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Abstract

The analysis of Stochastic Gradient Descent (SGD) often relies on making some assumption
on the variance of the stochastic gradients, which is usually not satisfied or difficult to verify
in practice. This work contributes to a recent line of works which attempt to provide guar-
antees without making any variance assumption, leveraging only the (strong) convexity and
smoothness of the loss functions. In this context, we prove new theoretical bounds derived
from the monotonicity of a simple Lyapunov energy, improving the current state-of-the-art
and extending their validity to larger step-sizes. Our theoretical analysis is backed by a Per-
formance Estimation Problem analysis, which allows us to claim that, empirically, the bias
term in our bounds is tight within our framework.

Keywords. Stochastic Gradient Descent, Convex Optimization, Performance Estimation
Problem, Lyapunov Analysis.
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1 INTRODUCTION

1 Introduction

Givenn > 1 convex and smooth real-valued functions fi, ..., f,: R — R, we consider the problem
given by
. 1 iy
min f(x), where f(z) = - ZZ; fi(z). (Finite-Sum)

We denote S = argmin(f), and assume it to be nonempty.

The Stochastic Gradient Descent (SGD) algorithm (Robbins and Monro, 1951) is one of the most
popular approaches for solving Problem (Finite-Sum), and is widely used for large-scale machine
learning and stochastic optimization problems. In its standard version, at each iteration, SGD
performs a gradient step using one of the functions in the sum, which is chosen at random. More
precisely, given the iterate x;, SGD picks i; € {1,...,n} uniformly at random, and computes ;41
via

Tip1 = 2 — YV fi, (24), (SGD)

where v > 0 is the step-size. Intuitively, SGD is able to progress towards the solutions of the
problem because it follows a direction that, on average, is an unbiased estimator for Vf. The
simplicity and efficiency of SGD make it the go-to algorithm for training deep neural networks
and other models on massive datasets, where computing the entire gradient V f is intractable or
too expensive.

Variants of SGD. Variations of the standard SGD algorithm include primal averaging (Polyak
and Juditsky, 1992) and dual averaging (Xiao, 2009), momentum terms (Sutskever et al.; 2013),
adaptive coefficients as in AdaGrad (Duchi et al., 2011), or both momentum and adaptive terms
as in Adam (IKingma and Ba, 2015). Variance reduction techniques have also been considered,
such as SAG (Schmidt et al., 2017) or SAGA (Defazio et al., 2014). An extension to equilibrium
problems via maximally monotone operators was studied in Combettes and Pesquet (2015). These

adaptations are not the focus of this work and will not be considered further here.

Complexity of SGD. Quantitative results on the behavior of SGD consist in upper bounds for
a metric A(T'), which is to be interpreted as an optimality gap at iteration 7". Typical choices
include the difference between the expected value of f at a point obtained after T iterations and
its minimum value, or the expected square-distance from such a point to a solution. In most
known results, these upper bounds are expressed as the sum of two terms, taking the form

A(T) < Bias(T') + Variance(T),

where the bias term typically vanishes when T" — 400, and where the variance term can ideally
be made arbitrarily small by taking a small enough step-size. Ideally, we would like the bias term
to be equal to the rate of convergence of Gradient Descent (GD).

Assumptions for SGD. Classical studies on SGD typically assume that each function f; is
L-smooth and either convex, strongly convex or satisfies a Polyak-Lojasiewicz inequality. Some
works assume relaxations of these hypotheses, making assumptions under the form of variational
inequalities, such as the expected smoothness (Gower et al., 2019), the (Lg, L1 )-smoothness (Zhang
et al., 2020), the expected residual (Gower et al., 2021b), or the ABC condition (Khaled and
Richtarik, 2023). Other works assume that only the function f is smooth or convex. For the sake
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of readability, we will assume that each of the functions f; is convex and smooth, even though we
show in the Section 6 that we simply need an assumption analog to expected smoothness.

Besides the assumptions on the problem itself, it is quite standard to make an assumption on
the algorithm, through assumptions on the variance of the stochastic gradients V f;, (z;). Many
different variance assumptions have been studied in the context of SGD. The oldest and possibly
the best-known of such assumptions is the uniform boundedness of the variance (Robbins and
Monro, 1951; Nemirovski et al., 2009; Rakhlin et al., 2012; Schmidt and Roux, 2013), or a variant,
namely

sup E[|Vfia) = V@)I?] < +o0 or sup E[|[Vfi(x)]%] < +oc.

zeR r€R4
The latter strictly implies the former, and is usually made in non-smooth stochastic optimization
(Bubeck, 2015, Section 6) or online optimization (Hazan, 2016), whereas the former is more
common in our convex and smooth setting. These assumptions are however unrealistic in practice
(Bottou et al., 2018; Nguyen et al., 2018), and are never verified for strongly convex functions.
The bounded variance assumption has been relaxed into weaker assumptions, such as the Blum-
Gladyshev assumption (Blum, 1954; Gladyshev, 1965; Alacaoglu et al.,, 2025), maximal strong
growth (Schmidt and Roux, 2013), strong and weak growth (Vaswani et al., 2019), or relaxed
growth (Bertsekas and Tsitsiklis, 2000; Bottou et al., 2018), to name a few. But the problem
remains that those assumptions cannot be verified a priori in practice for smooth problems.

In this work, we make no boundedness assumptions on the variance, a setting already pioneered
in (Bach and Moulines, 2011; Needell et al., 2016; Gower et al., 2019).

Our contribution. We establish new and improved quantitative results on the complexity of
SGD in the convex and L-smooth setting, without making any variance assumption. Instead, our
bounds will rely on the so-called solution variance constant, which is always finite and defined as

1 n
2 . 2
7= LIV

where x, is any minimizer of f. Indeed, the constant does not depend on the choice of x,, see
(Garrigos and Gower, 2024, Lemma 4.17). Our results take the form

A(T) < Bias(T) - ||zg — x> + Variance(T) - 02,

and are valid for the whole range of step-sizes vL € (0,2). We focus on obtaining the smallest
bias term possible, and on top of improving it with respect to the existing results, we conduct
numerical experiments illustrating the sharpness of our bound. To the best of our knowledge,
this is the first work where a unified and comprehensive study of SGD, without bounded variance
assumptions and in the whole range of step-sizes, has been carried out in the convex and smooth
setting.

In the convex case, we establish bounds for the expected function value gap A(T') = E[f(Z7) — min f],
where Zr is the Cesaro average of the iterates generated by SGD up to iteration 7. Our bounds,
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with simplified notation for ease of presentation, are

o7 if vL € (0,1), s oL €(0,1),
Bias(T) = { m—b7  if7L=1,6>0, Variance(T) = Zg*%) if yL=1,>0,
27(2_17L)T ifvL € (1,2), QQXBEITL ifvL € (1,2).

In our setting, where no assumptions on the variance are made, the only existing bounds are
available for step-sizes limited to vL € (0, %), and provide worse constants (Gower et al.; 2021a).
Our results are the best so far and the first ones valid in the whole interval (0,1). Moreover, it
matches the bias term previously obtained under the bounded variance assumption (Taylor and
Bach, 2019). For vL = 1 we are able to have a bias term as close as possible from the optimal
bias ziL’ but cannot have equality with a finite variance term. Numerical results suggest that
it is not possible to achieve this optimal bias. For yvL € (1,2), which is a completely uncharted
territory for this problem, we find that the variance term grows exponentially with 7', making it
impractical. Again, our numerical experiments suggest that one cannot avoid this growth in the
variance term. Note that those problems encountered for large step-sizes vL € [1,2) are typically
avoided when making a uniformly bounded variance assumption, see e.g. Taylor and Bach (2019).

As a by-product, our new bounds for SGD with the step-size vL = 1 makes it possible to study
the stochastic proximal algorithm through the lens of SGD. To the best of our knowledge, we
establish the first complexity guarantees for this method in a general convex nonsmooth setting.

In the case where each function f; is u-strongly convex, we provide bounds over the expected
distance to the solution, namely A(T) = E[||zr — z4||?]. Our results show that we can take
Bias(T) = ¢*T where ¢ corresponds to the standard rate of GD, namely

¢ = max{1l — yu; 7L — 1},

with the exception of the optimal step-size v = #J%L, for which the bias term must be relaxed

to avoid a blow up in the variance. These results improve on (Bach and Moulines, 2011; Needell
et al., 2016; Gower et al., 2019) by allowing for the full range of step-sizes vL € (0,2), and by
having a sharp bias term. Our numerical experiments suggest again that we cannot improve those
results.

The strategy. For each fixed time horizon T, we propose a time-dependent random energy
sequence

t—1 t—1
Ei=a||o — x| * +p- Z (f(zs) — min f) — Z eso? Vt=0,...,T, (Lyapunov)
s=0 s=0

where p, (a;) and (e;) are nonnegative. The first ingredient of our Lyapunov energy is the distance
to the solution ||z; — 74||?, a classical term which typically decreases for deterministic gradient
dynamics. The second term involves the function gap f(z;) —min f, which also typically decreases
for gradient descent. The standard Lyapunov for gradient descent usually contains a term ¢(f (z;)—
min f), which we have replaced here with the sum of the past function gaps, which is of the same
order in time. This choice is critical to obtain bounds without variance assumptions (compare
with the Lyapunov energies considered by Taylor and Bach (2019)). The last term is a negative
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cumulated sum, where the e;’s play the role of a variance term. It is here to compensate the
fluctuations caused by the variance in the SGD algorithm, and will allow the Lyapunov energy to
decrease.

A decrease of E[E}] along the iterations means that E[E7| < Ej, which translates into a bound
for SGD. Our strategy is therefore to find admissible Lyapunov parameters p, (a;) and (e;), which
are those that make the energy decrease in expectation. Among those admissible parameters, our
goal is to find the ones minimizing, whenever possible, the bias term in our bound.

To this end, we rely on the approach followed in Taylor and Bach (2019) to design Lyapunov
potentials in a systematic fashion. It is based on the Performance Estimation Problem (PEP)

methodology, which originally appeared in Drori and Teboulle (2014), and was further developed
in Taylor et al. (2017b). A similar line of thought was followed in (Fercoq, 2024). Automated
Lyapunov analyses have also been developed in (Taylor et al.; 2018a; Upadhyaya et al., 2025) by

combining the PEP approach with the Integral Quadratic Constraints framework (Lessard et al.,
2016). The PEP framework allowed us to numerically drive our theoretical proofs, and to assess
the sharpness of our bounds.

This thesis is organized as follows: Section 2 presents our main results in the convex setting,
while Section 3 focuses on the strongly convex setting. Section 4 describes the PEP framework
in more details. We discuss the tightness of our results in Section 5, supported by numerical
experiments. Section 6 discusses a possible relaxation of the assumptions under which our results
remain valid. In Sections 7 and 8 we include extensions of our results to the case of non-uniform
sampling, mini-batching and to the study of the stochastic proximal algorithm. Finally, in Section
9, we conclude the work. All technical results and extensions of our results are gathered in the
appendices.
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2 Convex Setting

In this section, we consider the smooth convex setting, which we formalize below. Note that the
assumption could be relaxed, see the discussion in Section 6.

Assumption 2.1 (Convexity and smoothness). Considering Problem (Finite-Sum), we assume
that each function f; is convex and L-smooth for some L € (0,+00).

As mentioned in the introduction, our analysis is based on Lyapunov energies of the form (Lyapunov).
The next lemma illustrates how a Lyapunov decrease leads to upper bounds for (SGD).

Lemma 2.2 (Bound from Lyapunov decrease). Let Assumption 2.1 hold. Assume that E[E:1] <
E[Ey] for everyt =0,...,T — 1, that p > 0, and, without loss of generality, that ag = 1. Then

o — 2]l? | @o?

+77

E|f(Z7) — min
(@)~ min f) < 10— 2el 22

where T = % Z’f:_ol z; and e = % ;‘F:_Ol e;.

Proof. Tterating E[E;11] < E[E] for t =0,...,T — 1 yields that E[Ep] < Ejy, or, equivalently,
T-1 -
arE(|lzr — z0l*) + p Y E[f(w) —min f] = Y er07 < agllwo — ..
t=0
Bounding arE[||zr — zo|[*] > 0 and dividing by pT" > 0 yields

T-1

. ) 1 .
min B (f(r) —min f] < 7 3 [f(z) — min f] <

t=0

aollzo — =] | @0

pT P

If fis convex, we may use Jensen’s inequality to write E [f(Z7) — min f] < & ZT ' [f(x;) — min f],
which implies the wanted conclusion, after setting ag = 1. O

The next results are consequences of Lemma 2.2, after finding specific values of p, (ax) and (e),
aiming at the largest possible value for p. Most results will be presented with a uniform (and
simpler) upper bound on e for ease of presentation, and the more detailed constants can be
found in Appendix B, whereto all proofs are postponed. The presentation of our results is split
into three parts based on the normalized step-size vL, namely Theorem 2.3 for short step-sizes
~vL € (0,1), Theorem 2.4 for the optimal step-size yL = 1 and Theorem 2.7 for large step-sizes
vL € (1,2).

Theorem 2.3 (Convex case, short step-sizes). Let Assumptz’on 2.1 hold and let (z;) be generated
by (SGD) with yL € (0,1). Then, for every T > 1, with 1 = Zt 0 Tt

Lljzo — a.|? L Ry O L
= LT +2(1—~L) 20 —~L) = 24T 2(1—~L)

E[f(Zr) — min f] <
The setting vL € (0,1), usually considered short step-sizes in the GD literature, is the only one
for which we have competitors in the literature, of which we detail their results in the following
paragraphs.
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Comparison to Gower et al. (2021a). In (Gower et al., 2021a, Theorem D.6), the authors
analyzed the standard SGD algorithm under assumptions comparable to ours, while also accom-
modating for variable step-sizes. When adapted to our constant step-size setting, their result for
vL € (0, 3) boils down to

min  E[f(z;) — min f] < o — " T 52,
k=0,...,T—1 “2y(1—-2vL)T  1—2yL *

One sees that this concurrent bound diverges when - gets close to %, on both the bias and variance
terms. This comparison must of course take into account the fact that the authors are able to
provide bounds under weaker assumptions than our convexity and smoothness assumptions. They
indeed assume f to be smooth (instead of each f;) and relax the functions f; to be quasar-conver,
which is a consequence of our expected cocoercivity assumption presented in Assumption 6.4, see
Remark A.4 for more details.

Comparison to Garrigos and Gower (2024). Recently, in (Garrigos and Gower, 2024, The-

orem 5.5), the finite-sum minimization problem for L-smooth convex functions under assumptions

identical to ours was considered. For v € (0, ﬁ], they derived the bound

lwo — @4
~T

2

E[f(Zr) — min f] < + 27 - 0%,

This result is encompassed as a consequence of Theorem 2.3.

Furthermore, their analysis can easily be extended. For any € > 0 and v € (0, a +1€) ), it holds
that

— . 20 — @|? (1+e Yy
Blfor) —minf1 < 5 Gt onny T 20— D) O

This generalized bound is also recovered by Theorem 2.3 for any € > 0. In the interpolation
setting, allowing € — 0, Theorem 2.3 remains strictly stronger.

To the best of our knowledge, making a uniform variance assumption does not allow to obtain a
bound with a better bias term than the one we obtained in Theorem 2.3. For instance (Taylor
and Bach, 2019, Theorem 6) obtain the same bias term as ours for short step-sizes, and Liu and
Zhou (2023) achieved a bias of ,%L, although their results focus on the last iterate.

Note that our result focuses on the Cesaro averages of the iterates, which is standard for SGD with
no variance assumption. This is in contrast with the literature with uniformly bounded variance,
for which it is possible to derive bounds on the last iterate xp. The first result of this kind in the
convex and smooth setting was established by Bach and Moulines (2011), with bounds recently
improved in (Taylor and Bach, 2019, Theorem 5) and (Liu and Zhou, 2023, Theorem 3.1). They
obtain a variance term that scales with 7" and log(7T), respectively. Both were able to derive
complexity bounds, with the latter offering a significantly better one over the former. It remains
an open question to know whether or not it is possible to obtain bounds on the last iterate, similar
to the one established in Theorem 2.3, without uniformly bounded variance. For the time being,
this showcases a discrepancy between the uniformly bounded variance setting and ours.
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We now turn to the case yL = 1, which we call the optimal step-size, with a slight abuse of
terminology, in analogy with the optimal step-size for GD, and in view of the numerical results
presented in Section 5.

Theorem 2.4 (Convex case, optimal step-size). Let Assumption 2.1 hold, and let (x;) be generated
by (SGD) with yL = 1. Then, for every T > 1 and ¢ € (0,2), with Tp = %Zf:_ol X,

lwo — @[ | (2 +¢e)02
(2—enT e(2—¢)

E[f(Zr) — min f] <

The case vL = 1, which is standard for GD, has surprisingly not yet seen any theoretical guarantees
without bounded variance assumptions. As far as we know, this is the first upper bound provided
in this setting. We point out the fact that Theorem 2.4 cannot be seen as the limit of Theorem
2.3 when yL — 1, because it would require to set ¢ = 0, which results in an infinite variance term.
Although it would seem like a flaw of our analysis that € = 0 is not feasible, we present evidence
against this in Section 5.1. This singularity is surprising, and suggests that having a bias term
of the order of % is impossible for SGD without any variance assumptions. This is a striking
difference with GD, but also with SGD with bounded variance assumption, where no singularity
holds at vL = 1, see for instance (Taylor and Bach, 2019, Theorem 6).

Remark 2.5 (Stochastic proximal algorithm). While the convergence rates for the deterministic
prozimal algorithm are well-studied, complexity results for its stochastic counterpart are unknown
in a general setting. But a classic trick allows to rewrite the stochastic proximal algorithm as
a particular instance of SGD, with a step-size which must be yL = 1. Thanks to Theorem 2./,
we are now able to handle this optimal step-size and to derive the first complexity bound for this
algorithm with no other assumption on the functions than convexity, avoiding, for instance, to
impose finiteness and Lipschitzness as in Davis and Drusvyatskiy (2019). For more details, see
Section §.

Interestingly, when o2 = 0, the variance term vanishes and allows us to take € — 0. This setting is
known as the interpolation regime, because it is equivalent to ask that all the functions f; share a
common minimizer, see (Garrigos and Gower, 2024, Lemma 4.17). It is a feature typically shared
by overparametrized models. See Section 6.3 for more details on the definition of interpolation.

Corollary 2.6 (Convex case with interpolation, optimal step-size). Let Assumption 2.1 hold and
assume that o2 = 0. Let (z;) be generated by (SGD) with YL = 1. Then, for every T > 1,

Blf(er) - min ] < 1702l

where Tp = % ZtT:_Ol Tt.
The case 7L € (1,2), referred to as large step-sizes, is yet unexplored for SGD without bounded
variance assumptions. We present below the first result of this type.

Theorem 2.7 (Convex case, large step-sizes). Let Assumption 2.1 hold, and let (z¢) be generated

by (SGD) with vL € (1,2). Then, for every T > 1, with Tp = % tT:_Ol Xy,

o llwo—wl? | 4eho?

~ 29(2—~yL)T  2(2—~L)*

E[f(Zr) — min f]

10



2 CONVEX SETTING

where § =1 — (1 —yL)?T € (0,1), and &, is exponential in T (see its definition in Appendiz B).

In this result, we obtain a bound where the variance term increases exponentially with 7". This
means that, for large step-sizes, the variance term will quickly dominate the bias term, preventing
the algorithm from making significant progress. Of course, one might argue that this comment is
not relevant because it is based on an upper bound, and that the proof of this upper bound could
be improved. However, we provide empirical evidence in Section 5 which supports the tightness
of our bound, and showcase that the exponential increase in the variance term cannot be avoided.

This highlights a second discrepancy between the uniformly bounded variance setting and ours.
In the large step-size regime, we are unable to provide a uniform bound of the variance term with
respect to the time horizon T'. This contrasts with the result in (Taylor and Bach, 2019, Theorem

6), which, under the assumption of uniformly bounded variance, establishes a variance term that

. . . 145
remains bounded with respect to T, for step-sizes vL € (0, +2‘[).

11
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3 Strongly Convex Setting

We now focus on the strongly convex setting. As in the convex setting, the below assumption
may be relaxed, which we discuss further in Section 6.

Assumption 3.1 (Strong convexity and smoothness). Considering Problem (Finite-Sum), we
assume that each function f; is u-strongly conver and L-smooth for some u, L € (0,400).

Our analysis is still based on the Lyapunov energy introduced in (Lyapunov). The following
lemma explains how a decrease in the energy yields an upper bound for the iterates of (SGD).

Lemma 3.2 (Bound from Lyapunov decrease). Let Assumption 5.1 hold. Assume that E[E:1] <
E[Ey] for allt =0,...,T —1, p > 0, and that, without loss of generality, ap = 1. Then

T-1
E[llzr — 1:*||2] < agllzo — z4||? + €02, with €™ = Z et
t=0

Proof. Tterating E[Eyy1] < E[E] for t =0,...,T — 1 yields E[Er]| < Ejy, or in other words that

T—1
arE[ller — .|?] + p 3 E[f () — min ] < aollzo — 2.2 + 5™
t=0

Since f(z;) —min f > 0forallt=0,...,7 —1, and p > 0, this yields the wanted inequality after
setting ar = 1. O

We now present our main results for the strongly convex case, which are obtained after carefully
choosing Lyapunov parameters in Appendix C. The first theorem provides a bound with sharp
bias terms for all step-sizes, except for the so-called optimal step-size v = Liw for which the
variance explodes. The second theorem provides a bound valid for every step-size (including the
optimal one), with an e-sub-optimal bias term which allows for a finite variance term.

Theorem 3.3 (Strongly convex case, sharp bias). Let Assumption 3.1 hold, and let (z;) be

generated by (SGD) with vL € (0,2) such that v # Yopt = “J%L Then, for every T > 1,
2 2T y , 1—0¢*
Elllor = .]7] < 67 - oo — 2.|P + T eo?,
where ¢ = max{1l —yu;yL — 1} € [0,1), and e = ~* (1 + %)

Theorem 3.4 (Strongly convex case, sub-optimal bias). Let Assumption 3.1 hold, and let (x;) be
generated by (SGD) with yvL € (0,2). Then, for every T > 1 and e > 0,

1= ¢2T eo?

E[lzr — %] < ¢* - |lzo — 2] + T g7 ©on

where $? = ¢ + (max{1 — yu;yL — 1})2 € [0,1), and e = > (1 + M)

As in the convex case, when interpolation holds (see Section 6.3 for more details), namely when
02 = 0, the division by ¢ is no longer a problem, allowing us to take ¢ — 0.

12
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Corollary 3.5 (Strongly convex case with interpolation, optimal bias). Let Assumption 5.1 hold,
and assume that 02 = 0. Let (x;) be generated by (SGD) with vL € (0,2). Then, for every T > 1,

Elllzr — 2] < ¢*" - [lzo — 2|,

where ¢ = max{1 —yu;yL — 1} € [0,1).

The first message to take from our results is that it is possible to have bounds for SGD whose
bias term corresponds exactly to the standard rate for GD, namely a geometrical rate governed
by ¢?. A second insight is that it is possible to obtain bounds for the full range of step-sizes
~L € (0,2). This is in contrast with previous studies, of which we detail the results over the
following paragraphs.

Comparison to Bach and Moulines (2011). In (Bach and Moulines, 2011, Theorem 1),
the authors analyze the convergence of SGD for strongly convex objectives without variance
assumptions, aligning with the setting of our Theorem 3.3. They present the following bound:

E(|ler — 2.]%] < 2exp(dL*y*(T = 1)) - exp(—pyT/4) - (w0 — z.||* + 07 /L?) + 4707 /1.

Their proof is based on a Lyapunov energy function similar to the one employed in our analysis,
though with different coefficients. The exponential form is presented for clarity in the context of
their use of decreasing step-sizes. For the constant step-size scenario, their analysis yields

2 2T 2 o 1=¢"
Efllor — 2. °] <™ - llzo — 2l + 297 - 5 —5 7w
where ¢? = 1 — 2uy + 2L%4% = ¢? + +2(L? — p?). It may be verified that ¢ < ¢, where ¢ is
defined as in Theorem 3.3, which connects their result to ours. In specific, our analysis explicitly
establishes convergence over a broader range of step-sizes v compared to the range considered in
their work, and provides a sharper rate.

Comparison to Needell et al. (2016). In (Needell et al., 2016, Theorem 2.1), the authors
obtain, under the same assumptions and for v < %, the bound

v 2
E[||lzr — z]|?] < (1 —2yu(l —~L T. To — T||? + ———— - 02

We note that the bound is weaker than the one obtained in our results, and is restricted to short
step-sizes.

Comparison to Gower et al. (2019). The authors of (Gower et al., 2019, Theorem 3.1) study

the quasi-strongly convex setting under the assumption of expected smoothness, which is tightly
linked to our assumption (EC,), as put forward in Remark 6.6.

For a constant step-size yL € (0,1/2], they derive the bound

2y
Elller — 2.%] < (1 —v) " [lwo — 2.]* + o 0.
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3 STRONGLY CONVEX SETTING

Our analysis extends the convergence result to a broader range of step-sizes. Furthermore, within
this specific range of step-sizes, our derived convergence rate incorporates a squared term related
to (1 — ypu), differing from the linear term presented in their bound. This is an effect often seen
in simpler proofs.

It is remarkable that being able to work with large step-sizes allows us to observe a singular
phenomenon for the optimal step-size, which, to our knowledge, was never observed before. In

the deterministic setting, the step-size v = ui 7 is the only one leading to the optimal geometric
— )2
rates governed by ¢? = gé +Z ;2. In our stochastic setting, it appears that achieving such a bias

term is incompatible with having a finite variance. It seems reasonable to think that achieving
the optimal rate for a deterministic method requires such precision that introducing a small
perturbation or variance might break it. Such conjecture seems to be validated by our numerical
experiments presented in Section 5.

14



4 PERFORMANCE ESTIMATION PROBLEM

4 Performance Estimation Problem

The Performance Estimation Problem (PEP) methodology was originally introduced in Drori and
Teboulle (2016) and later refined in Taylor et al. (2017h). The purpose is to convert the analysis
of an optimization algorithm into a computationally tractable semi-definite program which can
be solved numerically. The primal and dual solutions to this problem then yield the convergence
rates and proofs of them, if read appropriately.

In Section 4.1, we introduce the current state-of-the-art on the PEP methodology. Section 4.2 is
devoted to how exactly we reformulate the study of (SGD) into a computationally tractable semi-
definite program. In Section 4.3 we give a short insight into how the solution to this semi-definite
program inspires the mathematical proofs.

We define F, 1, (R9) to be the set of L-smooth u-strongly convex functions. We shall often drop
the dependency in R? when the space is clear from context.

4.1 State-Of-The-Art

Initial Work. The Performance Estimation Problem (PEP) methodology was first introduced
in Drori and Teboulle (2016), where the authors considered a relaxation of the problem, which
did not yield tight bounds. A significant advancement was made with the innovative introduction
of interpolation conditions in Taylor et al. (2017b), which focused on variants of the gradient
descent method. The same authors rapidly extended the framework to analyze other first-order
methods (Taylor et al.,,; 2017a), the proximal—gradient method (Taylor et al.,; 2018b), and gradient

descent with exact hne search (de Klerk et al., 2017). Since its initial study, the gradient descent
method has been extensively analyzed (I<im, '2()2r Abbaszadehpeivasti et al., 2023), Wlth recent
work establishing tight bounds in all settings for constant step-sizes (Rotaru et al., 2024). A

link between PEP and sum-of-squares has also been established, allowing to study noisy gradient
descent under inexact line search (Tan et al., 2021). Some work has also been done in studying
gradient descent with arbitrary pre-fixed step-sizes (Altschuler, 2018; Daccache, 2019; Eloi, 2022),
and acceleration through specific step-size schedules has been obtained for dynamic schedules
(Teboulle and Vaisbourd, 2023) or periodic step-size (Grimmer, 2024). More recently, anytime
acceleration through a specific step-size schedule has been obtained (Zhang et al.; 2024).

Other Methods. The PEP framework has been adapted and expanded by various researchers
to study a wide range of optimization algorithms. For instance, it has been applied to analyze
biased stochastic gradient descent (Hu et al., 2021), the last-iterate convergence of the subgradient
method (Zamani and Glineur, 2023), the alternatlng direction method of multipliers (ADMM)
(Zamani et al.; 2024), primal- dual methods (Bousselmi et al.; 2024b), and methods involving
linear operators (Bousselmi et al., 2024a). Beyond first-order methods, the framework has also
been extended to study non-first- order methods, such as Newton—type methods (De Klerk et al.,
2020) and nonlinear conjugate gradient methods (Das Gupta et al., 2024a). The methodology can
also be extended beyond the Euclidean setting, such as to Bregman methods (Dragomir et al.,
2022).

Beyond Convexity. In addition to convex optimization, the PEP methodology has been suc-
cessfully applied to nonconvex function classes. Notable examples include hypoconvex functions
(Rotaru et al.; 2022, 2024), difference-of-convex functions (Abbaszadehpeivasti et al.; 2024), and
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Polyak-Lojasiewicz functions (Abbaszadehpeivasti et al.; 2022), although the latter involves a re-
laxation of the original problem. Functions satisfying a lower restricted secant inequality and an
upper error bound have been studied in Guille-Escuret et al. (2022).

Algorithm Design. Once a convergence rate can be systematically derived, a natural subse-
quent question arises: how to select the optimal parameters for the algorithm. Work such as
Kim and Fessler (2021), Goujaud et al. (2022) and Zhou et al. (2022) use this methodology to
develop optimal algorithms for convex, convex with quadratic upper bound, and sum-of-convex
optimization. The work Guille-Escuret et al. (2022) proves that vanilla gradient descent is optimal
amongst all first-order algorithms satisfying a lower restricted secant inequality and an upper error
bound. In general however, this leads to a saddle-point problem, where the goal is to minimize the
worst-case performance over all possible parameter choices. By leveraging duality, this problem
can be reformulated as a single-level optimization problem. However, this reformulation typically
results in a nonconvex problem, which is generally challenging to solve. Recently, Das Gupta
et al. (2024b) addressed this issue using a branch-and-bound technique, providing a promising
approach to tackling the nonconvexity. Despite this advancement, the exploration of optimal
parameter selection within the PEP framework remains largely underexplored.

Beyond Optimization. The versatility of the PEP framework extends beyond optimization to
other areas, such as operator splitting methods (Ryu et al., 2020) and feasibility problems (Luner
and Grimmer, 2024).

Lyapunov Analysis. Furthermore, it has been employed to study Lyapunov analyses for opti-
mization algorithms. The initial work in this direction was presented in Taylor et al. (2018a), with
subsequent refinements in Taylor and Bach (2019), where Lyapunov analyses were used to study
stochastic methods. This topic will be explored in detail in Section 4.2. Continuous-time Lya-
punov analyses have also been investigated in Moucer et al. (2023), and an automated Lyapunov
function design methodology based on PEP was proposed in Upadhyaya et al. (2025).

Integral Quadratic Constraints. It is worth noting that another framework, namely integral
quadratic constraints (IQCs), has also seen significant development in the systematic analysis of
optimization algorithms (Lessard et al., 2016; Scherer et al., 2023). This methodology has also
been applied to analyse biased stochastlc gradlent descent (Hu et al., 2021). While this approach
is interesting, it falls outside the scope of this work and will not be further explored.

4.2 Problem Reformulation
Most ideas of this section are inspired by Taylor and Bach (2019).

As we aim to obtain a computationally tractable problem, we fix the value of m in the present
scenario. However, the final results will not depend on the fixed value of m, thus recovering the
results of Sections 2 and 3.

As explained by Lemmas 2.2 and 3.2, our goal is to derive nonnegative parameters p, (at, €;) such
that E[Ey11] <E[E;] for all t =0,...,T — 1, where

t—1

By = ail|lz — 2.l + p- Y _[f(ws) — min f] - Zes’ IV fi(z)|?] fort=0,...,T -1,
s=0
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and z, € argmin f. We replaced o2 by its equivalent value E[HV fz(x*)HZ] for simplicity, to avoid
the additional variable o2.

We call parameters p, (a;), (e:) Lyapunov parameters if E[E 1 — Ey] < 0 holds for all ¢ =
0,...,7 — 1, for all d > 1, for all functions fi,...,fmn € ]:H,L(Rd), all zp € R% and all
. € argmin f. Note that being Lyapunov parameters depends on the number of functions m
and the time horizon T. We denote the set of all Lyapunov parameters by Vr, where we omit the
dependence on m, as our results happen to be independent of m.

To unify the presentation for the convex and the strongly convex setting, we introduce some
notation.

e In the convex setting, Lemma 2.2 tells us that we are interested in maximizing p, or equiva-
lently minimizing %, where we fix ag = 1. In this setting we denote the bias and normalization
by

1
Bias = p and Nt = {p, (a,e;) € Vr:ag = 1}.

e In the strongly convex setting, Lemma 3.2 tells us we are interested in minimizing ag, where
we fix ar = 1. In this setting we denote the bias and normalization by

Bias = a9 and Np={p, (a,et) € Vp: ar = 1}.

With this notation in mind, we may formally state our problem as

Biasept = Biasept (1) = inf  {Bias}.
py(at,et)ENT

The definition of being a Lyapunov parameter is such that it generates a decrease in energy at
each step. Specifically, it holds true that

Biasopt = inf {Bias: E[E 1 — E] <0Vt =0,...,T —1,Vzo € R Vf; € Fp,Vd € ZZI} .
T

By permuting the quantifiers, this may then be reformulated as a bilevel program, namely:

Biasopt :i/\I/_If{BiaSZ B, <0 Vt=0,...,T—1},
T

where

By = Bi(p, (a, e1)) = sup  E[Ei1 — Ey
d6221

subject to  x; generated through SGD in ¢ steps from x,
Vfi(r:) =0, zo,2. €RY  fi€ Fur.

Note that zg is a variable of the follower problem, and hence acts as a slack variable for the
constraint that x; is generated from xzy. Using this, and recalling the definition of E;, we may
write that

By = sup a1 Eflwen — 2. 7] — adlloe — 2.l + p(f(20) — f(22)) — e[|V fi(2.)[]?]

€Li>q

subject to Zsz(x*) =0, a,z.€RY fie Fuu,L-
i=1
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4 PERFORMANCE ESTIMATION PROBLEM

By introducing the notation fj@ = fi(z;) and g(.i) = Vfi(z;) for j € {t,*} and i =1,...,m, and

J
by rewriting the expectations as finite sums, we may rewrite the problem equivalently as
a1 N 0 P NSy CE S O)
B, = lass - e * 2 — Lx 2 - e *l - *l 2
R M e e S DI ARY R PO

subject to ng) =0,
i=1

there exist f; € F, 1 such that fi(z;) = f;i) and Vf;(z;) = g-l)
for j € {t,x} andi=1,...,m,
Ty, 2y € RY, gt(i),gii) e RY, ft(i),f*i) eR foralli=1,...,m.

The existence condition may seem like a complicated reformulation, but it allows us to use (Taylor
et al., 2017b, Theorem 4), a cornerstone of the performance estimation framework:
Theorem 4.1. Let L > 1 > 0 and let {(xi, i, fi)iez} C RE x R x R be a finite set of triplets.
There exists a function f € F, 1 such that

flzi)=fi and Vf(x;)=g; foralli€eT,
if, and only if, for every pair of indices (i,j) € I?%, it holds that

1 1 W
fi—fi—gj,xi —x5) > Gl <LH9¢ = gill* + pllw: — 25" = 27 (s — g5, —$j>> SENCY

Using this theorem, we may rewrite our program equivalently as

a1 (- W _ g2 SR SYPOREPONENTE S IO
B, = su Ty — — |7 — agl|xe — 24|+ — —fi)——= N
¢ dezl; = ; e — 79 | tlle [ ;(ft B = ; g+
m 2
subject to Z g,(ki) =0,
i=1
(:ct,g,gi)7 ft(l)) and (x*,gii), f*(l)) satisfy Inequality (1) for alli=1,...,m,
(sc*,gg), *i)) and (mt,gii), ft(l)) satisfy Inequality (1) for alli=1,...,m,
a2, €RE gD g erd D DR foralli=1,...,m.
The variable gim) is redundant, as it is given by g£m) = — Zﬁzl g,gi). To simplify notation, we
introduce
1 1 -1
Pt = (gwg )7 v >g§m)7g>(k )7 <o 7.g§<m )axt - .CE*> S RdXQma (23)
1 1
Ft:<ft( )7"')ft(m)7f>lg )7-"7f*m)>€R2m7 <2b)
and define the vectors p; € R*™ for i = 1,...,2m + 1, such that
Ptpi:gt(i) fori=1,...,m,
Ptpm+i=g>(kl) fori=1,...,m—1,

Pipoy = — Z;Zl .g>(kl)a
Pipomi1 = o — x4,
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4 PERFORMANCE ESTIMATION PROBLEM

and f; € R?™ for i = 1,...,2m such that, fori =1,...,m,

Fufi= 0, Ffm = 2.

With this, we may write our program as
Bt = sup PtTAtPt + FtA
deZZl
subject to  Fyfmyi — Fufi + PtTAEQPt <Oforalli=1,...,m,
Fufi = Fifmsi+ PFAY)P <0 forall i = 1,...,m,

Pt e RdX2m, Ft c RZm’

where
( a m
t+1
Ay = ﬁ Z(p2m+1 — YPm+i) (P2m+1 — 7pm+i)T - atp2m+1P2Tm+1
i=1
e m
t
— ) PmtiPhi
i=1
~ p m
A = Z .fz - .fm+i7
mis
; 1 ulL
T T T
Ag’l = Pm+iPam+1 T m(Pz — Pmti)(Pi — Pmti)” + mp2m+1p2m+1
B T
_H(Pi — Pmti)Pom+1
‘ T T pL T
A£1 = —PiPom+1 T m(pi = Pm+i)(Pi — Pmri)” + mmmﬂpmﬂ
H T
—ﬁ(pi — Pm+i)Pom+1-

This formulation is a non-convex quadratic program. A standard technique to render this solvable
is to cast it into a semi-definite program. We do so by introducing Gy = P! P, = 0, and obtain

B; = sup sup Tr(AGy) + FAA
dGZZ1 Gt€52m,Ft€R2m

subject to  Fyfmai — Fvfi + TT(AEi

)

)
Fofi — Fefm+vi + TT(A*Z%
rank(Gy) < d,

) <Oforalli=1,...,m

) <Oforalli=1,...,m

where S* denotes the set of symmetric positive definite matrices of dimension & x k. This formula-
tion is equivalent to the previous one due to the rank condition: given any matrix G; € S¥ of rank
lesser than d, a Cholesky factorization G; = PtTPt would yield a P, € RI*2m  which is feasible to
the previous formulation. Now, observe that the non-convex non-continuous rank constraint may
be removed due to the exterior supremum over d > 1. Once this is done, we may as well remove
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the supremum over d because it does not appear anymore in the inner supremum. This allows us
to write

B, = sup Tr(AGy) + F,A (Primal)
G1e82m FyeR2m
subject to  Fyfmsi — Fifi + Tr(AVGy) <0 foralli=1,...,m,

)
Fifi — Fyfimyi +Tr(A Z,)fGt) <Oforalli=1,...,m.

We have now expressed B; as the optimal value of a semi-definite program. It is a simple exercise
to compute the dual of this problem, which happens to be a feasibility problem:

B, = sup 0 (Dual)
A A Ay

t,%)

subject to — A; + Z (AgzlAgzi n )\S%AS%) A,

m m
—A+) )\E,Zl(fmﬂ D )\*Z,)t(fi — fmti) =0,
i=1 i=1
A € 8P, Ag’l,)\fi €Rsp foralli=1,...,m.
We prove in Appendix D that this is indeed the dual problem of Problem (Primal). We further
prove that strong duality holds, meaning that B; = —B;. As a consequence,

B; <0 <= B; >0 <= Problem (Dual) is feasible,

where the last equivalence follows from the structure of Problem (Dual). In conclusion, we can
rewrite the problem of minimizing Bias over the Lyapunov parameters into

Biasopt = 'i/\Iflf Bias
T

subject to — Ay + Z (/\,EziAgll + /\82&145:35) = Ay,

m
)
i=1

M (Foni = 1)+ 3 A0 (Fi = fmra) =0,

i=1

- A+

-

Il
s

7

A eS8, AN eRsy foralli=1,...,mand t=0,...,T — 1.

This formulation is a finite-dimensional semi-definite program that can be solved numerically.

4.3 Obtaining Mathematical Proofs
The Lagrangian attached to Problem (Primal) is given by
L(Gt, Ft, At, Agi, Ag)) = — TI'(Ath) — FtA — TI‘(Ath)

+ Z )‘1(5,2 (thm+i - b fi+ Tr(AiflGQ)
=1

+> ) (thi — Fifmyi + Tr(Aii)th)) :
i=1

)

20
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If we have a primal-dual optimal solution (G, F'y, Ay, (XEQ), (XS%)), it holds that, for all Gy € S?™
and Fy € R?™,

L(Gr Fo R, (), (AN) < L(Gr, By Ry (), (AL))).
Due to complementary slackness, it holds that,
L(Gy, Fi, Ay, (Xg,zi)y (X(:)t)) = — Tr(AGy) — FA = B

By strong duality (see Appendix D), we know that the existence of a primal-dual solution implies
that B; = 0. As such, it holds that, for all G; € S>™ and F; € R*™,

0 < L(Gy, Fy, Ay, (X&Z% (X(:?s)),
or in other terms that
Tr(A:Gy) + FA + Tr(AGy) < in) <thm+i —Ffi+ Tr(Agth)) (3)
i=1

+ ng <thi — Fifmyi+ Tr(ASf)Gt)) :
i=1

)

As (G, Fy, Ay, (X,Ezi), (XS%)) is primal-dual optimal, in particular it is primal-dual feasible, and
hence A; > 0 and XE?,XS% >0 forall : =1,...,m. In particular, if G; and F; are generated by
functions f; € F, 1 through Equations (2), it holds that the right-hand side of Equation (3) is

nonpositive by Theorem 4.1. By recalling that E[E;1 — E;] = Tr(A«Gy) + F,A, we write
E[Ei 41 — E] < —Tr(A:Gr) <0,

where the latter follows since Ay, Gy = 0. Specifically, one can prove that E[E;y; — E;] < 0 by
rewriting it in the form of (3), using the obtained dual optimal solution, and writing Tr(A:G;) as
an appropriate sum of squares based on the Cholesky factorization of A;.
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5 SHARPNESS THROUGH NUMERICAL EXPERIMENTS

5 Sharpness through Numerical Experiments

In this section, we delve into discussing the tightness of our bounds. To this end, we employ a
numerical approach based on the Performance Estimation Problem (PEP) methodology. We direct
the reader to Section 4 for an in-depth explanation of our PEP framework. Roughly speaking, the
idea consists in reformulating the problem of finding admissible Lyapunov parameters ensuring the
energy decrease into a semi-definite program, which may be solved numerically. For this thesis,
we focused on finding admissible coefficients yielding minimal bias terms in our bounds.

This framework inspired and drove our proofs, helping us to postulate the best Lyapunov parame-
ters that could be found. We made this clear in our proofs, which can be found in the Appendices
B and C. Although most of our theorems in Sections 2 and 3 are stated using simplified values,
for an easier presentation, in this section we will make use of the exact values found in our proofs.
Moreover, it allowed us to verify the tightness of our bounds, at least numerically. We recog-
nize that theoretical results overlapping with numerical observations do not constitute a proof of
optimality. Nevertheless, these validations allow us to formulate conjectures that our results are
sharp, some of which we partially prove. This tightness assessment will be the focus of the rest
of this section.

All of our numerical experiments' were developed in Python 3.13 using the solvers MOSEK version
11.0.19 (MOSEI, 2025) and Clarabel version 0.9.0 (Goulart and Chen, 2024) to solve the resulting
semi-definite programs, implemented using CVXPY version 1.6.5 (Diamond and Boyd, 2016), and
run on Intel Xeon Platinum 8380 CPUs.

5.1 Convex Setting

The primary focus of our work has been to identify sharp bias terms, which directly translates
to maximizing the value of p via Lemma 2.2, once we assume, without loss of generality, that
ap = 1. We denote by popt the supremum of all such possible admissible constants p. In parallel,
we define pipeory to be our guess for popt driven by our results in Theorems 2.3, 2.4 and 2.7:

2y 4+ 7 (1 — L) if vL € (0,1),
Ptheory = § 2 ifvyL =1,
2y(2 —yL) [1 — (1 —L)*T] ™" ifyLe(1,2).

Figure 1 compares our analytically derived piheory With the value of popt obtained numerically.
The perfect match across the full range of step-sizes validates the sharpness of the bias term in
our theoretical bounds for step-sizes vL # 1. This empirical sharpness is validated by a formal
proof, for large step-sizes (see Proposition B.8 for more details).

Proposition 5.1. For large step-sizes yL € (1,2), there exists no Lyapunov parameters with
ap =1 and p > pipeory making the energy decrease.

For the optimal step-size vL = 1, we empirically see that we cannot do better than 2+, but we
were not able to achieve it in Theorem 2.4. To understand why, we turn to the study of the
variance term.

!Code available on https://github.com/DanielCortild/PEP-for-SGD-without-Variance.
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Figure 1: Theoretical and numerical bias term (L = 1).

As a second set of experiments, we minimized the constant € (which governs the variance term in
our bound from Lemma 2.2) under the constraint that p = pheory. We will denote the infimum of
such constants as €gpt, and will note €ipeory the constant we obtained in our results. We compare
the values of those two constants in Figure 2, for non-optimal step-sizes. We can see that, as
~vL — 1, either from the left or from the right, the variance term tends to infinity, suggesting that
it is not possible to maintain p = pepy when vL = 1. Moreover, the solver fails when trying to
compute €y for this optimal step-size, which again points to the fact that p = 2 is not a feasible
Lyapunov parameter when vL = 1. This is why in Theorem 2.4 we proposed a bias term with
any pe < popt, in view of maintaining a finite variance. In consequence we conjecture that, within
such Lyapunov framework, it is not possible to obtain a bound for SGD with a bias term of the
1

order T when yvL = 1.

A bi-product of the results displayed in Figure 2 is that the variance terms we obtained in Theorems

2.3 and 2.7 overlap with the variance returned by the solver. This suggests that we cannot avoid
the issue we had with Theorem 2.7, where the variance term grows exponentially with time.

)
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Figure 2: Theoretical and numerical average variance term (L = 1).
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We note that Figure 2 was made for T' = 2, as we observe numerical instability for large values
of T for the variance, specifically for large step-sizes. For completeness, Figures 3 and 4 represent
the variance term for larger values of T'. For short step-sizes our theoretical results still match
perfectly, whereas for large step-sizes we observe slight deviations, likely due to the large dimension

of the underlying semidefinite problem.
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Figure 3: Theoretical and numerical average variance in the convex setting for short step-sizes.
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Figure 4: Theoretical and numerical average variance in the convex setting for large step-sizes.

In Figure 5 we study the case of the optimal step-size yL = 1, with an e-suboptimal bias, to
contrast with Theorem 2.4. The plot is generated by fixing a rate of p = 2y — ¢, and minimizing
the average variance. We note that the results are not tight due to our restriction that a; = 1
within the proof, which is not the case for € > 0. Nevertheless, as T" — oo, the PEP bound seems
to converge to our (asymptotic) bound. We moreover point out that this non-tightness is not a
problem, as we are already studying a suboptimal bias term, and are mainly interested in the
behavior as € — 0.
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Figure 5: Numerical and theoretical variance for optimal step-size and suboptimal bias term.

Combining Figures 3, 5 and 4, we confirm that it seems impossible to obtain a finite variance for
the optimal bias term at the optimal step-size yL = 1. This confirms our discussion following
Theorem 2.4.

5.2 Strongly Convex Setting

In this setting, our focus has also been to identify sharp bias terms which, through Lemma 3.2,
amounts to minimizing the value of ag, once we assume, without loss of generality, that ap = 1.
We denote by agpt the infimum of all such possible admissible constants. Driven by our result
in Theorem 3.3, we expect agpt t(t) be equal to ¢?7, with ¢ = max{1l — yu,vL — 1}. Figure 6
compares ¢>! with the value of ag”" obtained numerically, and illustrates again the tightness of our
results. Note that the iteration count is smaller here than in the convex setting, due to numerical
instability issues, which are made visible in Figure 7.
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Figure 6: Theoretical and numerical bias term (L = 1, y = 0.25 and e 1.6).
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Figure 7: Example of numerical instability for (L, u) = (1,0.5).

For the optimal step-size v = LLW, we empirically see that we cannot do better than ¢, but
we were not able to achieve it in Theorem 3.3. Here again we will understand why by looking at
the variance terms. To do so, we implement the minimization of the constant e’ appearing in
Lemma 3.2 under the constraint that ag is equal to ¢?7. Figure 8 compares the optimal value
€2 to the constant we obtained in our proofs. We can see that, as the step-size gets closer to the

opt
optimal one, the variance tends to +o00. This strongly suggests that it is not possible to obtain a

2T
bias term of the order (L7“> by means of a Lyapunov analysis such as ours.
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Figure 8: Theoretical and numerical total variance term (L =1, p = 0.25 and MJ%L = 1.6).

Figure 8 studies a specific value of y. In order to confirm the singularity at the optimal step-size,
we define the relative error 7 between the theoretical and numerical average variance as

Eopt - étheory

— 9
€theory

where €tpeory is the theoretical average variance term obtained in Theorem 3.3. Figure 9 shows this
relative error for various values of T' over a range of values of step-sizes 7L and strong convexity
parameters (.
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Figure 9: Relative errors 7 in optimal average variance.

In Figure 10 we plot the numerical and theoretical variance term upon fixing an e-tight bias term.
Our bounds might not appear tight, but we suspect this to be due to numerical instabilities. To
emphasize this, we include the same results using a different solver in Figure 11, whose results
are widely different. We leave this for further investigation. In either case, we observe that the
variance term approaches 400 as € — 0, thus numerically validating Theorem 3.4.
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Figure 10: Theoretical and numerical variance in the strongly convex setting with g = 0.25, in
the optimal step-size (using MOSEK).
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6 RELAXATION OF PROBLEM STATEMENT AND ASSUMPTIONS

6 Relaxation of Problem Statement and Assumptions

In theory, it is possible to consider a more general setting than in Sections 2 and 3. The technical
proofs postponed to the appendix are assuming the more general assumptions presented in this
section. It is important to note these assumptions are a generalization of the previously provided
setting, and hence not invalidating the results of Sections 2 and 3.

Instead of limiting ourselves to the minimization of a finite sum of functions in R%, we consider
the minimization of an expectation of functions defined on a real Hilbert space.

Problem 6.1. Let H be a real Hilbert space with associated inner product (-,-) and induced norm
|- |l. Let {fi}iez be a family of real-valued functions f;: H — R, where T is a (possibly infinite)
set of indices. We consider the problem of minimizing f = E[f;], where the expectation is taken
over the indices i € I, with respect to some probability distribution D over T. We assume that

1. the problem is well-defined, in the sense that i — f;(x) is D-measurable, and that E[f;(x)] is
finite for every x € H;

2. the problem is well-posed, in the sense that argmin f # ();

3. the problem is differentiable, in the sense that each f; is differentiable, and so is f, with
Vf(z) = E[Vfi(x)].
Within the context of Problem 6.1, we study the performance of the SGD algorithm, which
generates a sequence (x¢)¢>o according to

Ti+1 = Tt — valt (xt)7 (SGDE)

where v > 0 is a fixed step-size, and i; € Z is sampled i.i.d. from the distribution D. Note that
Problem 6.1 and (SGDg) boil down to (Finite-Sum) and (SGD) in the setting introduced in the
earlier sections.

6.1 Smoothness and Convexity

The main assumptions that we presented previously were smoothness and convexity (or strong
convexity) of the functions f;. We define a setting combining both convexity and strong convexity,
which allows us to unify parts of the analyses. We also define a more relaxed setting, which is all
that is needed for our results to hold.

Assumption 6.2 (Smoothness and p-strong convexity). Considering Problem 6.1, we assume
that

o there exists L € (0,+00) such that each function f; is L-smooth, in the sense that V f;: H — H
is L-Lipschitz continuous;

e there exists p € [0,400) such that each function f; is p-strongly convex. When p = 0, this
simply means that f; is convexz.

Smoothness and p-strong convexity can be characterized by the means of a variational inequality:

29



6 RELAXATION OF PROBLEM STATEMENT AND ASSUMPTIONS

Lemma 6.3 (Expected Cocoercivity). Let Assumption 6.2 hold. Then, for every (z,y) € H2,

LRIV A@) - VAEIE) + By~ 2l < (L - ) (1) ~ 1) + (V) — LY F(@).y ).
(EC)

Proof. Because f; is L-smooth and p-convex, we can use (Tayvlor et al., 2017b, Theorem 4) to
write, at every (z,y),

1 wL

IV = VE@I + S lly = 2l* < (L= w) (fily) = fil@)) + (Y fily) = LV fi(w),y — ).
The conclusion follows after taking expectation. O
As will be made clear throughout our proofs, we may relax Assumption 6.2 to only assume that

the conclusion of Lemma 6.3, namely (EC), holds between any point « and any minimizer z*. We
will decline this assumption into two flavors.

Assumption 6.4 (Expected Cocoercivity,). Considering Problem 0.1, we assume that there exist
L e (0,+0) and p € [0, L] such that

for every x € H and every x, € argmin f, (EC) holds for (x,x.). (EC,)
Assumption 6.5 (Symmetric Expected Cocoercivity,). Considering Problem 0.1, we assume
that there ezist L € (0,+00) and p € [0, L] such that
for every x € H and every x, € argmin f, (EC) holds for (x,z.) and (z.,x). (SEC,)
Remark 6.6 (Comparing (SEC.) and (EC.) with other assumptions in the literature). From
what precedes, it is clear that
each f; is p-convex and L-smooth = (SEC.) = (EC,).

We also note that (EC.) implies the p-strongly quasi-convexity assumption from Gower el al.
(2019). If we focus on the case p = 0, we see that (SEC.) holds if, and only if, (EC.) and
(ES) hold, where the latter is the Ezpected Smoothness property introduced by Gower et al. (2019),
stating that, for all x € H and x,. € argmin f,

GBIV file) = VA@I] < f@) - ). (ES)

6.2 Gradient Variance at the Solution

We also assume that the variance of V f;(x) exists at the solutions. More precisely,

Assumption 6.7 (Solution Gradient Variance). Considering Problem 6.1, we assume that the
variance at the solution exists, meaning that

E [|[V filx)[?] < +o0 (@V.)
for every x, € argmin f. We will note

2= swp  E[|VSilz)]?].

TxE€argmin f
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6 RELAXATION OF PROBLEM STATEMENT AND ASSUMPTIONS

It is important to note that under Assumption 6.4 the variance term E [[|V fi(z.)|?] does not

depend on the choice of x, € argmin f, as was already observed in (Garrigos and Gower, 2024,
Lemma 4.17).

Lemma 6.8. Let Assumption 0./ hold. Then E [||V fi(z.)|[?] is constant over argmin f.

Proof. Let x,,x, be two minimizers of f. From Assumption 6.4 we know that (EC.) holds true
for the couple (x4, %), which means that

SE[IV () ~ ia)I?) < (L — ) (F(al) — f(2) + (09 () ~ LV (), — ).
Because f(x),) = f(zs) = inf f and V f(z}) = V f(z.) = 0, we deduce that
E[|IVfi(z}) = Vfi(z)]*] = 0.

Then, almost surely with respect to the distribution D over the indices i € Z, we have ||V f;(x}) —
Vfi(z+)||* = 0. This means that Vf;(z},) = Vf;(x.) almost surely, from which we deduce that

E [IVf(@)I”] = E [IV£i(z)l?],
meaning that in fact E [||V fi(z.)[|?] is constant over argmin f. O

Assuming that the variance at the solution o2 exists is trivially satisfied in the case of the mini-

mization of a finite sum, as presented in Problem (Finite-Sum).

Lemma 6.9 (Finite-sum problems have finite solution variance). If Problem 0.1 treats a finite
sum of functions, i.e. T is finite, then Assumption 0.7 holds true.

Even for true expectation-minimization problems, where Z is infinite, the Assumption 6.7 is
very mild. In particular, this assumption is automatically verified in problems where the loss
functions f; are nonnegative, which is standard for problems arising in inverse problems and
machine learning.

Lemma 6.10 (Sufficient condition for finite solution variance). Consider Problem 6.1 and assume
that the functions f; are L-smooth and are uniformly bounded from below functions: there exists
r € R such that fi(x) > r for everyi € T and x € H. Then Assumption 0.7 is true, with moreover
the information that

02 < 2L(min f — 7).

Proof. Since each f; is L-smooth, we can write (Garrigos and Gower, 2024, Lemma 2.28), for all
r € H,
IV fi(2)|> < 2L(fi(x) — min f;) < 2L(fi(x) —r).

Setting x = x, € argmin f and taking the expectation of this inequality, we obtain
E [V fi(z)|?] < 2L(f(z+) — ) = 2L(min f — r) < +o0,

which concludes since 62 = E [[|V fi(z.)[%]. O
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6 RELAXATION OF PROBLEM STATEMENT AND ASSUMPTIONS

6.3 Interpolation

We conclude by connecting the variance at the solution with interpolation. The following facts can
be found in ( ), which we have extended here from a finite-sum problem
to our expectation-minimization Problem 6.1.

Definition 6.11. Consider Problem 6.1. We say that interpolation holds for the family of func-
tions (fi)iez if

() argmin f; # 0,

1€

where the intersection is to be understood for D-almost every i € L.

Lemma 6.12 (Consequences for interpolation). Consider Problem 6.1. If interpolation holds,
then

1. E[inf f;] = inf f.

2. Njez argmin f; = argmin f.

Proof. Because interpolation holds, we may select z, € N;jcz argmin f;. Let us start by showing
that x, € argmin f. For this, consider any = € H and write

f(z.) = Elfi(z.)] = E[inf fi] < E[fi(2)] = f(x).

This proves that x, € argmin f. Now let us prove the first part, by observing that

inf f = f(z.) = E[fi(z.)] = E[inf fi].

Secondly, we prove the second point, for which we are only left with the reverse inclusion. Consider
some x € argmin f. Then

f(z) = inf f = Efinf f]] — E[fi(x)—inf ] = 0.
Since f;(xz) —inf f; > 0 for all 7, it must hold that f;(x) —inf f; = 0 for almost every ¢ € Z, which
proves the claim. O
Lemma 6.13 (Interpolation means o2 = 0). Consider Problem 6.1.
1. If interpolation holds, then o2 = 0.
2. The above becomes an equivalence if all the f; are convex.
Proof. If interpolation holds, then for every z, € argmin f we have that x, € argmin f; for almost

every i € Z. For such i € Z, the optimality condition gives V f;(z.) = 0, which after taking the
norm and expectation leads to E[||V f;(z)[|*] = 0.

Reciprocally, if we assume that o2 = 0, it means that there exists z, € argmin f such that
E[||Vfi(z)|[*] = 0. This is an expectation of nonnegative terms, such that Vfij(z.) = 0 for
almost every i € Z. Exploiting our convexity assumption, we deduce that z, is a minimizer of f;
for almost every ¢ € Z, which shows that interpolation holds. O
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7 Extensions of SGD

All the main results in our work can be applied to variants of (SGD), such as mini-batching or
nonuniform sampling. This is because these variants can be seen as instances of (SGD) applied
to different but equivalent problems. Our results can be applied as a black-box, and the results
follow by computing the main constants of the equivalent problem, namely L, u, o2. This strategy
was described in Gower et al. (2019), which contains all the formulas needed to compute those
constants. For the sake of completeness, we include some details for the two aforementioned
instances below.

7.1 Non-Uniform Sampling

Consider a finite family of functions fi,..., f, which we assume to be p;-strongly convex and
Li-smooth, for p; > 0 and L; > 0. We want to study the non-uniform SGD algorithm, which

computes
g

it

Vi (), (SGD,)

Tt41 = Tt —

where 4 € {1,...,n} is sampled according to P(i; = i) = p;, with p; > 0 and > " ; p; = 1. Note

that we are using here a specific renormalization of the step-size, following the ideas from Gower

et al. (2019). It is immediate to see that this algorithm is exactly (SGD) applied to the problem
1

np;

mzin f(z)=Ep [ﬁ(az)], where fi(z) = fi(x),

where the expectation is taken with respect P, the distribution whose density is given by the
probabilities p;. Note that the function f remains unchanged, meaning that the set of minimizers
is the same. We can then compute (Gower et al., 2019, Propositions 3.7 & 3.8)) the following
quantities:

e [, which is the maximum among the constants Lip(Vfi), so that we can say that each ﬁ is
L-smooth. Clearly,

L.
L = max L.
1=1,...,n Np;

e 1, which, for the same reasons as above, can be computed as

. 122
4= min .
i=1,...,n Np;

e 02, which is given by

n

& . 1 1 R
Ep (|IV fi(z)l?] =Y pil VHi(z)l? = - > Tp|’vfi(m*)|’2‘
i=1 v

i=1

If we now impose that yL € (0,2), we can apply all our results and obtain bounds on the iterates
of (SGD,) depending on the above constants.
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7.2 Mini-Batching

Consider a finite family of functions fi,..., f, which we assume to be p;-strongly convex and
L;-smooth, for y; > 0 and L; > 0. We want to study the mini-batch SGD algorithm, which
computes at each iteration a mini-batch of fixed size 1 < b < n, that is

w = a0 > Vi), (SGDy)
i€ By
where B, is sampled i.i.d. and uniformly among the subsets of size b of {1,...,n}. It is a simple

exercise to see that this algorithm is exactly (SGD) applied to the problem

min f(r) = Es| fis(x)], where fu(r) = 1 3 Vi(e),

i€B
and where the expectation is taken with respect to B which is the uniform law over
batchy, .= {B C {1,...,n} : |B| =b}.

To be able to apply our results, we need to verify that this new problem verifies our assumptions.
More precisely, all we need is for it to verify (SEC.) for some L and some p. This can be calculated
using the results in Gower et al. (2019).

Lemma 7.1. Consider Problem 0.1 with I finite. Assume that each function f; is u;-convex and
Li-smooth. Then the family of functions (fB)Bebatch, verifies (SEC.) with constants

n(b—1)
b(n—1)

o L =(1—r)Lip(Vf)+rmax; L;, with r = € [0,1],
o = mini Mg -

Moreover, we have that
2 _EL(lIV 2y __n—b - v 2
o2 = Es [V 5w )] = i IV A
i=1

Proof. Let p := min; p;, such that each f; is p-convex. Similarly, because each f is an average
of f;’s, we know that each fp is p-convex. We can therefore define

g=f=51-1" gi=fi—=50-1P and g5=fs—5ll-|

all of which are convex functions. By definition, we know that each gp is an average of functions
g; which are each (L; — u)-smooth and convex. Invoking (Gower et al,, 2019, Section G) shows
that the family (§B)Bebatch, verifies (EC) for constants (£,0) where

L= (1-r)Lip(Vg) + rmax Lip(Vg;), with r = "(b_i) € [0,1].

b(n—1)
Using Lemma 7.2 which can be found below, we see that this is equivalent to the family ( fB) Bebatchy,

verifying (EC) for constants (£ + u,p). Because Lip(Vg) = Lip(Vf) — p and Lip(Vg;) =
Lip(V f;) — u, we conclude by setting L = £ + p. O]
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Lemma 7.2. Consider Problem 6.1. Let L > p > 0, and let (x,y) € H be fivzed. Then the
following are equivalent:

1. the family of functions (fi)iez verify (EC) with constants (L, u);
2. the family of functions (g;)icz verify (EC) with constants (L — 1,0), with g; = f; — §|| - 1I2.

Proof. Tt suffices to show that, if f,§: R? — R are such that § = f — £l |2, then

IV = Vi@ + &y — 2l = (L= [f(y) = f(@)] = (uV f(y) = LV f(2),y — @)
= 3Valy) = Vi@)* = (L — ) [3(y) — §(2)] + (L = p){V§(x),y — x). (4)
We start from the right-hand side, substituting §(z) = f(z) — £||z]|? and V§(z) = Vf(z)— pz for
z = and z = y, to obtain
3IVa(y) = V(@) |* = (L — w)[3(y) = §(«)] + (L = n)(V§(x),y — )
=3IV () = VI@IP = w(V () - Vi(@)y o)+ lly — 2]
— (L= w[f) = F@)] + 5L = [lly]* = |
+ (L= p)(Vf(x),y = 2) = p(L = p)(z,y — )
=3IV - VIi@)I? = (L —w[f) - f@)] = (uV i) - LVf(x),y —2)
+5 (plly — > + (L = ) [Iyll* = l|2]1*] = 2(L = p)(z,y — x))
= 3IViW) = Vi@ = (L= [f(y) - f(@)] = (uVf(y) - LV f(2),y - 2)
+ & [lly = 2 = gl = 2l + 2. 9)] + 2 [Iyl? + [l ]? — 2(z, )]

This is precisely the left-hand side of (4). O

35



8 STOCHASTIC PROXIMAL ALGORITHM

8 Stochastic Proximal Algorithm

An important consequence of being able to study SGD for the optimal step-size vL = 1 is that
we are also able to study the Stochastic Proximal algorithm without much additional effort. In
this section, we explain exactly why that is, and how our results compare to the currently known
results on the Stochastic Proximal algorithm.

8.1 Problem Formulation

We consider an extension of Problem 6.1, where we drop the assumption that the loss functions
fi are differentiable or take finite values. We do however impose that the functions are convex.

Problem 8.1. Let H be a real Hilbert space with associated inner product (-,-) and induced norm
|- ||. Let {fi}iez be a family of extended real-valued functions f;: H — RU{+oc0}, where T is a
(possibly infinite) set of indices. We are considering the problem of minimizing f = E[f;], where
the expectation is taken over the indices i € T, with respect to some probability distribution D over
I. We assume that

1. the problem is well-defined, in the sense that i — f;(x) is D-measurable;
2. the problem is well-posed, in the sense that argmin f # ();
3. the problem is convex, in the sense that each f; is convex, lower semi-continuous and proper.

An algorithm of choice to solve Problem 8.1 is the Stochastic Proximal algorithm. It is defined as
Tyl = Prox,f, (x¢), (SProx)

where i; € 7 is sampled i.i.d. from the distribution D, and where prox. ;. is the proximal operator
of f; with step-size ~, defined by

. 1 2
prox, s, (z) = argmin f;(y) + —|ly — 2|
'Yfz ’yEH g 2,y

Our assumption that f; is convex and lower semi-continuous ensures that prox,, is well-defined.

Literature review. Although the proximal algorithm is widely studied and well understood in
the deterministic case, its complexity seems to be poorly understood in the stochastic setting. To
the best of our knowledge, the only complexity results available for (SProx) can be divided in a
few distinct categories:

1. Complexity results for the stochastic projection algorithm, where each function f; is the
indicator function of some nonempty closed convex set C;. In this case, the problem becomes
a feasibility problem, which consists in finding z, € C = N;C;. Here the proximal operator
of f; becomes the projection onto C;, and (SProx) performs random projections onto the sets
C;. Results typically show that

dist(z¢; C)?

E[dist(z7; C;)%] < T
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see for instance (Nedic, 2010, Proposition 6). Other authors might additionally assume that
the intersection between the sets Cj is regular to obtain better bounds, which is standard
when studying deterministic feasibility problems Lewis et al. (2009). For instance, Necoara

et al. (2019) considers the well-known linearly regular intersection assumption
(3r > 0)(Vz € H) dist(x,C)? < KE [dist(x; 01)2],

and is able to exploit it to derive a stronger linear rate.

2. Complexity results under the assumption that each f; takes finite values, and is G-Lipschitz
continuous. This setting was explored by Bertsekas (2011), and more recently by Patrascu
and Necoara (2018), Davis and Drusvyatskiy (2019) and Asi and Duchi (2019). Under this
assumption, the (sub)gradients are G-bounded, and it is possible to show that

_ : o — . |* | 7G?
— < . 5
f(r) —minf < F0T 4 00 )
3. Complexity results under the assumption that each f; takes finite values and is L-smooth.
The following bound was obtained in (Traore et al.; 2024, Theorem 4.3)

. : lzo — 4] 2
E[f(7r) — min f] < 12l | o2
~T
Similar results can also be obtained by replacing the smoothness assumption with some weaker
version, such as the (Lg, Lj)-smoothness assumption (Tovimasyan et al., 2025).

4. Complexity results under the assumption that the problem is u-strongly convex with pu > 0.
This setting was explored in (Asi and Duchi, 2019, Proposition 5) and in (Richtarik et al.,
2024, Theorem 5.3). The latter was able to obtain the following complexity bound, with the
additional assumption that the functions are differentiable:

2 1 . 2 o}
Bller - 2P < (1) oozl + % ©)

We stress the fact that the gap between the settings considered in the literature is huge. Indeed,
we have on the one side functions which are intrinsically taking +oo values, and on the other side
functions taking finite values, with various levels of imposed regularity. As far as we know, only
the results in the strongly convex case avoid making any regularity assumption on the functions
fi. In this case however we are discarding the feasibility problem, as it is not reasonable to assume
that indicator functions are strongly convex, unless they are singletons, which would trivialize the
problem. It is therefore clear that no unified analysis for (SProx) is available.

Studying the complexity of (SProx) is not trivial. Before trying to obtain bounds on
(SProx), one must determine what metric to estimate.

In the deterministic setting, a standard result shows that the function value gap f(x¢) — min f is
upper bounded by O(%) For SGD, it is standard as well to upper bound the expected averaged
function value gap E [f(Z7) — min f]. The problem with the stochastic proximal algorithm is that
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8 STOCHASTIC PROXIMAL ALGORITHM

we cannot hope to ever bound a function value gap. Indeed, nothing guarantees that the iterates
x¢ (or their average) remain in the domain of f. We of course know that x;y; € dom(f;,), but
there is no reason for it to belong in the intersection of all domains. This is even clearer if one
considers the stochastic projection algorithm, where f is the indicator function of the intersection
N;C;. For f(x;) to be finite, we need z; to already be a solution. As such, we cannot expect
bounds based on the function value gap.

One could think about providing a bound for the distance between the current iterate and a
solution of the problem (or the distance to the set of solutions). However, this must also be
discarded, as it is known in the deterministic case that such distance can decrease arbitrarily
slowly (Garrigos et al., 2023). This is why, for convex problems, we usually do not have bounds
on terms ||x; — x,||, contrary to strongly convex problems.

In this section, we shall provide bounds for a different function gap, which is always well-defined,
and which in some cases can be connected to well-known quantities, allowing to recover existing
results.

8.2 Stochastic Proximal Algorithm as SGD

The proximal algorithm is a particular case of the gradient descent algorithm. This can be stated
formally, by introducing the notion of Moreau regularization for a convex function. Given a proper
convex lower semi-continuous function f: H — R U {400}, given v > 0, we define its y-Moreau
regularization as the function f7 by

1
f(2) = min f(y) + 5”@/ —z|%.

The Moreau regularization enjoys a few properties (Bauschke and Combettes, 2017, Proposition
12.30), namely

1. f7: H — R takes finite values, and is differentiable;

2. Vf7is %—Lipschitz continuous;
5 _ r—prox., ;(z)
3. Vfi(x) = ———.
In particular, we see that computing proxvf(:x) is the same as computing one step of gradient
1

descent for the function f7, satisfying Lip(V f7) = =, with step-size :

fy)
proxvf(:c) =z — V[ (x).

Therefore, it is clear that the stochastic proximal algorithm can be seen as an instance of SGD,
whose step-size is exactly the optimal step-size:

T = Prox, s, (w1) = x¢ — YV f; (2.

This connection between (SProx) and (SGDy) is not new, and was already discussed and exploited
in Patrascu and Necoara (2018), Necoara et al. (2019). The novelty in our work is that we are
able to exploit easily this connection, since we were able to derive complexity rates for SGD when

~vL =1.
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8 STOCHASTIC PROXIMAL ALGORITHM

We can see that the stochastic proximal algorithm aims at minimizing another function, which is
given by
F(2) = E[f] (x)].

The following result can immediately be derived from our bounds for SGD with optimal step-size
in Theorem 2.4.

Theorem 8.2 (Bound for SProx - General case). Consider Problem 8.1. Let x; be generated by
(SProx) with any step-size v > 0. Then, for all T > 1,

lzo — 2]* | (2+¢e)v0%(v)
(2 —e)T e(2—¢)

E[F7(Zr) —min F7] <

where o2(y) = E[|Vf](])|?], and 2] € argmin F7. If we further assume that each f; is
p-strongly convex (i > 0), then with ., = ﬁ, we have
2T )

Efler —2217) < (1~ )7 g a4 — 2 g2
ez =207 < (1= ) oo - 2P+ e
Proof. Apply Theorem 2.4 and Corollary 3.4 with vL = 1. For the strongly convex case, we
use the fact that if the f; are p-strongly convex, then f is i—smooth. This in turn implies that

(Bauschke and Combettes, 2017, Proposition 13.24.iii)

* * Y 2
G =+ 20
is % + 7 smooth, allowing to conclude that f; is strongly convex with constant 1/“%7 = fby. O

The previous theorem might not appear to be satisfying in the convex case, as it yields a bound on
the regularized function value gap which is not clearly related to our original problem. We will see
that in some cases, however, it is. The rest of this section is dedicated to investigating those cases.
We will see that in the case of interpolation, and for feasibility problems, we recover the standard
bounds from literature. We will moreover investigate the Lipschitz and smooth cases, where we
can recover meaningful bounds, even though they are less good than the existing literature.

It remains to discuss the strongly convex case (with no further assumptions). Our bound reduces

to
po 1 - 2 1
Elllzr — 2?1 < [1-2 ro— x|+ O =),
o =P < (1= %2 oo -l +0 ()
which is comparable with the bound exp (—uT’) + O (p~!) obtained in (Asi and Duchi, 2019,
Proposition 5). Nevertheless, our result is clearly outperformed by (Richtarik et al., 2024, Theorem

6.4) which obtains the cleaner bound (6), even if we take into account the fact that it requires
differentiability of the functions f;.

Before continuing, we stress the fact that, while we focus on the vanilla Stochastic Proximal
algorithm, all our results remain valid for standard extensions such as non-uniform sampling or
mini-batching. It suffices to combine our results with the techniques from Section 7.
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8.3 Recovering Previous Results

Theorem 8.2 provides a bound for (SProx) for any step-size. We now compare this theorem to the
previously stated results, and observe that we obtain comparable results in a number of cases.

8.3.1 Case of Interpolation

Recall from Definition 6.11 that interpolation corresponds to the case where almost every function
fi share a common minimizer. Note that in Section 6.3 we considered differentiable functions, but
the results of Lemma 6.12 trivially extend to the setting of Problem 8.1.

Proposition 8.3. Consider Problem 8.1, and assume that interpolation holds for the family
(fi)iez- Then

1. Interpolation holds for the family (f])icz.

(2
2. min FY = min f.

3. argmin F7 = argmin f.

Proof. It is well-known that min f;y = min f; and argmin fz'y = argmin f;, see e.g. (

, , Proposition 12.9). Our assumption that interpolation holds for the family
(fi)iez means that N;argmin f; # 0, from which we deduce that Nargmin f;' # ), proving the
first point. Then we can use Lemma 6.12 to write that

argmin F7 = ﬂ argmin f;| = ﬂ argmin f; = argmin f,
€T €L
and
min F7 = E[inf f;'] = E[inf f;] = min f,

concluding the proof. O

This result shows that the function value gap F7(z) —min F"7 is a meaningful metric, in the sense
that it provides a faithful and continuous measure of how far we are from optimality. This is
particularly clear in the case of stochastic projections, which we will consider next. But first, we
specialize our bound from Theorem 8.2 to this interpolation setting.

Theorem 8.4 (Bounds for SProx - Interpolation case). Consider Problem 8.1 and assume that
interpolation holds. Let x; be generated by (SProx) with step-size v > 0. Then for every x, €
argmin f,

2
E [F7(Zr) — min f] < HxOQV;*H )
If we further assume that each f; is p-strongly convex (u > 0), then with pi = ﬁ we have

I 2T
Elller — )] < (1-52) llao — oI

Proof. We apply Theorem 8.2 taking into account that argmin F7 = argmin f and o2(y) = 0
because interpolation holds for the regularized problem as well, as seen in Proposition 8.3. In this
case, we take ¢ — 0 to obtain the result in the convex case. O
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The above result is new in the convex case. We are not aware of any result providing bounds for
(SProx) under the sole assumption of interpolation.

The result in the strongly convex case can be compared to (Tovmasyan et al., 2025, Theorem
6.1), where the authors obtain a worse rate, under the additional restrictions that v < %, that
the functions are differentiable, and that a bound on the gradient variance called star-similarity
is verified. Note nevertheless that they only need the strong convexity of the overall function f,
and are able to obtain a result without interpolation in (Tovmasyan et al.; 2025, Theorem 6.4),
which we are not.

8.3.2 Case of Indicator Functions

Here, we assume that f; = d¢,, the indicator function of some nonempty closed convex set C; C H.
We recall that ¢, (z) is 0 if z € C; and is +oo if x ¢ C;. In this case, (SProx) specializes into the
Stochastic Projection algorithm:

Ti+1 = PTOjCit (1) (SProj)
A first observation to make in this version of Problem 8.1 is that, for the problem to be well-posed,
that is for argmin f to be nonempty, we need C' := N;C; to be nonempty. But C; = argmin f;,
so this means that interpolation hold for well-posed feasibility problems. Note that one could
also investigate (SProj) when the problem is not feasible, as done by Nedic (2010), but this goes
beyond the scope of this work.

We may compute f7(x) = % dist(z; C;)2, and therefore the regularized function value gap becomes

F7(z) —min F? = ;E[dis‘c(m; Ci)?], (7)

which clearly is a good measure of how far x is from the set of solutions C = N;C;. We can now
directly obtain a bound for (SProj), which is exactly the one obtained in (Nedic, 2010, Proposition
6).

Corollary 8.5 (Bounds for SProj). Consider Problem 8.1 where f; = é¢c;, and let C = M;C;. Let
x¢ be generated by (SProj). Then,

L dist(xo; C)?
E[dlSt(ZET;Ci)2] < (19).
Proof. Apply Theorem 8.4 with (7). Moreover, we take x, to be the projection of xy onto C. [

8.3.3 The case of functions with finite values

If we assume that the functions f; take finite value, the previously mentioned issue of the function
value gap f(z) — min f not being a good metric is no longer applicable. The next proposition
shows that the former can be controlled by the regularized function gap F7(x) — min F"7.

In what follows, we will denote by 0f(z) the subdifferential of a function f at a point x:

of(x) ={ge M| (VyeH) fly) — f(x) = (9,y — x) > 0}.
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We will further note 8°f(x) to denote the element of minimal norm within df(x). The latter
is well-defined because Jf(x) is nonempty (Bauschke and Combettes, 2017, Proposition 16.27),
convex and closed (Bauschke and Combettes, 2017, Proposition 16.4).

Proposition 8.6. Consider problem 8.1, and assume that each function f; takes finite values.

Then, for all x € H,

f(z) = min f < F(2) - min 7 + JE[[6°fi() ).

Proof. First, it is a standard result that f; < f;. So we deduce easily that F7 < f and that
min F? < min f. The rest of the proof is devoted to prove that f(z) < F(x) + JE[[|8°fi(2)]]?].
We start by writing

filw) ~ @) = sup file) — fly) — 5y —
yeH 7

As we assumed the functions f; to be convex, we know that

filx) = fily) < =" fi(z),y — ).

Combining all this, we obtain

fila) = () < sup {0 fule)y — ) — |y — o
yeEH Y
_ (0 F L
= sup—(@"fila).2) — 5P

Writing the optimality conditions, we deduce that the optimal z is z = —v3° f;(z). Injecting this
optimal solution leads to

fi) = f(@) < 10" (@),

and the desired inequality follows after taking expectation. O

Corollary 8.7 (Bounds for SProx - Finite case). Consider Problem 8.1 and assume that each
function f; takes finite values. Let xy be generated by (SProx), with step-size v > 0. Then

o — 23]

E[f(Zr) —min f] < T

+3902(3) + SE[10fi @)

where i € argmin F? and oZ(v) = E [||Vf] (z1)|?].

Proof. Combine Theorem 8.2 with Proposition 8.6, and take € = 1 to simplify terms. O
This general bound, albeit totally new under such general assumptions, is not very useful. The

main flaw is that it depends on E[[|0° f;(Z7)||?] which, without further assumptions, we cannot
control. But under an additional assumption of Lipschitzness or smoothness, this is possible.
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8.3.4 Case of Lipschitz Problems
We first translate the bound in Proposition 8.6 to the setting of Lipschitz functions.

Proposition 8.8. Consider Problem 8.1, and assume that each function f; is G-Lipschitz con-
tinuous. Then, for all x € H
G2
f(x) —min f < F7(x) — min F7 + PYT
Proof. This is a direct consequence of Proposition 8.6, where we further use the fact that the f;
are G-Lipschitz. This means that their subgradients are all bounded by G, and in particular that
10°fi(x)|| < G, which is what we need to prove the claim. O

This thus allows us to obtain bound for the stochastic proximal algorithm in the same setting.

Corollary 8.9 (Bounds for SProx - Lipschitz case). Consider Problem 8.1 and assume that each
function f; is G-Lipschitz continuous. Let x; be generated by (SProx), with step-size v > 0. Then

o — 23|I

47G?
5T + 4vG7,

E[f(zr) —min f] <
where x] € argmin F7.

Proof. Combine Theorem 8.2 with Proposition 8.6, and take ¢ = 1 to simplify terms. Moreover,
we use the fact that

0:(7) = E[IVf7 @D)I?] <E[IVfi(aD)]?] < G2,

where we used the property that ||V f;(z)| < ||V fi(z)||, a standard fact which can be, for instance,
found in (Patrascu and Necoara, 2018, Lemma 3). O

We do not recover exactly the bound (5) from (Bertsckas, 2011, Theorem 5). In particular, our
constants are worse by a factor 8. This should not come as a surprise, as we are relying on a result
for optimal step-sizes, namely Theorem B.5, which has a singularity for vL = 1 without uniform
variance bound, and in a second time we assume that the functions have bounded gradients. It
would be more efficient to exploit the bound on the gradients from the start, as done in (Bertsekas,
2011).

8.3.5 Case of Smooth Problems

We again translate the bound in Proposition 8.6 to the setting of smooth functions.

Proposition 8.10. Consider Problem 8.1, and assume that each function f; is L-smooth and
bounded from below. If v < %, then

YA

f(@) = min f < T

—1—~L

(F7(z) — min F7) 4+

where A, := min f — E[min f;].
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Proof. We start from Proposition 8.6. If the functions are L-smooth, a now standard variance
transfer argument shows that (see (Garrigos and Gower, 2024, Lemma 4.19))

E[|Vfi(z)|?] < 2L(f(z) — min f) + 2A,, A, :=min f — E[min f;].
Using this bound gives us
f(@) = F(x) < yL(f(x) — min f) + 7A,.
In the end, we obtained
(1= 4L)(f(z) — min f) < F7(z) — min F? +AA,.
The conclusion follows after dividing by 1 — L. O

Note that the constant A, appearing in our bound has the same status as o2, in the sense that
it is an interpolation constant, see Garrigos and Gower (20241) for more details. In particular,
A, = 0 if, and only if, interpolation holds, and, under a L-smoothness assumption, it holds that

02 < 2LA,.

Corollary 8.11 (Bounds for SProx - Smooth case). Consider Problem 8.1 and assume that each
function f; is L-smooth. Let x; be generated by (SProx), with step-size v € (0, %) Then, for all
T>1,

|lzo — 27| 6L+1A

where x} € argmin F7 and A, = min f — E[min f;].

Proof. Combine Proposition 8.10 and Theorem 8.2, and take ¢ = 1 to simplify terms. To conclude,
it remains to bound o?(7) with A,. To do this, it is enough to take x; € argmin f; = argmin f;
and to use the convexity and smoothness of f; through Lemma 6.3 to get

IVF @D =11V ] (27) = V] (@)l* = 2L (ff (@) = f] (2:)) = 2L (f] (27) — min f;).
After taking expectation

02(y) = 2L (min F? — E[min f;]) < 2L (min f — E[min f;]) = 2LA,,

*

which yields the wanted bound. O

Here we can see that our bounds are far from being as good as the ones in Traoré et al. (2024).
Not only do we have a limitation on the step-size that our competitors do not have, but our
constants are worse.

This clearly shows that, while our approach proved to be successful in the interpolation regime,
there remains work to be done to properly tackle regularity assumptions on the functions.
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9 Conclusion and Perspectives

In this thesis, we proved new and improved upper bounds for SGD without any variance assump-
tion, both in the convex and strongly convex setting, for a full range of step-sizes. We moreover
illustrated the sharpness of these results numerically using the Performance Estimation Problem
methodology. Doing so, we raised questions regarding unexpected singularities appearing for op-
timal step-sizes. We moreover extended the results to the case of mini-batching and non-uniform
adaptations of SGD, as well as to the study of the Stochastic Proximal Algorithm.

9.1 Future Work
We leave the following questions open and lines of research:

e Are the upper bounds obtained improvable through more general forms of Lyapunov energies?
We worked with an energy of the form (Lyapunov), but do not claim this is the only sensible
form.

e Is it possible to obtain upper bounds on (SGD) whose bias term match the best upper bound
in the deterministic gradient descent algorithm? Both in the convex and strongly convex
setting, we still observe a gap, and we conjecture this is not due to non-tightness of our
analysis but rather a flaw in the core analysis technique.

e The analysis carried out solely focuses on constant step-sizes. Can this type of analysis be
extended to cover varying step-sizes?

e In this work, we focused on achieving sharp bias terms. However, it is not the only possible
approach, and we intend in a future work to investigate bounds providing sharp complezity
rates.
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A Reduction to a System of Inequalities

All proofs from Sections 2 and 3 are based on solving a system of inequalities that satisfy certain
properties that allow us to conclude a decrease in the Lyapunov energy. In this section, we
present how to reach bounds on SGD from a Lyapunov decrease (Subsection A.1), which was
already partially presented in Sections 2 and 3, and how to reach a Lyapunov decrease from a
system of inequalities (Subsection A.2).

A.1 Bounds from a Lyapunov Decrease

Let T > 1 be fixed, let x, € argmin f, and let (:L’t)z;o be generated by the SGD algorithm for
some fixed step-size v > 0. Given a set of parameters p,ag,...,ar,€g,...,ep—1 > 0, we define
the following Lyapunov energy, for t =0,...,7 — 1:

t—1

t—1
By = agllwe — 2> +p D (f(ws) —min f) = > e;0%,
s=0

s=0
where, by convention, the empty sum Zg_:lo is equal to zero.

The first term of this Lyapunov energy is the distance to the solution |z; — z.||?, a classical
term which typically decreases for deterministic monotone gradient dynamics. The second term
involves the function gap f(z;) — min f, which also typically decreases for gradient descent. The
standard Lyapunov for gradient descent usually contains the term ¢(f(z;) —min f), which we have
replaced with the sum of the past function gaps (observe that both are of the same order in time).
The last term for this Lyapunov energy is a negative cumulated sum, where the e;’s play the role
of a variance term. It is meant to compensate the fluctuations caused by the uncertainty in the
SGD algorithm, and will allow the Lyapunov energy to decrease.

The core argument of our analysis is that a decrease of the Lyapunov (in expectation) yields upper
bounds for SGD.

A first result, which is an immediate consequence of Lemma 2.2, consists in deriving bounds on
the function value gap, provided the Lyapunov parameter p is nonzero. This bound will typically
be obtained for convex smooth problems.

Lemma A.1 (SGD bound from Lyapunov decrease - Convex). Consider Problem (.1. Assume
that E[Eyy1] < E[Ey] for everyt =0,...,T7 — 1, and that p > 0. Then

. i CLoHl‘Q *x*||2 éO'?<
E _ < 2000 = Tl | €O
g, E[f(zy) —min f] < T o

where € = % ZtT:_Ol et. If we further assume that f is convex, then

allxo — a.|]* &0

E[f(r) —min f] < 00 =

1 xT-1
where Tt = 7Y, 4.
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As a second result, a Lyapunov decrease can yield a bound of the square distance of the iterate
x; to a minimizer, provided the Lyapunov parameter ap is nonzero. This is again an immediate
consequence of Lemma 3.2, and is standard for strongly convex problems.

Lemma A.2 (SGD bound from Lyapunov decrease - Strongly convex). Consider Problem 0.1,
and assume that E[Ey11] < E[E}] for everyt =0,...,T — 1, and that ap > 0. Then

2 sum 2

apgllrg — & e g

E[HxT_x*HZ] < 0” 0 *H + T *’
ar ar

sum _ -1
where ez =) . €.

A.2 Lyapunov Decrease from a System of Inequalities

Which choices of parameters p, ag,...,ar,€g,...,er—1 > 0 allow the Lyapunov to decrease? The
next theorem provides sufficient conditions which, as we will see later, are seemingly necessary, at
least numerically. This is useful, as we will be able to focus on a system of inequalities between
real numbers, instead of having to deal with all possible sequences generated by SGD. Finding
parameters satisfying these sufficient conditions will be the object of the next sections.

Theorem A.3 (Sufficient conditions for Lyapunov decrease). Let Assumptions 6./ and 6.7 hold
true. Assume that there exist parameters (at,ﬁt)?:])l such that, for everyt = 0,...,T — 1, the
following conditions are verified:

1. P, ag, €, O, Bt Z O;

2. p <2(L — p)(ar — B),

3. app1 < pL(oy + Br) + ay,

4. a1y <o+ B,

5. (a7 — oL — Bep)? < (pL(ow + Br) + ar — ag1) (ar + B — ar17?),

6. arr17* (o + Bt) < (ou + Br — art17?)er.
Then E[Ey1]) < E[EY] for everyt =0,...,T — 1.
Proof. We know we want to show that

Eir1 — By = app1 B[z — 2.l”] — B [|lze — 2] + pE[f (2:) — min f] — e;07 < 0.
Using the definition of x4 allows us to write
01— all? = o — 2l + 421V i @Ol — 2009 i, (), 0 — 2).

Therefore,

Eyp1—E = p(f(z) —min f) — eo? + (a1 — ar) ||z — 2| (8)
+at+1’72||vfi($t)”2 — 2a111Y(V fi(@t), Tt — 4).
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To show that this random variable is nonpositive in expectation, we shall make use of an assump-
tion on the loss functions. While it would be natural to exploit the fact that the f; are p-convex
and smooth for all ¢ € Z, our numerical simulations suggest that all we need is (SEC.).

In what follows, we denote by E; := E[- | z¢, ..., x| the conditional expectation with respect to
the iterates up to and including x;. Property (SEC.) reads

SEIV i) = VAiGl?) + B — ] < (L — p) (min £ — f(a)) — LV F(w2), . — 2)

at the pair (x4, z,), and

SEIV ) = Vi) I?) + 5 o~ < (E = ) (F(a) — min )+ (¥ F 1), — )

at the pair (z.,2¢). Multiplying these inequalities by 2ay > 0 and 28; > 0 respectively, and
summing them gives

(ot + BB [V fi(we) = V filw)|IP] + Lo + Br) e — o ?
< 2(L—p) (B —ar) (f(2e) —min f) + 2(ae L + Bep) (V f (2¢), 21 — @)

Adding E¢[E;+1] — E; on both sides and using the expression obtained in (8), we get

Ei[Ei]) — B < Ey[Eiq] — E

+ 2(L — p)(Bt — o) (f () — min f) + 2(ae L + Bep)(V f (1), 74 — @)
— (at + BBV filwr) — Vi(w) P = pLlcw + Br) ||z — .

= p(f(ze) —min f) — €07 + (a1 — ap) |z — x|
+ a1 VIV fi(@)l]® = 20019V filae), me — @)
+ 2(L — p) (B — ) (f () — min f) + 2(c L + Byp)(V f (1), 0 — )
— (a4 BBV fi(m) = V fiw)lI” — pL(ar + Br) |y — m.?

= (p+2(L — w) (B — ) (f (&) — min f) — e;07
+aryr — ar — pL(a + B)) @ — zal|* + ar1 ||V fi(a) |12
+2(a L+ Bepp — ap 1y )(V filwe), 2 — 24)
—( + BBV filwe) = V fi(w) .

Taking the expectation and developing the last square yields

ElEi1 —E] < (p+2(L — p) (Bt — a))E[f(7¢) — min f]
+(agr1 — ap — pL(ag + By))E [[lze — 2]
+ (@417 — o — BE [||V filz) |?]
(et + g + BOE [V filws) ]
+2(a L + Bipr — ar17)E[(V fixe), 2 — 4)]
+2(aq + BOE [(V file), V fil.))].

For the Lyapunov energy to be decreasing in expectation, it is enough that the right-hand side
is nonpositive. For the first term, because f(x;) — minf > 0, it is enough to assume that
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p <2(L — p)(ay — Bt), which corresponds to Condition 2. For the other terms, we enforce that

AE [z — &?] + BE [V fi(z) |?] + BE[|IV fi(z)|?]
+ 2CE[(Vfi(zr), 2t — 2)] + 2DE [(V fi(21), V fi(24))] = 0, (9)

where we simplified the expression by introducing the following constants

(A = pL(oy + Br) + ar — ags,
B =+ B — a1yt
B =ei+ o+ By,
C  =a1y — el — Bep,
D = —(a;+ ).

The quantity in (9) is simply the expectation of a quadratic polynomial in X = x; — x,,
Y = Vfi(z;) and Y/ = Vfi(z.). Using elementary linear algebra, it can be shown that for
the expression in (9) to be nonnegative, it is enough to require

A,B,B'>0, C*<AB, and D?<BB.
We postpone the proof of this claim to Lemma A.5.

A simple calculation shows that these conditions correspond exactly to the remaining wanted. In
fact, A > 0 corresponds to Condition 3 and B > 0 to Condition 4. The inequality B’ > 0 is
trivially satisfied because e, ay, 3; > 0 by Condition 1. Moreover, C? < AB may be developed as

(ar1y — oL — Byp)® < (uL(oy + Br)ar — are1)(ou + Be — arr1y”),
which corresponds to Condition 5. Finally, D? < BB’ expands to
(ar+ Be)% < (o + By — ar17?) (er + o + Br),
which can be simplified to
a1y (e + Br) < (au + B — ar1y? e,

which is exactly Condition 6. O

Remark A.4 (Relaxing (SEC.) when 8; = 0). Looking at how we used (SEC.) in the above
proof, it is clear that if we impose By = 0, then one of the two inequalities in (SEC.) is useless,
and that all we need in that case is (EC.). This will be, for instance, the case when proving our
bounds for short step-sizes, see later in Remark B.S5.

We end this section by proving the technical lemma at the core of the previous proof.

Lemma A.5 (Nonnegative quadratic polynomial). Let A, B, B’,C, D € R be such that
A,B,B'>0, C?<AB, and D?< BB (10)
Let X,Y, and Y' be three random variables over H such that E[Y'] = 0. Then
E[A|X|?+ B|Y|?+ B'|Y'|]? + 2C(Y, X) — 2D(Y,Y")] > 0.
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A REDUCTION TO A SYSTEM OF INEQUALITIES

Proof. Let us note P to be the quantity that we want to see nonnegative. We start by exploiting
the fact that E[Y’] = 0 to write that P = P + 0E[(X,Y")], for every § € R. Now, see that for
P > 0 to be true, it is enough for

Py(z,y,y") = A|l=||* + Blly|* + B'lly'||* + 2C{y, z) — 2D{y,y/) + 20(z,y/)

to be nonnegative for every x,y,y" € H and for some # € R. Our polynomial By is equal to
(Myz, z) where z = (z,y,y') and

A C 0
My=|Cc B -D
¥ -D B

As such, Py > 0 if, and only if, My > 0, which, by Sylvester’s criterion, is equivalent to

A,B,B >0, (11a)
C?< AB, 6*< AB', D?< BB, (11b)
A(BB' — D?) > B'C? + B#* + 2C D6. (11c)

So P > 0 if there exists # € R such that Inequalities (11) are verified. We can already see
Equations (11a)-(11b) imply Equations (10). Let us prove that in fact the existence of a §# € R
satisfying Equations (11) is equivalent to Equations (10).

To prove equivalence, we assume Equations (10) and show that there exists a § € R such that
AB' >6?> and A(BB' — D?) > B'C?+ B6* +20D6. (12)

The last inequality is quadratic in #, and has solutions if, and only if, its discriminant A is
nonnegative. A straightforward computation shows that

A = 4(BB' — D?*)(AB — C?),
which guarantees that A > 0 given Equations (10). The quadratic may hence be rewritten as

—2CD—\/Z<9< —20D + VA
2B =7 = 2B ‘

For (12) to have a solution, the above must hold simultaneously with —vAB’ < 6 <+ AB’. This
is equivalent to the intersection of two intervals to be nonempty, which is the case if

“20D+VA > AR if CD >0,
% < VAF if CD <0.

or equivalently,
2|/CD| < 2BVAB' + VA.
As all terms are nonnegative, this inequality is equivalent to
4C%D? < AB?AB' + 4BV AB'A + A,
which holds true since D? < BB’, C?> < AB and A > 0. O
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B Proofs in the Smooth Convex Setting

In this section, we derive parameters that satisfy the sufficient conditions of Theorem A .3 in order
to derive upper bounds for SGD in the convex setting. The propositions in this section can be
verified symbolically, yet we include the proofs to provide intuition on how these parameters were
derived.

B.1 Bounds for Short Step-Sizes

Proposition B.1 (Lyapunov parameters. Convex case, short step-sizes). Let vL € (0,1), and
consider the parameters p, as, er, ay, Br defined by

2(1—~L
o p=2y+ 20

o g — T—t _1+9L(T-1)
U= T I+9L(T-t-1)’

atr17’ o

[ ] =
€t at—at+1727

sy =a=4t,

.BtEBZO.

These parameters satisfy the sufficient Lyapunov conditions of Theorem A.35. Moreover, it holds
that )

v T—t—1 (1—~L)+~LT - 2

1—L T (1 —AL)+~yL(T—t) ~ 1—~L’

€t

Proof. Notice that the sufficient conditions from Theorem A.3 are homogeneous. Because our goal
is to obtain bounds whose bias term is the smallest possible, we can without loss of generality
impose that ag = 1, and try to maximize p. Through our numerical analysis, we empirically
observe that we can take ay = o > 0 and B; = 8 = 0, thus justifying these choices. We dedicate
the remainder of the proof to justify our remaining choices.

We start by focusing on Condition 5 from Theorem A.3, which reads
(as1y — La)® < (a — ap1y?) (ar — ai)-
Rearranging this inequality yields
= (arr17 — La)® < (1 —yL)a(ar — arr1) + (Lo — agay?) (ar — age1)
= (ap1y — La)® —y(La — ap417)(ar — ar1) < (1 —yL)alay — a41)

(
—  (La—a17) (Lo — a1y — y(ae — ag1)) < (1 = yL)ofar — az41)
< (La—ai+17) (La—apy) < (1 —vyL)a(ar — atq1).

Condition 3 boils down to a; > ary1. By additionally imposing a; > asy1, we may divide by
at — a1 to obtain

(La — ag+17) (Lo — ay) <

1 —~L)x
at — Q41
(Lo —ar) (Lo —any) _ (1-~L)a
(La —at417) — (Lo —ary) — Y '
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B PROOFS IN THE SMOOTH CONVEX SETTING

As (at) is decreasing, with ag = 1, it holds true that a; < 1 for all t = 0,...,T — 1. Specifically,
if La > « (which we shall assume), then both La — a;+1y > 0 and La — ayy > 0, thus allowing
us to write

(La — ap417) — (Lo — apy) v

>
(La — ag417) (Lo — apy)  — (1 —vL)«
1 1 S vy
La—ary La—ai1y — (1—vL)a
1 < 1 0

Lo—aiy ~ La—ay  (1—~L)a

Introducing the temporary variables u; = LCY%’YCH and ¢ = ﬁ, we see that we obtained an
arithmetic inequality us41 < us — ¢, such that u; < ug — ct. We know that vy = ﬁ_w SO we can
write
< I ty _ (1 —=~yL)a —ty(La — )
"“La-~v (1-+L) (1—~L)a(La—7)

Returning to the definition of u; we deduce the following bound for a;:

1 (1 —yL)a(La — )
“ =5 (La - (1-9L)a—ty(La - ’Y))

1La*(1 = yL) — Laty(La — ) — (1 = yL)a(La =)
ol (I —yL)a —ty(La —7)
1 —Laty(La —v) + ay(1 —+L)
v (I—vL)a—ty(La—7)
(1 —~L)—tL(La —7y)
(1 =vL)a—ty(La—7)
We note that our Condition | requires that a; > 0 for all ¢ = 0,...,T, which is equivalent to
having a7 > 0 as we assumed (a;) to be decreasing. Specifically, we must have

1—~vyL+~TL
(1—9L) —TL(La—v) >0 <= QST
As we want p as large as possible, and due to Condition 2 which reads p < 2L(a — ) with g = 0,
we want « to be as large as possible. Therefore we fix
1=y L+TyL 2(1 —~L)+2T~L
“T T TL '
This choice respects the assumption La > v we made earlier, since 1 — yL > 0.

and p=2La=

To get an expression for a;, we simply set the inequalities to equalities, and replace « by its chosen
value. We then obtain

(1—=~L)+~LT —~LT 1—~L TL
= = ug = :
TL TL 1—~L

La—~v=

So
y TL ty ol L —tvy
u = ug—tec= - =
! 0 1—vL o(l—~4L) ol —~L)
1
Ty 49T —ty  T-i-1+44p
a(l —~L) 7 a(l —~L)
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B PROOFS IN THE SMOOTH CONVEX SETTING

We now use the fact that ya; = Lo — u; ™! to write

La 1 oL 1 (1-7L)%k
a = -_— e = —_—
t ~ YUt 0% L’yT—t—l-i—WiL

_ aL(l_l (1-7L) )ZaL<1_ (1—~L) )
v VLT —t -1+ v YL(T —t—1) +1

al  ~yL(T —1) (1 —=~L)+~LT  ~L(T —1t)

Y AL(T—t—1)+1 T~ L NL(T—t—1)+1

(T—t) 1+~yL(T—1)

T ALT—t—1)+1

To conclude the proof, we need to check all the sufficient Lyapunov conditions of Theorem A.3.
Conditions 1, 2, 3 and 5 are already satisfied, by construction. It remains to check Conditions 4
and 6.

Condition 4 is equivalent to

G(T—t—1) 1+~L(T-1)
T 1+~yL(T —t—2)

V2LA(T —t —1)
1+~yL(T —t—2)

— VLT —-t-1)<1+~yL(T -t—2)=1+~yL(T —t—1)—~L

— 0<1—7L+~L(T—-t—-1)(1—-~L),

(1 —=~L)+~LT
TL?

2
ay17” S a =y <

(L+~yL(T—1)) <1+~L(T - 1)

which is true for every t =0,...,7 — 1.

Condition 6 is a lower bound on e;, of which the equality case coincides with the chosen value of
et. More specifically, this gives

e = at+172042: v -
Q= G417y L _ 2
at1 o
where
1 42 T (1—~9L)+~yL(T—-t-1) T2 L?
am o  T—t—1  (1—~qL)+~LT (1 —~L)+~HLT
T (1—yL)+yL(T—-t-1) T~?L?
T T—t—1  (1—AL) +~LT  (1—AL)+~LT
_ T(l—fyL)—l—*yL(T—t—1)—72L2(T—t—1)
(T —t—1)((1 =~L) +~LT)
_ A= L) (A —AL) +9L(T — 1))
(T =t —=1)((1 —=yL) +~LT)
We thus get

2 T—t—1 (1—~L)+~LT
1—vL T (1—~L)+~L(T-1t)
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B PROOFS IN THE SMOOTH CONVEX SETTING

We readily verify that e; is nonincreasing with respect to t. Indeed, its derivative with respect to
t has the same sign as

(T —1)((1 = yL) + yLT)yL = (1 — vL) + vLT)?,

which is always nonpositive. Therefore e; < ey, where

,Y2 T -1 ,Y2
ep = < )
1—~L T 1—~L
thus concluding the proof. d

Theorem B.2 (Bounds for SGD. Convex case, short step-sizes). Let Assumptions 6./ and 0.7
hold, with = 0. Let x; be generated by SGD, with vL € (0,1). Then for every T > 1

1 «— . l|lzo — $*||2 720»% _
= E —inf f] <

S
-

Il
=)

where p = 2y + % and

T-1
1 T—-t-1 1—~L LT
e Zeé, with e;: ( L)+

ep = — :
= — T (1—9L)+~L(T 1)

Moreover, we have the simpler bounds

LS B{f(ar) - int ) < Lol 107w —a?,  ye2
— T+) — 11 .
T ¢ = 2yLT+2(1—~L)  2(1—~L) = 29T 2(1 — ~L)

If moreover f is convez, the above bounds hold true for E [f(Zr) — min f], where zp = % ZtT:_Ol Ty

Proof. We simply combine Proposition B.1 with Theorem A.3 and Lemma A.1. We moreover
exploit the fact that 5; = 0 in Proposition B.1, which allows us to replace Assumption 6.5 with
Assumption 6.4 in Theorem A.3, see Remark A .4 for more details. In the statement, we introduced

2
the notation e; such that e; = =-re;. O

Remark B.3. We note that the parameters selected in Proposition B.1 include By = 0, which, in
line with Remark A.J, justify that we only require Assumption 6./ instead of Assumption 6.5.

B.2 Bounds for the Optimal Step-Size

Considering the result of Theorem B.2 and letting vL — 1, we note that the bias term tends to
%%T while the variance term diverges since its denominator is a multiple of 1 — yL. This suggests

there might be a complication to obtain tight bounds in the case yL = 1. As seen in Section 5,

we have empirical results showcasing that it is not possible to obtain a bound for SGD where the

bias term is 27% for vL = 1 whilst preserving a finite variance term. Therefore, in this section,

we will prove bounds where the bias term is given by pLT’ with p < 27.
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B PROOFS IN THE SMOOTH CONVEX SETTING

Proposition B.4 (Lyapunov parameters. Convex case, optimal step-size). Let yL = 1 and
e € (0,2), and consider the parameters p,a, e, oy, B defined by

e p=(2-¢)y,

e gy =a=1,

i O‘t:’yQ}

i 615:77257
224¢

® e ="

These parameters satisfy the sufficient Lyapunov conditions of Theorem A.5.

Proof. First, let us impose that ap = 1 without loss of generality. Second, we set p = (2 — &)~ for
€ > 0 since numerical experiments suggest that p = 2v is impossible. Third, taking inspiration
from our numerical findings, we impose that the sequence a; is constantly equal to 1, that is
ar =a=1.

If we want to satisfy the sufficient Lyapunov conditions of Theorem A.3, we need in particular to
verify Condition 5, which reduces to

Y= LOét,
because a; — a;+1 = 0. This means that a; = a = 2, since ~vL = 1. Condition 2 implies that j;
must satisfy

Condition 4 is trivially satisfied since it requires
V< a+ B =7+ B,
that is 8 > 0. It remains to verify Condition 6, which requires that

v (a+ B)

a+fr—v%

First, observe that this is the only constraint on e;, which we want to see as small as possible. So
we shall set the inequality to be an equality. Second, the expression is decreasing with respect to 3;
(its derivative has the same sign as —2). Therefore, e; will be minimal if 3; is maximal, meaning
we shall fix §; to constantly be equal to its earlier derived upper bound, that is 5; = 8 = 7725
Finally, we compute

€t =2

€t =7y
Note in particular that e; is constant here. O

Theorem B.5 (Bounds for SGD. Convex case, optimal step-size). Let Assumptions (.5 and 6.7
hold, with = 0. Let x; be generated by SGD, with yL = 1. Then, for every T > 1 and ¢ € (0,2),

1 . lzo — .2 | (2+ )02
T tz:; Elf(z:) —inf f] < (2—e)yT + e(2—¢)
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B PROOFS IN THE SMOOTH CONVEX SETTING

If moreover f is convex, the above bound holds true for E [f(Z7) — min f], where Zr = # Tl

Proof. We simply combine Proposition B.4 with Theorem A.3 and Lemma A.1. O

B.3 Bounds for Large Step-Sizes

Proposition B.6 (Lyapunov parameters. Convex case, large step-sizes). Let 1 < yL < 2, and
consider the parameters p, a;, es, oy, By defined by

o p= 2C@AL) here 0 = (1 —~L)?,

10T
o« a =1L
o B = v(vL—Ll()l(l_ggf;*t*)i
oy = ,),(2*714)+(7L71)(179T—t—1)

L(1-67) ;

2 _pT—t—1 L
® Ct = 217L ! 1079T (QTZt—l - 2(’7L - 1))
These parameters satisfy the sufficient Lyapunov conditions of Theorem A.5. Moreover, the aver-
aged variance ep = % ZtT;()l et has the following asymptotic equivalence as T — +00:

,72

(2—7L)2T(1 —yL)*T2

e ~ — +00.

Proof. To determine the parameters, we will rely on insights from our numerical experiments.
Specifically, we were able to guess that

ar+1v(yL — 1)

Bt: L )

and that Condition 2 is satisfied with equality, meaning that

p=2L(ay + ft) < atz%Jrﬁt,

Considering Condition 5, we have

(ar+17 — Law)® < (a4 + B — Y2 ars1)(ar — azp1).

The latter will give us an expression of a; in terms of a;y1, from which we will deduce a general
expression for a; by induction. By injecting the values of oy and f;, we obtain

1

1 (pL 2 pL
- —an17L(2-7L) ) < 5 (5 —aeyL(2 - L) ) (ae — arga).

2
This is satisfied when p > 2yL(2 — vL) and

L L
% — a1 1YL(2 — L) < ay — ary1 = ap > % + a1 (yL — 1)2.
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B PROOFS IN THE SMOOTH CONVEX SETTING

We observe an arithmetic-geometric relation given by, where we set § = (yL — 1)2,

pL

pL _
at27+at+19 = a1 <0 ey — TR

A simple induction argument leads to

As done previously, without loss of generality, we impose ap = 1. We impose the sequence to be
nonincreasing and nonnegative. The latter leads to

pLO~T -1 . oL . 1-0 1-0
>0 <= — <07 = — <0 = .
“r = 2001 —1 2 =" pT_1 " 1-067
As we aim to maximize p, we impose
pL 1-6 2(1-0) 27(2 — L)
— = — p= =
2~ 1_6T Po=Ta—er)~ 167
In particular, we obtain
-t _ _ -t _ -t _ _ Tt
atSG_t—&e 1:_t_1 00 1:9_t_0 1:1 0 ‘
2 1-4 1-6T 1-90 1-6T 1-6T

To enforce that (a;) is nonincreasing, we set the above to be an equality, and since ap > 0, it is
also nonnegative, as wanted.

We now verify the remaining conditions from Theorem A.3. The nonnegativity of a; implies the
nonnegativity of ay, 8,. Conditions 1, 3, 5 are verified by construction. It remains to check that
Conditions 4 and 6 hold true.

In the following, we introduce k =T — t — 1 to simplify notation. To check that Condition 4 is
satisfied, we compute a; + [F:

(2—~L) +2y(yL — 1)(1 — 6%)
L — 00 '

at+ﬁt:%+2ﬁt:7

Therefore, Condition 4, which states a; + 8; — y2a;41 > 0, becomes

Y2 —yL) +29(yL - (1 - 0%) 16"

0 = L(1—07) R
2 —AL) +29(vL - 1)(1 = 6F) —*L(1 - 6)
L - 07)
_ (2—9L) - (1 -0")y(2 7L
L(1—07T)
_ (2 —nL)e*
La—o7)
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B PROOFS IN THE SMOOTH CONVEX SETTING

which is true because vL € (1,2). It remains to study Condition 6, which is satisfied by setting

o apy1(ar + Br)
o+ B — v2ag
21— 0% (2= 7L) + 2930 — 1)(1 = %) L(1—67)

et =

1—67 L(1—07T) ~v(2 — L)k
_ 210" (2—L)+2(yL — 1)(1 - 6%)
-y (2 — yL)0F

o1 —0F L —2(yL — 1)0F
TI6eTT (2 4L)eF

2 k
_ o 1600k
- 2—7L1—9T<0’f 20L U)'

To conclude the proof, it remains to analyze the average of the e;’s. Denote e} = (1 — %) <% 2(vL — 1)) ,

such that
T—1 T-1, 9’“ T—1
ef = 'yLZ ok ’yL—lZ —Hk
t=0 =0 t=0
T—1 T—1
= ALY (07F—1)—2(yL-1)) (106"
t=0 t=0
T—1 T-1
= 7L<Z€k> TyL —2(yL — 1)T + 2(yL — 1) ( 9’“)
t=0 =0
T—1
= 7L< 9t> T(3yL —2) +2(vL — 1) <Zef>
t=0
1-6°T — 67
= 7L1_971 —T(3vL — 2)+2(’yL—1) T4
4 -T 2vL - 1) T
= —1)—-TByL-2)+ ———(1 —
which is asymptotically equivalent to 2 0 T Therefore we can write
_ 72 1 1 _
T L1 —6T2 AL
where €}, = (2 —yL)e] and
T—1
_ 1 / 6 -T 2(’YL 1) T
=g 2 =0T 1= @D -2+ - o) (13)

In particular, one sees that &/, ~ ﬁ.
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Theorem B.7 (Bounds for SGD. Convex case, large step-sizes). Let Assumptions 0.5 and 0.7
hold, with p = 0. Let z; be generated by SGD, with vL € (1,2). Then, for every T > 1,

T-1 _
1 . lzo — 4|6 yolel
— N E[f(ar) —inf f] <
T & ) =it f) < o o T T a3 A Lp

where § = 1 — (1 —~vL)?T € (0,1), and &y is defined in (13) and grows exponentially with T. If

moreover f is convex, the above bound holds true for E|[f(Zr) — min f], where Tr = 7 ZtT;ol Zy.

Proof. We simply combine Proposition B.6 with Theorem A.3 and Lemma A.1. O

We may moreover show that the bias term in Theorem B.7 is tight, in the sense that no Lyapunov
proof using energies of our form may improve upon the bias term.

Proposition B.8. Assume that E[E 1] < E[Ey] for allt =0,...,T — 1. If yL > 1 and ag = 1,
then necessarily
b< 29(2-9L)
1—(1—~L)%T

Proof. We consider d =1 and m = 2, and let f: R — R be defined through

@)= (fe@) + f@)) = 2 <L<x+5>2 T L(a:—5>2).

T2\ 2 2

N |

One can easily compute that

f(x):L(sz7 mlnf:L;Q7 f($)—mlnf:I/§27
Vf(z)=Lx, Vfi(x)=L(x=x6), Vfi(r.) ==xL6,

We know that E[Fy11 — E] <Oforallt=0,...,7—1 and for all zp € R. We select x( sufficiently
large such that x; is sufficiently large (to be defined) for all t = 0,...,7 — 1. Expanding the
Lyapunov decrease and rearranging yields

Ty =0

arp1Ee[|zi1]?] — adlae|® + p (f(2) — min f) < ego
|$t’2 + (52 (52

= a1 (1 =L |z* + (vL)?6%) — aulas|* + pL (2 2) < 2¢,02

L
<— <at+1(1 — 7L)2 —a; + p2> |xt\2 < (Qet — at+1(7L)2) 52,

As z; is sufficiently large, and the right-hand side is constant, a;y1(1 —yL)? — a; + % must be
nonnegative, or equivalently

1 L
(1—~L)2" 20— ~L)2"

apy1 <
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B PROOFS IN THE SMOOTH CONVEX SETTING

To simplify the notations, we note 7 = (1 —~L)?, such that a;y1 < 77 tay — 7*1%. By induction,
we deduce that ar < 7 Tag — % Zthl 77t. Because ar > 0, we obtain that

T T—1
L L 2 29(2 — 7L
l=ag> LZTT_t =PENT T < — a0 _ - 7( ’YL )2T’
= = Ly d (=L 1= (1=71)
concluding the proof. -
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C Proofs in the Smooth Strongly Convex Setting

As in the previous section, we derive parameters that satisfy the sufficient conditions of Theorem
A3 in order to derive upper bounds for SGD, this time in the strongly convex setting. We again
note that all propositions could simply be verified symbolically, yet we include the proofs to
provide intuition on how these parameters were derived.

C.1 Bounds for any Step-Size

Because it seems impossible to obtain a bound with tight bias term for optimal step-sizes (see
Section 5.2), we provide here a more relaxed bound, where the bias term is £ away from being tight,
and subsequently the variance term remains bounded for every step-size vL € (0,2). Moreover,
due to technical reasons, we plit the proofs into the cases L > p and L = p.

Proposition C.1 (Lyapunov parameters. Strongly convex case, any step-sizes, L > ). Let
vL € (0,2), with L > p. Let € > 0 and Yopt = Assume that either € > 0 or v # Yopt.
Consider the parameters p, at, e, oy, By defined by

2
p+L-
e p=0,

o a; = > TV where ¢? = ﬁpt + €, with

¢opt = max{l - 7“57-[/ - 1} and €€ [07 1- gpt)?

o oy = By = aaq1, where o = w 4 w. and

_ e+ Ve2 +ey(L — p)(L + p)d

’7¢opt
= — (lTLd
(L — p)?

L—p

w We with 0 = |y — Yopt|,

® ¢; = eat1, where

B (L — )
e=7 <1+ 2we (L — ) + (L+M)’Y5> '

Then the sufficient Lyapunov conditions of Theorem A.3 are verified. Moreover, we have

T—-1 2T
1-— e
ep™ = E er=e ¢ <
t=0

1—¢2 ~ 1—¢%

and

V(L — p)?
e<’ (H de + (L+M)(L—u)’ﬂ5> '

Proof. We start the proof by exploiting some insights from our numerical analysis. First, we
observe that we can impose p = 0 and oy = §; without changing anything to the empirical best
bias term. We moreover infer that a;/a;1 € (0,1) is constant, so let us denote this ratio by ¢.
Since qbgpt is the optimal rate for the deterministic gradient descent in the strongly convex smooth
case, we anticipate that ¢? > </5(2)pt. Without loss of generality, we impose ar = 1, from which we
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deduce that a; = ¢2(T ). We were also able to deduce that e; = eayy1 and that ap = aayq for
some constants e, a« > 0, yet to be determined.

It remains to study the conditions of Theorem A.3 to find feasible values for a and e.
Condition 6 yields
a117° (20ai41) < (20441 — a1 )eary1,
which holds true if
27%a < (20 — y?)e.
As we want to minimize e, we set
272

200 — 2’

and impose that the denominator 2 — 42 is positive. Now it remains to find o. The above
expression is decreasing with «, so we aim to find the largest a possible such that all conditions
are satisfied.

Turning to Condition 5 will determine «. With our current notations and restrictions on the
parameters, it can be written as

(atp1y — aapi1 (L + p))? < (2pLaas + ap — ap1) (20ai11 — a1y,

which is true if
(v — a(L+ )2 - (2uLa — (1 — 6)(2a =) < 0.

This is a polynomial of degree at most 2 in «, which must be nonpositive. Expanding the terms
to find the coefficients of this polynomial P(«), we obtain

Pla) = A2+ 0?(L+ p)? —20(L + p)y — 4pLo® + 2uLony® + 2a(1 %) — (1 — ¢?)
= & [(L+p)? —4pL] — a [2y(L + p) — 2uLly* = 2(1 = ¢*)] + [v* = 7*(1 — ¢%)]
= aa® — 2ba + c,
where
a = (L+p)?—4pl = (L —p)?,
b =L+ p) - ply? = (1 =%, (14)
¢ =720 = (P + ).
It is a simple exercise to verify that ¢ops = 1 — py if v < Yopt and ¢gpe = L — 1 if v > ~y,4p¢, which

leads us to compute the value of b through a case distinction:

o if v < yppt then 1 — 3, = yu(2 — yp) and

b = Y(L+p)—ply? —yp(2—ypu) +e
v (L +p— ply — 2u+ ) + ¢
YA =) (L —p) +¢€

= YPopt(L — 1) +e.
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o if v > vy then 1 — ¢gpt =~L(2 —~L) and

b = A(L+p)—ply? —yL(2—~L)+¢
vY(L+p—ply—2L+~L?) +¢
Yy L = 1)(L —p) + ¢

= YPopt(L — 1) + €.

In both cases we obtain b = y¢opt(L — i) + ¢ > 0.
Since L > u, we have that a > 0, so the largest feasible « is the largest root of P, if existent. The
discriminant A of P is given by
A = (20)* - 4ac

= 4 (Yopt(L — p) +)° = 4L — p)*y*(d51 + )

= 472G (L — p)* +4e? + 8eydopt (L — p1) — 4L — p)*y* @ — AL — )y

=4[ +e(290op(L — ) — (L — p)*7*)]

=4[+ ev(L — p) (200 — (L — p1)7)] -

A simple calculation shows that

2—~(L+p) if v < Yopt

. =2 =~(L+p)| = (L+n)y—Yoptl;
oL ) > ot \ ( )= ( )| opt|

2¢opt - (L - /UJ)7 = {

such that, with § = |y — vopt|,
A =4[+ ey(L - p)(L+ pd] > 0.

As such, P has real roots. We thus define

20+ VA
N 2a
_ ¥ept(L — ) +e+ /e + (L — p)(L + p)d
(L — p)?
= W+ W,
where \/
_ Y Popt e+ /e +ey(L—p)(L+ p)d
w_iqu and we. = L) .

To conclude the proof, we are now going to verify that this choice of « is feasible, in the sense
that it satisfies all the conditions from Theorem A.3. The nonnegativity Condition 1 is satisfied
by construction. Condition 2 is satisfied as we set p = 0 and a; = ;. Condition 3 is equivalent to

1< 2apl + -2 = 2aul + ¢
at+1
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We have o = w + w, > w and ¢? > ¢2 ., and the above is thus true if

opt>

1< pl2w + ¢2,

2uL7¢
I — L + (bopt

— 0 < ZNL7¢Opt - (1 - opt)(L ,u,)

To assess whether this inequality is true, we are going to consider two cases:

— 1<

o if v < o, then ¢gpr =1 — yu, so the inequality becomes

0 < 2uLy(1—yu) —yu(2 —yp)(L — p)
py(—py L — yp® + 2p)
= 12 -y(L+p)
= p*y(u+L)o.

o if v > 7,1, then ¢gp = vL — 1, so the inequality becomes
0 < 2uLy(yL—1) =vL(2—~yL)(L — p)
= Ly(pyL+~L* —2L)
= —L*y(2—7(L+p))
= L*y(u+ L)o.

In both cases the inequality is verified, therefore Condition 3 holds true. Let us now turn to
Condition 4, which, in our context, is equivalent to

0 < 2a —~2,

which holds true as
200 — 72 = 2w+ 2w — 72 = 2w + LL—/L (2¢0pt — (L — 1))
Y
= 2 — (L 0.
We + T — M( + M)

Condition 5 is true by the choice of a. Finally, Condition 6 holds true provided 2a — 42 > 0,
which is verified through the above computation provided € > 0 or § # 0. In this case,

2 2w ~+ 2w,
7 2t k)
2 2’Y¢opt + 2(L - :U’)Wa
v
2we (L — p) + (L + p)yo
2 V(L + p)d + (L — p)) + 2(L — pwe
2we(L = p) + (L + p)yd

B (L — )
a f<1+l%@—ﬂ%HL+MWJ'

The bound on e is a direct consequence of the fact that a; is a geometric sequence. The upper
bound for e comes from the lower bound w, > (ini)z O

e =
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We note the above proposition only holds true for p < L, thus not covering the case L = u. We
cover this case in a separate proposition.

Proposition C.2 (Lyapunov parameters. Strongly convex case, any step-sizes, L = u). Let
~vL € (0,2), with L = u. Let € > 0. Consider the parameters p,ay, e, oy, By defined by

e p=0,

o a; = > TV where ¢? = ¢§pt + &, with

Gopt = max{l —yu;vL —1} and e€[0,1— ?,pt),

oy = By and oy = aap1 where
2 2 2
Yy ¢opt 1- opt — €
aZmaX{Q <1+ - ), 572 ,

272

e ¢ = eay1 where

e=g — 3
Then the sufficient Lyapunov conditions of Theorem A.3. Moreover, we have

e—0 e—0 e—=0 9
¢ >¢opt7 o — +00, e —— .

Proof. The arguments in this proof are mostly recycled from Proposition C.1. In particular, we
shall use the same values for p and a;. Regarding the value of o, we impose aa? — 2ba + ¢ < 0
where a, b, ¢ are defined in Equation (14), which we recall for convenience:

a = (L - /-‘6)27

b =~(L+p) —ply* = (1-¢%),

¢ = 72(¢gpt + 8)'
Because L = p, it holds that a = 0, and that

b:27L—L272—(1—<Z>zpt)+5:27L—L272—7L(2—7L)+5:5.

Therefore, o must satisfy ¢ < 2ba, that is

2( 42 2 2
c Y (¢opt + 6) Y ¢opt
> = = _ .
az o 9 5 1+ - (15)

It then remains to verify the conditions of Theorem A.3. Conditions | and 2 are readily satisfied.
Condition 3 can be rewritten as

2
1 — g —¢

>
- 2L2 ’
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thus justified the bound on «. Condition 4 requires that o > 72—2, which is already true because of
Equation (15). Condition 5 is satisfied under Equation (15). Finally, Condition 6 is satisfied with

272
e=——
200 — %’
where the denominator is strictly positive because of (15). O

Theorem C.3 (Bound for SGD. Strongly convex case, general step-sizes). Let Assumptions 6.5
and 0.7 hold, with it > 0. Let e > 0 and Yopt = IH‘LL Let z; be generated by SGD, with yvL € (0,2).
Assume that either € > 0 or v # Yopt. Then, for every T > 1,

1—¢?T

e

E[lzr — 2.]%] < ¢* - |lzo — 2] + T g7 ©o

where $? = & + (max{1 — yu;yL — 1})? € [0,1), and e is defined in Proposition C.1 and verifies

VL — p)? )
de 4 (L + p) (L = vy = Yoptl /-

e§72(1+

Proof. We separate the proof into two cases, namely the case L > p and the case L = pu.

e Consider L > u. Proposition C.1, combined with Theorem A.3, provides parameters ensuring
that the Lyapunov energy decreases with, in particular, ar = 1, ag = ¢*7. We deduce the
wanted bound from Lemma A.2.

e Consider L = pu. Let us consider first ¢ > 0. Combining Lemma A.2, Theorem A.3 and
Proposition C.2 we obtain

1- ¢2T€ o2

1 _ ¢2 EY %

where e. converges to v2 and ¢ — ¢opt When € — 0, thus yielding the wanted bound when
e = 0. If we wish to prove the claim for € > 0, it is enough to realize that ¢, < ¢, together

Elllzr — 2] < ¢*" - [lwo — z.l* +

with the fact that % is nondecreasing with ¢.
O

The above propositions allow us to formulate bounds for SGD. As in the convex case, we consider
optimal and non-optimal step-sizes as separate cases.

Theorem C.4 (Tight bound for SGD. Strongly convex case, non-optimal step-sizes). Let As-
sumptions 0.5 and 0.7 hold, with u > 0. Let x4 be generated by SGD, with vL € (0,2) such that
Y F Yopt = ;H%L Then, for every T > 1,

1— ¢2T 5

€eo

E[H:L’T—IL’*HZ] §¢2T' ||$O_CE*”2+ 1_¢2 *9

where ¢ = max{1 —yu;yL — 1} € [0,1), and

(e )
‘ThaCrw U TR
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Proof. This is an immediate consequence of Theorem C.3 with € = 0. O
Finally, we provide a bound which remains valid for every steps-size, with the counterpart that
the bias term gets sub-optimal.

Theorem C.5 (Subtight bound for SGD. Strongly convex case, general step-sizes). Let Assump-
tions 0.5 and 6.7 hold, with p > 0. Let € > 0, and let x4 be generated by SGD, with vL € (0,2).
Then, for everyT > 1,

-,
1_¢2 60*7

where ¢? = & + (max{1 —yu;yL —1})? € [0,1), and e was defined in Proposition C.1 and verifies

vZ(L—u)2> '

Elzr — 2l*] < ¢ - llwo — 2] +

e§72<1+ de

Proof. This is an immediate consequence of Theorem C.3, where we used € > 0 to lower bound
the denominator of e. O
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D Postponed Proof of Strong Duality

In this section, we prove the strong duality between Problems (Primal) and (Dual), as used in
Section 4.

Theorem D.1. Problem (Dual) is the dual of Problem (Primal). Moreover, strong duality holds.

Proof. To see that Problem (Dual) is in fact the dual of Problem (Primal), we consider the
Lagrangian, which is given by

L(Gy, Fry A, WA =T ( (—At +3 AN ST Al - At> Gt>
=1 =1
+ (A + Z X (Fmri — Fi) + Z X (fi — fm+z‘)> Fy,
=1 i=1

from which we readily recover Problem (Dual) as the dual. In order to show that strong duality
holds, we employ a standard Slater argument (Boyd and Vandenberghe, 2023) and construct a
feasible point (G, F}) to Problem (Primal) such that Gy > 0.

To do so, we follow the same ideas as in (Taylor et al.; 2017b, Theorem 6). Specifically, leveraging
the discussion in Section 4.2, we shall construct m functions f; € F, 1 and points x4, x4 € R4
such that the matrix P; given by Equation (2a) is upper triangular with positive entries on its
diagonal. As such, assuming d > 2m, it will hold that Gy = PI'P, = 0. We assume without loss
of generality that x, = 0, and set d = 2m.

We shall start by proving the result for ¢ = 1 and L = 6. This is without loss of generality, as
will be shown later.

We introduce the following functions f; and their gradients Vf; for i = 1,...,m,
d L 7 d d
fi:R —>R,x»—>§x Qix+bix and Vf;: R - R x— Q;x+0b;.

We first define f; for i =1,...,m — 1. We let @); be a block diagonal matrix of the form
Qf 0 T
Qi = < 0 Q — em+i€mtis

where QZ1 e Rm=1)x(m=1) i a diagonal matrix with entries 2 everywhere expect an entry of 5 on
the ith component, and Q € R(m+1)x(m+1) i5 4 tridiagonal matrix whose diagonal elements are 4
and whose off diagonal elements are —1. We note that , o(Q;) C (1,6) for all i = 1,...,m — 1,

{

by the Greshgorian Theorem (Quarteroni et al., 2007).

We define 7; = x = [y, 2] with y € R™"! and z € R™*!. Then, fori =1,...,m — 1,

m—1
V fi(xt) = giz) =2 Z e;x; +5e;r; + Qz — €nyiTmyi + b;.
i=Lj#i
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As such, we define b; as
m—1

by = —2 Z €;%; + emt+iTm+i — €m,
j=1j#i
and we impose that > 0 and that Qz = [1,0,...,0] € R™*! (may be shown possible by a simple
induction argument). This thus gives us that
(4)
t

g = de;x;.

(1) _ (i

Moreover, as z, = 0, we have that g,” = b;. Note that g, ) has a positive entry in its ith component

(%)

and Os everywhere else. Moreover, g, has a positive component in its m + ith component and
0 in all subsequent components. The vector x; — x, also has a positive entry in component 2m.
In order to show that P, is upper triangular with positive diagonal entries, we thus only need to

(m).

construct g,

By construction we require V f(x,) = 0, namely that

m—1 m—1
by, = b; = Z (2m — 1)e;x; — Z em+iTmti + (m —1)ey,
i=1 =1

As such, we may define @, to be the identity matrix (which satisfies o(Q;,) = {1}), such that

m—1

V fm(ze) = gt Z 2me;x; + me,,.
=1

As such, ggm) has a positive entry in its mth component and zero entries in all subsequent com-
ponents. As such, P; is upper triangular with positive diagonal entries, as wanted.

As such, if (u,L) = (1,6), the result holds. For arbitrary (u,L), we consider the following
transformed functions

i) = E5 2 () = g1e?) + BlolPag

As f; € Fi16, we have ﬁ € F,,- Moreover, this transformation preserves the property on P,
hence constructing a Slater point for all (u, L). O
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