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Abstract

The aim of this thesis is to perform uncertainty quantification in free-surface flow simulations by employing
a stochastic Galerkin formulation to the Shallow Water Equations, a set of hyperbolic partial differential
equations that describe fluid flow beneath a pressure surface. The study investigates the influence of uncertain
parameters, such as viscosity and friction coefficients, on the evolution of water dynamics in natural systems
such as oceans and rivers. Instead of treating viscosity as a fixed parameter, we model it as an uncertain
quantity and analyse its impact on flow behaviour. The numerical simulations will be extended to recently
developed Shallow Water Moment Equations for comparison with the traditional Shallow Water Equations.
Additionally, we will assess the behaviour of both Shallow Water Equations and Shallow Water Moment
Equations under different initial conditions, specifically the dam-break and smooth periodic cases, to evaluate
their ability to produce accurate free-surface flow predictions.
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1 Introduction

The Shallow Water Equations (SWE) were first derived by Adhémar Barré de Saint-Venant in the 19th
century, laying the foundation for modeling free-surface fluid flows. Later, Navier contributed to the devel-
opment of free-surface equations, advancing our understanding of fluid dynamics [4]. This thesis focuses on
how uncertainty propagates through the Shallow Water Moment Equations (SWME), an extension of SWE
that accounts for vertical velocity variations.

To establish the necessary background, we first examine the SWE, which describe shallow water flow where
horizontal velocity dominates over vertical velocity. A key assumption in SWE is that the horizontal velocity
remains uniform across the vertical axis, leading to a system of hyperbolic partial differential equations.
These equations are widely used to model tsunami propagation, ocean currents, and river hydraulics. They
can also be applied beyond classical fluid mechanics, such as in heavy gas dispersion and atmospheric flows
[12]. However, the assumption of uniform velocity leads to inaccuracies in certain scenarios, necessitating
the development of more sophisticated models.

To address these limitations, the SWME introduce higher-order moments using Legendre polynomials, al-
lowing for a more realistic representation of vertical velocity profiles. However, SWME also come with
challenges, such as the loss of hyperbolicity for higher moments, which can cause numerical instabilities [7].

So far, most studies have focused on deterministic simulations of these models. However, in real-world
scenarios, key parameters such as viscosity (v) and friction coefficients (A) are uncertain. To quantify their
impact, we will apply both non-intrusive and intrusive uncertainty quantification techniques to the Shallow
Water Models. The goal is to compare how these methods influence the propagation of uncertainty in
shallow water flow modelling. This analysis will be conducted using and adapting the code developed by
PhD student A. Parvin from KU Leuven.

In addition, we will investigate how uncertainty affects the behaviour of the system under different initial
conditions. Specifically, we will study a smooth periodic wave, where a controlled, continuous variation
in water height is represented; and a dam-break problem, that models an abrupt release of water due to
sudden barrier removal. These contrasting test cases will help assess the robustness of different uncertainty
quantification techniques across different flow regimes.



2 Theoretical Background

We will start with an introduction to the SWE and then we will study the SWME. The theoretical background
needed to understand how the SWE and SWME are derived was written based on [12].

In order for the thesis to be cohesive, we will set z and y to be the horizontal plane and z to be the vertical
direction, thus z = 0 is the bottom of the canal. The equation for the free surface is then written as

z = s(z,y,t) = b(z,y,t) + h(z,y,t) (1)
where b(z, y) is the permeable bottom and b(x) 0, since it is always above the bottom, its derivative stands

for the slope of the channel, h(z,y,t) is the distance between that permeable bottom and the free surface.
In order to calculate those equations, we assume conservation of mass:

pi+1r (pV)=0 (2)

and balance of momentum:

SVt bV Vel 1= (3)

where p is density, p is pressure, V is the velocity and it stands for V = (u,v, w), respectively, equivalent to
the x,y,z axis of the velocity, II is the viscous stress tensor, g = (g1, g2, g3) is also a vector, denoting gravity
and I is the identity matrix.

V Vs calculated as:

V V= |ovu v ow (4)
wy  wu w
and I, the viscous stress tensor is defined as :
T LTy LTz
II=|7Y* 7Yv V= (5)

TET Y 2z

The viscous stress tensor plays a crucial role in momentum transport, energy dissipation, and boundary
layer dynamics, making it essential for understanding fluid behaviour. 7% represents the stress components
in the fluid, where the first index ¢ refers to the direction of the force, and the second j to the direction of
the velocity gradient causing the stress.

Let us expand the equations above:

pe+r (pV)=0 (6)
> Pt + 0z(pu) + 0y (pv) + 0. (pw) =0 (7)
> Pt upz +vpy +wp, 4 pluy +vy +w,) =0 (8)
First let us calculate
9z (pu®) + 9y (puv) + 0. (puw) 9 peu + puy Dz
r oV V= 0:(pvu) +9,(pv*) + 0z (pvw) |, S (pV) = | protpve | & 1 pl=|p, 9)
0 (pwu) + 8y (pwv) + 9, (pw?) prw + pwy D=

By adding these equations, while taking into account that IT is neglectable, and the conservation of mass
equation, we will obtain the expanded version of the balance momentum equation:

peu A+ pur + 0z (pu?) 4 0y (puv) + - (puw) + p. = pg1
piv + pvi + O (pou) + 0y (pv°) + 9 (pvw) +py, = pg2 (10)
pew + pwi + 9y (pwu) 4 0, (pwv) + d.(pw?®) +p. = pgs
Up + Uty + vy +wus + P =01
s U+ Uvy + 00y + W, + %py =gs (11)
Wy + UW, + Vwy + ww, + %pz =93



We can assume that the density of the fluid is constant, since the fluid is often considered incompressible,
and thus the variations in density are negligible for shallow flows. Then the principles can be written as:

Uy + vy +w, =0 (12)
ut—i—uux—l—vuy—l—wuz%—%px =0
vy + uvy + voy, + wu, + %py =0 (13)
wt—l—uwz—&—va—%-wwz-k%;ﬂz =9

When working with free-surface models, the expanded equations will be very useful. However, by looking at
these equations we can easily see that we cannot solve this system, as one of the boundary conditions, the
free-surface, is unknown.

Equation (1), can be rewritten as
1/’(%3/72,15) =2z S(:L',y,t) (14)

this equation, is used to define the interface between different regions in a fluid. This way, instead of tracking
a moving surface explicitly with a function as z = s(z,y,t), we define an implicit function such that the
boundary is a curve where 1) = 0.

In order to delve into the SWE we should take the following boundary assumptions:
Boundary at the surface: ¥(z,y,z,t) 0 (15)

This boundary equation, defines that the boundary can be either the free surface of water or the bottom
surface of the water body.
Boundary at the bottom: ¢(z,y,2,t) 2z blx,y)=0 (16)

This equation defines the shape of the bottom of the canal/river/ocean.

Boundary at free surface: ¥(z,y,2,t) 2z s(z,y,t)=0 (17)

This equation describes the changing position of the free surface over time due to waves, tides, or external
forces.

d
Kinematic condition: %w(x, Y, 2,t) = Y + uhy + vb, +wip, =0 (18)

Physically this equation means that if a water particle is initially on the free surface, its motion will remain
on the surface over time. This equation is crucial for wave modeling since it describes how the water surface
evolves in response to internal and external forces.

Dynamical condition: p(z,y, 2,t)j2=s(a,y) = Patm =0 (19)

This equation states that the pressure at the free surface (z = s(x,y,t)) is equal to the atmospheric pressure
Patm-



3 Shallow Water Equations

As is common in mathematics, mathematical models are based on certain assumptions, which usually lead
to some limitations. With the SWE, we assume that the horizontal velocity is constant with respect to the
vertical direction z, whereas usually the slowest-moving water is next to the bottom, and each successive
layer of water towards the surface flows faster than the layer below it. The water that moves fastest is found
just below the surface. This is due to friction caused by the air at the surface, which slightly slows the
surface water [7]; we also assume that the vertical acceleration has no effect on the pressure of the water
[12]. This could cause the measurements to be inaccurate. Further in this paper, another method will be
introduced that eliminates these inaccuracies; however, it still has its own limitations.

We will derive the SWE, based on the paper [8].

In order to obtain the SWE, let us first recall equation (11) and equation (12), in these equations we assume
the viscous stress tensor to be negligable. However, in order to obtain the SWE we will not make such
assumption, thus we will obtain the following equations:

Ozu+0yv+0,w=0 (20)

1 1
8tu + aw(u2) + ay(uv) + 8Z(U’LU) = ; 2D + ;8,27—12 + 91 (21)

We will only study the first equations from the system (11), since we assume the other velocity on the y and
z-axis to be constant, thus its derivative will be zero. We will introduce the scaled vertical variable ((¢, x),
which maps the physical depth z into a dimensionless vertical coordinate

z  b(w,y,t)
h(z,y,t)

by rearranging that equation z = h(x,y, t)((x, t)+b(z,y, t), with this we have transformed an irregular surface
flow into a domain with constant height. This mapping simplifies the equations by transforming the physical

vertical domain into a standard unit interval. We can transform any function ¢ (x, y, z,t) = ¥(x,y, ¢, t), thus

((z,y,t) = (22)

Gy, (o) = (a,y, b, y, )¢ (@, 1) + bz, y, y), 1) (23)
We want to rewrite the equations (20) and (21) in the new coordinate system (, every term involving
derivatives must be expressed using the transformed operators.

hotp = O (h)) ¢ (O (Ch +b)p) where k 2 Ft,x,yg (24)
hdh = Oct) (25)
If we multiply equation (20) with h, we obtain:

h(Ozu + Oyv + 0, w = 0) (26)

Let us rewrite equation (26) with the new system of coordinates (z,y, ):
hyu = 0y (htt) 9 (0:(Ch + b)a) (27)
hdyv = 9y (hv)  O¢(9y(Ch + b)D) (28)
ho,w = 0, (hw) (29)

Substituting these expressions into the equation (26):
0, (hit) + 9y, (h) + ¢ (w Bu(Ch+b)i 9, (Ch + b)f))) =0 (30)

The substitution aligns the mass conservation equation with the new coordinate system. The vertical velocity
w can be written as

1 1

w(t,xz,y,1) w(t,z,y,0) = 5‘m(h/ ﬂdé) ay(h/ ﬁdf)—i—ﬂ(tx,y, 1)0ys (31)
0 0

a(t,z,y,0)0,b+ 0(t,x,y,1)0ys  0(t,x,y,1)05b (32)



By applying the kinematic condition (equation (18)) we obtain:
0¢(h) + 0z (huy,) + 0y (hvy,) =0 (33)

Here upm,(t,z,y,() = fol ad¢ and vy, (t, z,y,() = fol vd( stand for the mean velocity on the z- and y-axis,
respectively. Now let us multiply equation (21) by h, we obtain

1 1
h(Oyu + Ox (u?) + 0y (uv) + 0, (uw)) + h;@cp = ;5’%“ +5 (34)

By applying the transformation rules previously introduced and hydrostatic pressure relation, that states
p(z,y,t,¢) = h(z,y,t)(1  ()pgs, we obtain

1
Oy (hit) + O, (hii® + %fﬂ) + 0, (hiD) + O (hiw 77 = hlgr gs0:b) (35)
Take into account the following conditions

1
=i & = %aca (36)

where p is the material’s dynamic viscosity and v is the kinematic viscosity and can be written as v = %.

We will also take into account the following boundary conditions 9,uj,—s = 0 and (u %T'Tz)jz:b =0.

The slip length A refers to the velocity of the fluid layer directly in contact with the boundary, physically
when A = 0 it means that there is no velocity at the bottom of the canal. On the other hand, when A ¥ 1
it means that there is no friction applied by the surface of the bottom topography [1].

As a mean to obtain the SWE, we shall also use the following conditions:
. . . h_.
(u /\azu)jzzb =0 , 8<uj<=1 =0 & 8<uj<=0 = Xuk:l (37)

By substituting @ with fol ud( in equation (35), same applies for the other variables derived in equation (37),
we obtain

1 1
By (hu) + s (h /0 w2d¢ + %’Vﬂ) +0, (h /0 uvdg) %[agu}gj) =h(g  g30.b) (38)

From the boundary conditions previously defined, we have %[Bgu]gié = Xujc=o. An important remark
regarding £ lies on the fact that it is critical to model energy loss due to viscosity and slip at the bottom,

being highly important to capture the physical effects of friction.

Here, u = u,,, so by substituting on the equation (38)

By (hm) + By (hufn + %hz) + 8y (Mt vm) = %um +h(gi g30:b) (39)
Note that the term 0y (huy,vy,) will disappear, once it is assumed that the velocity is constant on the y-axis.
Although these assumptions significantly simplify the equations, they restrict the applicability of the SWE
to flows with negligible bottom slope and velocity variation in the y-direction. Also we assume that the
bottom topography is flat, implying 0,b = 0, this simplifies the problem. Additionally, g; = 0 is often
assumed because there is no external horizontal body force in the z-direction.

We can rewrite the SWE in matrix form

% [hilm} * [goh 25,,1] Oa [hffm] = 3 LSJ (40)

The eigenvalws of the Matrix A can give us important insight into the system. The SWE eigenvalues are
A2 = U, gh. Physically the eigenvalues describe the standard propagation speed of the SWE [6].



The vector of unknowns was reformulated from W = [k, hu,, )T to W = [h, g]T. Therefore, instead of using
the variables u,, we substituted with the new variable {. The adjustment was made since this thesis was
written under the daily supervision of PhD student S. Kuijpers, who employs this notation in her work,
once that hu,, is a conserved quantity in the absence of friction, so is g. This new notation allows us to
implement the intrusive method easier.

Therefore the SWE is now defined as



4 Shallow Water Moment Equations

The main difference between the SWE and the SWME lies in their treatment of velocity distributions.
While SWE assumes a constant velocity across the vertical axis, SWME incorporates higher-order moments
to account for more complex velocity profiles. This will provide a more precise understanding of shallow
water dynamics in diverse scientific applications such as hydrodynamics and granular flows [12].

In spite of SWME allowing us to study more complex models, it still has its own limitations, such as the lack
of global hyperbolicity, when N > 1. This can result in numerical instabilities or unpredictable behaviour,
since the hyperbolicity is crucial for the stability.

Firstly, we shall mention how these equations can be written:
KW + A(W)9, W = P(W) (42)

where W 2 RN*2 represents the vector of unknowns: W = [k, hity,, ha, ..., han]T, the depth h, the
mean velocity u,,, and additional higher-order velocity moments if present, oy describe as a higher-order
moment. While simpler models assume a constant velocity throughout the fluid, this term accounts for
variations in velocity distribution across the depth. This allows the model to capture more complex fluid
behaviours [1]. The number of N reflects the number of moments included in the model, along with the
conserved variables for depth and mean velocity, this will be further checked with a code implementation
in MATLAB. A(W) 2 RW+2) (N+2) j5 the system matrix that characterizes the flux Jacobian. Tt defines
how the unknowns W are coupled and evolve spatially. And P(W) 2 RV*2 is the friction term, this term
accounts for physical forces such as viscosity, bottom friction, or external forcing [5].

When N = 0, the SWME reduce to the standard SWE, since that then it does not account for variations in
velocity across the depth.

The SWME will be derived based on the article [8].

In order to derive the SWME, we will first expand u and v and write them as

N

u(t,z,¢) = um(t,2) + Y _ o;(t,2)¢;(C) (43)
j=1
N

U(tl’ﬂ/)) :Um(tam) +Zﬂj(tax>¢j(4) (44)

where ¢;(() are the scaled Legendre polynomials of degree j, and «;, 5; are the momentums. The Legendre
polynomials are used since they are orthogonal and hence simplify the mathematical treatment of higher-
order moments. This makes the model more accurate since the vertical velocity is no longer assumed to be
constant.

By the Legendre polynomials, we can write

1 N
/ u?dC = up, +
0

& / uvdC = UV, + Z 2(;@_631 (45)

In this paper, we will only study when N = 1, due to time limitation. Hence the equation (43) can be
written as

u(t,z,C) = um(t,z) + ar(l  20) (46)
where ¢1({) =1 2¢. Another basic property of ¢; is that ¢;(0) = 1.

P is the friction term, and it is represented on a matrix of the same size as w. The first row is always zero,
due to the conservation of mass, and the other entries are written as [1]

v, . v . .
Pi= (2 1) um+zaj 420 1)Zai+jaj i=1,..,N+1 (47)



where

0 ifi +j = even
Q5 = {min(i l,j)(n;in(i 1,5)+1) iti 4+ j = odd (48)
Since we will only study the SWME for NV = 1, the friction term can be written as
0
P(w) = U + Q1 (49)

3(tm + a1 + 4%041)

Now we will derive the matrix A. By taking the equation (39) and adding the expansion with the Legendre
polynomials, given on equation(45) we obtain

Oy (i) +0, (h(u?n—i—z]v: Qﬁ -)+$n?)+o, (h(umvm+ZN: Qf;jfjl)) _ :(um+ZNj o;)+hlgn gs0.)
Jj=1 j=1

= (50)

Since, in this thesis, only when N = 1 we can simplify equation (50):

af
3

)+ 20) 40, (1 (v + ) = Kl ) bl 9adih) (61

Oy (ht,) + Oy (h (u%I + 3 3

Note that the term 0, (h (umvm + alTﬁl>) will disappear, once it is assumed that the velocity is constant on
the y-axis. Also we assume that the bottom topography is flat, implying 0,0 = 0, this simplifies the problem.
Additionally, g; = 0 is often assumed because there is no external horizontal body force in the z-direction.
Hence equation (51) is simplified to

2

Ot (hty,) + Oy (h (ufn + %) + ghQ) = %(um +ai) (52)

Now we only need to derive the equation that accounts for the variation of flux according to the depth. From
[7], we have the following equation:

8(hai) 6FZ

ot ox

where: F; is the flux term, (); is the non-conservative term from equation and P; is the friction term.

=Qi+ P (53)
The conservative flux can be written as

N 1
Fi =h 2umozi + Z (21 + 1)/ ¢z¢j¢kdc (6771873 (54)
0

k=1

For N =1 (linear velocity profile), we set ¢ = 1, so this simplifies to:

1
Fi=h (2uma1 +3 / P3dc¢ a§> (55)
0
note that
1 1
3 [ atac=3 [ 20 e —o (56)
0 0
so the flux term simplifies to:
Fi = h(2upan) (57)

By taking its partial derivatives with respect to the unknown vector W:

OwF1 = 2uma10:h + 200, (huy,) + 2,0, (hay) (58)

10



The non-conservative term, is written as

N
Qi = Um M Z
k=

1 ¢
h i I ( / ¢ij°> OrdC 0s(hay) (59)

1

Since we will only study the case where NV = 1, we use the first Legendre polynomial:

$0(C) =1, ¢(Q)=2¢ 1 (60)

Their derivatives are:

#(¢) =0, ¢(¢)=2 (61)

The integral term in the summation where j = 1 involves:

< 0 ¢ 0 0 02 01¢ 2
/O¢1d< =/0 (¢ Dac=[2 S=¢ ¢ (62)

For i = 1, we compute the integral:

1 ¢ 1
/O & ( /0 ¢1d<°> prdC = /0 22 Q)2 1)dc (63)

1

- / 2026* 3¢ + O)d¢ (64)
0

(2 ¢’

_2[4& §3+2L (65)

Evaluating at ¢ = 1, equation (65) equals to 0.

12@ 1+;)2(0)o.

For N =1, the sum disappears since the integral evaluates to zero, therefore @;, will look like:

Ql = umﬁr(hal) (66)
Since that A = g—g , we can subtract equation (66) to equation (58), we obtain the last row of the matrix
A:
A
O¢(har)  2umai0z(h) 4+ 20105 (hty,) + Um0y (hay) = %(S(um + a1 + 4E041)) (67)

Thus by writing the equations (33), (52) and (67) in the matrix form depending on 9,:

0 1 0
A= u2 o2+gh 2u, 2% (68)
2Up 1 2001 Uy,

Then by putting all the equations together we obtain the SWME for N =1

h 0 10 h ) 0
O [hum | + | w2, o +gh 2uy 2|0, |hum| = = U + Q1 (69)
hay 2uman 2000 up, ha 3(tm 4+ a1 + 4%(11)

These equations capture a linear variation of velocity with the horizontal variable.

The eigenvalues of the matrix A are

)\172 =Un Vhg+ o & A3 =u,, (70)

11



Eigenvalues of a Jacobian matrix, give us important information about the system, such as if the eigenvalues
are all real and distinct then the system is hyperbolic. For this to happen in the SWME for N =1, h > 0,
according to [6]. The eigenvalues also describe the propagation of speed of the SWME. If we compare the
eigenvalues of the SWME with the eigenvalues of the SWE, an additional term is present, o, which comes
from the moment expansion, representing how velocity varies with depth: this addition also means that the
waves travel faster than in the standard SWE when vertical shear effects are present.

In order to introduce the uncertainty parameters, using the intrusive method, the vector of unknowns was
reformulated from W = [h, ht,,, hay]T to W = [h, q,7]T. Therefore, instead of the variables u,, and a; we
substituted with £ and 7, respectively. This approach was chosen because, in the intrusive method, A, ¢, and
r are expanded to incorporate stochastic moments. Additionally, hu,, and ha; are a conserved quantity in
the absence of friction. And expanding ¢ is more straightforward than expanding hu,,, these modifications
were implemented.

Hence, the SWME can now be written as

h 0 10 h y 0
2 r
Olal+| & tgh 28 3|0 |a|= 5 . FEE (71)
r 247 27 4 r 30 + 5 +455m)

12



5 Uncertainty Quantification

This thesis focuses not only on the SWME for when N = 0 and N = 1, but especially on the numerical
methods used to quantify uncertainty in these equations. Specifically, we explore the differences between
intrusive and non-intrusive methods for uncertainty quantification. To achieve this, two different computa-
tional approaches will be implemented: Code A, which follows a non-intrusive Monte Carlo method, and
Code B, which employs a stochastic Galerkin approach, an intrusive uncertainty quantification method.

Real-world shallow water systems are influenced by uncertain physical parameters, such as viscosity, bottom
friction, and boundary conditions. These uncertainties arise due to measurement errors, natural variability,
or incomplete knowledge of the system. To model this uncertainty, we treat certain parameters as random
variables rather than fixed deterministic values. By incorporating uncertainty quantification on this model,
we aim to evaluate how sensitive to uncertain parameters the system is, and improve the reliability of
numerical simulations for real-world applications [9].

Code A solves the Shallow Water Model under deterministic conditions, meaning it does not inherently
include stochastic effects in a single simulation. The system is governed by a set of conservation laws that
describe the water height (h(x,t)), the momentum (g(z,t)), and when N = 1 the coefficient moment (r(x, t)),
which captures non-equilibrium effects.

To analyse the effects of uncertainty, we use a Monte Carlo method, where the simulation is run 100 times,
sampling random values for uncertain parameters from a probability normal distribution (v N (u,0)),
instead of constant values, computing the mean solution and standard deviation, which provide insights into
the expected behaviour and variability of the system.

This method is computationally effective when the simulation is run once. However, in order to analyse
the effects of uncertainty, the code has to be executed multiple times, which will result in a computation-
ally expensive method for detailed uncertainty quantification when compared to the intrusive method [10].
Especially since it converges at a rate O(M 1/2); where M is the number of times the code is executed [9].
In Code B, the stochastic Galerkin method, the unknowns are expanded in a basis of orthogonal polynomials,
in this case the Hermite polynomials were used, since they are orthogonal with respect to the normal
distribution. The addition of the stochastic moments (K') allows the code to account for uncertainties within
the equations themselves, eliminating the need for repeated simulations. The code is more complex, yet
it is computationally more efficient for uncertainty quantification, and it captures more detail in physics
since it incorporates uncertainty into the equations [2]. It is important to note that by increasing the
number of stochastic moments (K), the accuracy will improve but it will also increase the dimensionality
and computational cost of the system [3].

In order to study how the uncertainty propagates through the Shallow Water Models, the code of a PhD

student A. Pavin from KU Leuven was adapted [11]. This code studied the SWME;, therefore the following
adjustments were made in order to integrate the uncertainty parameters in the Shallow Water Models.

5.1 Code A Adjustments

Firstly, the methodology was adjusted. Specifically, the vector of unknowns was reformulated from W =
[h, httn, ha]T to W = [h, q,7]7T.

Also the code was run, under a for loop, executing the program a 100 times, where we set constant values
for p and o, and then the viscosity (v) and friction (\) of the water is obtained by separately generating
a random number from the normal distribution with mean parameter p and standard deviation parameter
o. Afterwards, its average is taken, which then is plotted as the mean, and the standard deviation was also
calculated. The standard deviation represents the uncertainty.

13



5.2 Code B Adjustments

In order to obtain the stochastic Galerkin approach, the uncertain variables (h, ¢ and r) are expanded as a
series of coefficients multiplied by orthogonal polynomials, specifically the Hermite polynomial:

h(t, z,w) Zh (t,x)p;(w q(t, z,w) Zq]tx(b] & r(tz,w) ertx(bj (72)

where ¢;(w) are the Hermite polynomials, and K represents the highest order of stochastic moments included.
For K = 0, the system is purely deterministic, with no stochastic components. When K=1, the model

incorporates the first stochastic moment.

We will compute the mean and standard deviation for each case, as mentioned in the previous section. These
plots will provide critical insights into both the expected behaviour and the variability of the system under
uncertainty. In order to implement it in the code, according to [2] we needed to derive the mean as follows:

E[h(t, z,w)] Zh t,2) ¢ (w (73)
K
= ho(t, 2)E[go(w)] + Y hj(t, 2)E[d;(w)] (74)
j=1
= ho(t, z) J (75)
An important remark lies on the orthogonality property of the basis functions which states E[¢g(w)] = 1

and E[¢;(w)] = 0. As stated by [2], the standard deviation can be calculated as follows:

= i::hj(tvx)%(w ho(t, x)go(w) 2 =E | i::hj(t,w)%(w) 2 (76)
| (77)

(78)

(79)

(80)

the orthogonality property allow us to go from equation (78) to equation (79), that property states the
following:

1 if i=j

81
0 if i6; (81)

Elo;(w)éi(w)] = {

These calculations can be applied for ¢ and r and the same results will be obtained. The mean of ¢ and r are
qo(t, ) and 7 (t, x), respectively, and the standard deviation is equal to \/ZJ 1 43 (t, ) and \/ZJ 7t ).

Another adjustment made to the Code B were the matrix A and P, these matrices, no longer depend on h,q
and r(if N = 1), but also on the stochastic moments. Matrices A and P are shaped according to N and K
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such that A 2 R(N+2) (K+1) (N+2) (K+1) apd P 2 RWH2) (K+1) and they were derived by the PhD student
S. Kuijpers.

For the SWE with K = 0, matrix A 2 R? 2 shape,while matrix P 2 R? :

0 1
A= .2 & p=_t [9] (82)
h

gho w2 2% A

When one stochastic moment is introduced to the SWE (K = 1), matrix A 2 R* 4 shape, column one and
two are:

0 0
0 0
3ghg 6ghihi+hohi (3ghi+12g0q1)+h (3¢5 +3q7) h3(343+347) 3ghghi+h3(3gh? 6qoq1) 2h3(3ghi+3d0q1)+2hoh1(3q5+345)
3(hg_hi)? . 3(hg hi)?
3ghghi+hi(3gh} 6q0q1) 2h3(3ghi+3q0q1)+hohi (3¢5 q7) 3ghg 6ghihi+hohi (3ghi+1290q1) h3(3¢5+347) h3(3ad+347)
3(hg hi) 3(hg h3)?
(83)
Column three and four:
1 0
0 1
2hogqo 2hiqy 2h1q0+2hoqs (84)
W2 W 2
2h1q0+2hoqa 2hoqo 2%L1<I1
2R3 h2 k2
And P 2 R%:
0
0
P = | ha(ogotua1) ho(ugo+oai)) (85)
ARG hT)
ho(ogo+pgi+hi(pgo+oqi))
N(hZ+h?)
When SWME with K = 0 wants to be studied, matrix A 2 R? 2 and P 2 R3:
0 1 0 0
2
q 2 2 #(go+ro)
A= |gho+is 3o 8| & P= Mg (86)
2qoTo 2r0 Qo 3(hg (1(go+70))+4Aro (ut0))
hZ ho ho Ah2

Whereas SWME with K = 1, matrix A 2 R® 6, with the first column being:
_ 0 -
0
3ghd 6ghihi+hohi(3gh8+12goqi+4ror1)+h3 (3¢5 +3d5+r3ry) h3(3ad+3ai+ra+ri)
3(h2 h2)?
39h3h1+h1(3gh‘;’ 6qoq1 27ror1) 2h3(3gh?+3qoq1+r0r1)+hoh1(3q3+3q%+r§+r%) (87)
3(hg hi)?
2((h3+h3)go 2hohiqi)ro 2( 2hohigo+(ha+h3)qi)r
(hg hi)?
2(_2hoh1go+(hE+h])a)ro 2((hg+hT)go 2hohigi)r:
(hg h3)?

Second columns equals:
_ 0 _
0
4 2 3 2 3 2 2,.2,.2
3ghghi1+hi(3ghy 6qoq1 2ror1) 2hg(3ghi+3qoqi+7ror1)+2hohi (3¢5+3¢7+r5+77)
3(h2 h2)2
3gh(5J Gghgh?—&-hoiu(3gh‘;’+12q‘oq1+47“0r1) h,0(3q§+3qf+rg+r%) h,f(3q§+3qf+rg+r%) (88)
3(hg hi)?

2( 2hoh1go+(h2+h%)q1)ro 2((h2+h%)go 2hohigi)r1
(hg h1)?

2((hd hi)go 2hohigi)ro 2( 2hohiqo+(hd hi)gi)r:
(hg h?)?
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Column three to six, are presented below:

1 0 0 0
0 1 0 0
2hoqo  2hi1q1 2h1qo+2hoq1 2horg 2hiTy 2hirg+2hor
W R Oyl
2h1q0+2hoq1 2hoqo 2}51111 2h1r0+2hgry 2horo 2hir1 (89)
h3 h? h2 h? 3(hZ h?)2 3(h h3)
2horo 2hiTy 2h1ro+2hoT hogo hiqa hiqo+hoqi
he h? W2 oR? hZ h2 W R?
2h1ro+2hort 2hgorg  2hiT hi1go+hoq1 hogo hiqi
hg hi hg hi hg hi hg hE
And the SWME with K = 1, matrix P 2 RS
0
0
hi(o(go+7m0)+p(q1+71)) ho(p(go+ro)+o(gi+ri))
NhZ 13
ho(o(got7o) +(a1+71))+h (1(ao+70) +o (a1 +71)
A(hg hi)

3(h2(u(go+ro)+o(qi+r))+ho((p o)hi(go qit+ro m1)+4Nput+o)(ro+r1)) hi (4 (u+a)(ro+r1)+hi(o(go+ro)+ulgi+71)))
A(ho h1)(ho+h1)?
3(h3(o(go+ro)+u(gi+7r1))+ho( (1 o)hi(go qitro r1))+4A(ut+o)(ro+r1) hi(4X(pt0o)(ro+r1)+hi (1(go+ro)+0o(q1+71)))

A(ho h1)(ho+hi)? m
(90

)

Keep in mind that each variable depends on (x,t), however we left these variables out for simplicity’s sake.

As it was already noted, if N = 0, the SWME is reduced the SWE.

Note that the viscosity was the only uncertainty parameter studied with the stochastic Galerkin approach,

due to time constraints. In order to study friction, matrix P would change.

These were the changes implemented in the code.

However, in the code, we have two different initial

conditions: smooth periodic wave and dam-break. These different conditions were set by PhD student A.

Pavin.
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6 Initial Conditions

The main difference between these two test cases is in their initial condition. While smooth periodic wave
initial condition is a smooth periodic function, in the code we used

exp(3 cos(m(x + 0.5)))
exp(4)

thus creating a periodic variation in water height across the domain, dam-break is initialised as

15 ifz 0
h(z) = 92
(z) {1 ifz >0 (92)

h(z) =1+ (91)

thus modelling where water levels differ between two regions, representing the sudden release of water, such
as a dam failure.

In our study, the initial velocity function is given by:
u(z) = 0.50z (93)

where z represents a normalised vertical coordinate in the water column. This choice of linear velocity
represents a simple shear flow, ensuring that momentum distributions align with realistic shallow water
behaviour.

The moment expansion coefficients o; are computed using a polynomial expansion approach:

a; = (2 +1) /0 w(2)65(2) dz (94)

where: ¢;(2) are Legendre polynomials used for moment expansions; u(z) is the initial velocity function; the
integral is taken over the domain [0, 1] to project the velocity onto the moment basis.

These initial conditions were already present in A. Parvin code.

In addition to studying these two test cases, we will study them using two different methods: intrusive and
non-intrusive.
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7 Results

In this section we will analyse the plots obtained with the code. We will study and analyse the variation of
different number of stochastic moments (K) and number of moments (N). Additionally, we will examine the
impact of different initial conditions (smooth periodic wave or dam-break) and uncertainty in the viscosity
for Code A and Code B, and friction for Code A.

In order to be more discernible to the reader, for Code B, instead of plotting hq(z,t) for different stochastic
moments and moments, the addition and subtractions of hy (z,t) were applied to ho(x,t) (ho(z,t) + h1(z,t))
and (ho(x,t)  hi(z,t)). This is more perceptible, as it plots a confidence interval around hg(z,t), this
confidence interval directly displays the variations in ho(z,t) due to the uncertainty contributions. This
provides a clearer interpretation of the impact of how uncertainty will propagate through the system. We
shall keep in mind that the hq(z,t) obtained is always positive, since its square root is taken, as seen in
equation (80).

The same was done with Code A. However, instead of using hq(z,t) to calculate the uncertainty oscillation,
the standard deviation of was calculated, and then added and subtracted to the mean solution.

To enhance clarity for the reader, we will present the results for Code A and Code B within a single graph,
allowing for a direct comparison between both methods. The curve obtained using Code B will include one
stochastic moment (K = 1), as this case explicitly incorporates uncertainty into the system. This approach
facilitates a clearer visualization of how uncertainty affects the solution.

7.1 Viscosity (v)

The first uncertainty to be studied is the viscosity.

7.1.1 Smooth Periodic Wave

We will begin by studying the Smooth Periodic initial condition. For this analysis, we set the parameters
uw = 0.1, 0 = 0.01 and for Code A, viscosity is calculated as ¥ = normrnd(u, o), which define the mean
and standard deviation of the uncertain input, in Code B the uncertainty parameter are introduced in the
system, friction is constant for now and it takes a constant value A = 0.1; later we will change its values and
study its impact on the graphs. In addition, we will evaluate how variations in these parameters affect the
resulting plots, including the mean and standard deviation of water height and momentum. This analysis
will provide insight into how the system responds to uncertainties in smooth periodic flows. This will also
set a baseline for comparison with the dam-break problem.

Water height (h)
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Water height when N=0 Water height when N=0 and K=0
h h

Code A
-------- Code B
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x X

(a) H with Code A & B (b) H with Code B when K =0

Figure 1: Water height when N =0

The plots above represent the smooth periodic test case for the water height; however, they were calculated
using different approaches: figure la was generated using Code A and Code B when K = 1, in order to
compare both methods. Recall that Code A employs a non-intrusive Monte Carlo method, while Code B
applies an intrusive stochastic Galerkin approach. Figure 1b plots the water height generated with Code
B, with the stochastic Galerkin approach, representing the mean of the water height (hg(z,t)), and no
stochastic moments, thus no uncertainty being introduced to the system. Since N = 0, in this case SWE is
being solved.

Both plots display a similar shape for the water height, preserving a smooth periodic shape, obtained due
to the initial condition.

Since K = 0 and N = 0, there are no higher-order moments, nor stochastic moments, meaning the system has
no uncertainty. As a result, the standard deviation is expected to be zero everywhere in the domain, which
is correctly shown in figure la, with hq(z,t) absent, aligning with the theoretical expectations. Without
stochastic moments, there is no uncertainty to propagate through the system. This will also happen when
N =1and K =0.

In figure 1a, the line and dotted line represent the mean water height using the Monte Carlo and stochastic
Galerkin approaches, respectively. The shaded blue and pink area stands for the standard deviation, in other
words, uncertainty in the system, corresponding to the approach used. Physically, it indicates how much
the water height might deviate from its mean value at each spatial location x. A wider shaded area implies
greater uncertainty or variability in the water height at that point, while a narrower area indicates more
certainty or stability in the model’s prediction. This is critical to understand the impact of the stochastic
momentum and uncertainty on the mean of the water height.

Despite the inclusion of uncertainty, the solution (figure 1a) remains stable and smooth, which is expected for
N = 0. The uncertainty does not significantly influence the shape of the water height profile because higher-
order velocity variations are not captured yet. This plot preserves the smooth, periodic shape characteristic
of its initial condition, with a sharp transition around z = 0.5 and « = 0.5, corresponding to the rise and
fall in water height.
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Figure 2: Water height when N =1

Figure 2 represents the water height when N = 1, hence one order of velocity expansion is introduced. The
vector of unknowns is now written as W = [h, ¢,7]T; r was initiated. In this case, the velocity is no longer
assumed to be constant on the vertical axis, which previously assumed a uniform velocity profile. As a
consequence of the introduction of r1, the system now accounts for how the velocity varies across the water
column, leading to more complex interactions between velocity and height.

Figure 2a displays the water height obtained with Code A and B with one stochastic moment (K = 1),
while the plot on figure 2b is obtained with the intrusive method, Code B, with zero stochastic momentums
(K =0).

As previously explained, in figure 2b, there are no stochastic momentums (K = 0), which implies no
uncertainty; for that reason, the deterministic system is solved; thus, ho(x,t) (with Code B) and h (with
Code A) display an identical smooth and periodic profile consistent with the periodic boundary conditions
and initial conditions. Since K = 0, hy(x,t) is not computed, hence its absence in the graph.

In figure 2a, we are able to compare the water height that results from two different approaches when
uncertainty is introduced in the system. It is evident that there is more uncertainty when stochastic Galerkin
approach is taken; this method integrates uncertainty directly into the equations through stochastic Galerkin
projection, which results in a wider spread in uncertainty compared to Code A. Code A relies on Monte Carlo
sampling; it averages out fluctuations and does not fully capture correlated uncertainties in the governing
equations. This might explain why there is less uncertainty in the system.

Figure 2a, the curve that was obtained with Code B, is expected to closely resemble the Code A solution
of the SWME, with minor variations caused by the inclusion of stochastic effects through the first-order
moments. This variation can be observed at x  0.3. However, it still retains the expected smooth periodic
shape. On the other hand, the shaded region shows how the first stochastic moment reflects how uncertainty
affects the system. The main difference from N =1 to N = 0 is that in figure 1, around = = 0.3, is where
h(x,t) varies the most. Around that same region is where hj(x,t) fluctuates the most as well.

After analysing all the graphs, one can see that the uncertainty parameters did not have a visible role when
N = 0, where the water height curve represents a smooth periodic wave with a transition from higher to
lower regions. However, for NV = 1, perturbations were seen. The additional moment introduces a sensitivity
to the initial uncertainty. Therefore, sharper changes in the slope and a slight distortion in the smooth
transition are visible and attributed to the interaction between the stochastic and deterministic dynamics,
even with small uncertainty parameters.
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Different values of p, o and A\

Now that we have analysed how uncertainty propagates when p = 0.1 and ¢ = 0.01, we will study what
happens when we increase and decrease these values, as well as, the friction (A). We will study for both the
intrusive and non-intrusive method, however we will only analyse the intrusive method when uncertainty is
introduced into the system (K = 1).

Intrusive vs non-intrusive for h when N=0 Intrusive vs non-intrusive for h when N=0
h

Intrusive vs non-intrusive for h when N=0

=0.001
— = Non-Intrusive mu=0.01, sigma=0.001

1.06 -

Intrusive mu=1.00, sigma=0.100 ——— Intrusive mu=1.00, sigma=0.100
= = =Nan-Intrusive mu=1.00, sigma=0.100 — = Nonntrusive mu=1.00, sigma=0.100
p 5 —— Intrusive mu=0.01, sigma=0.001
Intrusive mu=0.01, sigma=0.001 ~ — Non-Intrusive mu=0.01, sigma=0.001
= = = Non-Intrusive mu=0.01, sigma=0.001 N B
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x

(8) A =001 (b) A=01 (© r=1

Figure 3: Water heights for different uncertainty parameters when N =0
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Figure 4: Water heights for different uncertainty parameters when N =1

Figures 3 and 4 show the water height (h) as friction increases, from A = 0.01 to A = 0.1 and to A = 1 for
the smooth periodic wave initial condition. The graphs also show the water height (h) when the parameters
o (0 =0.001 and 0 = 0.1) and g (x = 0.01 and p = 1) are changed. Figure 3 represents the SWE, and
figure 4 represents the SWME when N = 1.

The value of X is inversely proportional to the friction term; thus, as A decreases, the friction resistance
increases. This is exactly what we observe in the figures 3 and 4. When A is smaller (A = 0.01), the standard
deviation of the water height increases. As )\ increases, uncertainties are spread more evenly across the
domain.

As expected, p has more impact on the mean of the water height, while o impacts how uncertainty propagates
through the system. As p increases, we observe a smoother and broader curve in the mean solution. Since o
represents the uncertainty level in the model, it introduces variability. Therefore, when o is bigger, so is the
standard deviation. This is visible in both figures 3 and 4 as for ¢ = 0.001 there is almost no uncertainty,
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which is represented by the shaded region around the mean curve, whereas when o = 0.1, a broader shaded
region is observed.

The significant difference between the intrusive and non-intrusive models for 4 = 1 when N = 1 (figure
4b) can be attributed to the way uncertainty is propagated. For the intrusive method, since u is large, the
variability induced by uncertainty is magnified; this results in a stronger deviation from the deterministic
solution. In the non-intrusive method, a larger p© and o means a larger range of possible values for the
viscosity, as v N (p, 0); this increases the sensitivity of the system to fluctuations.

Momentum (q)

Before analysing the impact of the number of moments and stochastic momentum on the shape of the
momentum, we shall understand the physical meaning behind the curves. The shape of the curve reflects
regions of high or low momentum within the system, influenced by both the water height and velocity. One
can see that where the water height was constant (x 2 [ 1, 0.8] and x 2 [0.3,1]), so was the momentum.
Also, it is visible that where the water height varies, so does the momentum of the water, this happens since

q(z,t) = u(x,y,t) hx,t).

Momentum when N=0 Momentum when N=0 and K=0
q

L L L L L L L L

or -0.8 \07 -0.4 -0.2 0.2 0.4 0.6 0.8

L L L L L L L

-1 -0.8 -0.6 -0.4 -02 0 0.2 0.4 0.6 0.8 1
X

(a) Q with Code A & B (b) @ with Code B when K =0

Figure 5: Momentum when N =0

The plots above represent the momentum of the fluid using two different approaches: the figure 5a represents
the momentum using the non-intrusive method (blue curve) and the intrusive method when K = 1 (pink
curve), and figure 5b exhibits the mean momentum (go(x,t)) using the intrusive method with no stochastic
moment (K = 0). Both methods are expected to evolve smoothly since their initial condition is a smooth
periodic function. Subsequent to N = 0, there are no additional higher-order deterministic moments, so
the solution should represent a simple system governed by the basic SWE, with constant horizontal velocity
with respect to the height.

In spite of different approaches used and different stochastic moments, the momentum is in line with what
is expected. A constant momentum, where the water height is constant, and a variation as the water height
increases and decreases, and that is visible in both graphs of figure 5. In reality, since N = 0, the system does
not account for variations in velocity across the water column; thus, the velocity is assumed to be uniform,
and that is why both figures 5a and 5b are indeed so similar; the same reasoning applies to the uncertainty
boundary.

Note that, in figure 5b, no uncertainty is described in the system; this is due to the non-existence of stochastic
moments (K = 0).

Physically, the narrower shaded area means that the actual value of ¢ in the system is not likely to vary
within this region due to stochastic effects or variability in the system parameters or initial conditions.
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Figure 6: Momentum when N =1

These two graphics represent the momentum with a smooth periodic wave as the initial condition. Figure
6a is obtained with the non-intrusive Monte Carlo method (blue curve) and intrusive stochastic Galerkin
method (pink curve), while figure 6b, the momentum is derived with the stochastic Galerkin approach with
zero stochastic moments (K = 0).

Both plots have one more order of the velocity expansion, as N = 1. This implies that our vector of unknowns
is no longer a vector with two entries, but with three; hence it can be written as W = [h, q,71]7. As stated
for the water height, the velocity is no longer assumed to be constant on the vertical axis, which assumes
a uniform velocity profile. As a consequence of the introduction of r, the system now accounts for how the
velocity varies across the water column, leading to more complex interactions between velocity and height.

Figure 6b, obtained with Code B, shows that there are no stochastic components; the system is purely
deterministic, resulting in a smooth curve without uncertainty propagation; thus why the standard deviation
is not presented in the figure. How the momentum is displayed also goes in line with figure 2b, where the
momentum stays constant, where the water height does not change; however, where the water height increases
or decreases, the momentum varies. The absence of uncertainty moments leads to a clean representation
of the momentum variable, which serves as a reference for understanding the deviations observed when
stochastic components are included.

The momentum calculated with the Monte Carlo approach and the stochastic Galerkin approach differ, as
seen in figure 6a; however, this is due to how the water height changes in figure 2a. Where the water height
is similar, similar momentums are also observed; however, around z 0.3 with Code B, there is a small
plateau; therefore, around that same area, we observe a plateau in figure 6a, since the velocity will stabilise
for a brief moment.

Once again, in figure 6a, Code A exhibits a more contained uncertainty representation, shown by the relatively
narrower shaded region, whereas Code B presents a wider spread in uncertainty, particularly around =z 0.3,
where the deviation is more pronounced.

Comparing this graph 6 where N = 1 to figure 5 where N = 0, the shape differences become more visible.
The latest has a smoother mean curve, with less variability across the domain. In contrast, figure 6’s mean
curve has more pronounced features, particularly near regions where the water height abruptly changes; thus,
the uncertainty is amplified, as shown by the wider shaded areas. These observations are consistent with
the theoretical expectations from the stochastic Galerkin approach used in the code: as N increases, higher-
order stochastic moments are included in the computation (ry,79,...), which accounts for more complex
interactions and thus introduces more variability. This is evident in the regions of the graph where the shaded
area expands, capturing the influence of stochastic effects on momentum. This comparison highlights the
interplay between deterministic dynamics and stochastic variability in the system, providing deeper insights
into the model’s behaviour.
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Although the graphs change, depending on moments and stochastic moments, the smooth periodic shape is
still conserved, which aligns with the initial condition.

Different values of u, 0 and A

We will study what happens when we increase and decrease these values, as well as, the friction (\). We will
study for both the intrusive and non-intrusive method, however we will only analyse the intrusive method
when uncertainty is introduced into the system (K = 1).

Intrusive vs non-intrusive for g when N=0 Intrusive vs non-intrusive for g when N=0 Intrusive vs non-intrusive for g when N=0
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~ — Non-Intrusive mu=0.01, sigma=0.001

Intrusive mu=1.00, sigma=0.100

= Non-Intrusive mu=1.00, sigma=0.100
Intrusive mu=0.01, sigma=0.001
= Mon-Intrusive mu=0.01, sigma=0.001
0051 . . \ . . . . . B

X 08 W& 04 02 02 04 06 08

08 06 -04 02 0.2 0.4 0.6 0.8
(@) )\=0.01 (b) A=01 () rx=1

Figure 7: Momentum for different uncertainty parameters when N = 0
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Figure 8: Momentum for different uncertainty parameters when N =1

The graphs in figures 7 and 8 illustrate the momentum (¢) under varying values of the friction (A = 0.01,
A= 0.1, and A = 1) for the smooth periodic wave initial condition, as well as different values of o (o = 0.001
and 0 = 0.1) and p (¢ = 0.01 and p = 1). Figure 7 represents the SWE, and figure 8 the SWME when
N =1.

The uncertainty region is much broader for N = 1 (figure 8) compared to N = 0 (figure 7). This suggests
that the higher-order moments (r) contribute to greater sensitivity to A when included. Also as A increases,
the curve obtained with the intrusive and non-intrusive approaches gets slightly closer; this indicates that
for increasing A, the spread of uncertainty is reduced.

Furthermore, it is crucial to keep in mind that momentum is dependent on water height. As shown in figures
3 and 4, the fact that for y = 1 using the non-intrusive technique is nearly zero is related to the fact that
the water height hardly changed. Besides the momentum for the non-intrusive method being almost zero,
it also deviates from the curve displayed using the intrusive method; once more, this is related to the water
height.
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Moment coefficient (r)

In this sub-subsection, the plots will illustrate the variations in flux. More precisely, the interaction between
the water height and the velocity in regions of flow acceleration and deceleration, highlighting the dynamic
evolution of the system. In this case N = 1, thus the velocity profile is no longer assumed to be uniform
across the water column.

Moment coefficient when N=1 Moment coefficient when N=1 and K=0
r
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Figure 9: Moment coefficient when N =1

Both plots represent the flux-related stochastic moments in the system; more specifically, figure 9a is calcu-
lated using the numerical scheme in Code A and Code B when K = 1, while figure 9b displays the mean
stochastic flux moment obtained using the intrusive stochastic Galerkin method.

Since we are in the presence of the smooth periodic initial condition, the graphs are expected to still preserve
that smooth shape, which is indeed visible in figure 9. The peaks and troughs reflect regions of positive and
negative flux contributions influenced by uncertainty.

In figure 9b, the moment coefficient follows a smooth profile, indicating no uncertainty in the system. Since
no stochastic momentums are introduced, the system solves a deterministic solution; thus, r1(z,t) is not
displayed in the graph.

In figure 9a, we see that the curve obtained with Code A has a smaller amplitude. A small deviation is also
displayed around 0.3; this is in line with figure 2a, as the coefficient moment () depends on the water
height (k). Once again, a wider uncertainty spread is visible with Code B; this is related to the stochastic
Galerkin method, which integrates uncertainty directly into the governing equations.

Physically, a negative r implies that the velocity distribution deviates in a way that the higher-order moment
captures an inverse curvature effect.

When N = 0, the graph obtained for r, g, or 71 would be a straight line in the origin (r(x,t) = 0) since the
system does not compute the moment coefficient r, which is only present when N 1.

Different values of y, o and A

Now that we have analysed how uncertainty propagates when p = 0.1 and ¢ = 0.01, we will study what
happens when we increase and decrease these values, as well as, the friction (A). We will study for both the
intrusive and non-intrusive method, however we will only analyse the intrusive method when uncertainty is
introduced into the system (K = 1).
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Figure 10: Moment coefficient for different uncertainty parameters when N =1

The graphs in figure 10 , illustrate the moment coefficient (r) under varying values of the friction A (A = 0.01,
A =0.1, and A = 1) for the smooth periodic wave initial condition, as well as different values of o (o = 0.001
and 0 = 0.1) and p (¢ = 0.01 and p = 1). Figure 10 represents the SWME, when N = 1.

Recall that r, the moment coefficient, is directly related to the vertical velocity profile of the fluids, and it
does depend on the water height.

Opposite to the figures that display the water height (figures 3 and 4) and the momentum (figures 4 and 7),
in this figure 10, as lambda increases, a larger uncertainty is visible being propagated through the system.
Previously, while A acted as a stabilising factor for water height and momentum, for the coefficient moment
it behaves as an amplifying factor. This means that as A increases, the system becomes more sensitive to
vertical variations.

Once again, for g = 1 using the non-intrusive method, the coefficient moment is approximately zero. Since
there is no variance in the water height (figure 4), neither on the moment (figure 8), the coefficient moment
will also be zero, since it is likely that the fluid is not moving.

7.1.2 Dam-Break
In this subsection, we access the impact of the dam-break initial condition on the SWE and SWME.

Additionally, we will compare the results obtained using the intrusive and non-intrusive method. Particular
attention will be given to the impact of incorporating different moments and stochastic momentum com-
ponents in the stochastic Galerkin method, providing insights into how uncertainty propagates through the
system.

Water height (h)

In this sub-subsection, we will analyse the physical behaviour of dam-break. The plots will illustrate the
variations in water height before, during, and after the dam-break highlighting the dynamic evolution of the
system.
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Figure 11: Water height when N =0

Figure 11 demonstrates how the SWE behaves when the initial condition is the dam-break and N = 0.
Figure 11a uses the non-intrusive method and the intrusive method when K = 1, while figure 11b applies
the intrusive method when K = 0. Both plots exhibit a sharp fall, with a transition from the higher water
height, on the left, to a lower height on the right of each plot. This is in agreement with the expected
behaviour when a dam-break is the initial condition. In this case, water flows from a region of higher water
height (1.5 meters) to a lower region (1 meter), as explained in section 6. The discontinuity at the shock
front is crucial for modelling such physical phenomena, and both models do it accurately.

As previously stated in the smooth periodic wave section, when K = 0, the first stochastic moment is not
computed; thus, no uncertainty is introduced in the system, and only the mean water height is plotted,
which is displayed in figure 11b. The results obtained are very similar to the ones attained with the Monte
Carlo approach. This is explained by the absence of any stochastic momentum and moment, since it does
not take into account complex velocities across the height.

On a physical level, the low shaded regions show that the model’s uncertainties are small at that stage in
the simulation, indicating that the system is not significantly impacted by uncertainty. Such behaviour is in
line with the hypothesis that, in the early phases of a dam-break scenario, the dynamics are dominated by
the shock, overpowering the uncertainty parameters introduced into the system.

The result is consistent with theoretical predictions, which state that stochastic variations are insufficient to
substantially alter the general dynamics and that sharp gradients predominate in the deterministic model.
The negligible existence of uncertainties indicates that the model successfully captures the salient character-
istics of the dam-break phenomenon without significant random perturbations.
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Figure 12: Water height when N =1

The figure 12a represents h(x,t) for N = 1 with the non-intrusive and intrusive (with K = 1) method
for the dam-break initial condition. In figure 12b, the water height is shown, using the stochastic Galerkin
approach with no stochastic moments. The shock propagation and the intermediate plateau prior to the drop
to the lower water level are two features of the dam-break initial condition that are successfully displayed
by both approaches. However, then compared to the figure 12, it is noticeable a perturbation in the shock
front. Given that N = 1, an additional stochastic component is introduced, representing the first-order
perturbations due to uncertainty. This means uncertainty interacts with the underlying dynamics, causing
changes in the solution, especially near regions with sharp gradients, like the shock fronts in the dam-break
scenario.

The standard deviation of the momentum is not presented in the figure 12b. Since K = 0, no stochastic
momentums were introduced; there is no stochastic variability in the initial conditions or equations; thus,
higher-order stochastic coefficients like hj(x,t) are not present in the graph.

Whereas, in figure 12a, uncertainty is displayed; however, due to the shock, there is almost no uncertainty
in the system.

After analysing all the plots, we conclude that the uncertainty parameters have almost no impact on the
solution. The dam-break initial condition involves sharp transitions in the water height thus being governed
by these sharp transitions. These dynamics dominate the system, leaving little room for uncertainty to
manifest significantly. In regions away from the sharp transition (e.g., z < 0.2 or > 0.4), the solution
stabilises, and the uncertainty has minimal influence.

The first-order Galerkin expansion (N = 1) accounts for one stochastic variation, which may not be sufficient
to amplify the uncertainty to a visible level. This might vary for larger N’s; in spite of that, it is out of the
scope of this thesis.

Different values of u, 0 and A

Now that we have analysed how uncertainty propagates when p = 0.1 and ¢ = 0.01, we will study what
happens when we increase and decrease these values, as well as, the friction (A). We will study for both the
intrusive and non-intrusive method, however we will only analyse the intrusive method when uncertainty is
introduced into the system (K = 1).
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Figure 14: Water heights for different uncertainty parameters when N =1

The graphs in figures 13 and 14, illustrate the water height (h) under varying values of friction (A = 0.01,
A = 0.1, and A = 1) for the dam-break initial condition, as well as different values of o (¢ = 0.001 and
o =0.1) and u (x = 0.01 and p = 1). Figure 13 represents the SWE, and figure 14 the SWME when N = 1.
All of the graphs accurately represent the shock when the water is from a height of 1.5 meters to 1 meter.
It is visible in figure 14 that when one moment is introduced (N = 1), there is a small perturbation around
x 0.2, which was also visible above in figure 12. This perturbation is expected when N = 1, as the velocity
profile is no longer assumed to be uniform across the water column. Instead, it allows for deviations in

velocity, which are particularly sensitive to shock locations.

Since different values of p and o were introduced, we can now compare the implications they have as they
increase or decrease. One can observe that as u increases, the curve becomes smoother; in contrast, as
decreases, the curves become sharper. A smaller y means that the system is operating closer to a near-zero
viscosity case, where numerical dissipation is reduced, leading to sharper shocks. This behaviour aligns with
theoretical expectations in fluid dynamics: a larger viscosity smooths out discontinuities, while a smaller

viscosity preserves sharper gradients.

On the other hand, as expected, since ¢ introduces uncertainty into the system, as o increases, so does the
uncertainty propagated through the system; that is especially visible in figure 14a. This is expected since a
higher o implies that v can take a wider range of values, increasing the variability in the computed solution.
Also, as previously seen in figures 11 and 12, the intrusive stochastic Galerkin and non-intrusive Monte Carlo

methods graphs overlap; this is again observable in figures 13 and 14. In this case, for the same values of p,

the curves overlap.
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In figure 14, it is visible that as A increases, the uncertainty band reduces; this means that the solution
becomes more stable and less sensitive to uncertainty propagation. As A increases, it is noticeable that there
are fewer oscillations around the shock front. One other result that it is taken from these graphs is the fact
that as A increases, the intrusive and non-intrusive methods overlap more, which indicates that the intrusive
system becomes less sensitive to uncertainty parameters, thus resembling more to the non-intrusive system.

Momentum (q)

In this sub-subsection the impact of dam-break in the water momentum will be analysed. The plots will
illustrate the variations in momentum before, during, and after the dam-break highlighting the dynamic
evolution of the system.
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Figure 15: Momentum when N = 0

Both plots exhibit the same general profile, with a steep rise around x 0.2 and a plateau followed by a
steep drop near z 0.2, which are the same regions that the water height rapidly decreases, due to shock
propagating through the domain.

Since N = 0, no moments are included, so both methods solve the SWE. Thus, the outputs align closely,
as seen in figure 15. More precisely, because the velocity is uniform, and even thought the water height is
obtained with different approaches, and in Code B, with different stochastic moments, it is very similar, thus
it is expected the momentum to be similar in all the cases.

A connection between the plots and the physical events can be established. Because of the initial difference
in water height between the two sides of the dam, the front part of the water mass flows rapidly, as indicated
by the abrupt rise around x 0.2. The plateau represents the majority of the water mass, which moves
slowly and at a fairly consistent speed. This implies that the water flow in the domain’s centre stabilises
after the initial shock wave. The following edge of the moving water mass and the change to the area where
the water stays motionless or at rest are represented by the steep drop close to x  0.2.

The uncertainty of the momentum is not presented in the figure 15b, this is due K = 0, so no stochastic
momentums were introduced. For that reason there is no stochastic variability in the initial conditions or
equations, thus higher-order stochastic coefficients like ¢; (z,t) are not displayed.
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Figure 16: Momentum when N =1

The general form of the dam-break problem is shown in both graphs, with two states of momentum (a greater
value on the left and a lower value on the right) separated by a steep gradient. Both approaches yield the
same shock position (x 0.2) and overall height of the momentum distribution, which are consistent with
the dam-break initial condition’s predictions of a steep transition and a plateau on either side.

With N = 1, an additional variability in the uncertain parameters is incorporated; thus, the system now
accounts for the uncertainty in initial conditions and propagates it through the system. Therefore, the
distributions show slight perturbations near the shock location as well as a higher momentum after the
shock, which were not present in the N = 0 case. Recall that the momentum depends on the water height,
and around z 0.1, a small deviation is observed in figure 12 in the same region.

Once again, in figure 16b, no uncertainty is present in the graph; this is due to K = 0, hence ¢;(z,t) is not
computed.

The standard deviation in this graph is very small, indicating that the stochastic effects introduced by
K = 1remain insignificant. This is in line with the dam-break scenario, since it is dominated by deterministic
behaviour due to the high gradient and strong discontinuity at the shock front. Where ¢(z,t) changes rapidly,
the standard deviation slightly increases but remains negligible overall, demonstrating limited stochastic
influence.

After analysing all the momentum plots for the dam-break initial condition under the stochastic Galerkin
approach, we can characterise them as playing a minimal role in influencing the results in these cases.
The small or negligible standard deviation visible in the plots highlights that the uncertainty contributions,
modelled by stochastic components, are not significantly impacting the momentum evolution under the given
conditions; perhaps with bigger i and o, more differences would be visible.

Different values of u, 0 and A

Now that we have analysed how uncertainty propagates when p = 0.1 and ¢ = 0.01, we will study what
happens when we increase and decrease these values, as well as, the friction (A). We will study for both the
intrusive and non-intrusive method, however we will only analyse the intrusive method when uncertainty is
introduced into the system (K = 1).
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Figure 17: Momentum for different uncertainty parameters when N =0
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Figure 18: Momentum for different uncertainty parameters when N =1

The graphs in figures 17 and 18 illustrate the momentum (g) under varying values of friction (A = 0.01,
A = 0.1, and A = 1) for the dam-break initial condition, as well as different values of o (¢ = 0.001 and
oc=0.1)and u (= 0.01 and u = 1). Figure 17 represents the SWE, and figure 18 the SWME when N = 1.

Recall that the momentum depends on the water height, describing the amount of fluid that goes through a
specific location and its speed; thus, where the water height is constant, the momentum is also expected to
be constant. And as the water height varies, so will the momentum. This is verified by both figures 17 and
18. Additionally, around « 0.2 figure 14 has a small perturbation, due to the introduction of one moment,
this is also present on the momentum, figure 18.

In both figures 17 and 18, it is visible that as A increases, so does the momentum. A small A means higher
friction resistance; this restricts fluid motion. In other words, the variations of velocity are suppressed.

Once again, it is visible that as p increases, we have smoother curves. Since o is bigger for ;4 = 1 than when
w = 0.01, it is also observable that more uncertainty is propagated through the system, especially when one
moment is introduced, N = 1.

Moreover, in figure 18, it is visible that as A increases, the uncertainty band reduces; this means that the
solution becomes more stable and less sensitive to uncertainty propagation. As X increases, it is noticeable
that there are fewer oscillations around the shock front. One other result that it is taken from these graphs is
the fact that as A increases, the intrusive and non-intrusive methods overlap more, which indicates that the
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intrusive system becomes less sensitive to uncertainty parameters, thus resembling more to the non-intrusive
system.

Moment coefficient (r)

In this sub-subsection, the plots will illustrate the variations in flux, more precisely, the interaction between
the water height and the velocity in regions of flow acceleration and deceleration, highlighting the dynamic
evolution of the system, when the initial condition is a dam-break.

Coefficient moment when N=1 Moment coefficient when N=1 and K=0
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Figure 19: Coefficient moment when N =1

Figure 19a displays the coefficient moment with two different approaches, the blue line for the non-intrusive
Monte Carlo approach, while the magenta is the intrusive stochastic Galerkin approach when one stochastic
moment is introduced. Figure 19b presents the coefficient moment using the intrusive stochastic Galerkin
approach when no stochastic moment is introduced, thus no uncertainty.

A plateau is clear around « 2 [ 1, 0.2) and = 2 (0.3,1], as also happens for h and ¢; this means that
the system exhibits steady flux contributions, where flow stabilises away from the discontinuity. Around
x = 0.2 there is a steep transition, which is consistent with the location of the dam-break shock; this is
visible in figure 19.

The values of r(z,t) are negative, which indicates that the flux in these regions is opposite to the flow. This
is connected to the velocity’s behaviour and the variability in height (k).

Given that K = 0, r1(z,t) is not computed; therefore, it is not present either on the figure 19b.

The uncertainty is much higher with the stochastic Galerkin approach when compared with the Monte Carlo.
This is related to how uncertainty is introduced in the system.

Note that r, the moment coefficient, is only present when N 1; therefore, when N = 0, the graph obtained
for r, rg, or 1 would be a straight line in the origin (r(x,t) = 0) as it is not calculated by the system.

Different values of u, 0 and A

Now that we have analysed how uncertainty propagates when p = 0.1 and ¢ = 0.01, we will study what
happens when we increase and decrease these values, as well as, the friction (A). We will study for both the
intrusive and non-intrusive method, however we will only analyse the intrusive method when uncertainty is
introduced into the system (K = 1).
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Figure 20: Coefficient moment for different uncertainty parameters when N =1

The graphs in figures 20 illustrate the coefficient moment (r) under varying values of the parameter A
(A=10.01, A=0.1, and A = 1) for the dam-break initial condition, as well as different values of o (¢ = 0.001
and 0 = 0.1) and p (4 = 0.01 and p = 1). It represents the SWME when N = 1.

As stated previously, as p increases, smoother curves are observed in figure 20.

The coefficient moment also depends on the water height; thus, a plateau is clear around z 2 [ 1, 0.2) and
x 2 (0.3, 1], as also happens for h and ¢; this means that the system exhibits steady flux contributions, where
flow stabilizes away from the discontinuity. Around x = 0.2 there is a steep transition, which is consistent
with the location of the dam-break shock; this is visible in figure 20.

What differs the most from figure 20 to figures 18 and 14 lies in the fact that as A increases, there is less
uncertainty being propagated in the system, with the coefficient moment the exact opposite being observed.
The moment coefficient represents the first-order velocity variation across the water column. As A increases,
velocity variations become less constrained, allowing more uncertainty to propagate into the system. Since r
captures deviations from a uniform velocity profile, an increase in A results in stronger stochastic influences,
making the uncertainty in r more pronounced.

7.2 Friction (1))

In this section we will analyse the plots obtained with the code A, where the uncertainty quantity is no
longer the viscosity () but the friction (A). The Monte Carlo approach is applied in this case with a slight
change: at each run the friction will take a random value of the normal distribution depending on px and
o (A N{(p,0)). Additionally, we will examine the impact of different initial conditions (smooth periodic
wave or dam-break), as well as different mean and standard deviation.

7.2.1 Smooth Periodic Wave
Water height (h)

34



h for selected mu and sigma values when N=0 h for selected mu and sigma values when N=1

T

1121

1.081

= mu=1.00, sigma=0.100
mu=0.10, sigma=0.010
m— mu=0.01, sigma=0.001

105}
— mu=1.00, sigma=0.100
— mu=0.10, sigma=0.010
mu=0.01, sigma=0.001
L " I L L L L i

-1 08 06 04 02 1] 0.2 0.4 0.6 0.8 1 -1 08 06 04 02 1] 0.2 0.4 0.6 0.8 1

(a) H when N =0 (b) H when N =1

Figure 21: Water height with Code A

In figure 21 the water height for the SWE (figure 21a) and for the SWME (figure 21b) is present.

The graphs demonstrate how the water height changes dramatically when p decreases. In the N = 0 graph
(figure 21a), the water height maintains a well-defined plateau at higher friction levels (u = 1.0), however in
the N = 1 graph (figure 21b), it shows a noticeable decrease. A smoother wave shape is seen in the system for
lower friction values (= 0.01). This behaviour is consistent with the expected energy dissipation function
of friction. A smoother shape is obtained by decreased friction, while steeper transitions are created by
higher friction.

Viscosity of the water affects the entire flow field, unlike the friction. The friction mainly affects the boundary
effects. Since friction acts primarily near boundaries rather than in the bulk of the water column, its
uncertainty may not strongly affect the global wave structure. Thus, if friction is small, the impact it has
on the system is small, which leads to less uncertainty being propagated through the system.

Only the Monte Carlo was studied; we cannot compare it to the stochastic Galerkin approach. However, the
lack of uncertainty in the graphs is not only related to the parameter chosen (), but also to the method
chosen. As previously seen, the Monte Carlo approach propagates less uncertainty than the stochastic
Galerkin. The values chosen for the standard deviation are another factor; higher values of ¢ would imply
higher uncertainty.

Momentum (q)
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Figure 22: Momentum with Code A

Figure 22 displays the water momentum for the SWE (figure 22a) and for the SWME (figure 22b), with
different values of mean and standard deviation.

The momentum is dependent on the water height; we see a very small variation of the momentum for
© = 0.01 in figure 22a. Once that in figure 21a, the water height barely changed. However as one moment
is introduced, the system accounts for variations of velocity across the depth, since the water height also
increases this implies that so will the momentum, which is visible in figure 22b.

As previously mentioned, the momentum should likewise be constant in situations when the water’s height
is constant, and figure 22 confirms this.

As i decreases, the flow is more influenced by friction, leading to a reduction in both momentum and water
height gradients; thus, the smoother transitions in height at lower p are reflected in the less pronounced
peaks in the momentum (gq).

As friction increases, there is less uncertainty being propagated through the system. In figure 22, one can
see that for the highest value of friction (due to u), less uncertainty is propagated. When p = 0.01, the
system is more susceptible to variability, but since the standard deviation (¢ = 0.001) is also very small, the
overall uncertainty remains low.

Moment coefficient (r)
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Figure 23: Moment coefficient with Code A
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The graph illustrates the coefficient moment (r) under different values of the uncertainty parameter friction
(1), using the Monte Carlo approach.

For higher friction (¢ = 1.00,0 = 0.100), the values of r remain closer to zero with a more stable curve,
indicating that increased friction leads to a more uniform velocity profile and reduced variability in 7.
Conversely, at lower friction values (1 = 0.10,0 = 0.010 and g = 0.01,0 = 0.001), fluctuations in r
become more pronounced, suggesting that reduced friction allows greater variability in velocity, amplifying
its influence on r.

This trend aligns with previous observations for the water height, where higher p resulted in sharper tran-
sitions in water height, while lower p smoothed out variations. In essence, increased friction stabilizes the
velocity field, minimizing changes in r, whereas lower friction enhances momentum fluctuations, leading to

greater variability.

7.2.2 Dam-Break
Water height (h)
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Figure 24: Water height with Code A

Figure 24 depict the water height (h) for different values of the uncertainty parameter friction that depend
using the Monte Carlo approach (Code A) for the SWE (figure 24a) and SWME (figure 24b). These results
are obtained under a dam-break initial condition, which introduces an abrupt change in water height over
time.

Both graphs show a clear transition from a high water level (b 1.5) to a lower water level (b 1). This
sharp transition is expected in dam-break problems.

The transition is smoother when p = 1, with water height maintaining a larger gradient. Higher friction
slows down the shock propagation and dissipates energy more effectively. While for smaller p the transition
becomes sharper, and the shock propagates faster. Lower friction reduces energy dissipation, leading to a
more pronounced discontinuity.

There is almost no uncertainty in the system since the shock dominates the system, leaving little room for
uncertainty to manifest significantly.

Momentum (q)
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Figure 25: Momentum with Code A

Figure 25 show the momentum (g¢) for different values of the uncertainty parameter friction that depend using
the Monte Carlo approach for the SWE (figure 25a) and SWME (figure 25b). These results are obtained
under a dam-break initial condition, which introduces an abrupt change in momentum over time.

When the water height is higher, the corresponding momentum is also higher, which explains the steeper
slopes in the case of high pu.

As p increases, the momentum exhibits a sharp gradient and higher peak values, reflecting the strong
influence of the frictional forces resisting the flow. Contrarily, as p decreases, so will the momentum, and
the curves become smoother; this indicates that lower friction implies less resistance and a more uniform

distribution of flow.

As seen when the uncertainty parameter was the viscosity, we also observe that there was less uncertainty
being propagated with the Monte Carlo approach. Additionally, when the initial condition is the dam-break,
the system becomes dominated by the shock propagation.

Moment coefficient ()
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Figure 26: Moment coefficient with Code A

Figure 26 show the moment coefficient (r) for different values of the uncertainty parameter friction that
depend using the Monte Carlo approach for SWME, since r is not calculated in the SWE. These results
are obtained under a dam-break initial condition, which introduces an abrupt changes in coefficient moment
over time.
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As it happen for the momentum, larger values of u correspond to more stable and less affected by fluctuations,
while smaller p values lead to more pronounced deviations. As well as, when water height is constant so
is the moment coefficient, physically this means that the variation of velocity of the fluid across the depth
remains constant. A lower friction coefficient i reduces resistive forces, allowing momentum ¢ to remain
higher, resulting in greater variations in 7.

The moment coefficient exhibits more fluctuations for smaller friction values, reflecting the sensitivity of
momentum and water height to changes in . The Monte Carlo approach effectively captures this uncertainty,
demonstrating that higher friction stabilizes the system, while lower friction amplifies variability.

7.3 Comparison between Smooth Periodic and Dam-Break

After analysing every graph for all combinations of moments and, in Code B, stochastic moments, we have
drawn some conclusions.

The smooth, periodic initial condition results in smooth, continuous, sinusoidal waves, independent of the
number of moments or stochastic momentums. Whereas the dam-break initial condition displays sharp
gradients and discontinuities, characteristic of shock waves.

Regarding the standard deviation, the smooth periodic cases are symmetrically distributed around the mean,
thus reflecting a uniform propagation, in contrast with the dam-break case, where either the uncertainty
was imperceptible or spiked near regions where steep transitions occurred, which indicated high sensitivity
to perturbations.

When comparing the consequences that the uncertainty parameter has on both initial condition, it is easily
observable that the smooth periodic test case is more sensitive, showing significant variability in regions of
dynamic changes, such as steep slopes. Contrarily, the dam-break condition is predominantly deterministic.
The uncertainty parameters have a negligible effect, as the shock-dominated regime overpowers stochastic
contributions.

The importance of stochastic components in regions where the evolution of the system is sensitive to initial
conditions and parameter changes is shown by the smooth periodic condition, where uncertainty plays a
significant role in regions of dynamic variability. There is less opportunity for the stochastic terms to affect
the solution for the dam-break condition because the initial discontinuity propagates deterministically.

Therefore, we have come to the conclusion that the role of uncertainty parameters is highly dependent
on the nature of the initial condition. In smooth periodic conditions, uncertainty can significantly affect
the solution, more precisely in regions of dynamic variability. In contrast, dam-break initial conditions is
dominated by the shock propagation, which minimizes the effect of uncertainty terms. This highlights the
importance of considering the initial conditions when analysing the impact of uncertainty in numerical and
physical models.

7.4 Comparison between Non-Intrusive and Intrusive Methods

After analysing the graphs, it is visible that the non-intrusive Monte Carlo method exhibits less uncertainty
than the intrusive stochastic Galerkin approach. This is due to the fundamental differences in how these
methods propagate uncertainty.

The non-intrusive Monte Carlo approach runs multiple deterministic simulations with different sampled
input parameters (v or \), then computes the mean and standard deviation post-simulation. This implies
that the uncertainty observed is averaged across all simulations, which means that sharp variations tend to
be smoothed out. This will result in less variability in uncertainty propagation.

The intrusive stochastic Galerkin approach directly incorporates uncertainty into the governing equations
by expanding the variables (e.g., h, ¢, r) using Hermite polynomials, in this case, uncertainty is propagated
dynamically at every step. Since the stochastic expansion directly influences the evolution equations, small
perturbations grow as the system evolves. This will result in more pronounced uncertainty in the solution.
After executing both methods, we can also comment on the time taken to obtain the graphs. As previously
mentioned, the Monte Carlo approach has a convergence rate of M %1; therefore, it took us hours to compute.
On the other hand, the stochastic Galerkin approach would execute the program in a couple of minutes,
being much more time efficient.
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8 Limitations and Future Work

While this thesis provides valuable insights into uncertainty quantification for SWME, several limitations
should be acknowledged.

In this thesis, we only studied the SWME for N = 0 and N = 1. While it still offers valuable insight
on how the uncertainty parameters affect these equations, exploring higher values of NV could reveal more
complex interactions between deterministic and uncertainty components. The same applies to the stochastic
momentums, K.

Another limitation was the fact that Code A was run 100 times. Once again, good results were obtained
since we only studied N = 0 and N = 1, as well as K = 0 and K = 1. However, if larger moments or
stochastic moments are studied, we believe that the code should be run more times.

The study of the uncertainty quantification friction,using the stochastic Galerkin approach, should also be
studied, so that we could further compare how the uncertainty using the intrusive method would propagate,
and consequently, differ from the non-intrusive method.

Physical assumptions were made, such as lack of turbulence and the effects of biological factors (e.g., algae
or fish) on fluid dynamics. These assumptions may not always reflect real-world conditions. In addition, the
initial conditions chosen were limited, since only smooth periodic waves and dam-break were studied.

The range of uncertainty parameters (v and \) were also limited, hence a broader range is recommended, as
it can yield more comprehensive results.
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9 Conclusion

This thesis explored the impact of uncertainty quantification in Shallow Water Models by comparing intrusive
and non-intrusive numerical methods. Specifically, the differences between solving the SWE and the SWME
for were studied, while incorporating uncertainty, such as viscosity (v), for both the intrusive and non-
intrusive methods, and the friction (A) for the non-intrusive method. In order to analyse the two methods,
two numerical approaches were considered: Code A, a non-intrusive Monte Carlo method, and Code B, an
intrusive stochastic Galerkin method. The results provided valuable insights into how uncertainty propagates
in free-surface flows under different initial conditions.

Our findings indicate that smooth periodic cases are highly sensitive to uncertainty, while dam-break cases
remain largely deterministic, as shock dynamics dominate the flow behaviour. We also found that higher
values of p resulted in smoother profiles and reduced sensitivity to stochastic effects, ¢ managed the dis-
tribution of uncertainty, with greater influence in smooth periodic cases than in dam-break cases, and A
controlled boundary resistance—lower values dampened variability, while higher values allowed stochastic
effects to propagate.

The findings highlight the value of uncertainty models in shallow water dynamics, especially for applications
like dam-break analysis, flood prediction, and coastal engineering. While stochastic effects play a minor role
in shock-dominated systems, they are crucial in smooth, periodic flows, where uncertainty can significantly
impact system evolution.

After analysing both methods, we conclude that Code A (Monte Carlo) is computationally expensive, re-
quiring 100 runs to estimate the mean solution, whereas Code B (stochastic Galerkin) is more efficient for
uncertainty quantification since it directly incorporates stochasticity into the equations without repeating
simulations.

Beyond analysing the effects of uncertainty parameters, we recognise the limitations of this study, including
the restriction to N = 0 and N = 1 cases, a limited range of uncertainty parameters, and the absence of
validation against real-world data. Future research to expand on this thesis’ depth was also addressed.

Thus, by highlighting the effectiveness of stochastic Galerkin techniques while recognising the usefulness of
Monte Carlo methods, this thesis advances uncertainty quantification in shallow water models. This study
lays foundations for future numerical modelling initiatives in environmental and engineering applications by
deepening our understanding of how uncertainty spreads under various hydrodynamic conditions.
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Appendix
A Code A: Non-intrusive Monte Carlo Method

https://gitlab.com/LeonorGoncalves/non-intrusive-model-for-swme.git
This code uses the Monte Carlo method, which introduces uncertainty into the viscosity and friction at
different times.

B Code B: Intrusive Stochastic Galerkin Method

https://gitlab.com/LeonorGoncalves/intrusive-method-for-swme.git
In this code the stochastic Galerkin method is present, where the uncertainty is introduced in the viscosity.

In order to compare both codes, the code https://gitlab.com/LeonorGoncalves/compare_intrusive_
vs_non-intrusive.git was created.
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