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Abstract

Shallow flow systems are commonly modelled using the shallow water equations.
These are often very inaccurate. For that reason, a model called shallow water mo-
ment equations has been developed. This model is more computationally expensive
but significantly more accurate. To speed up computation of a model, the micro-
macro method may be used. The micro-macro method switches between two models
of varying accuracy. In this paper we formulate the micro-macro method for shallow
water moment equations. We perform theoretical analysis of the method and present
a series of results. The micro-macro method achieves a significant speed-up while
retaining a sufficient level of accuracy.
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1 Introduction

The term shallow flow systems refers to systems where the horizontal domain is much larger than
the vertical domain. Computer models for shallow flows are used in weather forecasting, free-
surface hydraulics in rivers and channels, assessment of avalanches and landslides, computation
of granular transport processes, and modelling coating processes [1]–[4].
The most commonly used model is the shallow water equations. This model is derived from

the Navier-Stokes equations by assuming the vertical velocity is constant throughout the height
domain. This greatly simplifies the system and decreases the computational cost. However,
problems arise when the vertical velocity profile is highly non-constant. In this case the model
gives rise to large errors.
Recently a new model called the shallow water moment equations has been developed [1].

The model assumes the vertical velocity profile to be a polynomial of a certain degree. This
increases the accuracy of the model while still maintaining some simplifying features.
Many partial differential equations including the shallow water moment equations cannot be

solved analytically. Instead the solution is approximated by discretising the equations in space
to obtain an ordinary differential equation (ODE). The resulting ODE is then discretised in time.
This is often done using the Forward Euler method. Forward Euler is an explicit method, which
makes each time step much cheaper than for implicit methods. However, it is not unconditionally
stable so there is an upper bound on the time step size. If this upper bound is small then the
method can run for a long time.
For that reason we are interested in the micro-macro method. The micro-macro is used to

speed up the computation while retaining a sufficient level of accuracy of the solution. This is
achieved by switching between two models; an accurate micro model and a less accurate macro
model [5], [6].
The goal of this thesis is to formulate the micro-macro method for shallow water moment

equations. The method will then be compared with the Forward Euler method in terms of
accuracy and computational speed-up.
In the rest of this chapter we introduce the moment approximations for shallow flow models

and the micro-macro method. In chapter 2 we formulate the micro-macro method for shallow
water moment equations and provide theoretical analysis of the model. In chapter 3 we provide
numerical results from testing of the micro-macro method. The appendix includes part of the
Python implementation of the method.

1.1 Moment Approximations for Shallow Flow Models

In this chapter we derive the moment approximations for shallow flow models as introduced in
[1]. We begin with the Navier-Stokes equations. These equations describe the velocity of a fluid
u in space (x, y, z) and time t. The fluid is bounded by the basal topography hb(t, x, y) and the
free surface hs(t, x, y). We consider only a two dimensional problem and ignore the y direction.
The system is scaled using the variable

ζ =
z − hb(t, x)

h(t, x)
,

where h(t, x) = hs(t, x)− hb(t, x) is the height of the flow. This variable transforms the height
domain of the equations to the interval [0, 1] as seen in figure 1.
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Figure 1: The height is mapped from an irregular domain (left) to a regular one (right) [1].

We assume the vertical velocity u is a polynomial expansion of the form

u(t, x, ζ) = um(t, x) +
N∑
j=1

αj(t, x)ϕj(ζ). (1)

Here um is the mean velocity of the flow, αj are real coefficients and ϕj are basis functions. The
functions ϕj are chosen to be the shifted Legendre polynomials on the interval [0, 1], normalised
by ϕj(0) = 1. These polynomials have many useful properties, including orthogonality with
respect to the L2 norm. This allows for simplification when working with the equations further.
By depth-integrating we may obtain the moment equations for shallow flow models [1]. The

mass balance equation is given by

∂th+ ∂x(hum) = 0. (2)

The momentum balance equation may be written as

∂t(hum) + ∂x

h

u2m +
N∑
j=1

α2
j

2j + 1

+
g

2
ezh

2

 = −ν

λ

um +
N∑
j=1

αj

+ hg(ex − ez∂xhb). (3)

Here λ is the slip length and ν is the kinematic viscosity of the fluid. The gravitational
acceleration g is decomposed into its two directional components g = g(ex, ez). In the case
when the direction of the gravitational acceleration is aligned with the axes then ex = 0, ez = 1.
For a non-constant velocity profile additional equations for αi need to be used. These are

given by

∂t(hαi) + ∂x

h

2umαi +
N∑

j,k=1

Aijkαjαk


= um∂x(hαi)−

N∑
j,k=1

Bijk∂x(hαj)αk − (2i+ 1)
ν

λ

um +
N∑
j=1

(
1
λ

h
Cij

)
αj

 . (4)

The values Aijk, Bijk, Cij depend on the basis functions chosen and are given by

Aijk = (2i+ 1)

∫ 1

0
ϕiϕjϕk dζ,

Bijk = (2i+ 1)

∫ 1

0
ϕ′
i

(∫ ζ

0
ϕj dξ

)
ϕk dζ,

Cij =

∫ 1

0
ϕ′
iϕ

′
j dζ.
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For any fixed value of N the model consists of N +2 equations. It may be written in standard
form as

∂tU +A(U)∂xU = S(U). (5)

This is known as the non-conservative form. The term A(U) ∈ R(N+2)×(N+2) is called the
system matrix and S(U) ∈ RN+2 is called the source term. It follows from the time derivate
terms that U = (h, hum, hα1, . . . , hαN+2)

T .
In the rest of the paper we will assume that we have flat surface (hb is constant) and that

gravity acts directly downwards (ex = 0, ez = 1).
As an example consider the case when N = 0. Then the system simplifies to the shallow

water equations. In the non-conservative form this is given by

∂t

(
h

hum

)
+

(
0 1

gh− u2m 2um

)
∂x

(
h

hum

)
=

(
0

− ν
λum

)
.

1.2 Micro-Macro Method

The micro-macro method is a time discretisation method. It uses an accurate micro model of
M variables and a less accurate macro model of L variables, such that M > L. The method
works by switching between these two models. Compared to a classical method, the micro-macro
method gains time by using a simpler model. The model has smaller size and therefore is less
computationally expensive to work with. However it loses time because of converting between
the models. For the micro-macro method to be useful, time gained needs to be greater than the
time lost.
One iteration of the micro-macro method consists of four steps:

1. Simulation of the microscopic model with one time step.

2. Restriction of the microscopic vector to the macroscopic vector.

3. Simulation of the macroscopic model with one time step.

4. Matching to reconstruct the microscopic vector from the macroscopic vector.

Figure 2: One iteration of the micro-macro method [5].

Let wn ∈ RM be the micro solution vector obtained after n iterations of the micro-macro
method. During the microscopic step we simulate one time step of the micro model with step
size δt. We obtain an intermediate micro solution wn,∗ ∈ RM .
In the restriction step we restrict wn,∗ to the first L variables to obtain an intermediate macro

solution Wn,∗ ∈ RL.
In the macroscopic step we simulate one time step of the macro model with step size ∆t to

obtain a macro solution Wn+1 ∈ RL.
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During the matching step we reconstruct the micro solution wn+1 ∈ RM from the macro
solution Wn+1. However the dimension of Wn+1 is less than that of wn+1, therefore it does not
provide all the necessary information. The information is filled in by using the last available
micro solution vector wn,∗. We do this by minimising the distance d(wn,∗, wn+1) with respect
to some pseudo norm d [5], [6].

If an explicit discretisation method is chosen for the microscopic step and macroscopic step,
the time steps δt and ∆t have to be chosen such that they ensure stability of the method.
Typically the bound on the microscopic step is smaller than on the macroscopic step, meaning
that ∆t > δt.

2 Formulating the Micro-Macro Method for Shallow Flow Models

In this section we formulate the micro-macro method for shallow water moment equations. The
micro and macro models are defined by (2), (3) and (4). The micro model uses M variables and
the macro model L variables such that M > L.

Microscopic step Discretise the micro model in time using Forward Euler and perform one
step with time step δt. This is done by solving the equation

h
hum
hα1
...

hαM−2


n,∗

=


h

hum
hα1
...

hαM−2


n

+ δt f


h

hum
hα1
...

hαM−2


n

.

Here f(h, um, α1, . . . , αM−2)
n is a function including the system matrix and the source term

of the micro model, evaluated at a time corresponding to wn.
Restriction The vertical velocity profile corresponding to wn,∗, un,∗, is a polynomial of degree

M − 2. We wish to restrict wn,∗ such that the resulting polynomial is of degree L − 2. We do
this by omitting the coefficients in (1) corresponding to the higher degree polynomials. Then

Wn,∗ =


h

hum
hα1
...

hαL−2


n,∗

.

Macroscopic step Discretise the macro model in time using Forward Euler and perform one
step with time step ∆t by solving the equation

h
hum
hα1
...

hαL−2


n+1

=


h

hum
hα1
...

hαL−2


n,∗

+∆t F


h

hum
hα1
...

hαL−2


n,∗

.

Here F (h, um, α1, . . . , αL−2)
n,∗ is a function including the system matrix and the source term

of the macro model, evaluated at a time corresponding to Wn,∗.
Matching We match the first L elements of wn+1 be setting them equal to Wn+1. For the

remaining M−L moments we wish to minimise the distance between wn,∗ and wn+1 with respect
to some pseudo norm. Denote the velocity profiles corresponding to wn,∗ and wn+1 as un,∗ and
un+1 respectively. We choose to minimise the distance d(un+1un,∗) with respect to the L2 norm.
Using the L2 norm allows us to take advantage of the properties of the Legendre polynomials.
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Then
un+1 = argmin

ū∈V (Wn+1)

d(ū, un,∗),

where V (Wn+1) is the set of all velocity profiles (1) constrained by Wn+1. This equation can
be solved explicitly. The distance d(ū, un,∗) is given by

d(ū, un,∗) =

∫ 1

0
(ū(ζ)− un,∗(ζ))2 dζ

=

∫ 1

0

ūm +

N∑
j=1

ᾱjϕj(ζ)− um −
N∑
j=1

αjϕj(ζ)

2

dζ

=

∫ 1

0

(ūm − um) +
N∑
j=1

(ᾱj − αj)ϕj(ζ)

2

dζ

=

∫ 1

0
(ūm − um)2 + 2(ūm − um)

N∑
j=1

(ᾱj − αj)ϕj(ζ) +

 N∑
j=1

(ᾱj − αj)ϕj(ζ)

2

dζ

Here we take advantage of two properties of the shifted Legendre polynomials. Let ϕi, ϕj

denote the i-th and j-th shifted Legendre polynomial on [0, 1] respectively. Then∫ 1

0
ϕi(ζ) dζ = 0,∫ 1

0
ϕi(ζ)ϕj(ζ) dζ = 0

for all i, j ≥ 1 such that i ̸= j. Using the first property, the second term of the integral drop out.
Using the second property, the third term of the integral may be simplified. All cross terms of
the product drop out, leaving only the squared terms. We also let C = ūm − um to simplify the
expression. Then

d(ū, un,∗) =

∫ 1

0
C2 dζ +

∫ 1

0

N∑
j=1

(ᾱj − αj)
2ϕ2

j (ζ) dζ

=

∫ 1

0
C2 dζ +

N∑
j=1

(ᾱj − αj)
2

∫ 1

0
ϕ2
j (ζ) dζ

The distance is minimum when the derivative with respect to αL−1, . . . , αM−2 is zero. The
derivative is given by

∂d(ū, un,∗)

∂ᾱi
= 2(ᾱi − αi)

∫ 1

0
ϕ2
i (ζ) dζ.

By setting the derivative above to be equal to zero, it follows immediately that ᾱi = αi. This
means that the last M −L coefficients αi are simply carried over from un,∗ to un+1. We use this
to calculate the remaining elements of wn+1.

The time steps δt and ∆t require further attention. As the method uses Forward Euler time
discretisation, there is a bound on the step size to ensure stability of the method. For equations
of the form ∂tU + A(U)∂xU = 0 the bound is given by the Courant–Friedrichs–Lewy (CFL)
condition. The condition is

∆τ

∆x
≤ C

|λ|max
,
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where |λ|max is the magnitude of the largest eigenvalue of A(U) and C is a constant such that
C ≤ 1 [7]. We choose δt and ∆t to be the maximum step sizes available by letting the inequality
above to be an equality.
A closed form of |λ|max exists only for A(U) of dimension 2× 2 or 3× 3, and computing the

exact eigenvalue for every A(U) would be costly. Therefore we use the approximation

|λ|max = |um|+

√√√√gh+
N∑
j=1

α2
j . (6)

This expression is exact for N = 0 and N = 1. For higher values of N , it gives slightly higher
values than the exact eigenvalues, which ensures the stability condition is not violated.
The method is implemented in Python as a part of Rik Verbiest’s project. Part of the code

can be found in the Appendix. The entire code is available on Rik Verbiest’s GitHub [8].

2.1 Investigation of the Matching

During the restriction step, information from the micro variables is lost. We wish to investigate
how much of the information is recovered during the matching step. To test this we consider
wn,∗ to be a typical velocity profile given by

h = 1.406, um = 0.352, α1 = −0.120, α2 = −0.096, α3 = −0.042, α4 = −0.006, α5 = 0.003.

We also assume the exact micro solution wn+1 is such that all the variables h, um, α1, . . . , α5

are scaled by a factor of 1.2. We perform the matching step for L = 2, . . . , 6 macro variables as
described in the previous section. The results are shown in figure 3.

Figure 3: Investigation of the matching step for L = 2, . . . 6 variables. The left figure shows
the resulting velocity profiles and the right figure shows a detailed view of [0.5, 0.7].
Increasing the number of variables leads to a more accurate matching.

The left figure of 3 shows a comparison of the velocity profiles across the entire domain. We
see that the matching procedure generates quite accurate results even when only 2 variables are
taken directly. The right figure is a zoomed in view to [0.5, 0.7] which shows that the matched
velocity profiles converge to the exact micro solution. Increasing the number of variables taken
directly leads to a more accurate matching. We conclude that the matching step works well and
does not lead to large errors.

2.2 Computational Complexity

The main goal of the micro-macro method is to speed up the computation time compared to
classical methods. In this section we calculate the computational complexity of the micro-macro
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method for shallow flows and compare it to a classical microscopic model. The complexity grows
linearly with the number of grid cells for both methods, therefore we consider the complexity
per grid cell.
The classical microscopic model uses M variables. The system matrix of the model is of size

M ×M . Then for one time step the complexity is of order O(M2) per grid cell. The time step
δt is the largest possible while still satisfying the CFL condition. It is given by δt = ∆x

|λ|max,M
C,

which is of order O(∆x). Then the computational complexity per grid cell is

O
(
M2

∆x

)
. (7)

The computational complexity of the micro-macro method is determined by the sum of com-
plexities of its four steps. It is given as follows:

1. The micro model uses M variables so the system matrix is of size M ×M . The complexity
of the micro step is O(M2) per grid cell and time step.

2. The restriction step is a linear mapping of L variables therefore the complexity is O(L)
per grid cell and time step.

3. The macro model uses L variables so the system matrix is of size L× L. The complexity
of the micro step is O(L2) per grid cell and time step.

4. The matching step is linear mapping of M − L variables from the intermediate micro
solution. The complexity is O(M − L) per grid cell and time step.

Then the complexity of one iteration of the micro-macro method is

O(M2 + L2 +M).

per grid cell. The length of one time step is equal to δt + ∆t. The step sizes δt and ∆t are
determined by the CFL condition such that δt = ∆x C

|λ|max,M
, ∆t = ∆x C

|λ|max,L
. For any fixed

end time of the algorithm, the values |λ|max,M and |λ|max,L may be bounded by a constant,
therefore both of the time step sizes δt and ∆t are considered O(∆x). Then the complexity per
grid cell of the micro-macro method is

O
(
M2 + L2 +M

2∆x

)
. (8)

The calculations done here do not allow us make an accurate comparison of the two method,
since most of the constants have been omitted. However, we may deduce from (7) and (8) that if
M is strictly larger than L, the micro-macro method is likely to be faster than the micro model.

2.3 Analysis of the Time Step

We choose to define the time step size of the method using the CFL condition. The CFL
conditions is defined for equations of the form ∂tU + A(U)∂xU = 0. This means the time step
size does not depend on the source term of the system. However, the source term also provides
a bound for the time step size. If this bound is smaller than the CFL bound, the method may
become unstable. This limits the usage of the model.
Denote the bound given by the CFL condition as ∆t1 and the bound given by the source term

as ∆t2. The time step ∆t1 is

∆t1 = ∆x
C

|λ|max
.

We fix C = 0.5 and |λ|max is given by (6).
There are two cases when ∆t2 may be greater than ∆t1:
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1. The source term is much larger than zero.

2. The bound ∆t1 is very large.

The source term of the shallow water moment equations includes all the non-derivative terms.
Notice that all the non-derivative terms of equations (2), (3) and (4) are all multiplied by the
factor ν

λ . Therefore the source term is large if the magnitude of ν
λ is very large.

The bound ∆t1 is large in two cases. Firstly, if the grid cell size ∆x is chosen to be large.
Second, if |λ|max is close to zero. This happens when the variables h, um, α1, . . . , αN are all close
to zero.
The specific implementation of the micro-macro method cannot be used in cases where

∣∣ ν
λ

∣∣ is
large, ∆x is large or h, um, α1, . . . , αN are all close to zero.

3 Results

We perform a series of tests to determine the accuracy of solution and computational speed of the
micro-macro method. We present results for two different test cases. The micro-macro method
is tested for varying numbers of micro and macro variables. The results are then compared to
a solution of a macro model of 2 variables and a micro model of 7 variables. An exact solution
of the Navier-Stokes equations does not exist so we treat the micro solution as a reference.

3.1 Dam Break Test

We consider a dam break test case. The initial flow velocity is zero and the height profile has a
discontinuity at x = 0. It is given by the initial condition

w(0, x) =

{
(2, 0, . . . , 0)T if x ≤ 0

(1, 0, . . . , 0)T if x > 0.

For the simulation we compute the solution on the domain [−4, 4] partitioned into 400 cells.
The slip length and viscosity are fixed to be λ = ν = 0.1, and the end time is t = 2.

Figure 4: Simulation results for the dam break test. The macro model is fixed to be L = 2 and
the micro model is varied between M = 4, . . . , 7.
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Figure 5: Simulation results for the dam break test. The macro model is fixed to be L = 3 and
the micro model is varied between M = 4, . . . , 7.

In figure 4 the macro model is fixed to have L = 2 variables and the micro model is varied
betweenM = 4, . . . , 7 variables. The left figure shows the velocity profile u(ζ) and the right figure
shows the height h(x). Increasing the number of micro variables leads to a smoother velocity
profile. However, the velocity profile does not converge to the reference solution. Similarly, the
height function does not converge to the reference height.

In figure 5 the macro model is fixed to have L = 3 variables and the micro model is varied
between M = 4, . . . , 7 variables. The height and velocity profiles are both much closer to the
reference solution than in the previous case. However, as the number of micro variables increases,
the velocity profile does not converge to the reference solution.

Figure 6: Simulation results for the dam break test. The micro model is fixed to be M = 6 and
the macro model is varied between L = 2, . . . , 5.

12



Figure 7: Simulation results for the dam break test. The micro model is fixed to be M = 7 and
the macro model is varied between L = 2, . . . , 5.

In figure 6 the micro model is fixed to be M = 6 and the macro model is varied between
L = 2, . . . , 5. For lower values of L the velocity profile is quite. As L increases, the velocity
profile of the micro-macro method converges to the reference solution. The same is true for the
height.
In figure 7 the micro model is fixed to beM = 7 and the macro model is varied for L = 2, . . . , 5.

The results shown are slightly more accurate than in the previous case, but the difference is barely
noticeable. Increasing the number of macro variables leads to a convergence to the reference
solution.
We wish to compare the computational speed of the tested methods. Tables 1 and 2 show

the computational speed-up of the micro-macro method with respect to the micro model. We
see that the micro-macro method is consistently faster for all values tested. The tables also
show the speed-up for the macro model. As expected, the macro model is the fastest but least
accurate.

Speed-up

Macro, L = 2 2.925

Number of variables L = 2 L = 3

Micro-macro, M = 4 2.583 2.387
Micro-macro, M = 5 2.265 2.137
Micro-macro, M = 6 1.924 1.831
Micro-macro, M = 7 1.619 1.547

Micro, M = 7 1

Table 1: Speed-up with respect to the micro solution for the dam break test.

Speed-up

Macro, L = 2 2.925

Number of variables M = 6 M = 7

Micro-macro, L = 2 1.924 1.619
Micro-macro, L = 3 1.831 1.547
Micro-macro, L = 4 1.706 1.463
Micro-macro, L = 5 1.567 1.342

Micro, M = 7 1

Table 2: Speed-up with respect to the micro solution for the dam break test.
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3.2 Wave Diffusion Test

We consider a test case which represents the diffusion of a wave. It is given by the initial
condition

w(0, x) = (3 + e−1.5x2
, 0, . . . , 0)T

The solution is calculated on the domain [−4, 4] partitioned into 400 cells. The slip length
and viscosity are fixed to be λ = ν = 0.1, and the end time is t = 1.

Figure 8: Simulation results for the wave diffusion test. The macro model is fixed to be L = 2
and the micro model is varied between M = 4, . . . , 7.

Figure 9: Simulation results for the wave diffusion test. The macro model is fixed to be L = 3
and the micro model is varied between M = 4, . . . , 7.

In figure 8 the macro model is fixed to have L = 2 variables and the micro model is varied
between M = 4, . . . , 7 variables. The left figure shows the velocity profile u(ζ) and the right
figure shows the height h(x). All the velocity profiles of the micro-macro method are in between
the micro model and the macro model. As M increases we don’t observe any behaviour of the
velocity profile, however the height function seems to converge to a limit.
In figure 9 the macro model is fixed to have 2 variables and the micro model is varied between

4 and 7 variables. The height and velocity profiles are both slightly closer to the reference
solution than in the previous case. We again don’t observe any clear behaviour of the velocity
profiles as M increases.
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Figure 10: Simulation results for the wave diffusion test. The micro model is fixed to be M = 6
and the macro model is varied between L = 2, . . . , 5.

Figure 11: Simulation results for the wave diffusion test. The micro model is fixed to be M = 7
and the macro model is varied between L = 2, . . . , 5.

In figure 10 the micro model is fixed to be M = 6 and the macro model is varied for L =
2, . . . , 5. As L increases, the accuracy of the height and velocity profile significantly improves.
However, the velocity profile does not seem to converge to the reference solution. On the other
hand, the height of the micro-macro method does converge to the reference solution.

In figure 11 the micro model is fixed to be M = 7 and the macro model is varied for L =
2, . . . , 5. The results shown are more accurate than in the previous case, especially for the
velocity profile. We again observe convergence only for the height.

Tables 3 and 4 show the computational speed-up of the micro-macro method with respect to
the reference solution. The micro-macro method is consistently faster for all values tested. An
interesting observation is that for any fixed M and L, the speed-up of the method is very similar
to the speed-up shown in tables 1 and 2. This indicates the computational complexity of the
method does not depend a lot on the initial conditions.
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Speed-up

Macro, L = 2 2.833

Number of variables L = 2 L = 3

Micro-macro, M = 4 2.482 2.358
Micro-macro, M = 5 2.202 2.103
Micro-macro, M = 6 1.875 1.805
Micro-macro, M = 7 1.574 1.521

Micro, M = 7 1

Table 3: Speed-up with respect to the micro solution for the wave diffusion test.

Speed-up

Macro, L = 2 2.833

Number of variables M = 6 M = 7

Micro-macro, L = 2 1.875 1.574
Micro-macro, L = 3 1.805 1.521
Micro-macro, L = 4 1.693 1.441
Micro-macro, L = 5 1.561 1.244

Micro, M = 7 1

Table 4: Speed-up with respect to the micro solution for the wave diffusion test.

4 Conclusion

The micro-macro method is numerical scheme which aims to to be more accurate than simple
macroscopic models and faster than accurate microscopic models. It consists of a micro step,
restriction, macro step and matching. In this paper the method was formulated for shallow
water moment equations. Testing shows the micro-macro method maintains good accuracy
while significantly improving the speed of the programme. It also shows the accuracy of the
method depends largely on the macro model chosen. Because of the time step size, the current
implementation of the micro-macro method is limited in its use cases. For large

∣∣ ν
λ

∣∣ , large ∆x
or h, um, α1, . . . , αN close to zero, stability of the method is not guaranteed.

A lot of further research can be done with the shallow water moment equations and switching
of models. The work in this paper proves that the restriction and matching between models
with different number of variables works well, which allows for many other uses. Research can
be done into a system which uses two different models on two parts of the domain. On parts
of the domain with simpler velocity profile a less accurate model can be used than on the parts
with a complicated velocity profile. Research can also be done into a system, where the number
of variables of the model changes over time.
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6 Appendix

The function run simulation is part of the Micro macro class. It performs the iterations of the
micro-macro method until t end is reached. The resulting data is then processed to account for
boundary conditions.

def run_simulation(self ,

t_end: float ,

g = 1) -> np.array:

delta_x = (self.mesh.boundaries[1] - self.mesh.boundaries[0])/self.mesh.

resolution

micro_moments = self._get_initial_conditions(self.mesh.cell_center_positions

)

macro_moments = np.zeros((self.mesh.resolution+2, self.macro_order+2))

CFL = 0.5

def micro_system_matrix(cell_values):

return self.pde_type.compute_system_matrix(self.micro_order ,cell_values)

def micro_source_term(cell_values):

return self.pde_type.compute_source_term(self.micro_order ,cell_values)

def macro_system_matrix(cell_values):

return self.pde_type.compute_system_matrix(self.macro_order , cell_values

)

def macro_source_term(cell_values):

return self.pde_type.compute_source_term(self.macro_order , cell_values)

t = 0

step = 0

while t < t_end:

# MICRO STEP

micro_moments[0,:] = self._update_boundary_conditions(micro_moments ,’

left’)

micro_moments[-1,:] = self._update_boundary_conditions(micro_moments ,’

right’)

# Calculate step size using CFL condition

wave_speed_sqrt = micro_moments[:,0]*int(g)
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for i in range(self.micro_order):

wave_speed_sqrt += np.divide(micro_moments[:,i+2]*micro_moments[:,i+

2],micro_moments[:,0]*

micro_moments[:,0])

max_speed = np.max(np.abs(np.divide(micro_moments[:,1],micro_moments[:,

0]))+ np.sqrt(wave_speed_sqrt))

micro_delta_t = CFL*delta_x/max_speed

previous_values = np.copy(micro_moments)

# Calculate the space derivative term

for i in range(1,self.mesh.resolution+1):

fluctuation_plus = self.spatial_discretization.compute_fluctuation(

previous_values[i-1,:],

previous_values[i,:],

micro_system_matrix ,

’positive ’,

micro_delta_t ,

delta_x)

fluctuation_minus = self.spatial_discretization.compute_fluctuation(

previous_values[i,:],

previous_values[i+1,:],

micro_system_matrix ,

’negative ’,

micro_delta_t ,

delta_x)

micro_moments[i,:] = previous_values[i,:] - micro_delta_t/delta_x*(

fluctuation_plus+

fluctuation_minus)

micro_moments[i,:] = self.time_integration.integrate(micro_moments[i

,:],micro_source_term ,

micro_delta_t)

t += micro_delta_t

# RESTRICTION

macro_moments = micro_moments[:, :self.macro_order+2]

# MACRO STEP

macro_moments[0,:] = self._update_boundary_conditions(macro_moments ,’

left’)

macro_moments[-1,:] = self._update_boundary_conditions(macro_moments ,’

right’)

# Calculate step size using CFL condition

wave_speed_sqrt = macro_moments[:,0]*int(g)

for i in range(self.macro_order):

wave_speed_sqrt += np.divide(macro_moments[:,i+2]*macro_moments[:,i+

2],macro_moments[:,0]*

macro_moments[:,0])

max_speed = np.max(np.abs(np.divide(macro_moments[:,1],macro_moments[:,

0]))+np.sqrt(wave_speed_sqrt))

macro_delta_t = CFL*delta_x/max_speed

# Calculate the space derivative term

previous_values = np.copy(macro_moments)

for i in range(1,self.mesh.resolution+1):

fluctuation_plus = self.spatial_discretization.compute_fluctuation(

previous_values[i-1,:],
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previous_values[i,:],

macro_system_matrix ,

’positive ’,

macro_delta_t ,

delta_x)

fluctuation_minus = self.spatial_discretization.compute_fluctuation(

previous_values[i,:],

previous_values[i+1,:],

macro_system_matrix ,

’negative ’,

macro_delta_t ,

delta_x)

macro_moments[i,:] = previous_values[i,:] - macro_delta_t/delta_x*(

fluctuation_plus+

fluctuation_minus)

macro_moments[i,:] = self.time_integration.integrate(macro_moments[i

,:],macro_source_term ,

macro_delta_t)

t += macro_delta_t

# MATCHING

for idx in range(self.mesh.resolution+2):

micro_moments[idx , self.macro_order+2:] = np.multiply(micro_moments[

idx , self.macro_order+2:] ,(

macro_moments[idx , 0]/

micro_moments[idx , 0]))

micro_moments[:, :self.macro_order+2] = macro_moments

step += 1

simulation_data = self._post_processing(micro_moments)

return simulation_data
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