We use this embedded chain to draw conclusions
about the continuous-time process. Since the Markov chain is not irreducible, the chain will almost surely
be absorbed into one of its essential states in finite time. In this case, that means that the Markov chain
is absorbed in state 0 or N in finite time. In other words, consensus is reached on opinion 0 (absorption in
state 0) or opinion 1 (absorption in state N). This random walk is depicted in Figure 2.
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Figure 2: Random walk with absorbing states 0 and N .

We are interested in the likelihood of reaching consensus on the preferred opinion, also referred to as the
exit probability and denoted by EN (α), for network of size N and ⌊αN⌋ initial agents with the preferred
opinion. The voter model analysis will demonstrate that the exit probability converges exponentially to 1
as the network size increases to infinity. This is in contrast to the voter model without biased agents, where
the probability that consensus is reached on opinion i is constant and equals the initial fraction of agents
with opinion i [3]. For the majority rule model, it is shown that there exists a phase transition in the exit
probability, meaning that below a certain α, the exit probability converges to 0 as the network size increases
to infinity, and above that threshold, it converges to 1. However, for the majority rule model without biased
agents, consensus is reached on the opinion with the initial majority with high probability [3].

Furthermore, we are interested in the mean time to reach consensus, denoted by tN (α). For both the
voter and majority rule models, the mean consensus time is shown to be bounded from below and from above
by a function that is logarithmic in N . We write tN (α) = Θ(logN), where the function f(n) = Θ(g(n))
indicates that for large enough n, there exist some constants C1 and C2 such that the function f(n) is
bounded from above by C1 · g(n) and from below by C2 · g(n). The mean consensus time for the unbiased
majority rule model has also been shown to be logarithmic in N [3]. However, the mean consensus time for
the unbiased voter model increases linearly with N [3].

This article is organised as follows. Before the analysis of the voter and majority rule model is presented,
in Section 2 we review some key concepts from probability theory that will be used in the main results.
In Section 3, the voter model with biased agents is presented, the exit probability is found, and the mean
consensus time is characterised. Moreover, the theorems for the voter model are tested by running simu-
lations. Next, in Section 4 the majority rule model with biased agents is presented, the exit probability is
formulated, and the mean consensus time is characterised. Again, the theorems for the majority rule model
are tested by running simulations. Finally, in Section 5, conclusions are presented, summarising the results,
identifying limitations, and putting forward suggestions for future areas of research.

2 Theory

This section aims to outline and briefly explain some of the relevant theory that will be used in the analysis
of the voter and majority rule models in Sections 3 and 4, respectively. In Section 2.1, we cover one-
dimensional random walks and the gambler’s ruin, including an important lemma on the probability of
reaching one state before another. We discuss continuous-time Markov chains and Poisson processes in
Section 2.2, as the agents in the voter and majority rule models update their opinion according to a unit rate
Poisson process. In Section 2.3, we briefly explain the branching process with immigration, as this emerges
in the demonstration of Theorem 3.2.

Firstly, the following lemmas give formulations of Markov’s inequality [21] and Wald’s identity [22], which
are used throughout.

Lemma 2.1. Markov’s Inequality. Let X be a non-negative random variable with a finite mean. For any
constant a ≥ 0,

P(X ≥ a) ≤ E[X]

a
.
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Lemma 2.2. Wald’s identity. Let (Xn)n∈N be a sequence of independent identically distributed (i.i.d.)
random variables and let N ≥ 0 be an integer random variable that is independent of Xn, for all n ∈ N.
Assume that Xn and N are all integrable random variables, that is, they have finite mean. Then

E

[
N∑
i=1

Xi

]
= E[N ]E[X1].

2.1 One-dimensional Random Walks and the Gambler’s Ruin

A random walk on Z is a stochastic process which takes steps along the integer line. Denote the random
walk by X(n), n ≥ 0. The process takes a step to the right with a certain probability, p, and to the left with
probability q = 1 − p. The gambler’s ruin [23], [24] considers a random walk on the integers as the amount
of money won by a gambler, with each move of the game the gambler can gain or lose $1. The gambler
starts with an initial sum of money and when the random walk reaches 0 the gambler has lost all his money
and therefore cannot continue, meaning the state 0 is an absorbing state for this type of random walk. A
gambler might set a goal for a sum of money to reach before he stops gambling, say $N , then N is also an
absorbing state for the random walk. It is of interest to study the probability that the gambler reaches 0
before N . To do this, we consider the first hitting time, Tk, of state k,

Tk := inf
{
n ≥ 0 : X(n) = k

}
.

A random walk is said to be symmetric if p = q = 1/2 and asymmetric if p ̸= q. Assume that the random
walk is asymmetric, specifically that p > q and define r := q/p < 1. We are considering a one-dimensional
random walk on the state space {0, 1, ..., N}, where 0 and N are absorbing states, as depicted in Figure 2.
The following lemma [3] expresses the probability of reaching state a before reaching state b when starting
the random walk in state x, with 0 ≤ a < x < b ≤ N .

Lemma 2.3. Let Px(·) := P(·|X(0) = x). For any states a, b and x such that 0 ≤ a < x < b ≤ N , we have

Px(Ta < Tb) =
rx − rb

ra − rb
. (1)

Proof. We have p ̸= q, and r = q/p < 1. Define f(x) := Px(Ta < Tb), and note that f(a) = 1 and f(b) = 0.
Furthermore, for any x ∈ (a, b), we can write

f(x) = pf(x+ 1) + qf(x− 1)

(p+ q)f(x) = pf(x+ 1) + qf(x− 1)

p(f(x+ 1) − f(x)) = q(f(x) − f(x− 1))

f(x+ 1) − f(x) =
q

p
(f(x) − f(x− 1))

= r(f(x) − f(x− 1)).

From here we see that,

f(x+ 1) − f(x) = rx−a(f(a+ 1) − f(a)).

We use f(a) = 1 and f(b) = 0 to obtain an equation in which f(a+ 1) is the only unknown,
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−1 = f(b) − f(a) =

b−1∑
k=a

(f(k + 1) − f(k))

= (f(a+ 1) − f(a))

b−1∑
k=a

rk−a

= (f(a+ 1) − f(a))

b−a−1∑
u=0

ru

= (f(a+ 1) − f(a))
rb−a − 1

r − 1
.

This implies that,

f(a+ 1) − f(a) =
1 − r

rb−a − 1
=

r − 1

1 − rb−a
. (2)

For any x ∈ (a, b),

f(x) − f(a) =

x−1∑
k=a

(f(k + 1) − f(k))

= (f(a+ 1) − f(a))

x−1∑
k=a

rk−a

= (f(a+ 1) − f(a))

x−a−1∑
u=0

ru

= (f(a+ 1) − f(a))
rx−a − 1

r − 1

=
r − 1

1 − rb−a
· r

x−a − 1

r − 1
(Substituting in equation (2))

=
rx−a − 1

1 − rb−a
.

Using f(a) = 1 we get,

f(x) =
rx−a − 1

1 − rb−a
+

1 − rb−a

1 − rb−a

=
rx−a − rb−a

1 − rb−a

=
r−a(rx − rb)

r−a(ra − rb)

=
rx − rb

ra − rb
,

which completes the proof.
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2.2 Markov Chains and Poisson Processes

A sequence of random variables (Xt)t∈N is a discrete-time Markov chain, with state space χ and transition
probabilities between states given by px,y ∈ [0, 1] for any x, y ∈ χ, and

P(Xt+1 = xt+1|Xt = xt, . . . , X1 = x1, X0 = x0) = P(Xt+1 = xt+1|Xt = xt). (3)

equation (3) is called the Markov property [25]. Clearly, the discrete-time Markov chain has transitions at
distinct time intervals, since t ∈ N.

Given x, y ∈ χ, we say that y is accessible from x, denoted by x→ y, if the Markov chain can move from
x to y in a finite number of steps. For x, y ∈ χ, if y is accessible from x and x is accessible from y, we say
that x communicates with y. A Markov chain is called irreducible if for any two states x, y ∈ χ there is a
non-zero probability of reaching y from x in finite time. In other words, every state communicates with all
the others. A state x ∈ χ is an essential state if for all y such that x → y it is also true that y → x. An
essential class is a subset of χ from which, once entered, the chain cannot exit. Every finite chain has at
least one essential class. If {x} is an essential class, then once the chain visits state x it never leaves, we
then call x an absorbing state [25]. For a Markov chain that is not irreducible, it is known that the chain
will almost surely be absorbed into one of its essential classes in finite time. If the Markov chain has one
or more absorbing states, then the Markov chain will almost surely be absorbed into one of its absorbing
states. These definitions and results are analogously applicable to continuous-time Markov chains.

In contrast to discrete-time Markov chains, a continuous-time Markov chain does not require that tran-
sitions between states occur at predetermined regular time intervals. Let (Xt)t∈[0,∞) be a continuous-time
process. The intervals T1, T2, . . . , between transitions, are i.i.d. exponential random variables with rate λ.
That is, each Ti is such that

P(Ti ≤ t) =

{
1 − e−λt if t ≥ 0,

0 if t < 0.

Let (Yk)k∈N be a discrete-time Markov chain with transition rates independent of the random transition

times (Tk)k∈N. Define S0 = 0 and for all k ≥ 1, let Sk :=
∑k

i=1 Ti. Let us define the continuous-time Markov
chain by Xt := Yk for any Sk ≤ t < Sk+1. Changes in state will only occur at transition times S1, S2, . . . .
However, if there is a non-zero probability that the chain remains in state n, then it is possible that when in
state n the chain does not change state at a transition time, but rather remains in state n [25]. The sequence
(Sk)k∈N is also an arrival process [26]. The discrete-time Markov chain (Yk)k∈N is also called the embedded
discrete-time Markov chain for the continuous-time Markov chain (Xt)t∈[0,∞). The embedded chain can be
used in the analysis of the continuous-time Markov chain, since it represents the state changes made without
considering the time spent in each state.

Let Nt := max{k : Sk ≤ t}, that is the number of transitions up to and including time t. Note that
Nt = k if and only if Sk ≤ t < Sk+1. Assume the starting state of the process is x, then

Px(Xt = n|Nt = k) = Px(Yk = n).

The process described by (Nt)t≥0 is in fact a counting process, specifically a Poisson process, since it has
exponential inter-arrival times [26]. Therefore, Nt has a Poisson distribution with mean λt [25], that is

P(Nt = n) =
e−λt(λt)n

n!
.

For any time interval of length s, the expected number of arrivals is λs, and λ is also called the arrival
rate of the process. From this we see that we can represent the voter and majority rule models using a
continuous-time Markov chain. The following are two important theorems for Poisson processes.

Theorem 2.4. Superposition theorem. Let P1 and P2 be independent Poisson processes with rates λ1 and
λ2, respectively. Then their superposition P1 + P2 is also a Poisson process and has rate λ1 + λ2.
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Theorem 2.5. Thinning theorem. Let P be a Poisson process with rate λ. From P two independent
Poisson processes, P1 and P2, are constructed by assigning each point of the process P to the process P1

with probability p and to the process P2 with probability q = 1 − p. The resulting processes P1 and P2 are
independent Poisson processes with rates pλ and (1 − p)λ.

2.3 Branching Processes with Immigration

A branching process is a stochastic process used to represent the behaviour of populations or families, how
they grow over time. This is done by considering generations of individuals who give birth to offsprings
creating the next generation. A branching process is often also called the Galton-Watson process. Let ξn,k,
n ≥ 0 and k ≥ 1, be i.i.d. non-negative integer random variables. Set Z0 to be some positive integer, and

Zn+1 =

{∑Zn

k=1 ξn,k, for Zn > 0,

0 for Zn = 0,

for all n ≥ 0. Then (Zn)n∈N forms a Galton–Watson branching process with an initial population of Z0 [27].
A modification of this branching process is the addition of immigration [28]. Assume that a random number
Yn of immigrants enter the process in the nth generation, again Yn are i.i.d. non-negative integer random
variables. Moreover, assume that Yn is independent of ξn,k for all n and k. Then the sequence (Zn)n∈N
forms a Galton-Watson process with immigration, where

Zn+1 =

{∑Zn

k=1 ξn,k + Yn, for Zn > 0,

0 for Zn = 0.

Although there exist more complex formulations of branching processes with immigration, for this thesis, we
will only require the scenario where the immigration rate is set at 1, meaning Yn = 1 for every n.

3 Voter Model with Biased Agents

In this section, the voter model with biased agents is explored. It is demonstrated that the exit proba-
bility converges to one as the network size increases and the average time for consensus to be reached is
characterised.

The network has N agents and initially each agent adopts one of two opinions, 0 or 1. The fraction of
agents who initially have opinion 1 is given by ⌊αN⌋. Each agent independently considers updating their
opinion at the points of a Poisson point process with parameter 1, that is, the inter-arrival times for an agent
to consider an opinion update are exponential with parameter 1. When considering an update, an agent
with opinion i ∈ {0, 1} decides to update their opinion with probability qi and retains their opinion with
probability pi = 1− qi. We choose q1 < q0, making the agents biased towards opinion 1. If the agent decides
to retain their opinion, they continue with their held opinion until the next point at which they consider
updating their opinion. If they decide to update their opinion, they do so according to the voter rule, this
states that the agent selects an agent uniformly at random from the N agents in the network.

Let XN (t) denote the number of agents with opinion 1 at time t ≥ 0. X(N) is a continuous-time Markov
process on state space {0, 1, ..., N}, with absorbing states 0 and N . The rates of transition out of state k are

q(k → k + 1) = q0k
N − k

N
,

q(k → k − 1) = q1k
N − k

N
.

To go from state k to k + 1, an agent with opinion 0 needs to update their opinion to 1. First, an agent
with opinion 0 must consider updating their opinion. Since each individual agent considers updating their
opinion according to independent Poisson processes with rate 1, we can apply Theorem 2.4, the Superposition

7



Theorem for Poisson processes. The combined Poisson processes of the N − k agents with opinion 0 is
a Poisson process with rate N − k. The interarrival times of this combined Poisson process follows an
exponential distribution with rate N − k. So, at a rate of N − k an agent with opinion 0 will consider
updating their opinion. Then this agent with opinion 0 will update their opinion with probability q0. Since
we are looking at the voter model, if the agent has decided to update their opinion, we select an agent
uniformly at random, and the agent will adopt this agent’s opinion. Since there are k agents with opinion 1,
the probability that the selected agent is of opinion 1 and therefore that the agent adopts opinion 1 is k/N .

Similarly, to go from state k to k− 1, an agent with opinion 1 must update their opinion to 0. An agent
with opinion 1 must be considering updating their opinion, this happens at a rate of k. The probability that
the agent considers updating their opinion is q1 and the probability they select an agent with opinion 0 to
adopt the opinion of is (N − k)/N .

The embedded discrete-time Markov chain X̃(N) forX(N) is a one-dimensional random walk on {0, 1, ..., N}
with jump probabilities p = q0/(q0 + q1) to the right and q = 1 − p to the left. Define r = q/p < 1 and
r̄ = 1/r.

When the Markov process is absorbed in state N then consensus has been achieved on the preferred
opinion. It is of interest to study the average time it takes for consensus to be reached and the probability
that the process is absorbed into state N , also known as the exit probability. Denote the mean time to reach
consensus by tN (α) := E⌊αN⌋[T0∧TN ], where A∧B = min(A,B) and Ex[·] is the expectation conditioned on
the initial state or the starting state of the Markov chain being x. The exit probability to reach consensus
on the preferred opinion is denoted by EN (α) := P⌊αN⌋(TN < T0).

3.1 Exit Probability

In this section, it is demonstrated that for the voter model, the exit probability converges to 1 as the network
size increases to infinity.

Theorem 3.1. Let EN (n) denote the probability that the process X(N) is absorbed into state N when
starting from state n. Let EN (α) := EN (⌊αN⌋), for α ∈ (0, 1). Then, EN (α) → 1 as N → ∞ and this
convergence is exponential in N .

Proof. We have

EN (α) = P⌊αN⌋(TN < T0) (By definition)

=
1 − r⌊αN⌋

1 − rN
(By Lemma 2.3)

≥ 1 − r⌊αN⌋ (Since 1 − rN < 1)

= 1 − exp(ln(r⌊αN⌋))

= 1 − exp(−cN), (4)

for some constant c > 0 (since r < 1). So, EN (α) ≥ 1−exp(−cN), meaning that as the network size increases,
the probability of having consensus on the preferred opinion approaches one exponentially fast.

In contrast, the probability that the network reaches consensus on the non-preferred opinion, that is, 1 −
EN (α) = exp(−cN), converges to zero exponentially fast.

Remark. In the voter model with unbiased agents, the probability of reaching consensus on either opinion
has been found to be constant with respect to N , in particular the exit probability on any opinion equals
the initial fraction of agents with that opinion [3].

3.2 Mean Consensus Time

Here we characterise the mean time to reach consensus, tN (α) = E⌊αN⌋[T0∧TN ]. This is done in the following
theorem, which states that the average time to reach consensus is logarithmic in N , the size of the network,
for a large enough N .
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Theorem 3.2. For all α ∈ (0, 1) we have tN (α) = Θ(logN).

Remark. The mean consensus time for the unbiased voter model increases linearly with N , and is approx-
imated by Nh(α) for large N , with h(α) = −[α ln(α) + (1 − α) ln(1 − α)] [3].

Theorem 3.2 claims that the mean consensus time is bounded from above and below by a function that is
logarithmic in N , for N large enough. In other words, there exists an N0 and constants C1 and C2 such
that for all N > N0, tN (α) is bounded from below by a function C1· log(N) and bounded from above by a
function C2· log(N). We prove Theorem 3.2 by finding this lower and upper bound for tN (α).

Proof. Let T := T0 ∧ TN denote the random time to reach consensus. We can rewrite T as

T =

N−1∑
k=1

Zk∑
j=1

Mk,j , (5)

where Zk is the number of visits to state k before absorption and Mk,j is the time spent in the jth visit
to state k. In other words, to get T we are summing the time spent in each state, by splitting the time
spent in each state into time spent in the state per visit to that state. Each Mk,j is an exponential random
variable with rate λ = (q0 + q1)k(N − k)/N , that is, the sum of the rate of transition from state k to k − 1
and k to k + 1. It is important to note that Zk and (Mk,j)j≥1 are independent, because the time spent in
a state is based on exponentially distributed inter-arrival times, which are independent of everything else.
The expectation of Mk,j is

E⌊αN⌋[Mk, j] =
1

λ

=
1

(q0 + q1)k(N − k)/N

=
N

(q0 + q1)k(N − k)

=
1

q0 + q1

(
N

k(N − k)

)

=
1

q0 + q1

(
1

k
+

1

N − k

)
. (6)

The mean consensus time can be rewritten as follows,

tN (α) = E⌊αN⌋[T ]

= E⌊αN⌋

[
N−1∑
k=1

Zk∑
j=1

Mk,j

]

=

N−1∑
k=1

E⌊αN⌋

[
Zk∑
j=1

Mk,j

]

=

N−1∑
k=1

E⌊αN⌋[Zk]E⌊αN⌋
[
Mk,j

]
(Lemma 2.2: Wald’s identity)

=
1

q0 + q1

N−1∑
k=1

(
1

k
+

1

N − k

)
E⌊αN⌋[Zk] (Using equation (6)). (7)
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We find lower and upper bounds for tN (α). Let A = {ω : TN (ω) < T0(ω)} be the event that the Markov
chain gets absorbed in state N . The expectation of Zk can be split into the two possible absorbing outcomes,
either the Markov chain being absorbed into state 0 or state N .

E⌊αN⌋[Zk] = E⌊αN⌋[Zk|A]P⌊αN⌋(A) + E⌊αN⌋
[
Zk|Ac

]
(1 − P⌊αN⌋(A)). (8)

Lower bound of tN (α). The following holds for Zk,

Zk|A ≥ 1 for all k ≥ ⌊αN⌋
Zk|A ≥ 0 for all k < ⌊αN⌋
Zk|Ac ≥ 1 for all k ≤ ⌊αN⌋
Zk|Ac ≥ 0 for all k > ⌊αN⌋.

This states that for all k ≥ ⌊αN⌋ and in event A, the Markov chain must visit state k at least once, hence
Zk|A ≥ 1, for all k ≥ ⌊αN⌋. Similarly, if k ≤ ⌊αN⌋ and the Markov chain is absorbed into state 0 (event
Ac), then the Markov chain must visit state k at least once. On the other hand, in event Ac and k > ⌊αN⌋
then the Markov chain need not necessarily visit state k (that is not to say it won’t, but it is not necessary),
therefore we say Zk|Ac ≥ 0 for all k > ⌊αN⌋. Likewise, in the case of event A and k < ⌊αN⌋ then the
Markov chain need not necessarily visit state k, so we say Zk|A ≥ 0 for all k < ⌊αN⌋. Using the above four
cases in combination with equation (8) a lower bound is obtained for E⌊αN⌋[Zk],

E⌊αN⌋[Zk] ≥ P⌊αN⌋(A)1{k≥⌊αN⌋} + (1 − P⌊αN⌋(A))1{k≤⌊αN⌋}. (9)

This can be input into equation (7) to give,

tN (α) ≥ 1

q0 + q1

N−1∑
k=1

(
1

k
+

1

N − k

)[
P⌊αN⌋(A)1{k≥⌊αN⌋} + (1 − P⌊αN⌋(A))1{k≤⌊αN⌋}

]

=
P⌊αN⌋(A)

q0 + q1

N−1∑
k=⌊αN⌋

(
1

k
+

1

N − k

)
+

1 − P⌊αN⌋(A)

q0 + q1

⌊αN⌋∑
k=1

(
1

k
+

1

N − k

)

=
P⌊αN⌋(A)

q0 + q1

N−1∑
k=⌊αN⌋

(
1

k

)
+

P⌊αN⌋(A)

q0 + q1

N−⌊αN⌋∑
k=1

(
1

k

)

+
1 − P⌊αN⌋(A)

q0 + q1

⌊αN⌋∑
k=1

(
1

k

)
+

1 − P⌊αN⌋(A)

q0 + q1

N−1∑
k=N−⌊αN⌋

(
1

k

)
.

In this next step, we simplify this expression of the lower bound. We do this by considering that the
summations have different number of terms, namely N − ⌊αN⌋ and ⌊αN⌋ terms. Taking the minimum of
these values gives ⌊αN⌋ ∧ (N −⌊αN⌋) > (αN − 1)∧N(1−α) = N((α− 1/N)∧ (1−α)). If N large enough,
then 1/N < 10−6α, so we can take this minimum as N(α ∧ (1 − α)). Taking all summations from 1 to
this minimum, we get a further lower bound. This allows us to simplify the equation, cancelling out the
P⌊αN⌋(A) terms. For simplicity, we also divide the expression by 2; we can do this because we are finding a
lower bound. Putting this together gives

tN (α) ≥ 1

q0 + q1

N(α∧(1−α))∑
k=1

1

k

>
1

q0 + q1
log(N(α ∧ (1 − α))).

Hereby, obtaining a lower bound for tN (α) as a function of log(N).
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0 x k-2 k-1 k k+1 k+2 N. . . . . .

Figure 3: Depiction of the number of visits to state k, Zk, given absorption in state N , with ζk in blue and
ζk+1 in red.

Upper bound for tN (α). In order to find an upper bound for tN (α), we first find an upper bound on
Ex[Zk;A] for all k ≥ x with any 0 < x < N . We define Ex[X;A] :=

∑
x xP({X = x} ∩A).

Assuming that the Markov chain is absorbed in state N . Conditioned on A the embedded discrete-time
Markov chain and the jump probabilities are modified as follows,

pAk,k+1 = P(X̃t+1 = k + 1|X̃t = k,A)

=
P(X̃t+1 = k + 1, X̃t = k,A)

P(X̃t = k,A)

=
P(X̃t+1 = k + 1, A|X̃t = k) · P(X̃t = k)

P(A|X̃t = k) · P(X̃t = k)

=
P(X̃t+1 = k + 1, A, X̃t = k)

P(X̃t = k) · Pk(A)

=
P(A|X̃t+1 = k + 1, X̃t = k) · P(X̃t+1 = k + 1, X̃t = k)

P(X̃t = k) · Pk(A)

=
Pk+1(A) · P(X̃t+1 = k + 1|X̃t = k) · P(X̃t = k)

P(X̃t = k) · Pk(A)

= p
Pk+1(A)

Pk(A)

= p
Pk+1(TN < T0)

Pk(TN < T0)

= p
rk+1 − r0

rN − r0
· r

N − r0

rk − r0
(By Lemma 2.3)

= p
1 − rk+1

1 − rk
, (10)

and pAk,k+1 = 1−pAk,k−1. Let ζk denote the number of times the embedded chain moves from k to k−1 before
absorption. We have following formulation for the number of visits to state k conditioned on absorption in
state N .

Zk|A = 1 + ζk + ζk+1, for x ≤ k ≤ N − 1. (11)

This follows from the fact that the states k ≥ x are visited at least once, since we start in state x and we have
conditioned on absorption in state N . This first visit occurs before any left jumps from k or k + 1. Every
time the chain jumps to the left of state k, the chain must visit state k again, since we have conditioned on
absorption in N . And every left jump from k + 1 is necessarily a visit to k. This is depicted in Figure 3,
where the chain shown visits state k six times before absorption in N , with ζk represented in blue and ζk+1

represented in red.
Given that the Markov chain is absorbed in state N , it must be the case that ζN = 0. Let ξl,k denote

the random number of left-jumps from state k between the lth and (l + 1)th left-jumps from state k + 1.

11



Then (ξl,k)l≥0 are random variables that are i.i.d. with geometric distribution from zero having mean
pAk,k−1/p

A
k,k+1. They are geometrically distributed from zero because they describe the number of trials or

failures before the first success; in this situation, the left-jumps from state k are the failures and the first
success is the next right-jump from k. The mean for the geometric distribution from zero is the probability
of failure over the probability of success, that is pAk,k−1/p

A
k,k+1.

Observe that ζk can be written using the following recursion,

ζk =

ζk+1∑
l=0

ξl,k, for x ≤ k ≤ N − 1, (12)

which breaks the number of left-jumps from state k before absorption into the number of left-jumps from k
between consecutive left-jumps from state k + 1. We sum to ζk+1 because this is the number of left-jumps
from state k + 1 before absorption. The reason the sum starts from l = 0 is that, for all k ≥ x, left-jumps
from k can occur even before the chain visits k + 1 for the first time.

Note that (ζk)x≤k≤N forms a branching process with immigration of one individual in each generation.
This means that in addition to the offspring of the previous generation, there is an extra individual who
immigrated into the process [28]. Consider ξl,k as the number of offsprings of the lth individual in generation
k, every state being a generation. The generation above generation k is generation k+1, because the number
of left-jumps ξl,k depends on the left-jumps from state k + 1. The immigration of one comes from the fact
that with k ≥ x, the left-jumps from k can occur before we have reached state k + 1. In the summation in
equation (12) this is l = 0, and in terms of a branching process we treat this case as one immigrant joining
generation k.

Applying Wald’s identity (Lemma 2.2) we find the expectation of equation (12), for all x ≤ k ≤ N ,

Ex[ζk] = Ex

[
ζk+1∑
l=0

ξl,k

]

= Ex[ξ0,k] + Ex

[
ζk+1∑
l=1

ξl,k

]
= Ex[ξ0,k] + Ex[ζk+1]Ex[ξl,k] (Lemma 2.2: Wald’s identity)

=
pAk,k−1

pAk,k+1

+
pAk,k−1

pAk,k+1

Ex

[
ζk+2∑
l=0

ξl,k+1

]

=

N−1∑
n=k

n∏
i=k

pAi,i−1

pAi,i+1

(from continuing the recursion)

=

N−1∑
n=k

n∏
i=k

(
1 − p

1 − ri+1

1 − ri

)(
1

p
· 1 − ri

1 − ri+1

)
(from equation (10))

=

N−1∑
n=k

n∏
i=k

1

p
· 1 − ri

1 − ri+1
− 1

=

N−1∑
n=k

n∏
i=k

1 − ri − p+ pri+1

p(1 − ri+1)

=

N−1∑
n=k

n∏
i=k

pr · ri − ri + 1 − p

p(1 − ri+1)

=

N−1∑
n=k

n∏
i=k

(1 − p)ri − ri + pr

p(1 − ri+1)
(since pr = 1 − p)
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=

N−1∑
n=k

n∏
i=k

pr − pri

p(1 − ri)

=

N−1∑
n=k

n∏
i=k

r − ri

1 − ri+1

=

N−1∑
n=k

n∏
i=k

r(1 − ri−1)

1 − ri+1

=

N−1∑
n=k

rn−k+1 · (1 − rk−1)(1 − rk)

(1 − rn)(1 − rn+1)

= r(1 − rk−1)(1 − rk)

N−1∑
n=k

rn−k

(1 − rn)(1 − rn+1)

=
r(1 − rk−1)(1 − rN−k)

(1 − r)(1 − rN )
. (13)

The last equality can be proven using induction on N . Taking the expectation of (11) and substituting in
(13) we see that, for all x ≤ k ≤ N − 1,

Ex[Zk|A] = 1 + Ex[ζk] + Ex[ζk+1]

= 1 +
r(1 − rk−1)(1 − rN−k)

(1 − r)(1 − rN )
+
r(1 − rk)(1 − rN−k−1)

(1 − r)(1 − rN )

=
1 − r − rN + rN+1 + r − rk − rN−k+1 + rN + r − rk+1 − rN−k + rN

(1 − r)(1 − rN )

=
1 + r

1 − r
· (1 − rN−k)(1 − rk)

1 − rN

≤ 1 + r

1 − r
. (14)

Note that,

E[X|A] =
∑
x

x · P(X = x|A) =
∑
x

x · P({X = x} ∪A)

P(A)
= E[X;A] · 1

P(A)
,

and with 0 < P(A) ≤ 1 it is clear that E[X;A] ≤ E[X|A]. Putting this together with equation (14) we have,

Ex[Zk;A] ≤ Ex[Zk|A] ≤ 1 + r

1 − r
,

for all x ≤ k ≤ N − 1. This bound is independent of the choice of x and thus holds for x = ⌊αN⌋, as such
we have found an upper bound on E⌊αN⌋[Zk;A] for all k ≥ ⌊αN⌋. For all 1 ≤ k < x,

Ex[Zk;A] = Ex[Zk;Tk < TN < T0]

= Ex[Zk|Tk < TN < T0]Px(Tk < TN < T0)

= Ek[Zk|TN < T0]Px(Tk < TN < T0) (By the Markov property)

≤ 1 + r

1 − r
(By equation (14)).

Combining these results we have an upper bound for Ex[Zk;A], for all 0 < x < N ,
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Ex[Zk;A] ≤ 1 + r

1 − r
.

Consider the event Ac, the Markov chain is absorbed into state 0. We find an upper bound for Ex[Zk;Ac]
for any 0 < x < N . We have,

pA
c

k,k+1 = p
Pk+1(Ac)

Pk(Ac)
,

and,

pA
c

k,k−1 = q
Pk−1(Ac)

Pk(Ac)
.

Define ζ̄k to be the number of times the embedded chain jumps from k to k+ 1, then Zk|Ac = 1 + ζ̄k−1 + ζ̄k
for all 1 ≤ k ≤ x. Given that the Markov chain is absorbed in state 0, we have ζ̄0 = 0. Given Ac, denote by
ξ̄l,k the random number of right-jumps from k between the lth and (l+ 1)th right-jumps f rom k− 1. Again,
these ξ̄l,k are i.i.d. geometric from zero with mean pA

c

k,k+1/p
Ac

k,k−1. Moreover,

ζ̄k =

ζ̄k−1∑
l=0

ξl,k,

for all 1 ≤ k ≤ x. Again, this is a branching process with immigration of one, and we derive the following
expression for the expectation of ζ̄k.

Ex[ζ̄k] =

k∑
n=1

k∏
i=n

pA
c

i,i+1

pA
c

i,i−1

=

k∑
n=1

k∏
i=n

r̄
ri+1 − rN

ri−1 − rN

= r̄k+1(rk − rN )(rk+1 − rN )

k∑
n=1

r̄−n

(rn−1 − rN )(rn − rN )

= r̄k+1(r̄N−k − 1)(r̄N−k−1 − 1)

k∑
n=1

r̄−n

(r̄N−n+1 − 1)(r̄N−n − 1)

=
r̄(r̄k − 1)(r̄N−k−1 − 1)

(r̄ − 1)(r̄N − 1)
,

where r̄ = 1/r and the final equality can be shown by induction on k. Combining the above we see

Ex[Zk;Ac] ≤ Ex[Zk|Ac]

= 1 + Ex[ζ̄k−1] + Ex[ζ̄k]

=
(r̄ − 1)(r̄N − 1) + r̄(r̄k−1 − 1)(r̄N−k − 1) + r̄(r̄k − 1)(r̄N−k−1 − 1)

(r̄ − 1)(r̄N − 1)

=
r̄ + 1

r̄ − 1

(r̄N−k − 1)(r̄k − 1)

r̄N − 1

≤ r̄ + 1

r̄ − 1
=

1 + r

1 − r
,

where the inequality follows from the fact that r̄ = 1
r > 1. Furthermore, for all x < k < N , we have,
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Figure 4: Simulations of the voter model for varying levels of bias. Parameters: N = 100, α = 0.5, and
q0 = 0.5. Simulations run for q1 ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}.

Ex[Zk;Ac] = Ex[Zk;Tk < T0 < TN ]

= Ex[Zk|Tk < T0 < TN ]Px(Tk < T0 < TN )

= Ek[Zk|T0 < TN ]Px(Tk < T0 < TN )

≤ 1 + r

1 − r
.

Combining all these findings establishes the upper bound for E⌊αN⌋[Zk],

E⌊αN⌋[Zk] ≤ 1 + r

1 − r
,

for all 0 < k < N . Applying this to equation (7) yields the upper bound for tn(α),

tN (α) ≤ 2

q0 + q1

1 + r

1 − r

N−1∑
k=1

1

k

≤ 2

q0 + q1

1 + r

1 − r
(log(N − 1) + 1),

which, again, depends on the logarithm of N , thus completing the proof.

3.3 Simulations

To illustrate the impact of bias on the opinion dynamics of the voter model, simulations were run; the R
script for this can be found in Appendix A. In Figure 4, the simulations show the evolution of the opinions of
the agents for varying biases. This was done by setting N = 100, α = 0.5, and q0 = 0.5, then simulating the
voter model for different values of q1. The figure shows that when q1 is larger than q0, the network tends to
reach consensus on opinion 1, with the higher values of q1 achieving consensus faster. Conversely, for values
of q1 less than q0, the network tends to achieve consensus on opinion 0, with the lower values of q1 achieving
consensus faster.

Figure 5 shows the exit probability from 200 simulations for each value of N for the voter model (Fig-
ure 5a), as well as a semi-log plot (Figure 5b) to show the convergence is exponential. Figure 5a shows the
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(a) Exit probability, EN (α), as a function of network size, N ,
under the voter model with biased agents. Parameters: q0 = 1,
q1 = 0.5, and α = 0.2.

(b) Semi log plot taking log(1− EN (α)), as a function of net-
work size, N . Parameters: q0 = 1, q1 = 0.5, and α = 0.2.

Figure 5: Simulations for exit probability under the voter model with biased agents.

(a) Simulations and theoretical bounds for mean consensus
time, tN (α), as a function of network size, N . Parameters:
q0 = 1, q1 = 0.5, and α = 0.2.

(b) Simulations and theoretical bounds for mean consensus
time, tN (α), plotted against the logarithm of the network
size, log(N). Parameters: q0 = 1, q1 = 0.5, and α = 0.2.

Figure 6: Simulations for mean consensus time for varying values for network size, N , under the voter with
biased agents.

results for the exit probability for different values of N , with q0 = 1, q1 = 0.5, and α = 0.2. These simulations

are plotted along with the theoretical exit probability obtained in Section 3.1, EN (α) = 1−r⌊αN⌋

1−rN
, as well as

the theoretical exit probability for the voter model with unbiased agents which equals the initial fraction
of agents with the preferred opinion, α = 0.2. This figure shows that the simulations align well with the
theory that the exit probability increases to 1 as the network size increases. To show that this convergence
is exponential in Figure 5b we plot log(1 − EN (α)) against network size N , where EN (α) here is the exit
probability to state N obtained from the simulations with network size N . To study the behaviour of the
convergence of the exit probability for EN (α), we consider the exit probability to state 0; 1 − EN (α). Note
that 1 − EN (α) ≤ exp(−cN), suggests that the exit probability to state 0 converges to zero exponentially
fast. If the exit probability to state 0 converges exponentially in N , then EN (α) also converges exponentially
in N . This is seen in Figure 5b, in which the semi-log shows a linear relationship in N , meaning that the
convergence is indeed exponential.

In Figure 6 the mean consensus time for the voter model is plotted as a function of network size (Figure 6a)
and log(N) (Figure 6b), where 100 simulations are run with q0 = 1, q1 = 0.5, and α = 0.2. In Figure 6a, we
observe for the simulations a logarithmic relationship of the mean consensus time in N , supporting the claims
of Theorem 3.2. Additionally, the lower and upper bounds found in the proof of Theorem 3.2 are plotted,
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(a) Mean consensus time from simulations with biased and
unbiased agents, as well as the theoretical mean consensus
time, tN (α). Plotted as a function of initial fraction of agents
with opinion 1, α. Parameters: q0 = 1, q1 = 0.5 for biased
agents, q1 = 1 for unbiased agents, and N = 100.

(b) Mean consensus time, tN (α), from simulations for biased
agents as a function of initial fraction of agents with opinion
1, α. Parameters: q0 = 1, q1 = 0.5, and N = 100.

Figure 7: Simulations for mean consensus time for varying values for initial fraction of agents with the
preferred opinion, α, under the voter with biased agents.

with the simulations falling within these bounds. If the relationship between mean consensus time and
network size is indeed linear, then the semi-log plot with mean consensus time plotted against log(N) would
show a linear relationship. This semi-log plot is shown in Figure 6b, demonstrating a linear relationship
between the mean consensus time and log(N). Thus providing evidence that the mean consensus time is
logarithmic in network size.

Finally, in Figure 7 the mean consensus time is again plotted, this time as a function of α. Figure 7a
shows simulations for biased agents (q0 = 1 and q1 = 0.5) and unbiased agents (q0 = 1 and q1 = 1), along
with the theory for the approximation of the mean consensus time for unbiased agents (see Section 3.2).
Figure 7b shows only the mean consensus time from the simulations for biased agents. The mean consensus
time was obtained from 100 simulations for biased agents and 500 simulations for unbiased agents, with
N = 100. We see that the simulations for the unbiased agents aligns with the theory for the unbiased
case. In the unbiased case, consensus on a specific opinion is reached more quickly when the initial number
of agents with this opinion is larger than the number of agents with the opposing opinion. In the case of
biased agents, the process achieves consensus on the preferred opinion with high probability. Consequently,
increasing the initial proportion of agents with the preferred opinion will always decrease the mean time to
reach consensus, as seen clearly in Figure 7b.

4 Majority Rule Model

In this section, we explore the majority rule model with biased agents. The exit probability is shown to have
a phase transition, implying that despite the bias towards one opinion, consensus may not be reached on the
preferred opinion. Furthermore, the average time to reach consensus is characterised.

Again, the network has N agents and initially each agent adopts one of two opinions, 0 or 1, with ⌊αN⌋
agents adopting opinion 1. Each agent independently considers updating their opinion at the points of a
Poisson point process with rate 1. When considering an update, an agent with opinion i ∈ {0, 1} decides
to update their opinion with probability qi and retains their opinion with probability pi = 1 − qi. If the
agent decides to retain their opinion, they continue with their held opinion until the next point at which
they consider updating their opinion. If they decide to update their opinion they do so according to the
majority rule, which dictates that the agent updating their opinion should take a sample of 2K agents from
the network; 1 ≤ K ≤ N

2 , they do this uniformly at random. The updating agent should adopt the opinion of
the majority of the sampled agents plus themselves. The inclusion of the updating agent themselves ensures
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that there will be one opinion that is the majority among the 2K + 1 agents.
Let X(N)(t) denote the number of agents with opinion 1 at time t ≥ 0. As in the Voter model, this is a

continuous-time Markov process on state space {0, 1, ..., N} with absorbing states 0 and N . The transition
rates out of state n are given by

q(n→ n+ 1) = (N − n)q0

2K∑
i=K+1

(
2K

i

)( n
N

)i(N − n

N

)2K−i

= (N − n)q0P
(

Bin
(

2K,
n

N

)
≥ K + 1

)
, (15)

q(n→ n− 1) = nq1

2K∑
i=K+1

(
2K

i

)(N − n

N

)i( n
N

)2K−i

= nq1P
(

Bin
(

2K, 1 − n

N

)
≥ K + 1

)
. (16)

We get the equation for q(n → n + 1) because to go from state n to n + 1, an agent with opinion 0 needs
to update their opinion to 1. First, an agent with opinion 0 must consider updating their opinion. Since
each individual agent considers updating their opinion according to a Poisson process with rate 1, by the
Superposition Theorem (2.4) we can combine the N − n agents with opinion 0 into a Poisson process with
rate N −n. The interarrival times of this combined Poisson process follows an exponential distribution with
rate N − n. So, at a rate of N − n, an agent with opinion 0 will consider updating their opinion. Then
this agent with opinion 0 will update their opinion with probability q0. If the agent decides to update their
opinion, they do so according to the majority rule, that is, by selecting a sample of 2K agents uniformly at
random. Therefore, we are interested in the probability that of the chosen 2K agents, K + 1 agents have
opinion 1. Since only when K + 1 or more agents have opinion 1, will the majority opinion of the 2K + 1
agents, the sampled agents plus the updating agent, be opinion 1. The probability that any given agent has
opinion 1 is n/N . This means that the probability that at least K + 1 of the 2K agents have opinion 1 can
be written as the probability that a binomial random variable, with 2K as the number of trials and n/N as
the probability of success, is larger than or equal to K + 1. With similar reasoning for q(n→ n− 1).

Let X̃(N) be the embedded Markov chain corresponding to X(N). The jump probabilities are,

pn,n+1 = 1 − pn,n−1

=
q(n→ n+ 1)

q(n→ n− 1) + q(n→ n+ 1)

=
gK(n/N)

gK(n/N) + r
, (17)

where 1 ≤ n ≤ N − 1, r = q1/q0 < 1, and gK : (0, 1) → (0,∞) is defined as

gK(x) =
1
xP(Bin(2K,x) ≥ K + 1)

1
1−xP(Bin(2K, 1 − x) ≥ K + 1)

. (18)

With probability 1, X(N) is absorbed in state 0 or N in finite time, as explained in Section 2.2 the Markov
chain is not irreducible and therefore will almost surely be absorbed into one of its essential states in finite
time. As with the Voter model, let EN (α) denote the exit probability and tN (α) denote the mean consensus
time.

In order to show the phase transition of the exit probability and characterise the mean consensus time
for the majority model, we will need the following lemma.

Lemma 4.1. The function gK : (0, 1) → (0,∞) as defined in equation (18) is strictly increasing and therefore
also one-to-one.
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Proof. First, say gK(x) = ϕ(ψ(x)), with ψ(x) = x
1−x : [0, 1) → [0,∞) and

ϕ(t) =

∑2K
i=K+1

(
2K
i

)
ti∑2K

i=K+1

(
2K
i

)
t2K+1−i

=

∑2K
i=K+1

(
2K
i

)
ti∑K

i=1

(
2K
i−1

)
ti

,

where the denominator in the final equality is achieved by noticing that for any i ∈ {K, ..., 2K} or i ∈
{0, ...,K} we have

(
2K
i

)
=
(

2K
2K−i

)
and changing the basis in the sum using j = 2K + 1 − i.

Note that ψ(x) is strictly increasing; this can be shown by taking the derivative and seeing that ψ′(x) > 0.
We have

ψ′(x) =
1

(1 − x)2
> 0.

Therefore, we can say that ψ(x) is strictly increasing. To show that gK is strictly increasing, it is sufficient
to show that ϕ(t) is also strictly increasing. Taking the derivative of ϕ(t) gives

ϕ′(t) =

(∑2K
i=K+1 i

(
2K
i

)
ti−1

)(∑K
i=1

(
2K
i−1

)
ti
)
−
(∑2K

i=K+1

(
2K
i

)
ti
)(∑K

i=1 i
(
2K
i−1

)
ti−1

)
(∑K

i=1

(
2K
i−1

)
ti
)2 (19)

=

∑3K−1
j=K+1Mjt

j(∑K
i=1

(
2K
i−1

)
ti
)2 ,

with

Mj =
∑
i

(
2K

i− 1

)(
2K

j − i+ 1

)
(j + 1 − 2i),

where the values for i are determined by considering the following two cases for j,

1. If K + 1 ≤ j ≤ 2K, then i runs from 1 to j −K.

2. If 2K + 1 ≤ j ≤ 3K − 1, then i runs from j + 1 − 2K to K.

We derive Mj by looking at the numerator of equation (19) and seeing that the lowest power of t will be
tK+1 and the highest will be t3K−1. Finding the coefficients of these tj in equation (19) we see that they
are equal to Mj . Observe that tK+1 is obtained only with the first sum evaluated at i = K + 1, the second
at i = 1, the third at i = K + 1, and the fourth at i = 0; this gives

(K + 1)

(
2K

K + 1

)(
2K

0

)
tK+1 −

(
2K

K + 1

)(
2K

0

)
tK+1 = K

(
2K

K + 1

)(
2K

0

)
tK+1.

If we evaluate Mj at j = K+ 1, we get
(
2K
0

)(
2K
K+1

)
K. We continue and find this holds for all j = K+ 1 until

j = 2K. With the coefficient of t2K from equation (19) being(
2K

2K

)(
2K

0

)
(2K − 1) + · · · +

(
2K

K + 1

)(
2K

K − 1

)
= M2K .

We consider coefficients for t2K+1 and find,

(2K − 2)

(
2K

2K

)(
2K

2

)
+ · · · + 2

(
2K

K + 2

)(
2K

K − 1

)
= M2K+1.
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Continuing this until we get the coefficient for t3K−1,

K

(
2K

2K

)(
2K

K − 1

)
= M3K−1.

The number of terms in the sum Mj are increasing for j = 1 to 2K, when the sum Mj has the most terms,
namely K. Then from j = 2K the number of terms decreases again to one term for 3K − 1. This is because
the number of ways to obtain the coefficient for tj from the multiplication of two sums will increase until
the midway point between the lowest, tK+1, and the highest, t3K−1, powers of t; this midway point being
2K. Therefore, we see the summation for the coefficients Mj run from 1 to j −K for K + 1 ≤ j ≤ 2K and
from j + 1 − 2K to K for 2K + 1 ≤ j ≤ 3K − 1.

If Mj > 0, then ϕ′(t) > 0, proving that ϕ(t) is strictly increasing. Due to the binomial coefficients by
definition being greater than zero, it remains to show j+ 1− 2i > 0, reformulated this is i < j+1

2 . Note that
we have the following.

1. For all K + 1 ≤ j ≤ 2K, i runs to j −K.

2. For all 2K + 1 ≤ j ≤ 3K − 1, i runs to K.

This means that when K + 1 ≤ j ≤ 2K, then i ≤ j−K. We can rewrite i ≤ j−K as −2i ≥ 2K − 2j, which
in turn gives

j + 1 − 2i ≥ j + 1 + 2K − 2j

= 2K + 1 − j

(a)

≥ 2K + 1 − 2K

= 1 > 0,

where inequality (a) comes from the fact that j ≤ 2K implies that −j ≥ −2K. Similarly, for all 2K + 1 ≤
j ≤ 3K − 1, we have i ≤ K, giving

j + 1 − 2i ≥ j + 1 − 2K

≥ 2K + 1 + 1 − 2K

= 2 > 0.

Therefore, Mj > 0 for all K + 1 ≤ j ≤ 3K − 1 and any K ≥ 1, proving that ϕ(t) is strictly increasing, as
required.

4.1 Exit Probability with Phase Transition

The following theorem describes the exit probability to state N , EN (α), as well as showing that the conver-
gence of the exit probability has a phase transition and delineating the boundary for this phase transition.

Theorem 4.2. Let EN (n) denote the probability that the process X(N) is absorbed in state N when starting
from state n.

1. Then, we have

EN (n) =

∑n−1
t=0

∏t
j=1

r
gK(j/N)∑N−1

t=0

∏t
j=1

r
gK(j/N)

, (20)

2. Define EN (α) := EN (⌊αN⌋) and β := g−1
K (r), β ∈ (0, 1). Then EN (α) → 1 (respectively EN (α) → 0)

as N → ∞ if α > β (respectively α < β) and this convergence is exponential in N .

The phase transition for the exit probability occurs at β = g−1
K (r) for all K ≥ 1.
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Remark. In the case of unbiased agents, we have r = 1, giving β = g−1
K (1) = 1/2, which is consistent with

the results of previous studies on the majority rule model with unbiased agents [3].

Proof. First, we prove the expression for EN (n). Looking at the embedded Markov chain, we can rewrite
EN (n) as follows,

EN (n) = pn,n+1EN (n+ 1) + pn,n−1EN (n− 1),

which can be rearranged to

EN (n+ 1) − EN (n) =
pn,n−1

pn,n+1
(EN (n) − EN (n− 1)).

Let DN (n) := EN (n+ 1) −EN (n) and substituting this in the above equation yields a recursion in DN (n),
for all 1 ≤ n ≤ N − 1,

DN (n) =
pn,n−1

pn,n+1
DN (n− 1)

=

r
gK(n/N)+r

gK(n/N)
gK(n/N)+r

DN (n− 1)

=
r

gK(n/N)
DN (n− 1). (21)

We have the boundary conditions EN (0) = 0 and EN (N) = 1, which implies,

N−1∑
n=0

DN (n) =

N−1∑
n=0

(EN (n+ 1) − EN (n)) = EN (N) − EN (0) = 1.

To compute DN (0),

DN (t) =
r

gK(t/N)
DN (t− 1)

=
r

gK(t/N)

r

gK( t−1
N )

DN (t− 2)

= ... =

t∏
j=1

r

gK(j/N)
DN (0).

Summing both sides over t from 0 to N − 1 gives,

1 =

N−1∑
t=0

DN (t) = DN (0)

N−1∑
t=0

t∏
j=1

r

gK(j/N)
,

which upon rearranging gives,

DN (0) =
1∑N−1

t=0

∏t
j=1

r
gK(j/N)

. (22)

Using equation (21) and equation (22) we find EN (n),

EN (n) =

n−1∑
k=0

DN (k) =

n−1∑
k=0

k∏
j=1

r

gK(j/N)
DN (0) =

∑n−1
t=0

∏t
j=1

r
gK(j/N)∑N−1

t=0

∏t
j=1

r
gK(j/N)

,

the required expression for EN (n) for all 0 ≤ n ≤ N .
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In the second part of Theorem 4.2 the convergence of the exit probability with phase transition is
shown. Note that DN defines a probability distribution on state space {0, 1, ..., N − 1}, since DN (n) assigns

probabilities to the set {0, 1, ..., N − 1} and
∑N−1

t=0 DN (n) = 1. We have the following relationships;

DN (n) < DN (n− 1) for all n ≥ ⌊βN⌋ + 1,

DN (n) > DN (n− 1) for all n ≤ ⌊βN⌋.

This comes from the monotonicity of gK shown in Lemma 4.1 and equation (21). For DN (n) < DN (n− 1)
we need r

gK(n/N) < 1, which holds when g−1(r) = β < n/N , that is βN < n. And for DN (n) > DN (n− 1)

we need r
gK(n/N) > 1, which holds when βN > n. Since βN does not need to be an integer, we take the

floor function, resulting in the above conditions. From this we can deduce that the mode of the distribution
of DN is at ⌊βN⌋.

First, we consider α > β and show that the exit probability, EN (α), converges to 1. For any value α > β,
we can choose a β′ ∈ R such that α > β′ > β, we will use this β′ to find a lower bound for EN (α). By the
monotonicity of gK ,

r′ :=
r

gK(β′)
<

r

gK(β)
= 1.

Moreover, from the monotonicity of gK and equation (21) we have for any j ≥ 1,

DN (⌊β′N⌋ + j) =
r

gK( ⌊β′N⌋+j
N )

DN (⌊β′N⌋ + j − 1)

=

j∏
l=1

r

gK( ⌊β′N⌋+l
N )

DN (⌊β′N⌋)

≤

(
r

gK
( ⌊β′N⌋+1

N

))j

DN (⌊β′N⌋)

≤
(

r

gK(β′)

)j

DN (⌊β′N⌋) since β′N < ⌊β′N⌋ + 1

= (r′)jDN (⌊β′N⌋). (23)

To find a lower bound for EN (α), we write,

EN (α) =

⌊αN⌋−1∑
t=1

DN (t)

= 1 −
N−1∑

t=⌊αN⌋

DN (t),

and notice that

N−1∑
t=⌊αN⌋

DN (t) =

N−1−⌊αN⌋∑
l=0

DN (l + ⌊αN⌋)

=

N−1−⌊αN⌋∑
l=0

DN (⌊β′N⌋ + l + ⌊αN⌋ − ⌊β′N⌋)

≤
N−1−⌊αN⌋∑

l=0

(r′)l+⌊αN⌋−⌊β′N⌋DN (⌊β′N⌋),
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where the inequality follows from equation (23). This then gives

EN (α) ≥ 1 −DN (⌊β′N⌋)(r′)⌊αN⌋−⌊β′N⌋
N−1−⌊αN⌋∑

t=0

(r′)t.

For any t, we have DN (t) < 1, so

EN (α) ≥ 1 − (r′)⌊αN⌋−⌊β′N⌋ 1 − (r′)N−⌊αN⌋

1 − r′

→ 1 as N → ∞.

It can be seen that the expression converges to one, because (r′)N−⌊αN⌋ < (r′)(1−α)N → 0 and (r′)⌊αN⌋−⌊β′N⌋ <
(r′)(α−β′)N−1 → 0 as N → ∞, since 1 − α > 0 and α− β′ > 0. And the convergence is exponential in N .

Assume α < β. For any α < β, we can choose a β′ ∈ R such that α < β′ < β. Since gK is monotone, we
have

r′ =
r

gK(β′)
>

r

gK(β)
= 1.

We find an upper bound for EN (α) in order to prove convergence to zero. Rewriting equation (21), along
with the monotonicity of gK gives, for any 1 ≤ j ≤ ⌊β′N⌋ − 1,

DN (⌊β′N⌋ − j) =
gK

(
⌊β′N⌋−j+1

N

)
r

DN (⌊β′N⌋ − j + 1)

=

j−1∏
l=0

gK

(
⌊β′N⌋−l

N

)
r

DN (⌊β′N⌋)

≤

gK
(

⌊β′N⌋
N

)
r

j−1

DN (⌊β′N⌋)

≤
(
gK (β′)

r

)j−1

DN (⌊β′N⌋)

=

(
1

r′

)j−1

DN (⌊β′N⌋).

Using this, we find the upper bound on EN (α) as follows.

EN (α) =

⌊αN⌋−1∑
t=1

DN (t)

=

⌊αN⌋−1∑
t=1

DN (⌊αN⌋ − t)

=

⌊αN⌋−1∑
t=1

DN (⌊β′N⌋ − (⌊β′N⌋ − ⌊αN⌋ + t))

≤
⌊αN⌋−1∑

t=1

(
1

r′

)⌊β′N⌋−⌊αN⌋+t−1

DN (⌊β′N⌋)
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=

(
1

r′

)⌊β′N⌋−⌊αN⌋−1

DN (⌊β′N⌋)
⌊αN⌋−1∑

t=1

(
1

r′

)t

≤
(

1

r′

)⌊β′N⌋−⌊αN⌋ 1 −
(

1
r′

)⌊αN⌋−1

1 −
(

1
r′

)
→ 0 as N → ∞,

where the convergence to zero is due to the fact that
(

1
r′

)⌊β′N⌋−⌊αN⌋
<
(

1
r′

)(β′−α)N−1 → 0 as N → ∞,

since ⌊β′N⌋ − ⌊αN⌋ > βN − αN − 1 and β′ − α > 0, and
(

1
r′

)⌊αN⌋
<
(

1
r′

)αN−1 → 0 as N → ∞, since
αN − 1 < ⌊αN⌋ and α > 0. Moreover, the convergence is also exponential in N.

Thus, we have demonstrated that a phase transition occurs in the exit probability at the point β = g−1
K (r)

for any K ≥ 1, where r = q1/q0 < 1. When the initial proportion of agents holding the preferred opinion
surpasses the threshold value β, the system reaches consensus on this preferred opinion with high probability.
Conversely, if the initial proportion of these agents is below this threshold β, the system may not necessarily
converge to consensus on the preferred opinion. This contrasts with the dynamics observed in the voter model,
where consensus is obtained on the preferred opinion regardless of the original distribution of opinions within
the system.

4.2 Mean Consensus Time

In the following theorem, the mean consensus time, tN (α), is characterised for a network which initially has
⌊αN⌋ agents with opinion 1. Again, this shows that the mean consensus time is logarithmic in N .

Theorem 4.3. For α ∈ (0, β) ∪ (β, 1), we have tN (α) = Θ(logN).

Remark. The mean consensus time for the unbiased majority rule model is also logarithmic in N [3].

Proof. First, let us recap the beginnings of the proof of Theorem 3.2. We define Tn as the first hitting time
that the process reaches the state n. Formally, Tn := inf{t ≥ 0 : X(N)(t) = n}. Furthermore, designate the
variable T as the minimum of two first hitting times, T = T0 ∧ TN ; T is the random time it takes to achieve
consensus on the network. Moreover,

T =

N−1∑
n=1

Zn∑
j=1

Mn,j ,

with Zn denoting the number of visits to state n prior to absorption, and Mn,j the duration of the jth visit
to state n. The random variables Zn and (Mn,j)j≥1 are independent, where Mn,j follows an exponential
distribution with a rate q(n→ n+ 1) + q(n→ n− 1). Applying Wald’s identity gives

tN (α) = E⌊αN⌋[T ]

=

N−1∑
n=1

E⌊αN⌋[Zn]E⌊αN⌋[Mn,j ]

=

N−1∑
k=1

E⌊αN⌋[Zk]

q(n→ n+ 1) + q(n→ n− 1)
. (24)

We determine the lower and upper bounds for tN (α). Define A := {ω : TN (ω) < T0(ω)} as the event in
which the Markov chain is absorbed at state N . We have

E⌊αN⌋[Zn] = E⌊αN⌋[Zn|A]P⌊αN⌋(A) + E⌊αN⌋[Zn|Ac](1 − P⌊αN⌋(A)).
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Lower bound of tN (α). By applying Markov’s inequality (Lemma 2.1) to equations (15) and (16), we obtain

q(n→ n+ 1) + q(n→ n− 1) ≤ (N − n)q0
2K n

N

K + 1
+ nq1

2K(1 − n
N )

K + 1

= (q0 + q1)
2K

K + 1

n(N − 1)

N
.

As in equation (9) of the voter model, we again have

E⌊αN⌋[Zn] ≥ P⌊αN⌋(A)1{n≥⌊αN⌋} + (1 − P⌊αN⌋(A))1{n≤⌊αN⌋}.

Combining the above inequalities with equation (24) gives

tN (α) ≥ N(K + 1)

2K(q0 + q1)

N−1∑
n=1

1

n(N − n)

[
P⌊αN⌋(A)1{n≥⌊αN⌋} + (1 − P⌊αN⌋(A))1{n≤⌊αN⌋}

]
=

N(K + 1)

2K(q0 + q1)
P⌊αN⌋(A)

N−1∑
n=⌊αN⌋

(
1

n
+

1

N − n

)

+
N(K + 1)

2K(q0 + q1)
(1 − P⌊αN⌋(A))

⌊αN⌋∑
n=1

(
1

n
+

1

N − n

)
.

To simplify the expression of this lower bound, we consider that the two summations haveN−⌊αN⌋ and ⌊αN⌋
terms, respectively. Taking the minimum of these values gives ⌊Nα⌋∧ (N −⌊Nα⌋) > (Nα−1)∧N(1−α) =
N((α − 1/N) ∧ (1 − α)). For sufficiently large N , this can be approximated by N(α ∧ (1 − α)). Summing
from 1 to this minimum yields a reduced lower bound, allowing cancellation of P⌊αN⌋(A) terms. Dividing
by N provides a simpler lower bound. Thus, we have

tN (α) ≥ 1

q0 + q1

K + 1

2K

N(α∧(1−α))∑
k=1

1

k

>
1

q0 + q1

K + 1

2K
log(N(α ∧ (1 − α))).

Note that this expression is similar to that found in the voter model, with the addition of the term (K+1)/2K.
Upper bound for tN (α). When n

N ≤ 1
2 , then

P
(

Bin
(

2K,
n

N

)
≥ K + 1

)
≤ P

(
Bin
(

2K,
1

2

)
≥ K + 1

)
≤ P

(
Bin
(

2K, 1 − n

N

)
≥ K + 1

)
.

Conversely, when n
N > 1

2 , we have

P
(

Bin
(

2K, 1 − n

N

)
≥ K + 1

)
≤ P

(
Bin
(

2K,
1

2

)
≥ K + 1

)
≤ P

(
Bin
(

2K,
n

N

)
≥ K + 1

)
.

This is because a higher probability of success of the binomial random variable corresponds to a higher
number of agents in the network holding opinion 1, meaning there is a higher probability that at least K+ 1
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of the chosen sample of 2K agents has opinion 1. Moreover, since 0 < q1 < q0 < 1, from equations (15) and
(16) we have

q(n→ n+ 1) + q(n→ n− 1) ≥ q1

[
(N − n)P(Bin(2K,

n

N
) ≥ K + 1) + nP(Bin(2K, 1 − n

N
) ≥ K + 1)

]
.

Observe that for n
N ≤ 1

2 ,

q(n→ n+ 1) + q(n→ n− 1) ≥ q1nP(Bin(2K, 1 − n

N
) ≥ K + 1)

≥ q1nP(Bin(2K,
1

2
) ≥ K + 1),

and for n
N > 1

2 ,

q(n→ n+ 1) + q(n→ n− 1) ≥ q1(N − n)P(Bin(2K,
n

N
) ≥ K + 1)

≥ q1(N − n)P(Bin(2K,
1

2
) ≥ K + 1).

Putting this together gives

q(n→ n+ 1) + q(n→ n− 1) ≥

{
cn, for n

N ≤ 1
2 ,

c(N − n), for n
N > 1

2 ,
(25)

where c = q1P(Bin(2K, 12 ) ≥ K + 1). Using the inequalities of equation (25) with equation (24) gives,

tN (α) ≤
⌊N/2⌋∑
n=1

E[αN ][Zn]

cn
+

N−1∑
n=⌊N/2⌋+1

E[αN ][Zn]

c(N − n)
. (26)

From the above equation, we observe that if E⌊αN⌋[Zn] is bounded from above by a constant for N large
enough, then tN (α) is bounded from above by a function logarithmic in N for large enough N . Therefore,
in order to show tN (α) = Θ(logN) it is sufficient to prove E⌊αN⌋[Zn] = O(1) for all 1 ≤ n ≤ N − 1.

Let x = ⌊αN⌋. First, assume α > β. Additionally, assume event A, i.e. absorption in state N . We aim
to find an upper bound for Ex[Zn;A]. Conditioned on A, the embedded process X̃(N) is a Markov chain
characterised by the transition probabilities

pAn,n+1 = 1 − pAn,n−1 = pn,n+1
Pn+1(A)

Pn(A)
. (27)

Moreover, using an argument similar to that used for equation (10) we see that pAn,n−1 can be expressed as

pAn,n−1 = P(X̃t+1 = n− 1|A, X̃t = n)

= pn,n−1
Pn−1(A)

Pn(A)
. (28)

Conditioned on event A occurring, let ζn denote the number of transitions made by the embedded chain
X̃(N) from state n to n− 1 prior to absorption. Therefore, we have

Zn | A =

{
1 + ζn + ζn+1, for x ≤ n ≤ N − 1,

ζn + ζn+1, for 1 ≤ n < x.
(29)

Note that ζN = 0 and let ξl,n denote the random number of left-jumps from state n between the lth and
(l+1)th left-jumps from state n+1. Similar to the voter model, the sequence (ξl,n)l≥0 consists of i.i.d. random
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variables with a geometric distribution from zero, having a mean of pAn,n−1/p
A
n,n+1. Using equation (17) and

Theorem 4.2 we derive

pAn,n−1

pAn,n+1

=
pn,n−1

pn,n+1

Pn−1(A)

Pn+1(A)
, from equations (27) and (28)

=
r

gK
(
n
N

)
∑n−2

t=0

∏t
j=1

r

gK( j
N )∑n

t=0

∏t
j=1

r

gK( j
N )

. (30)

A monotonically non-increasing non-negative sequence (yn)n≥1 satisfies the following inequality

yn

∑n−2
t=0

∏t
j=1 yj∑n

t=0

∏t
j=1 yj

≤ 1. (31)

Since (yn)n≥1 is non-increasing, yk ≥ yk+1 for all k ≥ 1. Expanding equation (31)

yn + y1yn + y1y2yn + · · · + y1y2 · yn−2yn
1 + y1 + y1y2 + y1y2y3 + · · · + y1y2 · · · yn−1 + y1y2 · · · yn

,

and comparing the terms in the numerator with the middle n − 1 terms of the denominator, remembering
that all yk are non-negative, we see

y1yn ≤ y1y2,

y1y2yn ≤ y1y2y3,

...

y1y2 · · · yn−2yn ≤ y1y2 · · · yn−2yn−1.

Therefore,

yn

n−2∑
t=0

t∏
j=1

yj ≤
n∑

t=0

t∏
j=1

yj ,

giving the inequality (31). The sequence (r/gK( n
N ))n≥1 is a monotonically non-increasing non-negative

sequence; as such, we can apply inequality (31) to (30). This means that equation (30) can be bounded from
above by 1. Moreover, observe that Pn−1(A) ≤ Pn+1(A); intuitively, the closer we are to state N , the higher
the probability that the Markov chain will be absorbed into state N . This suggests that for r/gK( n

N ) < 1
we can create a further upper bound for equation (30). Putting this together, we obtain the following bound
on pAn,n−1/p

A
n,n+1

pAn,n−1

pAn,n+1

≤ min

(
1,

r

gK
(
n
N

)) . (32)

As with the voter model, we notice the recursion

ζn =

{∑ζn+1
l=0 ξl,n, for x ≤ n ≤ N − 1,∑ζn+1
l=1 ξl,n, for 1 ≤ n < x.

(33)

So, we apply Wald’s identity, with the same argumentation as seen in the proof for Theorem 3.2 for any
x ≤ n ≤ N − 1 and a similar argument for any 1 ≤ n < x, giving
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Ex[ζn] =


∑N−1

t=n

∏t
i=n

pA
i,i−1

pA
i,i+1

, for x ≤ n ≤ N − 1(∏x−1
i=n

pA
i,i−1

pA
i,i+1

)
Ex[ζx], for 1 ≤ n < x.

(34)

From our assumption that α > β we have that x = ⌊αN⌋ > ⌊βN⌋. Using this and the monotonicity of gK ,
it holds that 1 > rα := r/gK(α) ≥ r/gK(n/N) for all n ≥ x, remembering that β := g−1

K (r). Therefore,
using inequality (32) see that pAn,n−1/p

A
n,n+1 ≤ rα and thus for all n ≥ x,

Ex[ζn] ≤
N−1∑
t=n

t∏
i=n

rα =

N−n∑
t=1

t∏
i=1

rα = rα + r2α + · · · + rN−n
α .

The infinite sum
∑∞

n=1 r
n
α = rα

1−rα
, as rα < 1. Clearly, the finite sum is bounded from above by the infinite

sum, giving

Ex[ζn] ≤ rα
1 − rα

. (35)

Thus, by taking the expectation of (29), it follows that for all n ≥ x

Ex[Zn;A] ≤ Ex[Zn|A]

= 1 + Ex[ζn] + Ex[ζn+1]

≤ 1 +
rα

1 − rα
+

rα
1 − rα

=
1 + rα
1 − rα

= O(1). (36)

As for n < x, we have from inequality (32) that
∏x−1

i=n
pi,i−1

pi,i+1
≤ 1, meaning that from equation (34) we see

that Ex[ζn] ≤ Ex[ζx]. Using equation (35) with n = x gives

Ex[ζx] ≤ rα
1 − rα

.

Again, we take the expectation of equation (29) to show that for all n < x = ⌊αN⌋

Ex[Zn;A] ≤ Ex[Zn|A] = Ex[ζn] + Ex[ζn+1] ≤ 2rα
1 − rα

= O(1).

Thus, we have shown that Ex[Zn;A] = O(1), for all α > β.
Similarly, for Ac, let ζ̄n denote the number of times the embedded chain X̃(N) jumps to the right from

state n given that the chain is absorbed in state 0. In this case, the number of visits to state n conditioned
on Ac is given by

Zn

∣∣Ac =

{
1 + ζ̄n + ζ̄n−1 for 1 ≤ n ≤ x,

ζ̄n + ζ̄n−1 for x < n < N − 1,
(37)

and ζ̄n follows the recursive relation

ζ̄n =

{∑ζ̄n−1

l=0 ξ̄l,n, for 1 ≤ n ≤ x,∑ζ̄n−1

l=1 ξ̄l,n, for x < n < N − 1,
(38)

with ζ̄n = 0, and ξ̄l,n denoting the random number of transitions from state n to n + 1 occurring between
the lth and (l + 1)th right-jumps from state n − 1, given that the embedded chain is absorbed into state 0.
Moreover, (ξ̄l,n)l≥0 are i.i.d. following a geometric distribution from zero, with a mean of pA

c

n,n+1/p
Ac

n,n−1,
where
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pA
c

n,n+1 = 1 − pA
c

n,n−1 = pn,n+1
Pn+1(Ac)

Pn(Ac)
.

Moreover, we also have

pA
c

n,n−1 = pn,n−1
Pn−1(Ac)

Pn(Ac)
.

Employing an analogous argument to that used in the proof of Theorem 4.2 for the exit probability to state
N , we find

Pn(Ac) =

∑N−1
t=n

∏N−1
j=t+1

gK(j/N)
r∑N−1

t=0

∏N−1
j=t+1

gK(j/N)
r

.

Putting this together with equation (17) gives

pA
c

n,n+1

pA
c

n,n−1

=
gK
(
n
N

)
r

∑N−1
t=n+1

∏N−1
j=t+1

gK(j/N)
r∑N−1

t=n−1

∏N−1
j=t+1

gK(j/N)
r

.

Since (gK( n
N )/r)n≥1 is a monotonically non-decreasing non-negative sequence, consider the sequence (yn)n≥1

also monotonically non-decreasing non-negative, so that yk ≤ yk+1 for all k ≥ 1. As before,

yj

∑N−1
t=n+1

∏N−1
j=t+1 yj∑N−1

t=n−1

∏N−1
j=t+1 yj

=
yn + yN−1yn + yN−1yN−2yn + · · · + yN−1 . . . yn+3yn + yN−1 . . . yn+2yn

1 + yN−1 + yN−1yN−2 + · · · + yN−1 . . . yn+2yn+1 + yN−1 . . . yn+1yn
,

where the numerator has N − n − 1 terms and the denominator has N − n + 1. We compare the terms in
the numerator with the middle N − n− 1 terms in the denominator to see

yn ≤ yN−1,

yN−1yn ≤ yN−1yN−2,

...

yN−1 · · · yn+2yn ≤ yN−1 · · · yn+2yn+1.

Hereby, we conclude that

yj

∑N−1
t=n+1

∏N−1
j=t+1 yj∑N−1

t=n−1

∏N−1
j=t+1 yj

≤ 1.

Therefore, similar to earlier, we obtain

pA
c

n,n+1

pA
c

n,n−1

≤ min

(
1,
gK
(
n
N

)
r

)
. (39)

Using computations similar to those used to obtain equation (34) for finding the expectation of equation (38)

Ex[ζ̄n] =


∑n

t=1

∏n
i=t

pAc

i,i+1

pAc
i,i−1

, for 1 ≤ n ≤ x,(∏n
i=x+1

pAc

i,i+1

pAc
i,i−1

)
Ex[ζ̄x], for x < n < N − 1.

(40)

For any 1 ≤ n ≤ x, after simplifying equation (40), we find
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Figure 8: Simulations of the majority rule model for varying levels of bias. Parameters: N = 100, α = 0.5,
and q0 = 0.5. Simulations run for q1 ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}.

Ex[ζ̄n] =

∏n
j=1

gK(j/N)
r∏N−1

j=1
gK(j/N)

r

Pn+1(Ac) (1 − Pn(Ac)) . (41)

From our assumption that α > β, we have that for all j ≤ ⌊βN⌋, it holds that gK(j/N)
r ≤ gK(β)

r = 1.
Moreover, from equation (18) we see that we have the property gK(x) = 1/gK(1 − x). This means that we
have gK(1/N) = 1/gK(N−1

N ), gK(2/N) = 1/gK(N−2
N ), ..., gK(1/2) = 1/gK(1/2). We use this property to see

that we get
∏N−1

j=1
gK(j/N)

r = 1/rN−1 by cancelling out the gK(j/N) terms. Therefore, from equation (41)
it follows that, for all n ≤ ⌊βN⌋,

Ex[ζ̄n] ≤
∏n

j=1
gK(j/N)

r∏N−1
j=1

gK(j/N)
r

≤ rN−1 ≤ 1.

Additionally, for all j > ⌊βN⌋, we have gK(j/N)
r ≥ 1. Thus, for all ⌊βN⌋ < n ≤ x, it holds that

Ex

[
ζ̄n
]
≤ 1∏N−1

j=n+1
gK(j/N)

r

≤ 1.

Hereby, we have demonstrated that Ex[ζ̄n] = O(1) for all 1 ≤ n ≤ x. From equations (39) and (40) we
find Ex[ζ̄n] ≤ Ex[ζ̄x] = O(1) for all x < n < N − 1. Then, using equation (37) we can conclude that
Ex[Zn;Ac] ≤ Ex[Zn|Ac] = O(1).

Now assume α < β, that is, x = ⌊αN⌋ ≤ ⌊βN⌋. Again we condition on A, noting that we can use an
argument similar to that used for α > β conditioned on Ac. In this case, we use the fact that for j ≥ ⌊βN⌋
we have r

gK(j/N) ≤ 1 and for j < ⌊βN⌋ we have r
gK(j/N) ≥ 1. This gives us Ex[ζn] ≤ 1, which implies that

Ex[ζn] = O(1), for x ≤ n ≤ N − 1. Then, we also have for 1 ≤ n < x that Ex[ζn] ≤ Ex[ζx] = O(1). Thus,
proving that Ex[Zn;A] = O(1) for α < β.

Then conditioning on Ac, for all 1 ≤ n ≤ x ≤ ⌊βN⌋, we use the same argument as for the case that

α > β with absorption in state N . In this case, note that for n ≤ x we use gK(n/N)
r ≤ gK(α)

r < 1, leading to
Ex[ζ̄n] = O(1). Then for n > x, we have Ex[ζ̄n] ≤ Ex[ζ̄x] = O(1). As such, proving that Ex[Zn;Ac] = O(1)
for α < β.

Thus, for α ∈ (0, β) ∪ (β, 1), we have proved that Ex[Zn] = O(1), therefore concluding the proof.
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(a) Simulations for the exit probability, EN (α), as a function
of network size, N , for two values of α.

(b) Semi log plot taking log(1−EN (α)) as a function of net-
work size, N , for α = 0.6.

(c) Simulations for the exit probability, EN (α), as a function
of initial fraction of agents with opinion 1, α, for three values
of N .

Figure 9: Simulations for the exit probability under the majority rule with biased agents. Parameters:
q0 = 1, q1 = 0.6, and K = 1.

4.3 Simulations

The effect of bias on opinion dynamics within the majority rule model is demonstrated through simulations,
the R script for this can be found in Appendix A. Figure 8 illustrates the evolution of agents’ opinions on
varying biases. This was done by setting N = 100, α = 0.5, and q0 = 0.5, then simulating the majority
rule model for different values of q1. The figure shows that when q1 is larger than q0, the network tends to
reach consensus on opinion 1, with higher values of q1 usually achieving consensus faster. Conversely, for
values of q1 less than q0, the network tends to achieve consensus on opinion 0, with the lower values of q1
usually achieving consensus faster. Moreover, the figure indicates that even for values of q1 close to q0 = 0.5,
consensus is achieved fairly quickly in comparison to that seen in the voter model.

In Figure 9, the exit probability for simulations of the majority rule model is presented, with parameters
K = 1, q0 = 1 and q1 = 0.6. For these values, the threshold for the phase transition of the exit probability
can be computed to be β = 0.375. In Figure 9a, the exit probability for two values of α is plotted against
network size, N . The exit probabilities are obtained by running 100 simulations for values of N from 1 to
200. It shows that for α = 0.2 the exit probability converges to zero and for α = 0.6 the exit probability
converges to one, with convergence appearing exponential. This aligns with the theory that below β the
exit probability converges exponentially to zero and above β the exit probability converges exponentially to
one. Figure 9b is a semi-log plot, where we plot log(1 − EN (α)) against N for α = 0.6. As with the voter
model, we see a linear relationship in this figure, as such providing evidence for the exponential convergence
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(a) Simulations for mean consensus time, tN (α), as a function
of network size, N , for three values of alpha. Parameters:
K = 1.

(b) Simulations for mean consensus time, tN (α), plotted
against the logarithm of the network size, log(N). Param-
eters: K = 1 and α = 0.6.

(c) Simulations for mean consensus time, tN (α), as a function
of K. Parameters: N = 50 and α = 0.5.

Figure 10: Simulations for mean consensus time under the majority rule with biased agents. Parameters:
q0 = 1 and q1 = 0.6.

of the exit probability. In Figure 9c, the exit probability is plotted against values of α for three values of
N ; N = 10, 100, and 500. For this, 500 simulations were performed for the values of α from 0.1 to 0.9 in
steps of 0.05. This figure clearly shows the phase transition at β = 0.375, with a sharper transition for larger
values of N .

In Figure 10, the mean consensus time for simulations of the majority rule model is plotted for different
values of N (Figure 10a), log(N) (Figure 10b) and K (Figure 10c). In the majority rule model, an agent
updating their opinion randomly samples 2K agents in the network and adopts the majority opinion of these
agents plus themselves. In all figures, we use the parameters q0 = 1 and q1 = 0.6, so the model is biased
towards opinion 1. Figure 10a is obtained by running 200 simulations for each value of N , showing the mean
consensus time for three values of α, with K = 1. The relationship between the mean consensus time and
network size appears to be logarithmic. We see that for α = 0.6 the mean consensus time is the lowest, with
α = 0.2 only slightly higher, and α = 0.4 significantly higher. This is due to the fact that the exit probability
for α = 0.4 is closest to the phase transition value β = 0.375, meaning the exit probability takes longer to
converge as N increases than for α = 0.6 or α = 0.2. As can be observed in Figure 9c, even for N = 500, the
exit probability is still below 1. This suggests that it takes longer for the process to absorbed into either state
0 or N . Intuitively, if the chain has a probability of absorption into state N closer to 0.5, then even though
the chain will be absorbed into either absorbing states in finite time, the time taken for this to happen will be
longer, as there will be more transitions between the states {1, 2, ..., N − 1}. To investigate the convergence
of the mean consensus time, Figure 10b plots the mean consensus time for α = 0.6 against log(N). This
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supports the claim that the convergence is exponential, because we see a linear relationship between mean
consensus time and log(N). Figure 10c plots the mean consensus time from 500 simulations against various
values of K, with N = 50 and α = 0.5. From equation (26), we see that the upper bound depends on K only
in the constant c. As K increases, c increases and, as such, the upper bound on the mean consensus time
decreases. From this we conclude that as K increases, the mean consensus time decreases, this is reflected in
Figure 10c. To give a more intuitive explanation of this, for larger K, agents take a larger sample of agents
in the network, meaning that as more agents in the network adopt opinion 1 there is a higher probability
that an agent will update their opinion to the preferred opinion, ensuring faster consensus.

5 Conclusion

This project explores the work of Mukhopadhyay et al. [3] on the influence of biased agents on opinion
dynamics within voter and majority rule models, demonstrating that biases significantly influence consensus
outcomes and time to consensus in social networks. The analysis shows that in both the voter model and the
majority rule model, the mean consensus time is logarithmic in network size. Within the voter model, biased
agents significantly reduce the mean consensus time, leading to exponentially faster convergence compared
to the unbiased case. However, for the majority rule model with unbiased agents, the mean consensus time
is also logarithmic. For the voter model, the exit probability converges to one as the network size grows,
compared to the unbiased voter model, for which the exit probability remains constant. In the majority rule
model with biased agents, the results demonstrate that there exists a phase transition in the exit probability.
Above this certain α, the initial fraction of agents with opinion 1, the exit probability increases exponentially
to one, and below this the exit probability exponentially decreases to zero. Whereas, for the majority rule
model with unbiased agents, the network achieves consensus on the opinion with the initial majority with
high probability. Finally, simulations of both the voter and majority rule models support the theorems
presented.

The results offer significant insights into opinion dynamics, although some limitations must be noted.
Addressing these limitations will deepen the understanding of opinion dynamics and extend the applicability
of the findings to more complex and realistic real-world scenarios. Three primary directions for advancing
these models in future research are: modifying the rules by which agents update their opinions, changing
the spectrum of opinions available to agents, and changing the social structure and network topology [4].

The binary opinion framework, while useful for its simplicity, does not capture the full complexity of
real-world beliefs. More advanced models could explore multidimensional opinion spaces, such as discrete
arrays, continuous real values, or multidimensional vectors [4]. These would better capture the spectrum of
opinions and attitudes found in society. However, numerous real-world scenarios involve binary choices, such
as voters choosing between two candidates, making these models suitable for certain real-world applications.

The assumption that all agents share the same bias is limiting; a more realistic approach would allow for
heterogeneous biases, stubborn agents, strategists, or opposing groups. It could be of interest to investigate
models where agents have diverse biases, with some favouring one opinion, others favouring another, and some
remaining neutral or stubborn. Various studies have already been conducted on networks with stubborn
agents who do not change their opinion [3]. Moreover, another approach could be to consider agents as
strategists, where they act as decision makers who exhibit selfishness, prioritising their own interests [29].
Additionally, the bias in the models presented can be seen as weak, as agents who hold the preferred opinion
merely update their opinion less frequently than those who hold the alternative opinion. Therefore, it could
be interesting to explore different ways of applying bias, such as models in which agents have a stronger bias
toward a so-called superior opinion [30].

The network structure of a complete graph can be seen as an oversimplification, since real social interac-
tions are rarely fully connected or uniformly distributed. Investigating more complex network topologies and
adaptive social structures could develop understanding of opinion dynamics and improve the applicability of
the model to real-world scenarios. Such topologies could be small-world networks, scale-free networks, cubic
graphs, d-regular graphs [31], or rooted regular trees [32]. Another avenue of research could be dynamic
networks in which connections between agents evolve over time, reflecting changes in social relationships,
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influence, and varying communication patterns. Changes in social structure could mean incorporating vary-
ing agent characteristics, such as fluctuating levels of influence or susceptibility to change. This could better
reflect the roles of opinion leaders and followers on social networks.

Furthermore, it would be of interest to compare the model predictions with empirical data to assess the
predictive power and real-world applicability of the models. Using real-world data would help in increasing
the applicability of these models in fields such as political science, public health, and marketing. This
empirical validation can be done by applying the models to specific case studies, such as opinions on politically
polarising topics, public health campaigns, or the influence of marketing strategies.

Studies such as those of Mukhopadhyay et al. [3] contribute to the ever-growing field of opinion dynamics.
Developing these ideas by adapting the models to be more complex and reflect real-world scenarios would
advance both the theoretical and practical applications of opinion dynamics research.
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A Appendix

# Set up
rm( l i s t= l s ( ) ) # Removes a l l o b j e c t s from workspace .
set . seed (0 )

# Library packages used
l ibrary ( ” la tex2exp ” )
l ibrary ( ” t i d y v e r s e ” )
l ibrary ( ” dplyr ” )
l ibrary ( ” reshape2 ” )

#func t i on f o r CTMC
voter CTMC <− function ( q0 , q1 ,N, alpha ){

X = vector ( ) # X the embedded markov chain
X[ 1 ] = f loor (N∗alpha ) # se t i n i t i a l s t a t e as propor t ion a lpha o f N t o t a l

#agents having opinion 1
t <− vector ( )
t [ 1 ] <− 0
while (TRUE){

i f (X[ length (X) ] == N) break #stop the s imu la t i on when s t a t e N i s reached
else i f (X[ length (X) ] == 0) break
#stop the s imu la t i on when s t a t e 0 i s reached
else {

q plus <− q0∗X[ length (X) ] ∗ ( (N−X[ length (X) ] ) /N) # ra te q ( k−>k+1)
q minus <− q1∗X[ length (X) ] ∗ ( (N−X[ length (X) ] ) /N) # ra te q ( k−>k−1)
M. exp . r a t e <− X[ length (X) ] ∗ ( q0+q1 )∗ ( (N−X[ length (X) ] ) /N)

# ra te o f e xponen t i a l v a r i a b l e M { j , k } , j t h v i s i t to s t a t e k
X change <− X[ length (X) ] + sample (c ( −1 ,1) , 1 , replace = TRUE,

prob = c (q minus ,q plus ) )
X <− c (X, X change ) # for a l l o ther s t a t e s the chain t a k e s a s t ep

#to the l e f t or r i g h t
t <− c ( t , t [ length ( t ) ] + rexp (1 , r a t e=M. exp . r a t e ) )
next

}
}
return ( l i s t (X = X, time = t ) ) # re turns the s t a t e s t ha t the MC goes

#through and the corresponding time s t ep
}

##################################################

#### P l o t t i n g chains f o r mu l t i p l e va l u e s o f q1
q0 <− 0 .5
N <− 100
alpha <− 0 .5
q1 . vec <− vector ( )
q1 . t imes <− vector ( )
q1 .X <− vector ( )
q1 .mat <− vector ( )
q1 .X.mat <− vector ( )
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q1 . t imes .mat <− vector ( )
counter <− 0

for ( i in seq ( 0 , 1 , 0 . 1 ) ) {
counter <− counter +1
q1 . sim <− voter CTMC( q0 , i ,N, alpha )
q1 . vec <− rep ( i , length ( q1 . sim$X) )
q1 . t imes <− q1 . sim$time
q1 .X <− q1 . sim$X
q1 .mat <− qpcR : : : cbind .na( q1 .mat , q1 . vec )
q1 . t imes .mat <− qpcR : : : cbind .na( q1 . t imes .mat , q1 . t imes )
q1 .X.mat <− qpcR : : : cbind .na( q1 .X.mat , q1 .X)

}

df . q1 . chain <− data . frame ( q1 .mat[ , −1 ] ,
q1 . t imes .mat[ , −1 ] ,
q1 .X.mat[ , −1 ] )

ggp lot (df . q1 . chain ) +
geom l i n e ( aes ( x = q1 . times , y = q1 .X) , co l ou r = ” green4 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 1 , y = q1 .X. 1 ) , co l ou r = ” darkseagreen3 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 2 , y = q1 .X. 2 ) , co l ou r = ” o l i v ed rab2 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 3 , y = q1 .X. 3 ) , co l ou r = ” ye l low1 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 4 , y = q1 .X. 4 ) , co l ou r = ” goldenrod1 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 5 , y = q1 .X. 5 ) , co l ou r = ” choco la t e2 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 6 , y = q1 .X. 6 ) , co l ou r = ”tomato4” ) +
geom l i n e ( aes ( x = q1 . t imes . 7 , y = q1 .X. 7 ) , co l ou r = ” mediumvioletred ” ) +
geom l i n e ( aes ( x = q1 . t imes . 8 , y = q1 .X. 8 ) , co l ou r = ” darkorch id4 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 9 , y = q1 .X. 9 ) , co l ou r = ” s t e e l b l u e ” ) +
geom l i n e ( aes ( x = q1 . t imes . 1 0 , y = q1 .X. 1 0 ) , co l ou r = ” midnightblue ” ) +
theme bw( ) +
labs ( x = TeX( ”Time” ) , y = TeX( ”Number  o f  agents  with  op in ion  $1$” ) )

##################################################

#### Simula t ions f o r mean consensus time f o r d i f f e r e n t va l u e s o f N
# Values & s e t up
nsims <− 100
N min <− 1
N max <− 200
N s t ep s <− 1
q0 <− 1
q1 <− 0 .5
alpha <− 0 .2
time . s ims <− matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
sim .num <−matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
end . sim <− matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
mean . time <− vector ( )
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N. sims <− vector ( )

# Running s imu la t i on s
for ( j in seq (N min ,N max,N s t ep s ) ){

N. sims [ j ] <− j
for ( i in 1 : nsims ){

a . sim <− voter CTMC( q0 , q1 , j , alpha )
time . s ims [ i , j ] <− a . sim$time [ length ( a . sim$time ) ]
end . sim [ i , j ] <− a . sim$X[ length ( a . sim$X) ]

}
mean . time [ j ] <− mean( time . s ims [ , j ] )

}

# Edi t ing and p l o t t i n g data
N. data <− vector ( )
time . data <− vector ( )
end . data <− vector ( )

for ( j in N min :N max) {
N. data <− c (N. data , rep ( j , nsims ) )
time . data <− c ( time . data , time . s ims [ , j ] )
end . data <− c (end . data , end . sim [ , j ] )

}

data . s ims <− data . frame (N. data ,
time . data ,
end . data )

### Theore t i c a l upper and lower bound f o r mean consensus time
mean . low <− vector ( )
mean . up <− vector ( )
p <− q0/ ( q0+q1 )
r <− (1−p)/p
for ( j in N min :N max) {

mean . low [ j ] <− (1/ ( q0+q1 ) )∗log ( ( j )∗min( alpha , 1−alpha ) )
mean . up [ j ] <− (2/ ( q0+q1 ) )∗((1+ r )/(1− r ) )∗ ( log ( j −1)+1)

}
df .mean <− data . frame ( 1 :N max, mean . time , mean . low , mean . up )
names(df .mean) <− c ( ”N” , ”Mean . time ” , ”Lower . bound” , ”Upper . bound” )

ggp lot (df .mean) +
geom point ( aes ( x = N, y = Mean . time , c o l ou r = ’ black ’ ) ) +
geom l i n e ( aes ( x = N, y = Lower . bound , co l our = ’ red ’ ) , s i z e = 1) +
geom l i n e ( aes ( x = N, y = Upper . bound , co l our = ’ blue ’ ) , s i z e = 1) +
theme bw( ) +
ylim (−1 , 25) +
labs ( x = TeX( ”Network  s i z e ,  $N$” ) ,

y = TeX( ”Mean  conensus  time ,  $ t {N}(\\ alpha )$” ) , co l ou r = ”Legend” ) +
scale c o l o r manual ( labels = c ( ” S imulat ions ” , ”Upper  bound” , ”Lower  bound” ) ,

# for some reason the co l ou r ing doesn ’ t match , so we ad j u s t i t
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va lue s = c ( ” midnightblue ” , ”plum2” , ” da rko l i v eg r e en4 ” ) ) +
theme ( legend . p o s i t i o n = c ( 0 . 1 2 , 0 . 8 1 ) ,

legend . background = element rect ( f i l l =” white ” ,
s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

##################################################
### P lo t t i n g aga in s t l o g (N)
N. log <− log ( 1 :N max)
log . df .mean <− data . frame (N. log , mean . time , mean . low , mean . up )
names( log . df .mean) <− c ( ” l og .N” , ”Mean . time ” , ”Lower . bound” , ”Upper . bound” )
edit . log . df .mean <− log . df .mean [ log . df .mean$Mean . time != 0 , ]

ggp lot ( edit . log . df .mean) +
geom point ( aes ( x = log .N, y = Mean . time , c o l ou r = ’ black ’ ) ) +
geom l i n e ( aes ( x = log .N, y = Lower . bound , co l our = ’ red ’ ) , s i z e = 1) +
geom l i n e ( aes ( x = log .N, y = Upper . bound , co l our = ’ blue ’ ) , s i z e = 1) +
geom smooth ( aes ( x = log .N, y = Mean . time ) , method = lm , c o l ou r = ” skyblue4 ” ,

f i l l = ” skyblue ” ) +
theme bw( ) +
labs ( x = TeX( ” Logarithmic  network  s i z e ,  $ l og (N)$” ) ,

y = TeX( ”Mean  conensus  time ,  $ t {N}(\\ alpha )$” ) , co l ou r = ”Legend” ) +
scale c o l o r manual ( labels = c ( ” S imulat ions ” , ”Upper  bound” , ”Lower  bound” ) ,

# for some reason the co l ou r ing doesn ’ t match , so we ad j u s t i t
va lue s = c ( ” midnightblue ” , ”plum2” , ” da rko l i v eg r e en4 ” ) ) +

theme ( legend . p o s i t i o n = c ( 0 . 1 2 , 0 . 8 1 ) ,
legend . background = element rect ( f i l l =” white ” ,

s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

##################################################
#### Simula t ions f o r e x i t p r o b a b i l i t y f o r d i f f e r e n t va l u e s o f N
# Values & s e t up
nsims <− 200
N min <− 1
N max <− 100
N s t ep s <− 1
q0 <− 1
q1 <− 0 .5
alpha <− 0 .2
time . s ims <− matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
sim .num <−matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
end . sim <− matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
mean . time <− vector ( )
N. sims <− vector ( )

# Running s imu la t i on s
for ( j in seq (N min ,N max,N s t ep s ) ){

N. sims [ j ] <− j
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for ( i in 1 : nsims ){
a . sim <− voter CTMC( q0 , q1 , j , alpha )
time . s ims [ i , j ] <− a . sim$time [ length ( a . sim$time ) ]
end . sim [ i , j ] <− a . sim$X[ length ( a . sim$X) ]

}
mean . time [ j ] <− mean( time . s ims [ , j ] )

}

# Edi t ing and p l o t t i n g data
N. data <− vector ( )
time . data <− vector ( )
end . data <− vector ( )

for ( j in N min :N max) {
N. data <− c (N. data , rep ( j , nsims ) )
time . data <− c ( time . data , time . s ims [ , j ] )
end . data <− c (end . data , end . sim [ , j ] )

}

data . s ims <− data . frame (N. data ,
time . data ,
end . data )

# Exi t p r o b a b i l i t y from s imu la t i on s
data . ex i tprob <− vector ( )
for ( i in N min :N max) {

data . ex i tprob [ i ] <− length (data . s ims$end . data [ data . s ims$end . data == i ] ) /nsims
}
N. exit . s ims <− seq ( from = N min , to = N max, by = N step s )
df . ex i tprob . sims <− data . frame (

N. exit . sims ,
data . ex i tprob

)

# e x i t p r o b a b i l i t y theory
N. theory <− seq ( from = N min , to = N max, by = N step s )
p <− q0/ ( q0+q1 )
r <− (1−p)/p
E N <− (1− r ˆ{ f loor ( alpha∗N. theory )} )/(1− r ˆN. theory )
theory . exit <− data . frame (N. theory ,

E N)
unbiased . theory <− rep ( alpha , length (N. theory ) )
df . exit . prob <− cbind ( theory . exit , df . ex i tprob . sims$data . ex i tprob , unbiased . theory )
names(df . exit . prob ) <− c ( ”N” , ” theory . e x i t . prob” , ”sim . e x i t . prob” , ” unbiased . theory ” )

### p l o t t i n g data and theory in one graph
ggp lot (data = df . exit . prob ) +

geom l i n e ( mapping=aes ( x = N, y = theory . exit . prob , co l ou r =’ red ’ ) , l i n ew id th = 1) +
geom l i n e ( mapping=aes ( x = N, y = unbiased . theory , co l ou r = ” darko l i v eg r e en4 ” ) ,

l i n ew id th = 1)+
geom point ( mapping = aes ( x= N, y = sim . exit . prob , co l ou r = ’ black ’ ) ) +
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l ab s ( x = TeX( ”Network  s i z e ,  $N$” ) , y = TeX( ” Exit  p robab i l i t y ,  $E N(\\ alpha )$” ) ,
co l ou r = ”Legend” ) +

theme bw( ) +
scale y cont inuous ( breaks=seq ( 0 , 1 , 0 . 2 ) ) +
scale c o l o r manual ( labels = c ( ” S imulat ions ” , ”Unbiased  theory ” ,

” Biased  theory ” ) ,
va lue s = c ( ” midnightblue ” , ” da rko l i v eg r e en4 ” , ”plum2” ) ) +

theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 7 ) ,
legend . background = element rect ( f i l l =” white ” ,

s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

### P lo t t i n g l o g (1−E N) vs N to show growth i s e xponen t i a l
log . sim . exit . prob <− log(1−df . exit . prob$sim . exit . prob )
log . df . exit . prob <− data . frame (df . exit . prob$N, log . sim . exit . prob )
names( log . df . exit . prob ) <− c ( ”N” , ” l og . sim . e x i t . prob” )
# remove − i n f i n i t y va lues , c l eans up the data f o r p l o t t i n g
edit . log . df . exit . prob <− log . df . exit . prob [ log . df . exit . prob$log . sim . exit . prob != −In f , ]
# p l o t t i n g
ggp lot (data = edit . log . df . exit . prob ) +

geom point ( mapping = aes ( x= N, y = log . sim . exit . prob , co l ou r = ’ black ’ ) ) +
geom smooth ( aes ( x = N, y = log . sim . exit . prob , co l ou r = ’ red ’ ) , method = lm ,

c o l ou r = ” skyblue4 ” , f i l l = ” skyblue ” ) +
labs ( x = TeX( ”Network  s i z e ,  $N$” ) , y = TeX( ”$ l og (1−E N(\\ alpha ) )$” ) ,

co l ou r = ”Legend” ) +
theme bw( ) +
scale y cont inuous ( breaks=seq ( 0 , 1 , 0 . 2 ) ) +
scale c o l o r manual ( labels = c ( ” S imulat ions ” ) ,

va lue s = c ( ” midnightblue ” ) ) +
theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 8 ) ,

legend . background = element rect ( f i l l =” white ” ,
s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

##################################################
#### Biased s imu la t i on s mean consensus time f o r d i f f e r e n t va l u e s o f a lpha
# Values & s e t up
nsims <− 100
q0 <− 1
q1 <− 0 .5
N <− 100
k <− 0

time . s ims <− matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
sim .num <−matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
end . sim <− matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
mean . time <− vector ( )
alpha . sims <− vector ( )
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alpha . data <− vector ( )
time . data <− vector ( )
end . data <− vector ( )

### simu la t i on s b i a s ed
for ( j in seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) {

k <− k+1
alpha . sims [ k ] <− j
for ( i in 1 : nsims ){

a . sim <− voter CTMC( q0 , q1 ,N, j )
time . s ims [ i , k ] <− a . sim$time [ length ( a . sim$time ) ]
end . sim [ i , k ] <− a . sim$X[ length ( a . sim$X) ]

}
mean . time [ k ] <− mean( time . s ims [ , k ] )
alpha . data <− c ( alpha . data , rep ( j , nsims ) )
time . data <− c ( time . data , time . s ims [ , k ] )
end . data <− c (end . data , end . sim [ , k ] )

}

# Edi t ing data
df .mean . a lpha . b ia sed <− data . frame ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) , mean . time )
names(df .mean . a lpha . b ia sed ) <− c ( ”mean . alpha ” , ”mean . time ” )

#### Unbiased s imu la t i on s mean consensus time f o r d i f f e r e n t va l u e s o f a lpha
# va lue s & s e t up
nsims <− 500
q0 <− 1
q1 <− 1
N <− 100
k <− 0

time . s ims <− matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
sim .num <−matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
end . sim <− matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
mean . time <− vector ( )
alpha . sims <− vector ( )

alpha . data <− vector ( )
time . data <− vector ( )
end . data <− vector ( )

### simu la t i on s unbiased
for ( j in seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) {

k <− k+1
alpha . sims [ k ] <− j
for ( i in 1 : nsims ){

a . sim <− voter CTMC( q0 , q1 ,N, j )
time . s ims [ i , k ] <− a . sim$time [ length ( a . sim$time ) ]
end . sim [ i , k ] <− a . sim$X[ length ( a . sim$X) ]

}
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mean . time [ k ] <− mean( time . s ims [ , k ] )
alpha . data <− c ( alpha . data , rep ( j , nsims ) )
time . data <− c ( time . data , time . s ims [ , k ] )
end . data <− c (end . data , end . sim [ , k ] )

}

# making data f o r mean consensus time as func t i on o f a lpha
df .mean . a lpha . unbiased <− data . frame ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) , mean . time )
names(df .mean . a lpha . unbiased ) <− c ( ”mean . alpha ” , ”mean . time ” )

# Theory mean consensus time as func t i on o f a lpha
mean . a lpha . theory . unbiased <− vector ( )
k <− 0
for ( j in seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) {

k <− k+1
mean . a lpha . theory . unbiased [ k ] <− N∗(−(( j∗log ( j ))+((1− j )∗log(1− j ) ) ) )

}

# Co l l e c t i n g a l l mean consensus t imes in one data frame
df .mean . a lpha <− data . frame ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) , df .mean . a lpha . unbiased$mean . time ,

mean . a lpha . theory . unbiased ,
df .mean . a lpha . b ia sed$mean . time ,
mean . a lpha . theory . b ia sed )

names(df .mean . a lpha ) <− c ( ”mean . alpha ” , ”mean . time . unbiased ” , ”mean . theory . unbiased ” ,
”mean . time . b iased ” , ”mean . theory . b iased ” )

### p l o t t i n g e v e r y t h in g in one graph
ggp lot (df .mean . a lpha ) +

geom smooth ( aes ( x = mean . alpha , y = mean . time . b iased , co l ou r = ’ green ’ ) ,
method = lm , s i z e = 1 , co l our = ”plum3” , f i l l = ” t h i s t l e 2 ”)+

geom l i n e ( aes ( x = mean . alpha , y = mean . theory . unbiased , co l ou r = ’ red ’ ) , s i z e = 1) +
geom point ( aes ( x = mean . alpha , y = mean . time . unbiased , co l ou r = ’ black ’ ) ) +
geom point ( aes ( x = mean . alpha , y = mean . time . b iased , co l ou r = ’ blue ’ ) ) +
theme bw( ) +
scale x cont inuous ( breaks=seq ( 0 . 1 , 0 . 9 , 0 . 1 ) ) +
labs ( x = TeX( ” I n i t i a l  f r a c t i o n  o f  agents  with  op in ion  1 ,  $\\ alpha$” ) ,

y = TeX( ”Mean  conensus  time ,  $ t {N}(\\ alpha )$” ) , co l ou r = ”Legend” ) +
scale c o l o r manual ( labels = c ( ” Simulat ions ,  unbiased  agents ” ,

” Simulat ions ,  b ia sed  agents ” ,
”Theory ,  unbiased  agents ” ) ,

# for some reason the co l ou r ing doesn ’ t match
va lue s = c ( ” da rko l i v eg r e en ” , ” midnightblue ” ,

” darkseagreen3 ”))+
theme ( legend . p o s i t i o n = c ( 0 . 5 , 0 . 5 ) ,

legend . background = element rect ( f i l l =” white ” ,
s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

### p l o t t i n g j u s t the s imu la t i on s o f the mean consensus time f o r b i a s ed agents
ggp lot (df .mean . a lpha ) +
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geom smooth ( aes ( x = mean . alpha , y = mean . time . b ia sed ) ,
method = lm , s i z e = 1 , co l our = ”plum3” , f i l l = ” t h i s t l e 2 ” ) +

geom point ( aes ( x = mean . alpha , y = mean . time . b iased , co l ou r = ’ blue ’ ) ) +
theme bw( ) +
scale x cont inuous ( breaks=seq ( 0 . 1 , 0 . 9 , 0 . 1 ) ) +
labs ( x = TeX( ” I n i t i a l  f r a c t i o n  o f  agents  with  op in ion  1 ,  $\\ alpha$” ) ,

y = TeX( ”Mean  conensus  time ,  $ t {N}(\\ alpha )$” ) , co l ou r = ”Legend” ) +
scale c o l o r manual ( labels = c ( ” Simulat ions ,  b ia sed  agents ” ) ,

va lue s = c ( ” midnightblue ”))+
theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 8 ) ,

legend . background = element rect ( f i l l =” white ” ,
s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

##################################################

### Function f o r major i ty model CTMC
major i ty CTMC <− function ( q0 , q1 ,N, alpha ,K){

X = vector ( ) # X the embedded markov chain
X[ 1 ] = f loor (N∗alpha ) # se t i n i t i a l s t a t e as propor t ion a lpha o f N t o t a l

# agents having opinion 1
t <− vector ( ) # time vec t o r f o r t r a n s i t i o n s
t [ 1 ] <− 0
while (TRUE){

i f (X[ length (X) ] == N) break #stop the s imu la t i on when s t a t e N i s reached
else i f (X[ length (X) ] == 0) break #stop the s imu la t i on when s t a t e 0 i s reached
else {

q plus <− q0∗ (N−X[ length (X) ] ) ∗(1−pbinom(K, 2∗K,X[ length (X) ] /N) )
# ra te q ( k−>k+1)
q minus <− q1∗X[ length (X) ] ∗(1−pbinom(K, 2∗K,1−X[ length (X) ] /N) )
# ra te q ( k−>k−1)
M. exp . r a t e <− q minus + q plus # ra te o f e xponen t i a l v a r i a b l e M { j , k } ,

# j t h v i s i t to s t a t e k
X change <− X[ length (X) ] + sample (c ( −1 ,1) , 1 , replace = TRUE,

prob = c (q minus ,q plus ) )
X <− c (X, X change ) # for a l l o ther s t a t e s the chain t a k e s a s t ep to the

# l e f t or r i g h t
t change <− t [ length ( t ) ] + rexp (1 , r a t e=M. exp . r a t e )
t <− c ( t , t change )
next

}
}
return ( l i s t (X = X, time = t ) ) # re turns the s t a t e s t ha t the MC goes through

# and the corresponding time s t ep
}

##################################################

### p l o t t i n g chains f o r mu l t i p l e va l u e s o f q1
q0 <− 0 .5
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N <− 100
alpha <− 0 .5
K <− 1
q1 . vec <− vector ( )
q1 . t imes <− vector ( )
q1 .X <− vector ( )
q1 .mat <− vector ( )
q1 .X.mat <− vector ( )
q1 . t imes .mat <− vector ( )
counter <− 0

for ( i in seq ( 0 , 1 , 0 . 1 ) ) {
counter <− counter +1
q1 . sim <− major i ty CTMC( q0 , i ,N, alpha , K)
q1 . vec <− rep ( i , length ( q1 . sim$X) )
q1 . t imes <− q1 . sim$time
q1 .X <− q1 . sim$X
q1 .mat <− qpcR : : : cbind .na( q1 .mat , q1 . vec )
q1 . t imes .mat <− qpcR : : : cbind .na( q1 . t imes .mat , q1 . t imes )
q1 .X.mat <− qpcR : : : cbind .na( q1 .X.mat , q1 .X)

}

df . q1 . chain <− data . frame ( q1 .mat[ , −1 ] ,
q1 . t imes .mat[ , −1 ] ,
q1 .X.mat[ , −1 ] )

ggp lot (df . q1 . chain ) +
geom l i n e ( aes ( x = q1 . times , y = q1 .X) , co l ou r = ” green4 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 1 , y = q1 .X. 1 ) , co l ou r = ” darkseagreen3 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 2 , y = q1 .X. 2 ) , co l ou r = ” o l i v ed rab2 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 3 , y = q1 .X. 3 ) , co l ou r = ” ye l low1 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 4 , y = q1 .X. 4 ) , co l ou r = ” goldenrod1 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 5 , y = q1 .X. 5 ) , co l ou r = ” choco la t e2 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 6 , y = q1 .X. 6 ) , co l ou r = ”tomato4” ) +
geom l i n e ( aes ( x = q1 . t imes . 7 , y = q1 .X. 7 ) , co l ou r = ” mediumvioletred ” ) +
geom l i n e ( aes ( x = q1 . t imes . 8 , y = q1 .X. 8 ) , co l ou r = ” darkorch id4 ” ) +
geom l i n e ( aes ( x = q1 . t imes . 9 , y = q1 .X. 9 ) , co l ou r = ” s t e e l b l u e ” ) +
geom l i n e ( aes ( x = q1 . t imes . 1 0 , y = q1 .X. 1 0 ) , co l ou r = ” midnightblue ” ) +
theme bw( ) +
labs ( x = TeX( ”Time” ) , y = TeX( ”Number  o f  agents  with  op in ion  $1$” ) )

##################################################

### func t i on g K
g K <− function (x ,K){

( (1/x )∗(1−pbinom(K, 2∗K, x ) ) )/ ( (1/(1−x ) )∗(1−pbinom(K, 2∗K,1−x ) ) )
}

##################################################
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### Function f o r major i ty model s imu la t i on s f o r d i f f e r e n t va l u e s o f N
maj sims N <− function ( q0 , q1 , alpha ,K,N max, nsims ){

N min <− 1
N s t ep s <− 1
time . s ims <− matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
sim .num <−matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
end . sim <− matrix (nrow = nsims , ncol = length ( seq (N min ,N max,N s t ep s ) ) )
mean . time <− vector ( )
N. sims <− vector ( )

for ( j in seq (N min ,N max,N s t ep s ) ){
N. sims [ j ] <− j
for ( i in 1 : nsims ){

a . sim <− major i ty CTMC( q0 , q1 , j , alpha ,K)
time . s ims [ i , j ] <− a . sim$time [ length ( a . sim$time ) ]
end . sim [ i , j ] <− a . sim$X[ length ( a . sim$X) ]

}
mean . time [ j ] <− mean( time . s ims [ , j ] )

}

#### making data frame
N. data <− vector ( )
time . data <− vector ( )
end . data <− vector ( )

for ( j in N min :N max) {
N. data <− c (N. data , rep ( j , nsims ) )
time . data <− c ( time . data , time . s ims [ , j ] )
end . data <− c (end . data , end . sim [ , j ] )

}

data . s ims <− data . frame (N. data ,
time . data ,
end . data )

return (data . s ims )
}

##################################################

### simu la t i on s f o r mean consensus time f o r t h r ee va l u e s o f a lpha
q0 <− 1
q1 <− 0 .6
K <− 1
N s t ep s <− 1
N min <− 1
N max <− 200
nsims <− 200

sims 0 .2 mean <− maj sims N( q0 , q1 , 0 . 2 ,K,N max, nsims )
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sims 0 .4 mean <− maj sims N( q0 , q1 , 0 . 4 ,K,N max, nsims )
sims 0 .6 mean <− maj sims N( q0 , q1 , 0 . 6 ,K,N max, nsims )

### making data f o r mean time
data .mean . 0 . 2 <− vector ( )
data .mean . 0 . 4 <− vector ( )
data .mean . 0 . 6 <− vector ( )

for ( i in 1 :N max) {
data .mean . 0 . 2 [ i ] <− mean( sims 0 .2 mean [ s ims 0 .2 mean$N. data == i , 2 ] )

}

for ( i in 1 :N max) {
data .mean . 0 . 4 [ i ] <− mean( sims 0 .4 mean [ s ims 0 .4 mean$N. data == i , 2 ] )

}

for ( i in 1 :N max) {
data .mean . 0 . 6 [ i ] <− mean( sims 0 .6 mean [ s ims 0 .6 mean$N. data == i , 2 ] )

}

df .mean <− data . frame ( 1 :N max, data .mean . 0 . 2 , data .mean . 0 . 4 , data .mean . 0 . 6 )
names(df .mean) <− c ( ”N” , ”mean . time . 0 . 2 ” , ”mean . time . 0 . 4 ” , ”mean . time . 0 . 6 ” )

df .mean . long <− melt (df .mean, id = ”N” )

### p l o t t i n g mean time
ggp lot (df .mean . long ,

aes ( x = N,
y = value ,
c o l o r = variable ) ) +

geom point ( ) +
theme bw( ) +
labs ( x = TeX( ”Network  s i z e ,  $N$” ) , y = TeX( ”Mean  conensus  time ,

                                             $ t {N}(\\ alpha )$” ) ,
co l ou r = ”Legend” ) +

scale c o l o r manual ( labels = c (TeX( ” Simulat ions ,  $\\ alpha  = 0 .2$” ) ,
TeX( ” Simulat ions ,  $\\ alpha  = 0 .4$” ) ,
TeX( ” Simulat ions ,  $\\ alpha  = 0 .6$” ) ) ,

# for some reason the co l ou r ing doesn ’ t match , so ad j u s t
va lue s = c ( ” da rko l i v eg r e en3 ” , ” l i g h t p i n k ” , ” s l a t e b l u e 3 ”))+

theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 2 ) ,
legend . background = element rect ( f i l l =” white ” ,

s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

### p l o t t i n g l o g (N)
# cr ea t i n g the data frame
N. log <− log ( 1 :N max)
log . df .mean <− data . frame (N. log , data .mean . 0 . 6 )
names( log . df .mean) <− c ( ” l og .N” , ”mean . time . 0 . 6 ” )
# removing va l u e s zero from mean consensus time , s ince t h i s adds noth ing u se fu l ,
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# and removing t h e s e va l u e s c r ea t e s a n i ce r graph
edit . log . df .mean <− log . df .mean [ log . df .mean$mean . time . 0 . 6 != 0 , ]

ggp lot ( edit . log . df .mean) +
geom point ( aes ( x = log .N, y = mean . time . 0 . 6 , co l ou r = ’ black ’ ) ) +
geom smooth ( aes ( x = log .N, y = mean . time . 0 . 6 ) , method = lm , c o l ou r = ” skyblue4 ” ,

f i l l = ” skyblue ” ) +
theme bw( ) +
labs ( x = TeX( ” Logarithmic  network  s i z e ,  $ l og (N)$” ) ,

y = TeX( ”Mean  conensus  time ,  $ t {N}(\\ alpha )$” ) , co l ou r = ”Legend” ) +
scale c o l o r manual ( labels = c (TeX( ” Simulat ions ,  $\\ alpha  = 0 .6$” ) ) ,

# for some reason the co l ou r ing doesn ’ t match , so we ad j u s t i t
va lue s = c ( ” midnightblue ” ) ) +

theme ( legend . p o s i t i o n = c ( 0 . 2 , 0 . 8 ) ,
legend . background = element rect ( f i l l =” white ” ,

s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

##################################################

### func t i on f o r s imu la t i on s o f major i ty model f o r d i f f e r e n t va l u e s o f K
maj sims K <− function ( q0 , q1 , alpha ,N, nsims ){

K end <− f loor (N/2)
time . s ims <− matrix (nrow = nsims , ncol = length ( seq (1 ,K end ) ) )
sim .num <−matrix (nrow = nsims , ncol = length ( seq (1 ,K end ) ) )
end . sim <− matrix (nrow = nsims , ncol = length ( seq (1 ,K end ) ) )
mean . time <− vector ( )
K. sims <− vector ( )
K start <− 1

for ( j in seq (1 ,K end ) ){
K. sims [ j ] <− j
for ( i in 1 : nsims ){

a . sim <− major i ty CTMC( q0 , q1 ,N, alpha , j )
time . s ims [ i , j ] <− a . sim$time [ length ( a . sim$time ) ]
end . sim [ i , j ] <− a . sim$X[ length ( a . sim$X) ]

}
mean . time [ j ] <− mean( time . s ims [ , j ] )

}

#### making and e d i t i n g data
K. data <− vector ( )
time . data <− vector ( )
end . data <− vector ( )

for ( j in seq (1 ,K end ) ) {
K. data <− c (K. data , rep ( j , nsims ) )
time . data <− c ( time . data , time . s ims [ , j ] )
end . data <− c (end . data , end . sim [ , j ] )
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}

data . s ims <− data . frame (K. data ,
time . data ,
end . data )

return (data . s ims )
}

##################################################
### Values
nsims <− 500
N <− 50
q0 <− 1
q1 <− 0 .6
alpha <− 0 .5
K mean sims <− maj sims K( q0 , q1 , alpha ,N, nsims )

### making data frame fo r mean time
data .mean .K <− vector ( )

for ( i in 1 : f loor (N/2) ) {
data .mean .K[ i ] <− mean(K mean sims [K mean sims$K. data == i , 2 ] )

}

df .mean .K <− data . frame ( 1 : f loor (N/2) , data .mean .K)
names(df .mean .K) <− c ( ”K. mean” , ”mean . time ” )

### p l o t t i n g

ggp lot (data = df .mean .K) +
geom point ( mapping = aes ( x=K.mean, y=mean . time ) ) +
labs ( x = TeX( ”$K$” ) , y = TeX( ”Mean  conensus  time ,  $ t {N}(\\ alpha )$” ) ) +
theme bw( )

##################################################

### simu la t i on s f o r Ex i t p r o b a b i l i t y f o r two va l u e s o f a lpha
q0 <− 1
q1 <− 0 .6
K <− 1
N s t ep s <− 1
N min <− 1
N max <− 200
nsims <− 100
sims 0 .2 <− maj sims N( q0 , q1 , 0 . 2 ,K,N max, nsims )
sims 0 .6 <− maj sims N( q0 , q1 , 0 . 6 ,K,N max, nsims )

### e x i t p r o b a b i l i t y from s imu la t i on s w/ a lpha=0.2
data . ex i tprob . 0 . 2 <− vector ( )
for ( i in N min :N max) {
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data . ex i tprob . 0 . 2 [ i ] <− length ( sims 0 .2$end . data [ s ims 0 .2$end . data == i ] ) /nsims
}
data . ex i tprob . 0 . 2 [ 1 : 5 ] <− NA

### e x i t p r o b a b i l i t y from s imu la t i on s w/ a lpha=0.6
data . ex i tprob . 0 . 6 <− vector ( )
for ( i in N min :N max) {

data . ex i tprob . 0 . 6 [ i ] <− length ( sims 0 .6$end . data [ s ims 0 .6$end . data == i ] ) /nsims
}
data . ex i tprob . 0 . 6 [ 1 ] <− NA

### data frame and p l o t t i n g

N. exit . s ims <− seq ( from = N min , to = N max, by = N step s )
df . ex i tprob . sims <− data . frame (

N. exit . sims ,
data . ex i tprob . 0 . 2 ,
data . ex i tprob . 0 . 6

)

df . ex i tprob . melt <− melt (df . ex i tprob . sims , id = ”N. e x i t . s ims ” )

# p l o t t i n g data
ggp lot (data = df . ex i tprob . melt ,

aes ( x = N. exit . sims , y=value , co l ou r = variable ) ) +
geom point ( ) +
labs ( x = TeX( ”Network  s i z e ,  $N$” ) , y = TeX( ” Exit  p robab i l i t y ,  $E N(\\ alpha )$” ) ,

co l ou r = ”Legend” ) +
theme bw( ) +
scale c o l o r manual ( labels = c (TeX( ” Simulat ions ,  $\\ alpha  = 0.2<\\ beta$” ) ,

TeX( ” Simulat ions ,  $\\ alpha  = 0.6>\\ beta$” ) ) ,
va lue s = c ( ” da rko l i v eg r e en3 ” , ” s l a t e b l u e 3 ” ) ) +

theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 5 ) ,
legend . background = element rect ( f i l l =” white ” ,

s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

### P lo t t i n g l o g (1−E N) vs N to show growth i s e xponen t i a l
# s imu la t i on s
q0 <− 1
q1 <− 0 .6
K <− 1
N s t ep s <− 1
N min <− 1
N max <− 200
nsims <− 500
sims 0 .6 <− maj sims N( q0 , q1 , 0 . 6 ,K,N max, nsims )

# make e x i t p r o b a b i l i t y
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data . ex i tprob . 0 . 6 <− vector ( )
for ( i in N min :N max) {

data . ex i tprob . 0 . 6 [ i ] <− length ( sims 0 .6$end . data [ s ims 0 .6$end . data == i ] ) /nsims
}
data . ex i tprob . 0 . 6 [ 1 ] <− NA

# make data frame
log . sim . exit . prob <− log(1−data . ex i tprob . 0 . 6 )
log . df . exit . prob <− data . frame (N. exit . sims , log . sim . exit . prob )
names( log . df . exit . prob ) <− c ( ”N” , ” l og . sim . e x i t . prob” )

# remove − i n f i n i t y va lues , c l eans up the data f o r p l o t t i n g
edit . log . df . exit . prob <− log . df . exit . prob [ log . df . exit . prob$log . sim . exit . prob != −In f , ]

# p l o t t i n g
ggp lot (data = edit . log . df . exit . prob ) +

geom point ( mapping = aes ( x= N, y = log . sim . exit . prob , co l ou r = ’ black ’ ) ) +
geom smooth ( aes ( x = N, y = log . sim . exit . prob , co l ou r = ’ red ’ ) , method = lm ,

c o l ou r = ” skyblue4 ” , f i l l = ” skyblue ” ) +
labs ( x = TeX( ”Network  s i z e ,  $N$” ) , y = TeX( ”$ l og (1−E N(\\ alpha ) )$” ) ,

co l ou r = ”Legend” ) +
theme bw( ) +
scale c o l o r manual ( labels = c (TeX( ” Simulat ions ,  $\\ alpha  = 0.6>\\ beta$” ) ) ,

va lue s = c ( ” midnightblue ” ) ) +
theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 8 ) ,

legend . background = element rect ( f i l l =” white ” ,
s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )

##################################################

#### Function f o r s imu la t i on s o f major i ty model f o r d i f f e r e n t va l u e s o f a lpha
maj sims alpha <− function ( q0 , q1 ,K,N, nsims ){

N min <− 1
N s t ep s <− 1

time . s ims <− matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
sim .num <−matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )
end . sim <− matrix (nrow = nsims , ncol = length ( seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) )

mean . time <− vector ( )
alpha . data <− vector ( )
time . data <− vector ( )
end . data <− vector ( )
alpha . sims <− vector ( )
c<− 0
for ( j in seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) {

c <− c+1
alpha . sims [ c ] <− j
for ( i in 1 : nsims ){
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a . sim <− major i ty CTMC( q0 , q1 ,N, j ,K)
time . s ims [ i , c ] <− a . sim$time [ length ( a . sim$time ) ]
end . sim [ i , c ] <− a . sim$X[ length ( a . sim$X) ]

}
mean . time [ c ] <− mean( time . s ims [ , c ] )
alpha . data <− c ( alpha . data , rep ( j , nsims ) )
time . data <− c ( time . data , time . s ims [ , c ] )
end . data <− c (end . data , end . sim [ , c ] )

}

data . s ims <− data . frame ( alpha . data ,
time . data ,
end . data )

return (data . s ims )
}

##################################################
### Exi t p r o b a b i l i t y vs a lpha f o r d i f f e r e n t va l u e s o f N
# se t up va l u e s and run s imu la t i on s
q0 <− 1
q1 <− 0 .6
K <− 1
nsims <− 500

sims 10 <− maj sims alpha ( q0 , q1 ,K, 1 0 , nsims )
sims 100 <− maj sims alpha ( q0 , q1 ,K,100 , nsims )
sims 500 <− maj sims alpha ( q0 , q1 ,K,500 , nsims )

# e x i t p r o b a b i l i t y from s imu la t i on s w/ N=10
data . ex i tprob .10 <− vector ( )
counter <− 0
for ( i in seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) {

counter <− counter +1
data . ex i tprob . 1 0 [ counter ] <− length ( sims 10$end . data [ s ims 10$end . data == 10

& sims 10$alpha . data == i ] ) /nsims
}

# e x i t p r o b a b i l i t y from s imu la t i on s w/ N=100
data . ex i tprob .100 <− vector ( )
counter <− 0
for ( i in seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) {

counter <− counter +1
data . ex i tprob . 1 0 0 [ counter ] <− length ( sims 100$end . data [ s ims 100$end . data == 100

& sims 100$alpha . data == i ] ) /nsims
}

# e x i t p r o b a b i l i t y from s imu la t i on s w/ N=500
data . ex i tprob .500 <− vector ( )
counter <− 0
for ( i in seq ( 0 . 1 , 0 . 9 , 0 . 0 5 ) ) {

counter <− counter +1
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data . ex i tprob . 5 0 0 [ counter ] <− length ( sims 500$end . data [ s ims 500$end . data == 500
& sims 500$alpha . data == i ] ) /nsims

}

# data frame and p l o t t i n g
alpha . exit . s ims <− seq ( 0 . 1 , 0 . 9 , 0 . 0 5 )
df . ex i tprob . alpha <− data . frame (

alpha . exit . sims ,
data . ex i tprob . 1 0 ,
data . ex i tprob . 100 ,
data . ex i tprob .500

)

data long <− melt (df . ex i tprob . alpha , id = ” alpha . e x i t . s ims ” )

ggp lot (data long ,
aes ( x = alpha . exit . sims ,

y = value ,
c o l o r = variable ) ) +

geom l i n e ( s i z e =1) +
theme bw( ) +
geom v l i n e ( x i n t e r c e p t = 0 .375 , l i n e t y p e=” dotted ” ,

c o l o r = ” black ” , s i z e =1) +
annotate ( ” text ” , x = 0 .52 ,

y = 0 .255 , l a b e l = TeX( ”$\\ alpha  = \\ beta  = 0 .375$” ) , s i z e =4,
co l our=’ black ’ , f a c e=” bold ” ) +

geom segment ( aes ( x = 0 .45 , y = 0 .25 ,
xend = 0 .375 , yend = 0 . 2 5 ) ,

co l ou r=’ f i r e b r i c k ’ , s i z e =1,arrow = arrow ( length = unit ( 0 . 5 , ”cm” ) ,
type = ” c l o s e d ” ) ) +

labs ( x = TeX( ” I n i t i a l  f r a c t i o n  o f  agents  with  op in ion  1 ,  $\\ alpha$” ) ,
y = TeX( ” Exit  p robab i l i t y ,  $E N(\\ alpha )$” ) ,
co l ou r = ”Legend” ) +

scale x cont inuous ( breaks=seq ( 0 . 1 , 0 . 9 , 0 . 1 ) ) +
scale c o l o r manual ( labels = c (TeX( ” Simulat ions ,  $N = 10$” ) ,

TeX( ” Simulat ions ,  $N=100$” ) ,
TeX( ” Simulat ions ,  $N=500$” ) ) ,

va lue s = c ( ” gold1 ” , ” s l a t e b l u e 3 ” , ” da rko l i v eg r e en4 ”))+
theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 3 ) ,

legend . background = element rect ( f i l l =” white ” ,
s i z e =0.75 , l i n e t y p e=” s o l i d ” ,
co l ou r =” black ” ) )
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