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ABSTRACT

The small gain theorem is a classical result in robust control which can be used
to guarantee that the output feedback interconnection of two linear time-invariant
systems is well-posed and internally stable. It also has an interesting converse,
which ensures boundedness of the #-norm of an internally stable system under
the condition that its interconnection with all other internally systems satisfying
a certain #.-norm bound is well-posed and internally stable. The most well-
known proof of this result is due to K. Zhou and J. C. Doyle, and relies on an
input-output framework (i.e., transfer matrices). In this thesis, we reformulate
the small gain theorem using a state-space approach and provide a novel proof
of this result using the theorems of alternatives proven by V. Balakrishnan and
L. Vandenberghe and the bounded real lemma. Finally, we attempt to generalize
this approach and present some partial results that work towards a state-space
passivity theorem.
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1. INTRODUCTION

interconnected in some way. This is typically done by relating the inputs and outputs
of the various systems in the network, resulting in a closed-loop system. Generally, one
wants to ensure that the closed-loop system has (at least) the following two properties:

IN all control design problems, one considers a network of two or more systems which are

(1) for every initial condition, there exist a unique trajectory of the closed-loop system;
(2) the closed-loop system is (internally) stable.

In the simple case of two linear time-invariant (LTI) systems X; and Yo, the small gain
theorem (see [1, Theorem 8.1]) provides conditions under which the closed-loop system in
Figure 1 has these two desired properties. These conditions include stability assumptions, as
well as bounds on the #.-norms of the two systems.! This is the ‘if’ part of the small gain
theorem.
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A

2

Figure 1: A simplified block diagram of the type of interconnection considered in the small
gain theorem. Here the arrows going in represent inputs, and the arrows going out represent
outputs.

Interestingly, the small gain theorem also has an ‘only if’ part, which very roughly states the
following: consider a system X;. If, for any system X5 that has a bounded #(,-norm, the
interconnection of ¥; with X, satisfies (1) and (2), then ¥; must also have a bounded # -
norm. This converse is mostly of theoretical interest, and has a much more involved proof.
The most well-known proof (given in [1, pp. 138-139]) uses an input-output approach (i.e., it
represents LTI systems using transfer matrices). There are comparable theorems for (strictly)
passive systems which have a similar structure (see [2, Theorems 1-3 and Corollaries 1-3]),
known as the passivity theorems. These theorems also have an ‘only if’ part, which allows
one to deduce (strict) passivity of ¥; based on the properties of the interconnection of ¥;
with certain other systems X [2].

Although useful, these results are only particular cases of a more general theorem in
which we consider dissipative systems, a more general class of systems which encapsulate
both systems with bounded #~,-norm and (strictly) passive systems. This theorem also has a
converse, but its proof remains elusive. Despite the effectiveness of the input-output approach
in the case of the small gain and passivity theorems, we thus want to try to develop a state-
space approach to these theorems to possibly uncover another line of attack for this more
general ‘dissipativity theorem’

The known proofs of the ‘only if’ parts of the small gain and passivity theorems rely on
a contraposition argument: instead of demonstrating the fact that the original system

1We define the #oo-norm formally in Section 2, see Definition 2.6.4. For now, the reader can think of it as a
sort measure of the sensitivity of the output of a system to input signals.



1.1 OUTLINE

has the desired property directly, one assumes this is not the case and tries to construct a
particular instance of a system Yo such that the interconnection of these two systems fails
either (1) or (2). We will use the same approach. To do this, we use the fact that many
system properties can be characterized using the solvability of certain matrix inequalities.
The assumption that 3; does not have a certain property then translates to this matrix
inequality not having a solution. Through the so-called theorems of alternatives discussed in
[3], we can obtain alternatives to this infeasibility. This will provide us with tools to construct
our desired system.

1.1. OUTLINE

The layout of this thesis is as follows: in Section 2, we discuss the preliminary knowledge the
reader will need in order to follow the later sections. In particular, we discuss certain notions
and facts from linear algebra, and then introduce the required control-theoretic concepts,
including dissipativity. Section 3 introduces the aforementioned matrix inequalities and the-
orems of alternatives. In Section 4 we state and prove a state-space version of the small gain
theorem using theorems of alternatives. We also cover a generalization of (a part of) the small
gain theorem to networks consisting of an arbitrary number of LTI systems. In Section 5 we
formulate some partial results concerning interconnections of dissipative systems, in particu-
lar for (input/output) passivity. Finally, Section 6 concludes this thesis by summarizing our
results and providing directions for future work.

1.2. NOTATION, CONVENTIONS AND SOME TERMINOLOGY

The notation and terminology in this thesis is fairly standard. Nevertheless, we have sum-
marized it here for completeness. The set of positive integers is denoted by N, and the set of
nonnegative integers is denoted Z,. We use R and C to denote the fields of real or complex
numbers respectively, and define R, as the set of nonnegative real numbers. The symbol
K is used to represent either R or C. The real and imaginary parts of a complex number
z are written as Re(z) and Im(z) respectively, and the complex unit is denoted by . The
open left-half complex plane is denoted C_ and is the set of all z € C such that Re(z) < 0.
Similarly, the open right-half complex plane is C,. := {z € C: Re(z) > 0}.

For any m,n € Z, we denote by K™*™ the set of all matrices with m rows and n columns
whose entries lie in K. For convenience, we allow m,n to be zero. If M € K™*" is a matrix,
we denote its transpose by M T and its conjugate transpose by M*. The kernel and image of
M are the sets

ker M := {z € K" : Mz = 0}, imM :={Mz:z K"}

If M is square (i.e. m = n), the set of eigenvalues of M is denoted o(M). A real square matrix
M is called stable if o(M) C C_. Whenever o(M) C R, we denote mino(M) by Amin (M)
and max o(M) by Amax (M). If z is an eigenvector of M with corresponding eigenvalue A,
then we call (\,z) an eigenpair of M. Given a subspace § C K", we denote by (M | §)
the smallest M-invariant subspace containing &. Similarly, ($ | M) denotes the largest M-
invariant subspace contained in &. In particular, for A € R™*" B € R™*™ and C € RP*",
(A |im B) is the reachable subspace of the pair (A, B) and (ker C | A) is the unobservable
subspace associated with (C, A).

For any n € Z,, we denote by S™ and H™ the set of real symmetric matrices of size n and
Hermitian matrices of size n respectively. That is,

s = {M e R MT = M}, H™ := {M € K™": M* = M}.
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Note that S®™ = H" in the case where K = R. .

If x € K™ is a vector partitioned as z = [a:’{ z5| (where 1 € K™ and 2o € K"),
we may also denote this vector by col(z1,z2) for improved readability. Similarly, a (block)
diagonal matrix M whose diagonal elements are M; € K™ > M; € K™ *" is denoted
M = diag(M;, ..., M;). The identity matrix is denoted I, and where needed for clarity we
indicate using a subscript what its size is.

For a given map f: Ry — R™ and 7 € R, we denote o7 f(t) := f(¢t + 7). This operator
o7 is known as the shift map.

All other notation is introduced in due time.



2. PRELIMINARIES

need to go through some preliminaries. Some of these may already be familiar to the
reader. We will therefore try to be rather brief and refer the reader to sources which
are more extensive whenever applicable. This section can roughly be divided into two parts:

PART 1 (Subsections 2.1-2.4): This part covers results and notions we need from linear
algebra. In Subsection 2.1, we briefly recall the definition of the pseudoinverse of a matrix.
We then use pseudoinverses to prove Lemma 2.1.4, which is a particularly useful result. In
Subsection 2.2 we use the previously introduced pseudoinverses to obtain certain useful block
matrix decompositions and to define the notion of a Schur complement. Subsection 2.3 covers
the real Schur decomposition. Finally, Subsection 2.4 discusses some facts on sign definite
matrices, and in particular sign definite block matrices. We will encounter these types of
matrices frequently in later sections. The main result from this subsection is Theorem 2.4.7,
which will often be referred back to.

PART 2 (Subsections 2.5-2.7): The second part of this section introduces the necessary
function spaces, maps and control-theoretic notions. We start with Subsection 2.5, in which
we define the function spaces .2,(2, V), #oo and R#H . Subsection 2.6 covers the definition
of an LTI system and other control-theoretic notions (e.g. input-output operators, the # -
norm, dissipativity) which are important to understand the contents of later sections. We
conclude Section 2 with Subsection 2.7, in which we consider different ways of interconnecting
LTI systems and introduce the notion of a well-posed and internally stable interconnection.

BEFORE we can cover the small gain and passivity theorems and their proofs, we first

2.1. PSEUDOINVERSES

We thus start with a short discussion of pseudoinverses. Their existence and uniqueness is
the subject of the first theorem.

Theorem 2.1.1. Let M € K™*™. Then there exists a unique matriz Mt € K™™ with the
following properties:

(P1) MMM = M;

(P2) MMMt = M1,

(P8) MM is Hermitian;

(P4) MM is Hermitian. <

Proof. Let r = rank M. If r = 0, the choice MT = 0 satisfies (P1)-(P4). If r > 0, let
o1 = +-- = or > 0 be the nonzero singular values of M. Then there exist a U € K™*"
and a V € K™ such that M = UXV*, where ¥ = diag(o1,...,0,) and U*U = I, = V*V.
Observe that ¥ is nonsingular, and that ¥~! = diag(o;",...,0;!). Hence we may choose
Mt := VE~lU*. Noting that MM' = UU* and MTM = VV*, it is easily verified that this
matrix satisfies (P1)-(P4). This proves such a matrix exists. The proof of the uniqueness is

not particularly insightful; the interested reader may find a proof in [4, Theorem 6.1.1]. W

Definition 2.1.2 (Moore-Penrose pseudoinverse). Given any M € K™*™ the unique ma-
trix Mt € K"*™ satisfying (P1)-(P4) as in Theorem 2.1.1 is called the (Moore-Penrose)
pseudoinverse of M. <

It may not be immediately obvious why the pseudoinverse is a generalization of the inverse.
To see that it is, assume that m > n and that M has full column rank (i.e. rank M = n). Using
the same notation as in the proof of Theorem 2.1.1, it then follows that MM = VV* =T

4
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since V is a square matrix in this case. Hence M is a left inverse of M whenever M has full
column rank. Similarly, if m < n and M has full row rank, then M' is a right inverse of M.
Finally, when m = n and M has full rank, we see that MM = MTM = I, so in this case
Mt=M1

Remark 2.1.3. Note that taking the conjugate transpose and taking the pseudoinverse com-
mute. That is, for any M € K™*",

(M)t = (M.

This is easily seen based on the construction in the proof of Theorem 2.1.1. We will thus simply
write M := (MT)*. As a corollary, we see that whenever M € H", we have M = MT i.e.
MT e H™. N

We will often make use of the following lemma.

Lemma 2.1.4. Let M € K™*" and N € KP*™. Then we have the following:
(i) if ker N C ker M, then M = MN'N;
(ii) ker N C ker M if and only if there exists an X € K™*P such that M = XN. <

Proof. Let us first prove (iz). The ‘if’ part is evident. Now assume that ker N C ker M. Then
imMT Cim NT by taking orthogonal complements, so there exists an X ' € KP*™ such that
MT = NTXT, cf. [4, Fact 2.10.7]. Taking transposes, the result in (i) follows. Item (i)
is a direct consequence of (i¢): if ker N C ker M, there exists an X such that M = XN, so
M = XNN'N = MNTN, where we have used the properties of pseudoinverses. |

2.2. GENERALIZED SCHUR COMPLEMENTS

Equipped with the notion of a pseudoinverse, we continue by introducing (generalized) Schur
complements. Let M be a block matrix of the form

(2.1)

M= an Mlzl,

My Mas
where M71 and My, are square. Then we have the following result.

Proposition 2.2.1. Let M be a block matriz as in (2.1). If we have ker My, C ker M7, and
ker M1, C ker Moy, then

I 0| My 0 I MM
M= 11742] 2.2
leML IH 0 Mzg—lelelMlQ] [0 I 22)

Similarly, we have the decomposition

M= I M12M2Tz M1 — M12M§2M21 0 TI 0 (2.3)
0 I 0 Moo | [MyoMoy I
whenever ker Moy C ker M12 and ker My, C ker My |

Proof. Note that by Lemma 2.1.4, the inclusions ker M}, C ker M7, and ker My; C ker Mo
imply that M, = M11MLM12 and My = leMflMu. Using these equalities, the decom-
position (2.2) follows by writing out the product of these matrices. The proof of (2.3) is
similar. |
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In particular, if M, is nonsingular, then (2.2) holds with ML = Mj;" as the added condi-
tions on Mjo and Mo are always satisfied. The same is true for (2.3) when My, is nonsingular.
To simplify the notation and fix some terminology, we have the following definition.

Definition 2.2.2 (Generalized Schur complement). Let M be a block matrix of the form
(2.1). We define the (generalized) Schur complement of M with respect to M1 as

M|M11 = M22 - M21MLM12.
Similarly, the (generalized) Schur complement of M with respect to Moy is defined as
M|M22 = My — MlgMgzle. <

The decompositions in Proposition 2.2.1 have a few nice consequences. We discuss one of
these here, and will get back to them in Subsubsection 2.4.1. Let M be a block matrix as
in (2.1) and assume for instance that ker M7, C ker M7, and ker My; C ker My;. Then the
assumptions in Proposition 2.2.1 are satisfied, so (2.2) implies that

det M = det lMH 0 ]

0 MMy

since the left and right matrices have ones on their diagonals and hence have determinant 1.
As the determinant of a block diagonal matrix is the product of the determinants of its block
diagonal entries, it follows that det M = det Mi; - det(M|Mj;). This discussion proves the
following lemma.

Lemma 2.2.3. Let M be a block matriz as in (2.1) and assume that ker M7, C ker M7, and
ker Mll g ker M21. Then
det M = det M11 . det(M|M11).

The same property holds for the Schur complement with respect to Mas, provided we have
ker Mas C ker M12 and ker My, C ker Ms;. |

2.3. THE REAL SCHUR DECOMPOSITION

A result unrelated to the decompositions (2.2) and (2.3) (although both are accredited to
Russian mathematician Issai Schur) is the Schur decomposition. It states that any square
matrix is unitarily similar to an upper triangular matrix, i.e., for any M € K™*", there exists
a unitary U € K™*" and upper triangular 7' € K™*™ such that M = UTU*, see for instance
[4, Theorem 5.4.1]. Even if M is real, the matrices U and T are in general still complex. This
is because M and T must have the same eigenvalues, so there is no real upper triangular T
such that M and T are similar if M has a complex eigenvalue. Despite this fact, there is
still a way to obtain a real analogue of the Schur decomposition by looking for block upper
triangular matrices. A proof of this result can be found in [5, Theorem 2.3.4].

Theorem 2.3.1 (Real Schur decomposition, [5, Theorem 2.3.4]). Let M € R™*™. Then there
exists an orthogonal Q € R™ ™ such that QT MQ is block upper triangular, i.e.

T T2 -+ Tk
0TMQ 0 Thy --- Ty
0 0 - T
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where T;j € R™>™5 for alli,j € {1,...,k} and my +--- +my = n. In particular, each block
diagonal element T;; is a 1 X 1 matriz or a 2 X 2 matriz of the form

[_aﬁ g], a€eR, [>0. <

Using the notation of Theorem 2.3.1, it is clear that

k
O'(M) = U U(T“)
i=1
Thus we see that the 1 x 1 blocks along the block diagonal correspond to the real eigenvalues
of M, whereas the 2 x 2 blocks correspond to the conjugate complex eigenvalue pairs of M.
For a skew-symmetric matrix S, Theorem 2.3.1 is particularly useful since it allows us to
put S in a block diagonal form by an orthogonal transformation. Moreover, these diagonal
blocks have a particularly simple form since all eigenvalues of S are imaginary. We formally
state this here for ease of reference.

Corollary 2.3.2. Let ST = —S € R™ ™. Then there exists an orthogonal Q € R™™ such
that Q' SQ = diag(S,...,Sk) where each S; is either the scalar 0 or a 2 x 2 matriz of the

form
0 w
l_w 0] , w > 0. <

2.4. SIGN DEFINITE MATRICES

Before proceeding, we introduce some notation. Let M € H" be a Hermitian matrix. We
write M > 0 if M is positive semidefinite and M > 0 if M is positive definite. If M > 0 and
M # 0, then we write M > 0. Our notation for negative (semi)definite matrices is analogous.
Another bit of notation we may occasionally use is the following: if M, N € H", then we write
M>2NifM—-N>0,and M > N if M — N > 0. We use analogous definitions for M < N
and M < N.

Remark 2.4.1. From now on we focus on positive (semi)definite matrices, although most of
the results covered extend to negative (semi)definite matrices as well. This is due to the fact
that a matrix M is positive (semi)definite if and only if —M is negative (semi)definite. <

The following result investigates how multiplication by another matrix affects the definite-
ness of a matrix.

Lemma 2.4.2. Consider any M € H™ and let N € K"*™. Then the following implications
hold:
(a) if M >0, then N*MN > 0;
(b) if M >0 and N has full column rank, then N*MN > 0;
(c) if m =mn and N has full rank, then
(i) M >0 if and only if N*MN > 0;
(i) M > 0 if and only if N*MN > 0. <
Proof. We assume that M > 0, as the proofs of (a) and (c) in the case M > 0 are nearly

identical. Let z € K™ and set y := Nz. Then x*N*M Nz = y*My > 0 with equality if and
only if z € ker N. This proves (a). To prove (b), now also assume that  # 0. Then y # 0
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because N has full column rank. Hence y*My > 0, meaning N*MN > 0. Finally there is
the third statement (i.e., (¢).(i2)). The ‘only if’ part follows by (b). For the ‘if’, notice that
im N = K" because N has full rank. Thus there exists a nonzero z € K" such that Nz = x.
This means that *Mx = 2*N*M Nz > 0, so indeed M > 0. |

The definiteness of matrices is also preserved under matrix addition. For instance, if
M,N > 0, then M + N > 0 as well. The difference of two positive (semi)definite matrices
need not be positive (semi)definite.

A well-known fact about Hermitian matrices is that their eigenvalues are always real.
Moreover, Hermitian matrices can be unitarily diagonalized as they are normal. This means
that with the right change of basis, Hermitian matrices are nothing more than a rescaling of
the basis vectors by some real constants. This is formalized in the spectral theorem, see [6,
Theorem 12.2.2]. The spectral theorem for Hermitian matrices has many consequences, some
of which are of interest to us. We now state these and provide proofs for some of them. Some
other facts related to sign definite matrices which we also commonly use can be found in [6,
Chapter 13] (see for instance [6, Theorems 13.1.2 and 13.1.8]) or in any other textbook on
linear algebra.

Corollary 2.4.3. Let M € K™"*™. Then:
(i) if M = N*N for some N € K™*" then M > 0 and ker N = ker M

(ii) if M > 0, then there exists an N € K"*™ such that M = N*N and ker N = ker M.

As a consequence of (i) and (ii), M > 0 if and only if M = N*N for some N € K™*" with
ker N = ker M. Moreover,

(7i5) if M > 0 and r = rank M, then there is an N € K™*" with full column rank such that
M = NN*. <

Proof. For (i) and (i3), see [6, Theorems 13.1.2 and 13.1.10]. To prove (ii¢), denote by
Al,- -5 Ar > 0 the nonzero eigenvalues of M and define A, := diag()\y, ..., A.). By the spectral
theorem, there then exists a unitary U such that M = U diag(A,,0)U*. Let U, € K"*" be

the matrix consisting of the first 7 columns of U. Then M = U, A, U}, so choose N := U,«A,ln/ 2,
Then M = NN* and N has full column rank, concluding the proof. |
Using Corollary 2.4.3, the following lemma is immediate.
Lemma 2.4.4 ([6, Corollary 13.1.18]). Let M € H" be positive semidefinite. Then
ker M = {z € K" : "Mz = 0}. <

The next corollary is a generalization of the idea that a positive real number remains
positive even if we subtract a (sufficiently) small real number from it.

Corollary 2.4.5. Suppose that M € H" is positive definite. Pick any e € (0, Amin (M)). Then
every N € H" with o(N) C (—¢,¢) satisfies M + N > 0. <

To prove it, we use the following lemma.
Lemma 2.4.6. Let M € H" be positive semidefinite. Then for every x € K",

Aain (M)[2]? < 2*M2 < Amax (M) 2] <
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Proof. Let x € K™ be arbitrary and let Aq,...,\, be the eigenvalues of M. By the spectral
theorem, there exists a unitary U € K"*™ such that M = UAU*. Let y := U*z. Then we
have

n
r*Mzx =y*Ay = Z Nilwil% (2.4)

i=1
Noting that |ly|| = ||z||, the desired inequalities now follow immediately by upper- or lower-
bounding each eigenvalue of M by Amax (M), Amin (M) respectively. [ |

Proof (of Corollary 2.4.5). Let N € H" be such that o(N) C (—¢,¢) and let z € K" be a
nonzero vector. Denote by A1, ..., A, the eigenvalues of N. Following the same steps that led
to (2.4) and using the triangle inequality, we see that

n
je*Na| <3~ illyil® < ell2])?,

i=1

where the last inequality is due to the assumption that o(N) C (—e,e). Thus, using
Lemma 2.4.6,

2*(M + N)z = 2*Mz + z* Nz > 2* Mz — |2* Nz| > Omin (M) — )||z|*> > 0,

where the last inequality follows by the choice of £ and the fact that z # 0. This concludes
the proof. |

In the case where M < 0, Corollary 2.4.5 reads: ‘for every € € (0, Amin (—M)) one has
M + N < 0if N € H" satisfies o(N) C (—¢,¢)’.

2.4.1. SIGN DEFINITE BLOCK MATRICES

In what follows, we would like to characterize the definiteness of a Hermitian block matrix
M € H*t™ of the form

(2.5)

M= lMu Mm]’

My, Mz

where M1, € H" and My, € H™. We will do this by giving a characterization in terms of the
definiteness of M7; and My, and their respective Schur complements.

Theorem 2.4.7. Let M € H"™™ be a Hermitian block matriz of the form (2.5). Then the
following three statements are equivalent:

(i) M >0;
(i) My1 >0, M|Mi1 > 0 and ker My; C ker M7;;
(iii) Mag > 0, M|Maa > 0 and ker May C ker Mys.
Similarly, the following three statements are equivalent as well:
(I) M >0;
(II) Mi; >0 and M|My; > 0;
(III) Mss > 0 and M|Msyy > 0. |

>
2

The key ingredient of the proof of this theorem is the decomposition in Proposition 2.2.1.
Notice that if ker M1; C ker M7,, then both conditions in Proposition 2.2.1 are met since
M, = Mi;. Thus (2.2) says that

M = I 0 Mll 0 I MLMH
MpMi, Il| 0 MMullo 1 |



2.4 SIGN DEFINITE MATRICES

By Remark 2.1.3, we have

I Mime] [ T o0
0o I MM 1)

and as these matrices clearly have full rank, it follows from Lemma 2.4.2 that M > 0 if and
only if diag(Mi1, M|M;i1) > 0. By similar reasoning, one can show that if ker Mag C ker M2,
then M > 0 if and only if diag(M|Maz, Maz) > 0. We now use these facts in the proof.

Proof (of Theorem 2.4.7). We only prove that (i) and (ii) are equivalent, as the equivalence
of (i) and (#47) is proven similarly. The proof of the equivalence of (I), (II) and (III) is
analogous (and slightly less involved), so we omit it.

(i) = (). Since M > 0, there exists an N € K+m)x(+m) guch that M = N*N, cf.
Corollary 2.4.3. Partition this matrix N as

N = [Nl N2], N € Kimtm)xn N e g (ntm)xm,

Then

[Ny NNy NEN
M= lNQ] [Nl NQ] - lNQ*Nl N;NZ]' (2:6)

By comparing blocks in (2.5) and (2.6), we find that My; = NfN; and M7, = NyN;. From
Corollary 2.4.3 we thus get M1 > 0 and ker M;; = ker N;. Since ker Ny C ker Ny Ny, it
is thus clear that ker My; C ker M7,. Hence, as we discussed before, Proposition 2.2.1 and
Lemma 2.4.2 imply that diag(Mi1, M|Mi1) > 0 because M > 0. Let z € K™. Then

O * Ml]_ 0 0 B .
lw] l 0 M|M11] lz] =z*(M|Mi1)x > 0,

which proves that M|Mj; > 0. Therefore we are done with this implication.
(¢4) = (%). Since ker M1y C ker M7, we have M > 0 if diag(Mi1, M|Mi1) > 0. Let z € K®
and y € K™. Then

X * 1\411 0 X * *
[y] [ 0 M|M11] ly] = x"Munz +y*(M|Mi1)y > 0,

where the last inequality holds since both Mj; and M|Mj; are positive semidefinite by as-
sumption. This means M > 0, as claimed. |

Theorem 2.4.7 will often come back throughout this thesis as it provides a powerful tool
to work with linear matrix inequalities, which we introduce in Section 3. We conclude this
section with a matrix decomposition for block matrices of the form (2.5) which are also positive
semidefinite.

Corollary 2.4.8. Let M be a Hermitian block matriz of the form (2.5). Assume that M > 0
and that r := rank M1, > 0. Then there exist U € K"*", V € K™*" and W € Kmx (n+m~—r)

such that rankU = r and .
M= U 0||U 0 <
\v o wl|lv Wl

Proof. Using Corollary 2.4.3, write Myj; = UU* with U € K™*" and rankU = r. Since
ker U* = ker M1 C ker M7, by Corollary 2.4.3.(¢) and Theorem 2.4.7, it follows that there
exists a V' € K™*" such that M}, = VU*, iie. Mia = UV*, cf. Lemma 2.1.4. Because

10



2 PRELIMINARIES

M|Mi1 > 0 due to Theorem 2.4.7, there exists a W1 € K™*™ such that Wi Wy = M|Ma; (cf.
Corollary 2.4.3.(43)). To obtain a W of the right size, pick W = [Wl O] with 0 € K™*(=7),
Then WW* = W1 W, i.e.

WW* = Myy — My Mj; My = Myy — VU UPUTUV* = Moy — VV*,
where we have used that U has full column rank. Hence Moy = VV* + WW™*. We conclude

that .
M= UU* Uv* U of|U O
T |\VUr VVF+WWH| |V WV W

as desired. [

Note that the decomposition in Corollary 2.4.8 in some sense resembles the Cholesky
decomposition since we write M = LL*, where L is a block lower triangular matrix.

2.5. £, AND HARDY SPACES

In this subsection we rigorously define the R-vector space % (R, R™). We also introduce
the Hardy space #~. The reader is free to skip most of the details in the first part of this
subsection, as it will not hinder their understanding from here on out too much.

Let (2,%, 1) be a measure space and let ¢ be a K-vector space with norm | -||. Given a
p € [1,00), the set L,(€, 1) is defined as the set of all measurable? maps f : 2 — ¥ such that

1

I £1l, == (/ﬂ |l f (@)|P d,u(w)) " < 0.

Notice that the map f — [|f||, only defines a semi-norm on Ly(£2, V), since every f that is
zero pi-almost everywhere will have norm zero. To extend || - ||, to a full norm, we will identify
functions that differ only on a set of y-measure zero. To this end, let

N :={f € Ly(, V) : ||, = 0}. (2.7)

In the quotient space L,(Q2,V)/N, the map [f] — |[|f||, defines a norm since it inherits the
properties of the semi-norm ||- ||, and now indeed only maps the zero vector to zero. Here,
we have denoted the equivalence class of an f € L,y(Q, 1) by [f]. We thus define .Z,(Q, V) as
follows.

Definition 2.5.1. For any p € [1,00), the normed K-vector space .Z,(f2, 1) is defined as the
quotient space L,(Q2,1)/N (where N is as in (2.7)) equipped with the maps

[f1+19] = [f + 4], c[f] = [ef], 1AM, = 1£ 1l <

We will call the norm on .%,(f, V) induced by the semi-norm || - ||, the £-norm. From this
point onward, .%,(2, V) is treated as if it is simply L,(Q,V), with the difference that the
Zp-norm is an actual norm, not just a semi-norm. That is, we treat an equivalence class
[f] € £(Q,V) as if it is simply its representative f € L,(€2,1). We conclude by remarking
that in the case ¥/ = R", the norm we choose on V' is the p-norm || - [|,,, i.e.,

Iz, = (Z W)%

=1

2The o-algebra on ¢ is the one generated by the topology derived from the norm on .

11



2.6 LINEAR TIME-INVARIANT SYSTEMS

where z;, i € {1,...,n} are the entries of . In this case p = 2, this is simply the Euclidean
norm. Moreover, if Q C R, the measure space structure on 2 is simply derived from the
Lebesgue measure.

To introduce the Hardy space #,, we first need to introduce (or recall) some terminology
surrounding matrix-valued maps. Let U C C_ be open, and let G : U — C™*™ be a matrix-
valued function. We say that G is analytic if all of its entries are analytic functions from U
to C. If each entry of G is a rational function, say

[G(3)]i; = PlS) e md, je{l....n (2.8)
g;(s)

with p;, ¢; : C — C polynomials, we say that G is rational. The map G is called real rational
if it is rational and all of its entries are ratios of polynomials with real coefficients. In this
case, s € C is called a pole of G if it is a pole of one of its entries. If all poles of G are in C_,
then G is said to be stable. A rational G is called proper if the degree of p; is at most the
degree of g; for all ¢, j, and strictly proper if the degree of g; is strictly larger than the degree
of p; for all 4,7, cf. (2.8). With this terminology, we are able to define the spaces #, and
RH . The following definition is adapted from [1, Section 4.2].

Definition 2.5.2. The normed C-vector space #, is defined as the set of all matrix-valued
maps that are analytic and bounded in the right-half open complex plane C,, equipped with
the so-called #,-norm

|Gllo := sup |G(s)],

seCy

where || - || denotes the operator norm. The subspace of #, consisting of all real rational
stable proper functions is denoted R#o. <

Despite the fact that #,, and R#H, consist of matrix-valued maps, the notation used for
them makes no mention of the size of these matrices. The size of the matrices involved will
therefore always be rather implicit. It is a well-known result that for a given G € #H o,

|Gloe = sup |G(iw)],
weR

see for instance [7, p. 155]. From now on, this is the expression we will use for the #.-norm.
Note that this equality can be seen as a generalization of the maximum modulus principle.
For a more precise and complete treatment of Hardy spaces, we refer the reader to [8, Section
2.5] and [7].

2.6. LINEAR TIME-INVARIANT SYSTEMS

As mentioned in Section 1, we restrict our attention to linear time-invariant (LTI) systems.
In this section we introduce these systems. Let m,n,p € Z, and let

A = Ran’ B c RnXm, C c Rp)(’n,, D = Rpxm'

An LTI system X is a system of linear differential equations of the form

[&(t) = Ax(t) + Bu(t), s
= {y(t) = Cz(t) + Du(t), (0) = zo, (2.9)

where t € R;. The functions v : Ry — R™, £ : Ry — R™ and y : Ry — RP are called the
input, state and output respectively. To the system X we can associate the set % of triples of

12



2 PRELIMINARIES

functions (u, z,y) that satisfy (2.9) for all t € R, and some initial state o € R™.> The set %
is called the behavior of ¥, and its elements are called (input-state-output) trajectories. It is
easily verified that % is a subspace of the R-vector space of all maps R; — R™ x R™ x RP.
Moreover, if (u, z,y) € A, then (6"u,07x,07y) € £ for all T € R,. In this sense, the behavior
of a linear time-invariant system is both linear and time-invariant.

As the matrix quadruplet (A, B,C, D) completely determines an LTI system, we denote
an LTI system ¥ with matrices (4, B, C, D) by (A, B, C, D) if useful for further clarification.
Whenever we have a collection of LTI systems {X¥; : ¢ € I'} for some indexing set I, we will
add subscripts to the inputs, states, outputs, and their respective dimensions to indicate to
which system they belong. For instance, the state of system ¢ will be denoted z;, and this
state takes values in R™. Similarly, subscripts are added to the system matrices.

It is well known that for a given (u,z,y) € % such that z(0) = zo, the unique state
satisfying (2.9) for all ¢ € R is given by

t
z(t) = eMtao + / eAt=7) Bu(r) dr.
0
Hence a direct substitution of this expression into (2.9) yields

t
y(t) = Cettag + / CeA=7) Bu(r) dr + Du(t). (2.10)
0

2.6.1. INPUT-OUTPUT OPERATORS, .%5-GAIN AND THE #{,,-NORM

Although the behavior & of an LTT system is a subspace, the map that sends an input u to the
unique output function y as in (2.10) (for a given initial condition zy) need not be linear. To
see this, note that it follows from (2.10) that this map in general does not send the zero input
to the zero output. If we assume that 29 = 0 this map does become linear however. Under
some extra assumptions on the allowed inputs and the stability of the underlying system, this
map is also bounded.

Definition 2.6.1 (Input-output operator). Let ¥(A, B,C, D) be an LTI system where the
matrix A is stable. Then the map G : % (R4, R™) — % (R4, RP) defined by

C(u)(t) := /0 t Ce ") Bu(r) dr + Du(t)

is called the input-output operator (of £(A, B,C, D)). <

Proposition 2.6.2. The input-output operator of an internally stable LTI system is a well-
defined linear map (in the sense that u € Z2(R4,R™) implies G(u) € L (Ry,RP)). In
addition, it is bounded. |

Proof. Linearity is obvious, so we leave it to the reader to verify this. Showing that ¢ is
bounded requires a bit more work. The interested reader may find a proof in Appendix P. H

The previous result can be interpreted as follows: for internally stable LTI systems,
bounded inputs (in the sense that |lul|, < o0o) lead to bounded outputs. For u # 0 and
zo = 0, the ratio ||y||,/||u||, expresses the amount by which the %-norm of u is scaled when
it is converted to the corresponding output y. The largest possible factor by which an input
with finite -%-norm can be scaled is known as the %-gain of the system.

3This can be made slightly more general by allowing weak solutions to (2.9) (in the sense that we allow the
equalities in (2.9) to fail on a set of measure zero), but for the sake of simplicity we will require these equalities
to hold for all t € R5..

13



2.6 LINEAR TIME-INVARIANT SYSTEMS

Definition 2.6.3 (%-gain). If ¥ is an internally stable LTI system, then its %%-gain is
defined as the operator norm of its input-output operator, i.e. it is the quantity

161l = sup {% cue LRy, R™)\ {0}}. <

There is an analogue of the %-gain for transfer matrices. Let 3(A, B, C, D) be an inter-
nally LTI system and let G(s) = C(sI — A)™'B + D be its transfer matrix. Recall that G is
a real rational proper function. Moreover, since every pole of G is an eigenvalue of A, we see
that G is stable. In other words, G € R#»,. This ensures the following notion is well-defined.

Definition 2.6.4 (#-norm). If ¥(A, B, C, D) is an internally stable LTI system with trans-
fer matrix G, then its #oo-norm is defined as ||G|| .. <

Although we will not prove this here, it can be shown that the #-gain and #.-norm of
an LTI system always coincide (see for instance [9, Theorem 5.4] for a full proof). This means
there is a certain duality between the input-output perspective (using transfer matrices) and
the state-space perspective (which uses LTI systems represented by the matrices A, B, C, D).
It is this duality that will allow us to formulate state-space versions of the small gain and
passivity theorems, as we only need to translate the assumptions made in the input-output
versions to the state-space case.

2.6.2. DISSIPATIVE LTI SYSTEMS

Next, we discuss dissipativity. The theory in this sub-subsection was first conceptualized by
Jan C. Willems in two landmark papers on dissipative dynamical systems theory, see [10] and
[11]. Although the contents of these papers applies to more general types of dynamical sys-
tems, we only consider LTI systems as described in Subsection 2.6. We adapt most definitions
and results from [12, Chapter 3] and [13-15].

We start by defining the notion of a dissipative system.

Definition 2.6.5 (Dissipativity, [12, Definition 3.1.2]). Let ¥ be an LTI system with behavior
A. A real-valued function s : R™ x RP — R is called a supply rate. We say that X is dissipative
(with respect to a given supply rate s) if there exists a nonnegative function V' : R” — R,
such that for all (u,z,y) € & and any ty,t; € R, such that ¢y < ¢;, we have

Vialto) + [ s(u(t), y () dt > V(z(t). (2.11)

In this case, the function V is called a storage function, and we refer to (2.11) as the dissipation
inequality. <

Intuitively, dissipative systems are systems which do not produce ‘energy’ by themselves.
Some examples of dissipative systems include electrical circuits, thermodynamic systems and
mechanical systems. We refer the reader to [13] for more explicit examples.

Remark 2.6.6. In some cases, the dissipation inequality (2.11) is equivalent to another in-
equality. Suppose that X is a dissipative LTI system with a differentiable storage function
V,* and assume that for all (u,x,y) € %, the map t — s(u(t),y(t)) is continuous. Let A > 0.
From (2.11) we then get, for any (u,z,y) € Z and t € Ry,

1 1 rtth
SVt +) = VeO) < [ s, yv)d. (2.12)

4By this we mean that for all (u,z,y) € %, the map t — V(x(t)) should be differentiable.
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Since t — s(u(t),y(t)) is continuous, there exists a ¢ € [t,t + h| such that

%/tHh s(u(t),y(t)) dt = s(u(c), y(c)).

Now letting A — 0% in (2.12) yields

%(V(w(t))) < s(u(t),y(?)) (2.13)

for all ¢ € Ry. By integrating both sides of (2.13) over a given interval [to,¢1] C R4 and
applying the fundamental theorem of calculus, we can recover (2.11). This means that (2.11)
and (2.13) are equivalent in this setting. By interpreting the storage function as a measure
of the ‘energy stored by ¥’, the inequality (2.13) gains a simple physical interpretation: the
rate at which ¥ accumulates energy can never exceed the rate at which energy is supplied. <

Just as internally stable LTI systems admit quadratic Lyapunov functions (which we will
see in Subsubsection 3.1.1), we aim to show that dissipative LTI systems admit quadratic
storage functions (under certain assumptions). In what follows, we assume that our supply
rate is quadratic, which means it is of the form

-
s(u,y) = Lﬂ lSQT IS%] Lﬂ =y Qy+y'Su+u'STy+u'Ru (2.14)

with @ € SP, § € RP*™ and R € S™. We give a special name to systems which are dissipative
with respect to such supply rates.

Definition 2.6.7. Let ¥ be an LTI system. If ¥ is dissipative with respect to (2.14), then
we say that ¥ is (Q, S, R)-dissipative. N

In the remainder of this thesis, we restrict our attention to supply rates of the form (2.14).
We will also assume throughout that the added requirements in Remark 2.6.6 are met, so
that we are free to use the differential dissipation inequality (2.13) rather than (2.11).

In the remainder of this section, our goal is to prove the following.

Theorem 2.6.8. Suppose that ¥ is a controllable (Q, S, R)-dissipative LTI system and assume
that @ < 0. Then X% has at least one storage function V that is a quadratic form, i.e.,
V(x) = z" Pz for some positive semidefinite P € S™. <

To prove this theorem, we introduce a particular storage function and show it is quadratic.

Lemma 2.6.9 ([12, Theorem 3.1.11]). Let ¥ be an LTI system with behavior %, and let s be
a supply rate. Then X is dissipative with respect to s if and only if

Va(zo) := sup {— /OT s(u(t),y®)dt: T >0, (u,z,y)€ B, z(0)= :co} (2.15)

is finite for all o € R™. In this case, the map R™ — R, defined by x — Vy(x) is a storage
function. <

Proof. (=) If ¥ is dissipative, there exists a storage function V' : R — R satisfying (2.11).
Let T' > 0. Then, by (2.11),

T
V(ﬂC(O))+/0 s(u(t),y(t)) dt > V(z(T))

15
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for all (u,z,y) € #A. Since V is a nonnegative function, it follows from this inequality that

T
V(2(0) > — /0 s(u(t), y(#)) dt. (2.16)

Now fix any zo € R™. In (2.16), take the supremum over all T > 0 and input-state-output
trajectories (u,x,y) € £ satisfying £(0) = xo. This then yields

V(:EO) = sup {_/OT s(u(t),y(t)) dt: T > Oa (u,x,y) € ’%7 x(O) = xo} = ‘/;L(xo)a

proving that V,(zo) is finite for all zop € R", as desired.

(<) Assume that V,(z¢) < oo for all zyp € R™. Notice that since the integral vanishes
for T = 0, it follows that V,(z) > 0 for all z € R™. Hence x — V,(z) is a well-defined map
R™ —» Ry. Let (u,z,y) € 8,0 <ty <t; and T > 0. Then

t1

T
~ [ steutt), oty o) dt— [ su), y(e) dt
0

to

T+t1 t1
- /t s(u(t), y(t)) dt — / s(u(t),y(t)) dt

to

T+t
__ /t s(u(t), y(t)) dt
’ T+t1—to
__ /O s(o™u(t), o™y(t)) dt < Va(z(to)),

where the last inequality holds because o®z(0) = z(tg). Notice that (c'iu,o'iz,oly) is
simply an arbitrary trajectory starting in the state x(¢1). It thus follows that

Va(z(to)) + /: s(u(t), y(t)) dt > Va(x(t1)).

Hence V}, is a storage function, meaning we have shown that X is dissipative. |

If ¥ is a dissipative LTI system, then the function V, : R — R described in Lemma 2.6.9
is called the available storage. The following lemma completes the proof of Theorem 2.6.8.

Lemma 2.6.10. If ¥ is a controllable (Q, S, R)-dissipative LTI system with Q < 0, then the
available storage V, is a quadratic storage function. <

Proof. The proof of this result is rather technical. Our approach is based on the one in the
appendix of [14], [14, Proposition 2| and [15, Lemma 3]. We show that V, is derived from a
symmetric bilinear form on R™. Throughout, s denotes the supply rate (2.14) and % is the

behavior of X.
Fix zg € R™, and for any T > 0, let

T
V(zo,T) :=sup {—/0 s(u(t),y(t))dt: (u,z,y) € B, z(0) = aco}

Evidently we have
Va(zo) = V(z0,T) (2.17)

for all T > 0. This means V (zo,T) is well-defined due to the dissipativity of ¥. Note that

Va(zo) = sup{V (20, T) : T > 0}. (2.18)
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Although this equality should make sense intuitively, a rigorous proof is provided in Ap-
pendix P. Let T > T > 0 and let (u,z,y) € & be a trajectory such that £(0) = zo. Define
the truncated input w: Ry — R™ by

a) o 4O e,
WY iftsT

Let (u,z,y) € % denote the corresponding trajectory satisfying z(0) = zo, and note that
(@(t),z(t),y(t)) = (u(t), z(t),y(t)) for all ¢t € [0,T]. Hence

T T T
- [ s, gyt = - [ w0Teuwat - [ s(u(t),y)dt,
0 T 0

and since @ < 0, this implies that

T T
- [ s@®,5@)dt > - [ stult),y®) dt,
0 0

- V(z0,T) > V(z0,T). (2.19)

This means T +— V(zo,T) is increasing. Thus we see that
sup{V(zo,T):T >0} = Tlim V(zo,T),
—00

ie.
Va(zo) = V(x9,00) := lim V(xo,T) (2.20)
T—o0

due to (2.18). Next, we aim to show that
Va(z1 + z2) + Va(z1 — z2) = 2(Va(z1) + Va(z2)) (2.21)
for all 1,22 € R", and that there exists a ¢ > 0 such that
Va(zo) < cllzol® (2.22)

for all zyp € R™. Due to [14, Lemma 5], these conditions imply that V, is a quadratic form.
As claimed in [11, 14-16], the controllability of ¥ and the quadratic nature of the supply rate
s imply that there exists a ¢ > 0 for which (2.22) holds. We do not go into the details of the
proof of this here. It remains to verify (2.21). A straightforward computation shows that for
all u1,us € R™ and y;1,y2 € RP, one has

Y1+ Y2 ' Q S|ty Ll ' Q S||lyi—vy

Uy + U2 ST R U + u2 U1 — U2 ST R U1 — U2
—9 leQ5y1+y2TQ5y2
o ul ST R ui us ST R u ’

s(ur + u2,y1 + y2) + s(ur — u2, Y1 — y2) = 2(s(u1, y1) + s(uz2, y2)). (2.23)

that is,

Now denote

T(z0,u) 1= — /O  s(u(t), () dt,
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where (u,z,y) € % and z(0) = xo. For i € {1,2}, let z; € R™ and let u; be any input. It
then follows from (2.23) that

J(z1 + z2,u1 +u2) + J(z1 — z2,u1 — u2) = 2(J(z1,u1) + J(x2,u2)). (2.24)
Suppose for a contradiction that (2.21) does not hold, i.e., there is an € € R \ {0} such that
Va(z1 + z2) + Va(z1 — 22) + € = 2(Va(z1) + Va(z2)).
First assume that ¢ > 0. Due to (2.20), we have
Va(zo) = sup {J(z0,u) : (u,z,y) € B, z(0) = x0}.
Thus it follows that there exist inputs u; and ug such that

_ € _ €
J(z1,u1) > Va(z1) — 3’ J(w2,u2) > Va(z2) — g
Multiplying by 2, adding these two inequalities and using (2.24) yields

€
J(.’IJ1 + 2, U1 +ﬂ2) + J(.’L‘l — To, Ul — ﬂg) > 2(‘/3(.’1,‘1) + Va(mg)) — 5

= Va(m + IQ) + Va(a:l — $2) +

N ™

> Va(z1 + 2) + Va(z1 — 22),

which is a contradiction since V,(zo) > J(xo,u) for all zp € R™ and inputs u. The case € < 0
is similar: it follows that there exist inputs u,u_ satisfying

J(z1+ 22, u4) > Va(21 +72) + gv J(z1 — @2,u-) > Va(z1 — 22) + g

Adding these inequalities and using (2.24) results in
1 1
2<J(:c1, §(u+ + u_)) + J(.’L'Q, §(u+ — u_))) > Va(z1 + x2) + Va(z1 — 22) + €
= 2(Va(z1) + Va(z2)),

which, as before, is a contradiction. Thus we conclude that € = 0, i.e., (2.21) holds. Due to
this identity, we have V,(0) = 0, so V,(2z) = 4V,(z) for all z € R™. Now let

O(z1,72) 1= Va(x1 + 22) — Va(z1 — 22).

By [14, Lemmata 3 and 5], it follows from (2.21) and (2.22) that ® is a symmetric bilinear

form. Let ey,...,e, denote the standard basis on R™. Since ®(z,z) = 4V,(x), it is easily
verified that the matrix P € S" defined by [P];; = ;®(e;, e;) satisfies Vo(z) = = Pz. That
is, V, is a quadratic storage function. |

2.7. INTERCONNECTIONS OF LTI SYSTEMS

We conclude Section 2 by considering various ways of interconnecting LTI systems.
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2.7.1. NETWORKED SYSTEMS

Let N € N and let Xq,...,YXy be LTI systems, each with dynamics

5 {”""(t) = Aizi(t) + Bui(t), wi(t) ER™, zi(t) €R™, y,(t) €RP,  (2.25)

yi(t) = szz(t) + Diui(t),

for i € {1,..., N}. To interconnect these systems, we let M;; € R™:*Pi and relate the input
of X; to the outputs of the systems X1,..., %Xy via

N
uit) =Y Mijy;(t). (2.26)
j=1

In Figure 2, we see an example of a closed-loop system that results from (2.26).

+
> Moy
Y1 + Ug
Y
\4
21 M Mo, 22
4
U1 + Y2
Mg <
_l’_

Figure 2: A block diagram of two systems X1, 3o subject to the coupling condition (2.26).

The dynamics of the closed-loop system that results from the condition (2.26) can be
written down in quite a simple way. First, define

N N N
m:=2mi, n:=2ni, pi= Zpi.
i=1 i=1 i=1
Let #; denote the behavior of system ¢, and for (u;, z;,y;) € %;, set
uy(?) z1(2) Y1 (t)
u(t) == : e R™, z(t) == : e R", yit):=| : € RP. (2.27)
un(t) zy(t) yn (t)

Using the system dynamics (2.25) of each LTI system and (2.26), we see that the dynamics
of the interconnected system take the form

%(t) = Az(t) + Bu(t),
y(t) = Cz(t) + Du(t), z(0) = zo € R, (2.28)
u(t) = My(t),

where
A = diag(A;,...,Ay) € R™*", B :=diag(By,...,By) € R™*™,

C := diag(Cy,...,Cn) € RP*™, D := diag(Ds,...,Dyn) € RP*™,



2.7 INTERCONNECTIONS OF LTI SYSTEMS

and M € R™*P is defined as

My -+ My
M = . (2.30)

My1 -+ Mnn
Given a collection of LTI systems Xi,...,Xx and a matrix M of the form (2.30), we will
refer to the ordered pair ((X1,...,2nN), M) as a networked system. In the remainder of this

section, we discuss some properties of networked systems.
Although LTI systems have a unique state and output trajectory for any input and initial
condition, this need not be the case for networked systems.

Example 2.7.1. Let v € R\ {0} and consider the scalar LTI systems ¥;(1,1,1,v) and
¥2(1,1,1,1/7). Set
01

and consider the networked system ((X1,32), M). The dynamics of this system are, according
to (2.28), o
z1(t) _ z1(t) n ui(t)
.'1',‘2(75)_ _J:Q(t) UQ(t) ’
n@®] _ @] [ 0w
w®)] = o)) T |0 1/ [uat)]
w(t)] _[o 1][w)
UQ(t)_ _1 0 yg(t) '
By the last equation, u; = y2 and us = y;. By using the second equation twice, we hence
obtain

wr () = za(t) + %uz(t) — 2a(t) + %(m(t) +yu (b)) = %m(t) +2a(t) + wa(0),
and similarly for us,
ua(t) = 71 (8) + s (£) = 21 (£) + v(xg(t) + %UQ(t)) = 21(8) + v (t) + ua(t).

Notice that in both equations, we can simply cancel out the inputs. This means that for any
initial condition, there may be many input-state-output trajectories of the closed-loop system
Y1 X ¥a. Moreover, since z1(t) + yz2(t) = 0 for all t € R, there are initial conditions for
which there is no state trajectory for the closed-loop system. <

We can derive a simple condition under which there does exist a unique closed-loop trajec-
tory for every initial condition. Let ((X1,...,Xn), M) be a networked system. Substituting
the second equation in (2.28) into the third, we obtain

(I = DM)u(t) = MCx(t).
Hence we can solve for v uniquely if and only if I — DM is nonsingular. In this case,
i(t) = (A4 B(I — DM)"*MC)z(t), (2.31)

meaning we have a unique input-state-output trajectory of the system ((X4,...,Xx), M) for
every initial state. This proves the following proposition.
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Proposition 2.7.2. Let ((X1,...,Xn), M) be a networked system. Then the following two
claims are equivalent:

(i) for everyxzy € R", there exists a unique input-state-output trajectory t — (u(t), z(t), y(t))
satisfying (2.28) for allt € Ry ;

(ii) the matrix I — DM 1is nonsingular. <
In light of Proposition 2.7.2 and (2.31), we introduce the following definitions.

Definition 2.7.3. A networked system ((X4,...,%n), M) is called well-posed if I — DM is
nonsingular. A well-posed networked system is called internally stable if A+B(I—DM)~'MC
is stable. <

2.7.2. OUTPUT FEEDBACK INTERCONNECTIONS

An important particular case of a networked system is an output feedback interconnection.
This type of interconnection is obtained by equating the output of one LTI system with the
input of another. Let X; and X5 be two LTI systems such that m; = ps and mo = p3.
The output feedback interconnection of ¥; and X5 is denoted ¥; X Yo and is defined as the

networked system
0 I
21 X 22 = (21,22), I 0 .

This corresponds to setting u; = y2 and us = y1, see Figure 3.

Uy A1

\ 4

2

A

2

U2

Ya

Figure 3: An output feedback interconnection of two LTI systems ¥; and X.

In this particular case, the well-posedness of X1 X X9 can be characterized as follows.

Lemma 2.7.4. Let ¥1(A1, B1,C1,D1) and Yo(Asg, B, Ca, Do) be LTI systems. Then their
output feedback interconnection is well-posed if and only if I — D1Ds is nonsingular. In
particular, X1 X Yo is well-posed if |D1Ds|| < 1. <

Proof. For this choice of M, we obtain

I—DM:[ I _Dll.

-Dy I
By Lemma 2.2.3, it hence follows that

det(I - DM) = det(I - D1D2),
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so I — DM is nonsingular if and only if I — Dy D5 is nonsingular. The final claim now follows
from the following fact: the matrix series

[e o]
> (D1D2)*
k=0
converges if ||D1Ds| < 1, in which case®
o
> (D1D2)F = (I - D1Dy) 1.
k=0
Thus I — D1 Dy is nonsingular if || D1 Dz|| < 1, which proves the lemma. [ |

Remark 2.7.5. As an immediate consequence of Lemma 2.7.4, the output feedback inter-
connection of ¥1(A;, B1,C1,D;) and ¥3(Ag, B2, Ca, D3) is well-posed whenever D; = 0 or
Dy =0. <

When combined with Lemma 2.7.4, the following slightly more general lemma can also
come in useful when verifying well-posedness of a feedback interconnection.

Lemma 2.7.6. Let M € K™*" gnd u > 0. Then

(1) IM|l < p if and only if M*M < pi2I;

(i) |M| < w if and only if M*M < u?I. <
Proof. We only prove (i), as the proof of (i¢) is nearly identical. Since the operator norm
of a matrix is equal to its largest singular value, it follows that ||M| < p if and only if

Amax (M*M) < p?, that is, A — pu? < 0 for all A € o(M*M). This holds if and only if
M*M — p?I < 0, proving the result. |

For output feedback-interconnections, we now write down an explicit expression for the
closed-loop system matrix in Definition 2.7.3, as we will need this expression in the proof of
the small gain theorem. Consider two LTI systems X1 (A1, B1,C1, D1) and ¥3(Ag, B, Ca, D3)
with m; = py and ms = p; and their resulting output feedback interconnection. Assume that
this interconnection is well-posed. Upon inspection of the system dynamics (2.9), we find that

(I - DlDz)’UQ(t) = Cll‘l(t) + chz.’ltz(t), (I - D2D1)u1(t) = szz(t) + DzCl.’L'l (t)

By assumption I — DD is nonsingular, and since I — DjDs is nonsingular if and only if
I — Dy D; is nonsingular, it follows that the dynamics of the closed-loop system are

i?l(t) . xl(t)
l@ (t)] = 4x LEQ (t)] )

A |4 0] [B 0|[I-D:D)7'Dy  (I—-DyDy)~' [[C1 0
710 Ay 0 By (I— D1D2)_1 (I— D1D2)_1D1 0 O

_ [Al + Bl(I — D2D1)_1D201 Bl(I — D2D1)_1CQ ]

where

BQ(I - D1D2)‘101 As + BQ(I - DlDz)_lchz (232)

which is a particular case of (2.31).

This last equality is proven in [4, Proposition 9.4.13] under slightly more general assumptions, namely that
p(D1D-) < 1, where p(-) denotes the spectral radius of a matrix.

22



3. THEOREMS OF ALTERNATIVES

discussing theorems of alternatives. These will provide the key to the proofs we

HAVING treated the preliminary definitions and results in Section 2, we proceed by
discuss in Section 4.

3.1. LINEAR MATRIX INEQUALITIES

Before we can discuss the contents of this section, we must introduce some more notation.
We equip H"™ with the standard Frobenius inner product, given by

(M, N) := tr(MN). (3.1)

Given integers ni, . ..,nx; € N, we denote by H(ni, ..., ng) the set of Hermitian block diagonal
matrices consisting of k blocks, each of size n; x n;. More formally,

H(ni,...,ng) = {diag(Mi, ..., M) : M; € H" for each i € {1,...,k}}.

Note that H(nq,...,ng) C H™++t7%  and that H(n,...,nk) is a subspace of H™ ¥+,
Whenever n1,...,n; are not specified, they can be taken arbitrarily. In this case, we denote
H(ni,...,ni) as H. If we want to specify that the matrices under consideration are real, we
may also write S(ny,...,ng) or simply S. The inner product on H is derived from the one on
H™+ -+ and is given by

k
(M,N) = (diag(M, ..., My),diag(N1, ..., Ng)) = > (M;, N;). (3.2)
i=1

K2
The definition that follows is adapted from the introduction of [3].

Definition 3.1.1. Let ¢ be a finite-dimensional K-inner product space and let A : ¥ — H
be a linear map. A linear matriz inequality (LMI) is an expression of the form

A(x)+ A9 =0 (3.3)
for some Ay € H and indeterminate x € 1. <

We say that an LMI is feasible if there exists an z¢ € ¥ such that A (zo)+ A > 0, and strictly
feasible if there exists an xo € ¥ such that A (zg) + Ag > 0. We will see that for both of these
cases, there is a corresponding theorem of alternatives that provides an alternative to (strict)
infeasibility.

Many control objectives or system properties can be rephrased in terms of the feasibility
of an LMI [17]. We will see an example of such an LMI in the next sub-subsection, as well
as in Subsection 4.1 and Subsection 5.1. There are also efficient algorithms that are able to
find solutions to LMIs, as LMIs are a particular example of a convex optimization problem
[17]. These algorithms are a relatively recent development, with the first algorithms being
developed in the late 1980s [17, Section 1.2]. We will not go into the particulars of these
algorithms in this thesis, but we invite the interested reader to look at [17, Sections 2.3 and
2.4] or [18].
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3.1.1. AN LMI CHARACTERIZATION OF INTERNAL STABILITY

In this sub-subsection, we cover an LMI whose feasibility is related to the internal stability
of the underlying LTT system. The result that follows is accredited to Russian mathemati-
cian Aleksandr Mikhailovich Lyapunov, whose doctoral thesis revolutionized the study of the
stability of dynamical systems [17, 19].

Theorem 3.1.2 (Lyapunov stability theorem). Let ¥(A, B,C, D) be an LTI system. Then
the following are equivalent:

(i) X is internally stable;
(ii) A is stable;

(iii) there is a P € S™ such that
ATP+PA<O (3.4)

and P > 0. <

Using Theorem 2.4.7, statement (i3i) can be rewritten as ‘there exists a P € S™ such that
diag(—ATP—PA, P) > 0. Statement (i44) is therefore a statement about the strict feasibility
of an LMI. Note that this LMI arises naturally when we search for quadratic Lyapunov
functions for the autonomous linear system #(t) = Ax(t) with A € R™*". Namely, we see
that the choice V(z) = 2" Pz with P > 0 leads to

V(1) = 2()T(ATP + PAYz (),

which is strictly negative whenever z(t) # 0 if P satisfies (3.4). In this case, it thus follows
that V is a strict Lyapunov function.

Proof (of Theorem 3.1.2). The equivalence of (i) and (¢) is a well-known fact. We therefore
omit this part of the proof and only show that (i3) and (4ii) are equivalent.
(73) = (#3t). Let Q < 0 and set

P:=— / ATt Qe dt. (3.5)
0

This matrix is well-defined since 0(A) C C_ and positive definite since ) is negative definite
and e is nonsingular for all t € Ry, cf. Lemma 2.4.2. Now

ATP+PA=— / ATeATthAt dt + eATthAtA dt
0

- /O > a(ef“”QeA’f) dt
— _ [eATthAt]ZO
=Q,

where in the last equality we used that e4* — 0 as t — co. Since @ < 0, we have hence shown
that (3.4) holds for some P > 0.
(131) = (41). Let (A, x) be an eigenpair of A. Then

0> z*(ATP + PA)z = 2Re(\)z* Pz,

where the first inequality is due to (3.4). Dividing both sides by 2z* Pz yields Re()\) < 0,
which shows that o(A) C C_ as (A, z) was arbitrary. |
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In the proof of the Lyapunov stability theorem, it is clear that one implication follows
much more readily than the other, as the implication from (i) to (4i7) requires us to ex-
plicitly construct a P satisfying (3.6). To circumvent this difficulty, one could try to use a
contraposition argument; we assume there is no such P, and try to show that A cannot be
stable. Although it is not clear how to do this yet, we will soon encounter the titular theorems
of alternatives which facilitate such arguments.

The matrix equation AT P 4+ PA = Q for some Q € S™ with unknown P € S™ we encoun-
tered in the proof of Theorem 3.1.2 is known as the Lyapunov equation. It will come up again
later on, so we now discuss some properties of this equation. The theorem we state next is a
more elaborate version of [20, Theorem 3.28].

Theorem 3.1.3. Let A € R™*", and consider the Lyapunov equation
ATP4+PA=Q (3.6)
where P,Q) € S™. Then the following assertions are true:

(a) if (3.6) holds for some P >0, @ <0 and (Q, A) is observable, then A is stable;

(b) if A is stable, then:
(i) for every Q € S™, there is a unique P € S™ such that (3.6) holds;

(ii) if P,Q € S™ satisfy (3.6) and Q < 0, then P > 0. In particular, P > 0 if and only
if (Q,A) is observable. <

Proof. A proof can be found in Appendix P. |

While the Lyapunov equation (3.6) can thus be used to infer the stability of a real square
matrix A, it can also say something about the number of stable or unstable eigenvalues of A.

Proposition 3.1.4. Let A € R™", and consider the dual Lyapunov equation®
PAT + AP =Q, (3.7)

with P,Q € S™. Assume that r :=rank P > 0. Then A has at least v eigenvalues with
(i) monpositive real part if Q < 0;
(ii) zero real part if @ = 0;

(iii) monnegative real part if Q > 0.
Proof. The proof has been moved to Appendix P to keep this section more concise. |

Note that we may as well have considered the standard Lyapunov equation in Proposi-
tion 3.1.4 since A and AT have the same eigenvalues. We chose the dual Lyapunov equation
since we will encounter it momentarily.

3.2. THE FIRST THEOREM OF ALTERNATIVES

We proceed by discussing the first theorem of alternatives. In what follows, ¥ is a finite-
dimensional K-inner product space, and A : ¥ — H is a linear map whose adjoint we denote
by A*. The first theorem of alternatives provides an alternative to the strict feasibility of the
LMI A(z) + Ap > 0.

5This is equation is the dual of (3.6) in the sense that (3.7) is the Lyapunov equation for AT.
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Theorem 3.2.1 (First theorem of alternatives [3, Theorem 1]). Let Ay € H. Then ezxactly
one of the following statements is true:

(i) the LMI (3.3) is strictly feasible;
(ii) there is a Z > 0 such that A*(Z) =0 and (Ao, Z) < 0. <

In order to prove Theorem 3.2.1, we need the following result. Its proof can be found in
Appendix P.

Lemma 3.2.2. Let M, N € H". If M and N are both positive semidefinite, then (M, N) > 0.
In particular, (M,N) > 0 if M and N are nonzero and either M >0 or N > 0. <

Note that in the scalar case (i.e. M, N € K), this is saying that MN > 0 if M, N > 0 and
MN > 0if M,N > 0. In the matrix case things are slightly more involved since a nonzero
positive semidefinite matrix is not necessarily positive definite.

Proof (of Theorem 3.2.1). The proof we show here is adapted from [3, Appendix A.1]. First,
suppose for a contradiction that both statements are true. Then there exist an xg € ¥ such
that A (zo) + Ao > 0 and a Z € H such that Z > 0, A*(Z) = 0 and (Ag, Z) < 0. Thus

0 < (A(z0) + Ao, Z) = (0, 17(Z)) + (A0, Z) <0,

where the first inequality is due to Lemma 3.2.2. This is a contradiction, meaning at most
one of the two statements can hold. It remains to show that if one is false, then the other is
true (or vice versa). Let

¢ ={AeH: A(x)+ A> 0 for some z € V}.

Note that ¢ is nonempty, since every positive definite A € H satisfies A = A(0) + A > 0. In
addition, ¥ is convex. Now assume that (¢) is false. Then Ay ¢ ¢. Hence we can apply the
hyperplane separation theorem” which states that there exists a nonzero Z € H such that

(Ao, Z) < (A, Z)

for all A € ¢.% Notice that A € ¢ if and only if A = —A(x) + B for some z € ¢ and B > 0.
This means that

(Ao, Z) < —(z, 17(2)) + (B, Z) (3.8)

for every z € ¥ and positive definite B € H. Suppose for a contradiction that Z is not positive
semidefinite or that A*(Z) # 0. In the first case, the second term in (3.8) is unbounded below,
which leads to a contradiction. Similarly, if 4*(Z) # 0, the first term is unbounded below,
also leading to a contradiction; the details can be found in Appendix P. Thus Z > 0 and
A*(Z) = 0. This means that (3.8) reduces to (Ag, Z) < (B, Z) for all B > 0. In particular
choosing B = tI for t > 0 yields (Ao, Z) < t(I, Z), so that in the limit as ¢ — 0T we obtain
(Ao, Z) < 0. This concludes the proof. |

"See for instance [21, Theorem 11.3]. The theorem cited here only proves the result for convex subsets of R,
but the proof can be adapted to also work for convex subsets of arbitrary finite-dimensional K-inner product
spaces.

8The authors of [3] claim that strict separation is possible in this case, despite the set ¥ being open. This is
false in general: consider (0,1) C R and the point 1. The first set is clearly nonempty, convex and open, but
we cannot separate (0,1) and 1 by a hyperplane (in this case a point) that intersects neither (0,1) nor 1.

26



3 THEOREMS OF ALTERNATIVES

We remark that Theorem 3.2.1 remains true if K = R, in which case H is a set of block
diagonal real symmetric matrices. This is also true for the third theorem of alternatives which
we discuss later on.

To demonstrate the utility of Theorem 3.2.1, we use it to provide an alternative proof of
the fact that (4¢) implies (447) in Theorem 3.1.2 (the Lyapunov stability theorem). This proof
is adapted from [3, Proposition 2].

Proof (of Theorem 3.1.2, (i1) = (4i3)). Let A : S® — S(n,n) be the map
P s diag(—A" P — PA, P).

Arguing by contraposition, suppose that there is no P > 0 satisfying (3.4). Then there is
no P € S™ such that A(P) > 0. By the first theorem of alternatives, we then obtain an
alternative. Namely, there exists a Z = diag(Z1, Z2) > 0 such that Z1AT + AZy — Zy = 0.
Note that the second condition is derived from A*(Z) = 0, and that the computation of the
adjoint of A can be found in Appendix C (specifically, see (C.2)). Clearly Z; # 0, since
otherwise Zs = 0, contradicting the fact that Z # 0. Let r = rank Z; > 0. By Theorem 2.4.7,
it follows that Zo > 0. Since Z1AT + AZ; = Z,, we thus see that A has at least r eigenvalues
with nonnegative real part (cf. Proposition 3.1.4) which shows that A is not stable. |

This proof avoids having to construct a solution to the LMI (3.4) explicitly. Instead, we in
some sense construct a nonnegative eigenvalue of A.

3.3. THE THIRD THEOREM OF ALTERNATIVES

There is also a theorem of alternatives for feasibility.

Theorem 3.3.1 (Third theorem of alternatives, [3, Theorem 3|). Let Ay € H. Then at most
one of the following is true:

(i) the LMI (3.3) is feasible;
(ii) there exists a Z € H such that Z > 0, A*(Z) =0 and (Ao, Z) < 0.

Moreover, if Ay € im A or there is no © € V such that A(x) > 0, then exactly one of (i), (i)
1s true. <

Proof. We refer the reader to the appendix of [3] for a proof. |

Remark 3.3.2. The statements (), (¢¢) in Theorem 3.3.1 are what is known as ‘weak alter-
natives’: the validity of (7) says something about the validity of (i) and vice versa, but both
statements could still be false in general. On the contrary, the statements in Theorem 3.2.1
are ‘strong alternatives’, as at least one of the two statements is always true. Theorem 3.3.1
also provides conditions under which the weak alternatives become strong alternatives. <

We encounter both Theorem 3.2.1 and Theorem 3.3.1 in the proof of the state-space
formulation of the small gain theorem.
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rem (Theorem 4.3.1). Before stating and proving the small gain theorem, we characterize

the property of having bounded .%5-gain using an LMI. We then state the input-output
formulation of the small gain theorem as in [1], and provide a more extensive proof of it in
Appendix P.

IN this section we build up to our main result, the state-space version of the small-gain theo-

4.1. 'THE BOUNDED REAL LEMMA

The first result of this section is thus the following.

Theorem 4.1.1 (Bounded real lemma). Let v > 0 and let ¥(A, B,C, D) be an internally
stable LTI system. Then the following are equivalent:

(i) the input-output operator G of ¥ satisfies |G| < v;
(ii) the LMI

<0 (4.1)

ATP+PA PB| [cTc C™D
BTP 0 DTC D'D—~2I

has a solution P € S™. <

This theorem is usually referred to as the bounded real lemma. This is for the following reason:
let (A, B,C, D) be an LTI system with transfer matrix G(s) = C(sI — A)™'B + D. For
a given v > 0, we have |G| = ||G||,, < 7 if and only if there exists € € (0,7) such that
|G(iw)|| < v — ¢ for all w € R. By Lemma 2.7.6, this last condition is equivalent to the
so-called bounded real condition G (iw)*G (iw) < (v —¢€)2I for all w € R , see also [17, Section
2.7.3] and [22, Lemma 4].

Proof (of Theorem 4.1.1). () = (i%). As this direction is rather involved and relies on theory
we do not cover in this thesis, we refer the reader to [1] for a proof. Statement (4¢) in particular
follows from [1, Corollary 12.3.(vii)] using the equality between the .Z5-gain and #.-norm
and a Schur complement argument.

(#3) = (4). Suppose that P € S™ is a solution to (4.1). Looking at the (1,1)-block of this
LMI, we see that AT P+PA < 0 by Theorem 2.4.7. This implies that P > 0 by Theorem 3.1.3.
To show that the operator norm of ¢ is less than 7, we will show there is an € > 0 such that

16l JrA—e

ell

for any nonzero u € % (R4+,R™). To this end, let u € % (R4, R™) be any nonzero input.
Fix the initial state z(0) = 0 and let y = ¢ (u) be the corresponding output. Then (u,z,y) is
an input-state-output trajectory of X.. For any t € R*, it follows from the system dynamics
(2.9) that

(t)] ! lATP + PA PB] [x(t)

%(m(t)TPm(t)) — #(8)T Pa(t) + 2(t) T Pa(t) = [‘Z ) I RS t)]. (4.2)

Moreover,

]
ly(®)I = (Cx(t) + Du(e) T (Ca(t) + Du(t)) = m] ([gig gig])[zgg] (43)
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and
]
Pl = [ﬁg] [8 ,YSI] [ﬁﬁﬂ (4.9

Therefore
%(w(tﬂpm) +Ily @I = Plu@)]?
_[=0] " ([aTP+PA PB] [cTc  ¢™D 1\[=)
= lu(t)] (l BTP O]+[DTC DTD—72I]>lu(t)]' (4.5)

For convenience, let M denote the matrix in (4.1). Then M < 0 by assumption. Choose any
positive € satisfying € < min {7, Amin (—M)}. Then

<0

ATP+PA PB c'c C'D
B'P 0 DTC D™D — (42 —€ed)I

(cf. Corollary 2.4.5) and 42 — €2 > 0. This implies that
d
3 (@O TP2®) + lyOI* — (7 =) u(®)]?

[z ([ATP+P4 PB] [CTC C™D 0]
= lu(t) B'P 0o |T|D7c D'D-(2-e)1|)|u@)| S
so that we obtain d
3 (@0 P2(®) < (7 = ) @I ~ [y (4.6)

for every t € Ry. Let T' € R, be arbitrary. Integrating both sides of (4.6) from 0 to T yields

o) Po(T) < (7 =) [ o) ae— [ @R a

where we have used that 2(0) = 0. Since P > 0, we have x(T) T Pz(T) > 0. Thus we conclude
that

T 2 T 2
| @< (02— [ e

for all T € Ry. Letting T — oo and taking square roots on both sides, we hence obtain
lyll, = ICW)|ls < V72 —€2|lull,. As u is nonzero but otherwise arbitrary, it follows that
V/7?% — €2 is an upper bound for the set

{HQ(U)IIQ

we R E\ 0,

[[ull

which implies that ||| < /72 — €2 < v as desired. [ |
The following observation will also be useful in the proof of the small gain theorem.

Lemma 4.1.2. Let v > 0. Suppose that 3(A, B, C, D) is internally stable and that the LMI
(4.1) is feasible, i.e., there exists a P € S™ such that

<. (4.7)

D'C D'D-—~%I| ©

ATP+PA PB c'c C'D
B'P 0

Then |G| < 7. <
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4.2 AN INPUT-OUTPUT FORMULATION

Proof. Let u € £ (Ry,R™) and y := G (u). Consider the unique trajectory (u,z,y) satisfying
z(0) = 0 and suppose that P € S™ satisfies (4.7). Using (4.2), (4.3) and (4.4), it then follows
that

< (5T Pe9) <) - I

Since P > 0, the same argument that follows (4.6) in the proof of Theorem 4.1.1 shows that
IG (@)l = Iylly < Yllull,- Thus |G| < 7 since u was arbitrary. -

Besides relating the Z»-gain of the system to the (strict) feasibility of the LMI (4.1), we
can also relate the %-gain to dissipativity. Let v > 0, and let ¥(A, B,C, D) be a control-
lable, (—1I,0,~2I)-dissipative LTI system. By Theorem 2.6.8, there exists a quadratic storage
function V(z) = z " Pz with P = PT > 0. From (2.13), we have

d (t) i I 0 (t)

Yy - Yy
— ‘/ < .
dt( (@(®)) < [u(t)l l 0 'sz] lu(t)l (4.8)
for all input-state-output trajectories (u,x,y) of . Note that (4.8) says that

%(vw))) < [lu@®? - lly@|>.

If we assume that 2(0) = 0, we can use a similar approach as in the proof of Theorem 4.1.1 to
show that ||¢|| < 7. Thus (—I,0,~2I)-dissipativity also implies that the .#»-gain of a system
is at most +.

Having discussed Theorem 4.1.1 and Lemma 4.1.2, we are in a position to introduce the
small gain theorem. We first discuss the input-output formulation from [1], and then move
on to our state-space formulation.

4.2. AN INPUT-OUTPUT FORMULATION
In order to properly formulate [1, Theorem 8.1], we first need to recall the following definition.

Definition 4.2.1 (Realization). Let G € #. A realization (of G) is a quadruplet of real
matrices (A4, B,C, D) such that G is the transfer matrix of the LTI system X(A, B,C, D).
That is, G(s) = C(sI — A)"'B + D. <

We identify a realization (A, B, C, D) with the corresponding LTI system ¥(A, B, C, D), and
refer to the system X as a realization of G as well. Note that it can be shown that if G is real
rational and proper, then it admits a realization, see [23, Theorem 8.5]. This in particular
holds if G € R# . Moreover, this realization can be chosen to be minimal, i.e., we can
always find a realization (A, B, C, D) such that (A, B) is controllable and (C, A) is observable
[23, Section 8.4].

Using this terminology, the small gain theorem states the following.

Theorem 4.2.2. Let G1 € RH» and let v > 0. Then the following are equivalent:

(a) if G2 € RH o satisfies |Gzl < v and X1,32 are realizations of G1,Ga respectively,
the interconnection ¥ x Xo is (i) well-posed and (ii) internally stable;

(6) [1Gilloo < 1/7- <

Proof. A proof can be found in [1, pp. 138-139]. We also provide a more extensive proof of
the fact that (a) implies (b) in Appendix P. The reader may wish to compare this proof with
the proof we provide in Subsection 4.3 of the state-space formulation. |
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4 THE SMALL GAIN THEOREM

As also stated in [1], Theorem 4.2.2 still holds if the inequality in (a) is strict and the one
in (b) is nonstrict. We use this equivalent formulation in our state-space formulation. Observe
also that the realizations of G, Gy are arbitrary. Hence we may as well assume them to be
minimal. It turns out that it is enough to assume controllability of ¥;.

4.3. A STATE-SPACE FORMULATION
Having covered Theorem 4.2.2, we are in a position to treat our main result.

Theorem 4.3.1 (Small gain theorem). Let ¥1(A;, B1,C1,D1) be an LTI system. Assume
that X1 is internally stable and that (A1, B1) is controllable. Let v > 0. Then the following
two statements are equivalent:

(a) for any internally stable system Yo(Ag, Ba,Ca, Da) with ||G2|| < 7, the output feedback
interconnection X1 X Yo is (i) well-posed and (ii) internally stable;

(0) IG1ll <1/~ <

The proof that (b) implies (a) in Theorem 4.3.1 is relatively straightforward, as we just
need to take an arbitrary system X satisfying the conditions posed in (a) and check (a).(%)
and (a).(it). The argument from (a) to (b) is not immediately clear however, as we only have
information about the interconnection of ¥; with certain other systems Y5. As also done in
[1], we will therefore argue by contraposition: we assume that ||G1|| > 1/v and attempt to
show that there is a particular internally stable system 33 such that ||G2|| < 7, yet X1 x 3
is either not internally stable or not well-posed. To this end, we use Lemma 4.1.2 as it tells
us that ||G1]| > 1/v implies that the LMI (4.7) is not feasible. By Theorem 3.3.1 we can
thus obtain an alternative. Our goal will then be to construct a system X, based on this
alternative.

4.3.1. A PROOF OF SUFFICIENCY

Before we do this, let us start by proving the more straightforward part of Theorem 4.3.1,
namely that (b) is sufficient for (a).

Proof (of Theorem 4.3.1, (b) = (a)). Assume that ||G1|| < 1/v. And let ¥3(Agz, Ba, Ca, D3)
be any internally stable system such that ||G2| < 7. Fix any slightly smaller value 7 € (0,~)
such that ||G2|| <. Then ||G1]| < 1/7 as well. By the bounded real lemma (Theorem 4.1.1),
there exists a P, € S™ such that

AT P, + P A, PQBQ] +lCzT C:  GD | _g (4.9)

B;—PQ 0 D;—CQ D;—DQ — 72]'

Since Y5 is internally stable, the matrix A, is stable. Hence P, > 0, see Theorem 3.1.3. To
show well-posedness, note that it follows from (4.9) that D] Dy — %21 < 0 by Theorem 2.4.7.
Applying similar reasoning to ¥i, using that |G1|| < 1/4 and invoking the bounded real
lemma, we see that

1
DD, — 5I<0, D) Dy —7*I < 0.
Fy

Hence it follows from Lemma 2.7.6 that ||D;|| < 1/7 and that ||D2|| < 7. Therefore we find
that ||D1Ds|| < ||D1|||D2]| < 1, which proves that the interconnection ¥; x ¥ is well-posed,
see Lemma 2.7.4. To show that ;1 x X5 is internally stable, consider the function

T2
V(xl,xQ) = li;] |:y (‘)Pl _POQ] lz;]’ (x17x2) € R™ x an? (410)
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4.3 A STATE-SPACE FORMULATION

where P; > 0 is a solution to

AIPI + PA, PB; Circl CT—Dl

Clearly V(z1,2z2) > 0 for all (z1,z2) € R™ x R™ and V(z1,2z2) = 0 if and only if (z1,z2) =
(0,0). For i € {1,2}, let (u;, i, y;) be an input-state-output trajectory of X;. By assuming
that u; = y2 and ug = y;, we obtain a state trajectory col(zi(t),z2(t)) of the feedback
interconnection ¥; x ¥. Now multiply from the left by col(x1(t),u1(t)) T and from the right
by col(z1(t),u1(t)) in (4.11). As seen in the proof of the bounded real lemma (cf. (4.2), (4.3)
and (4.4)), we have

[xl(t)] T < lAIPl + PAl PIBI] + lcfcl CFDl ]) [xl(t)]

ul(t) Birpl 0 Dircl DIDI - %I ul(t)
d 1
= (@ OP@ () + [n O - ;llul(t)ll2
d 1
= 4 (@ QP (1) + fua (B - ;Ilm(ﬂ”2 <0, (412)
where the last inequality is due to (4.11). Similarly, multiplying by col(za(t),us(t))" and
col(z2(t), u2(t)) in (4.9), we obtain
d _
3 (@ OPoz2() + 120 = Pllua ()] < 0. (4.13)

Now multiply (4.12) by 42 and add it to (4.13). This yields

0> %(xj(t):ﬂplxl(t)) + %(ac; (t) Paza(t)) = %(V (@1(t), 22(¢)))-

Notice that the inequalities (4.12) and (4.13) are strict whenever z1(t), z2(t) # 0 due to (4.11)
and (4.9) respectively. We conclude that V is a strict Lyapunov function, which shows that
31 X Yo is internally stable. |

4.3.2. A PROOF OF NECESSITY

In the remainder of this subsection, we will work towards a proof of the fact that (b) is
necessary for (a). Throughout, ¥;(A;, B1,C1, D1) is an internally stable, controllable LTI
system such that ||G1|| > 1/ for some v > 0.

Define the linear map A : S — SM+™M1 a5 in (C.3), i.e.,

ATP+PA;, BP
ﬂ(P):=—l {Pyba B ]

and choose
A e clcy C| D,
0 D{Ci D{Di~-3I|
It then follows from Lemma 4.1.2 that there is no P € S™ such that A(P)+ A9 > 0. We
thus want to apply Theorem 3.3.1, but since this theorem only offers weak alternatives, we
must first show that one of the additional conditions under which we have strong alternatives

is satisfied. We will in particular show that there is no P € S™ such that A (P) > 0. This is
established by the following lemma.
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4 THE SMALL GAIN THEOREM

Lemma 4.3.2 ([24, Lemma 1]). Let A € R™*" and B € R™*™. The pair (A, B) is controllable
if and only if P = 0 is the only symmetric solution to the LMI

BTP 0 <

lATP +PA PB] 0.
Proof. We will only prove the ‘only if’ part here, as the ‘if’ part is not particularly important
to us. The interested reader may find a proof of it in [24, Lemma 1].

We provide a shorter proof than the one in [24]. Assume that (A, B) is controllable, and
suppose that P € S™ is a solution to the LMI posed above. Let Q := ATP + PA. By
Theorem 2.4.7, it then follows that Q < 0 and PB = 0. This second equality immediately
implies that im B C ker P. Now let = € ker P. Then ' Qz = 0, so = € ker Q by Lemma 2.4.4.
Hence 0 = (ATP + PA)x = PAz, which shows that Az € ker P. Therefore ker P is A-
invariant. We conclude that (A |im B) C ker P. Note however that (A |im B) = R™ due to
the controllability of (A, B), from which it follows that P = 0 as desired. [ |

Since we assume that (Aj, Bi) is controllable, it follows from Lemma 4.3.2 and Theo-
rem 3.3.1 that there is a Z € S guch that

. lZn 22| 50 ZuAT 4 AZu+ BiZh + ZuBl =0, (Ao, Z) <0, (4.14)

Zly Zy
cf. (C.4). Note that we have written out the inner product (A, Z) in its entirety in Ap-

pendix C, see (C.7). The claim which we now aim to prove is the following.

Proposition 4.3.3. Suppose ||G1|| > 1/7v. Then at least one of the following holds:
(i) there exists an internally stable ¥o such that ||G2|| < v and £1 x Xg is not well-posed;

(ii) there exists an internally stable Yo such that ||G2|| < v and X1 X ¥g is not internally
stable. <

To prove Proposition 4.3.3, we will perform a case distinction. This is illustrated in the
following diagram.

=
(2703

®) (2) holds

Figure 4: The strategy we use to prove Proposition 4.3.3. The black arrows represent cases
we distinguish, whereas the doubly-lined arrows represent implications we will prove.

To aid us in performing this case distinction, we first state and prove the following result,
which is nothing but implication (2) in Figure 4.

Lemma 4.3.4. Suppose that |D1|| > 1/7v. Then Proposition 4.3.8.(i) holds, i.e., there exists
an internally stable o such that ||G2|| < v and L1 x g is not well-posed. <
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4.3 A STATE-SPACE FORMULATION

Proof. Let € := ||D1]| — 1/y > 0. Then there exists an € R™! \ {0} such that

Dix
1Dzl e,
Bl
ie.,
1
D] > 2 . (4.15)

Rescale x such that || D1z|| = 1, and let D := zz' D] . Then (I—D1D3)D1x = 0,50 I— D1 Dy
is singular. Let ng € Z;, and let A2 € R™2*™2 be any stable matrix. Then ¥a(As,0,0, D2) is
internally stable, and, for any u € % (R4, RP1),

1G2(u)lly = [[D2ully < || Delllull,,

meaning ||Gz|| < ||D2|| = ||z|| < -, where the last inequality follows due to (4.15). Since
I — D1 D is singular, 31 X X9 is not well-posed, cf. Lemma 2.7.4. |

Next, we prove that Z1; = 0 implies | D;|| > 1/, completing the top path in Figure 4 by
proving implication (1).

Lemma 4.3.5. If Z1; = 0, then ||D1|| > 1/v. Hence Proposition 4.3.3.(i) is satisfied. <

Proof. Since ker Z1; C ker Zi'; by Theorem 2.4.7, it follows that Z19 = 0 as well. Therefore
the inequality (Ao, Z) < 0 reads (cf. (C.7))

1
tI‘(D1Z22D1r) > ’7 tr Zoo. (416)

We thus see that Zas # 0, as otherwise we contradict (4.16). Let 7 := rank Zss > 0, and find
nonzero vectors 21, ..., 2, € R™ such that

'
222 = Z ZiZZT.
i=1
Then (4.16) becomes
T 1 T
2 2
oDzl > 5 > sl
i=1 7=

This means there must be an index such that this inequality holds term-wise, i.e., there is
an i € {1,...,7} such that ||D1z;|]| > (1/)||2:||]- This means ||D;| > 1/ since z; # 0. By
Lemma 4.3.4, Proposition 4.3.3.(¢) holds. [ |

From now on, we thus consider the case Z1; # 0. If ||D1|| > 1/~, we are also done in
this case due to Lemma 4.3.4. Hence it remains to complete the bottom path in Figure 4
by proving that implication (3) holds. We shall see that the proof of this implication is
rather involved, so let us outline the approach we take before we proceed with the proof.
We start by showing that we can boil the inequality (Ap, Z) < 0 down to a trace inequality
for 1 x 1 or 2 x 2 matrices. This is done using the real Schur decomposition. From there,
we are able to construct a family of systems which all lead to an unstable output feedback
interconnection with ;. To show that this family contains an internally stable system with
Yo-gain strictly less than v, we use a contradiction argument based on the first theorem
of alternatives (Theorem 3.2.1). Namely, we show that if there is no such system, then we
contradict the aforementioned trace inequality.
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4 THE SMALL GAIN THEOREM

Lemma 4.3.6. If Z11 # 0 and | D1|| < 1/~, Proposition 4.3.3.(ii) holds. <

Proof. Let r := rank Z1; > 0. Since Z > 0, it follows from Corollary 2.4.8 that there exist
matrices U € RM*" V € R™MX" and W € R™*(m+m1-7) gych that

T
U 0[|U 0
2-[2 o ol i

where rank U = r. Hence we have Z;; = UU ' and Zy5 = UV ". Substituting this in (4.14)
yields
(A iU+ B\V)UT = —-U(AU + B,V)". (4.18)

This means (A;U + B;V)U' is skew-symmetric. Moreover, it follows from (4.18) that
kerUT C ker(A;U + BV)T since rank U = r. By Lemma 2.1.4, there thus exists an S € R™"
such that

AU + BV =US. (4.19)

Since USUT is skew-symmetric and U has full column rank, it follows that S is skew-
symmetric as well. Hence there exists an orthogonal @ such that QT SQ = diag(Sy, ..., Sk)
where each S; is skew-symmetric and at most 2 x 2, cf. Corollary 2.3.2. Now partition @) as

Q= [Ql e Qk]
in accordance with the blocks Sy, ..., Sg. In terms of Si,..., Sk and @1, ..., Qx, (4.19) reads
AU + BV = Qdiag(S1,...,S,)Q".

Hence it is immediate that

AUQ; + BVQ; =UQ;S; (4.20)

foralli € {1,...,k}. Using (4.17) or performing direct substitution into (C.7), it follows from
the condition (A, Z) < 0 that

tr((CLU + D1V) T (CLU + D1V)) — % tr(VTV) + tr (WT <D1TD1 - %I) W) > 0.

Since ||D1|| < 1/7, we know by Lemma 2.7.6 that D] D; — (1/4%)I < 0. Hence we also have
WT(D{ Dy — (1/4*)I)W < 0 due to Lemma 2.4.2, meaning

tr (W' DTDl—lI W) <o.
1 72

Thus

1 1
0 < tr((CLU + D1V) " (CLU + D1V)) — o) tr(VTV) +tr (WT (DID1 — ?I) W)

< tr((CLU + DiV) T (LU + DiV)) — %tr(vTV)

=tr(Q" (CLU + D1V) T (CLU + D1V)Q) — % tr(Q'VTVQ)

k
=Y tr(Q] (CLU + D1V) T (C1U + D1V)@;) — %tr(QiT VTVQ).
=1
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4.3 A STATE-SPACE FORMULATION

Hence there is an index ¢ € {1,...,k} such that this inequality holds term-wise, i.e.
tr(Q/ (CLU + D,V)T ) -~ @QIVTVO
f U+ D ) (ClU + D1V)Qz) 72 tI‘(Qi \%4 VQz) > 0. (4.21)

Let na € {1,2} be the size of the corresponding block S;. This ne will be the order of the
system Yo we construct. Let C; := C1UQ;, D; := D1V Q; and let By € R™2*P1 be arbitrary.
Choose

Ay :=8; — By(C; + D;), Co:=VQ;

and consider Y9 (Ag, By, C2,0). Since ¥ has no direct feedthrough term, 31 x X5 is well-posed,
cf. Remark 2.7.5. From (2.32), we see that the closed loop matrix Ay satisfies

A — Ay BiC, ] | A B1VQ;
X7 |B2Cy Az + BaD1Ch ByC1  S; — BaCs|’

so by (4.20) we have

. ]19]-

UQi] o
I I ]SZ'

This means that o(S;) C 0(Ax). Hence Ay has at least ny imaginary eigenvalues, so ¥; x
Y5(Ag, Bs, Cs,0) is not internally stable for every Bsy. It remains to show that we can pick Bs
such that Yo(Ag, Bs, Ca,0) is internally stable and has .%5-gain strictly less than . To this
end, consider the matrix inequality

A;—P + PAy + C;Cz PBy, 0
B P I 0 | <o. (4.22)
0 0 —-P

Note that if we can find a By such that (4.22) has a solution P € S™2, then it follows from
the (3,3)-block that P > 0. Moreover, by the (1,1)-block, Aj P + PAs < 0. Since P > 0,
this would imply that A is stable by Theorem 3.1.2. Finally, by applying Theorem 2.4.7 to
the entire upper left block, it would follow that

AJP+PA;+C;C; PBy
BJ P 2| <0
2 v
which implies that ||G2|| < v due to the bounded real lemma. In the remainder of this proof,
we will show that there exists a By for which there is a P = P satisfying (4.22). Although
(4.22) is not an LMI in the variables (P, Bz), we can perform a change of coordinates to
transform it into an LMI. Let By := PBs, and note that then

A;—P + PAy + C;—Cz PBy, 0

BJ P -2 0
0 0 —-P
STP+PS;— (Ci+ D) "By —Bo(Ci+D)T+QIVVQ; By 0
= B, —2I 0
0 0 -P

Now define the linear map B : S"2 x R™2*P1 — §(2ng,n2) by

STP+PS;—(Ci+D) By = Ba(Ci+Di) By 0
B(P,By) := — B, 0 0
0 0 -—-P
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4 THE SMALL GAIN THEOREM

and let
QIVIVQ, 0 0
By := — 0 —2I 0f.
0 0 0

Then there exists a pair (P, By) satisfying (4.22) if and only if there is a pair (P, Bs) such
that B(P, B2) + By > 0. Suppose there does not exist such a pair (P, B2). Then it follows by
Theorem 3.2.1 that there exists a Y € S(2n2,n2) such that

Yiu Yio O
Y=|Y} Yo 0]20, @B(Y)=0, (By,Y)<0.
0 0 VY3

In Appendix C, we work these last two conditions out explicitly, see (C.6) and (C.8). The
condition B*(Y') = 0 implies that
YuS! +8iYu=Ys;, Yie=Yu(Ci+Dy)T, (4.23)
whereas from the inequality (Bp,Y) < 0 we obtain
tr(VQiY11Q V') — 4% trYas > 0. (4.24)

Clearly these conditions imply that Y11 # 0. We claim that Yi; is of the form al,, with a > 0.
In the case no = 1, this is obvious since Y71 > 0 by Theorem 2.4.7 and Y73 is a scalar. In the
case ng = 2 we need to do a bit more work. Write

Yll:|; g|, Si:l—ow Cg|, w > 0.

Y S§ + SiYi1 = l(a2—bcz)w (a_zbi))w] >0
where the last inequality is due to the fact that Y33 > 0, see (4.23). Due to this inequality, all
diagonal elements of Y11,S’iT + S;Y11 must be nonnegative, so it follows that b = 0. Moreover,
de‘c(YuSiT + 8;Y11) = —(a — ¢)*w must be nonnegative, which holds only when a = c¢. Thus
Y7 is indeed a nonzero multiple of the identity matrix, say Y11 = al,, with a > 0. It thus
follows that Y12 = a(C; + D;)" and

Ya2 — Y15 Y ;Y12 = Yag — a(C; + D;)(C; + D;) T > 0.

Then

where the inequality is due to Theorem 2.4.7. This implies that
trYs > atr((()’i + Dz)T(Cz + Dz)) (425)
Combining this with (4.24), we thus obtain

(4.25)
0<atr(QVTVQ:) —y2trYey < atr(QV'VQ:) —ay?tr((C; + D;) ' (C; + Dy)),
or after dividing by —a/v?,
1
tI‘((Ci + DZ)T(CZ + Dz)) — ? tI‘(Q;rVTVQz) <0. (426)

Comparing this with (4.21) and recalling how we defined C;, D;, this is obviously a contra-
diction. Thus there does exist a pair (P, By) such that B(P, B2) + By > 0. Now we undo
our previous change of coordinates, i.e., we choose B := P~1B,. Then Y2(Ag, B, Cs,0) is
internally stable and has %»-gain strictly less than v due to (4.22), which concludes the proof
of this lemma. [
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4.4 THE NETWORKED SMALL GAIN THEOREM

Combining the previous three lemmata proves Proposition 4.3.3, whereby the necessity of
(b) follows immediately.

Proof (of Theorem 4.3.1, (a) = (b)). This is a direct consequence of Proposition 4.3.3. W

Some remarks regarding the proof of Theorem 4.3.1 are in order.

As seen in the proof of Lemma 4.3.6, to prove Proposition 4.3.3.(ii) we essentially construct
a Yo such that the closed-loop system matrix A has eigenvalues on the imaginary axis. This
is similar to the proof of Theorem 4.2.2 (cf. Appendix P or [1, Theorem 8.1]), where one
constructs a transfer matrix Go such that the transfer matrix of the interconnected system
has poles on the imaginary axis.

We have actually shown something stronger than needed to prove Proposition 4.3.3.
Namely, we have shown that if ||G1]| > 1/7, at least one of the following is true:

(i) for any ng € Z., there exists an internally stable Yo with state-space dimension ng such
that ||G2| < v and ¥1 x X5 is not well-posed;

(ii) there exists an internally stable ¥ with state-space dimension at most 2 such that
|G2]l < v and 31 X X9 is not internally stable.

Although we have shown that the desired systems in Proposition 4.3.3 exist, it is not
clear how to find specific instances of these systems. This is because the construction of
these systems relies on Theorem 3.3.1, and in particular on the matrix Z whose existence is
guaranteed by this result. The proof of Theorem 3.3.1 in [3] does not show how to find this
Z, so we have no direct method of finding a matrix Z satisfying (4.14). By extension, we
in general cannot find a system Yo satisfying Proposition 4.3.3.(¢) or Proposition 4.3.3.(i),
although we are sure it exists. This is also true for the function G2 we construct in the proof
of Theorem 4.2.2. Here, the construction of the desired G2 relies on a (compact) singular
value decomposition of G at a specific point on the imaginary axis (or at infinity). One can
only guarantee existence of such a point, and there is no straightforward method to determine
this point explicitly.

Note that due to Lemma 4.3.2, the assumption that (A, By) is controllable tells us that
A(P) > 0 (with A as in (C.3)) implies P = 0. In order to have strong alternatives in
Theorem 3.3.1, it suffices to have that A(P) > 0 implies P € ker A. One may therefore
suspect that this controllability assumption can be weakened. This is not the case. Note that
due to the stability of A;, we see that a matrix P = P satisfies AlTP + PA; = 0 if and only
if P =0, cf. Theorem 3.1.3. Therefore ker 4 = {0}, so Lemma 4.3.2 implies that if (A1, B1)
is not controllable, then we cannot guarantee strong alternatives in Theorem 3.3.1.

4.4. 'THE NETWORKED SMALL GAIN THEOREM

There is an analogue of the implication (b) = (a) in the small gain theorem when we consider
more general networked systems, known as the networked small gain theorem. We conclude
this section by proving this result and relating it to Theorem 4.3.1. The reader will notice
that the proof is similar in spirit to the ‘if’ part of Theorem 4.3.1.

Theorem 4.4.1 (Networked small gain theorem). Let
((El(AlaBla Cl)Dl)a s 92N(AN>BNaCNaDN))7M)

be a networked system and let vy1,...,yn > 0. Assume that A; is stable and that ||G;|| < v
forallie{1,...,N}. If there exist a1,...,an > 0 such that

Try.
M| |diag(c1V?Im,, - - - NV Imy) 0 My _ 0 (4.27)
I 0 —diag(ailp,,...,anLp )| | I ]| =7 ’
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4 THE SMALL GAIN THEOREM

then the networked system ((X1,...,2n), M) is well-posed and internally stable. |

Proof. By the bounded real lemma, there exists for each 7 € {1,..., N} a positive definite
matrix P, € S™ such that

AP +PA; PB;+C/D;

Bl P, +DJC; DID;—~2In,| <" (4.28)

Looking at the (2, 2)-block and applying Theorem 2.4.7, it thus follows that v2I,, —D;'— D;>0
for all s € {1,...,N}. Now let y € ker(I — DM). Then y = DMy. Notice that (4.27) is
nothing but

M7 diag(a1¥V2 Iy, - - -y ANV Imy )M — diag(ailp,, . . ., anIyy) < 0. (4.29)
Multiplying from the left by y' and from the right by y yields

y' M diag(a1v2Imy, - - -y anYaImy ) My
—y' diag(ailp,,...,anlpy)y
=y M diag(01V3 Iy, - - ., aNYa Iy ) My
—y' M D" diag(a1lp,, ... ,anI,y) DMy
=y M diag(a1V2 Iy, . .., anY3Iny ) My
—y"M" diag(ay D] D1, ...,anD}Dy)My
=y' M diag(a1(¥iIm, — D] D1),...,on(YImy — DYDN))My.  (4.30)
The middle matrix in (4.30) is positive definite since it is a diagonal block matrix with positive

definite matrices on its diagonal. Hence the quantity in (4.30) is nonnegative by Lemma 2.4.2.
By (4.27), it is also nonpositive however. Thus we conclude that

yTMT diag(al(’Y%Iml - DID1)7 .- "O‘N(’YJQVImN - DJW\—TDN))My =0,

meaning My = 0 by Lemma 2.4.4. Therefore y = DMy = 0, which shows that I — DM is
nonsingular. This shows well-posedness of the networked system. It remains to verify internal
stability. To this end, define

V(z):=z' diag(ayP,...,anPy)z, z € R".

Clearly V(z) > 0 for all z € R™ and V(z) = 0 if and only if z = 0. For all i € {1,...,N},
let (w;,z;,y:;) € ;. By assuming that (2.26) holds for all 2 € {1,..., N}, we obtain a state
trajectory z(t) = col(z1(¢),...,zn(t)) of the closed-loop system. Multiplying from the left by
col(z;(t),u;(t)) " and from the right by col(z;(t),u;(t)) in (4.28) yields

(@0 Pas) + IO AP0 <0, (431)

with a strict inequality whenever z;(t) # 0. Now define u,y as in (2.27), and multiply by
y(t)T, y(t) in (4.27). Since u(t) = My(t) (see (2.28)) and by using (4.29), we see that

y(t) "M T diag(01Vi Imy, - - - NV Imy ) My(t) — y(t) T diag(onlp,, ..., anIpy)y(t)
= u(t)T diag(ayy%[ml, cee aN'ﬁVImN)u(t) — y(t)T diag(ailp,,...,anIy)y(t)

N
=Y arnfllu®)” — aillys(0)|” < 0. (4.32)
i=1
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4.4 THE NETWORKED SMALL GAIN THEOREM

Now multiply both sides of (4.31) by «; and sum these inequalities from 7 =1 to i = N. We
then obtain

GV EO) = X0 (w0 Paiv) < Rantlw@)l - adu@l < o,

where the first inequality follows by applying (4.31) term-wise. Moreover, this first inequality
is strict whenever z(t) # 0 because there is an i € {1,..., N} such that (4.31) is strict. Hence
V is indeed a strict Lyapunov function for ((21,...,%y), M), proving internal stability. W

To show the connection between Theorem 4.3.1 and Theorem 4.4.1, let us prove the ‘if’
part of Theorem 4.3.1 using Theorem 4.4.1.

Proof (of Theorem 4.3.1, (b) = (a)). Let v > 0, and let ¥;(A;, B1,C1, D1) be an internally
stable LTI system such that ||G1] < 1/7v. Let ¥2(A2, B2, C2, D) be an internally stable LTI
system satisfying ||G2|| < 7.° Find 7 € (0,7) such that ||G1|| < 1/4 and ||Ga|| < 7. Recall
that for the networked system 31 x Yo, we take

0 I
wof]
Now choose (y1,72) = (1/7,7). Then the matrix in (4.27) becomes
M diag(a1v?I, aoyaI) M — diag(ayl, al) = diag ((01272 —ai)l, (% — ag) I).
Y

Choosing (a1, a2) = (72, 1), this matrix is zero, meaning the LMI (4.27) is satisfied. Hence
31 X ¥g is well-posed and internally stable. |

Notice that the choice of a1, a2 in the proof above corresponds to the Lyapunov function
we construct in the proof of the ‘if’ part of Theorem 4.3.1, cf. Subsubsection 4.3.1 and in
particular (4.10).

9We assume that the input /output dimensions of X1, ¥z are compatible so that we can equate their inputs and
outputs.
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5. PASSIVITY THEOREMS

develop a state-space approach to the passivity theorems covered in e.g. [2]. To this end,

we prove the ‘if’ part of such a theorem, see Proposition 5.3.4. We want to emphasize
that Proposition 5.3.4 is more of a proof of concept rather than a useful result, since the
assumptions we make are very strong. We end this section by stating some results that may
be useful in order to weaken the assumptions of Proposition 5.3.4.

IN this final section, we will showcase some results that take the first steps needed to

5.1. AN LMI CHARACTERIZATION OF (@, S, R)-DISSIPATIVITY

As we have already seen, having a bounded .%%-gain and internal stability can be charac-
terized in terms of the (strict) feasibility of an LMI, cf. Theorem 3.1.2, Theorem 4.1.1 and
Lemma 4.1.2. The same is true for (Q, S, R)-dissipativity.

Theorem 5.1.1. Let ¥(A, B,C, D) be a controllable, internally LTI system and let Q € SP,
S € RPX™ gnd R € S™. Assume that QQ < 0. Then the following two statements are equivalent:

(i) ¥ is (Q, S, R)-dissipative;
(i) the LMI

ATP+PA PB _ cTQC C'QD+CTSs <0 (5.1)
B™P 0 D'QC+S'C D'QD+D'S+STD+R| :
has a solution P € S™. |

Proof. (i) = (i1). From Theorem 2.6.8, we know that there is a quadratic storage function
V(z) = ' Pz, where P = PT > 0. It is this P that turns out to be a solution to (5.1). Let
2 denote the behavior of ¥ and let (u,z,y) € %. Then

%(V(m(t))) < s(u(t), y(t))

for all t € Ry, i.e.

x i ATP+PA PB||x < |Y i Q S|y (5.2)
u B'P 0 ||u|l = |u| [ST R||ul’ '
where we have omitted the arguments of u, z,y for convenience and have used (4.2) to obtain

the left-hand side. The right-hand side in this inequality can be expanded using the fact that
y = Cx + Du, yielding

J1'[@ sl[y] _[«]' [ cToc CTQD+CTS z 5.3
u| |ST R||u|  |u| |[DTQC+S"C D'QD+D'S+STD+R||u| '
It thus follows from (5.2) that

m ! ( lATP + PA PB] l cTQC CTQD+C7S ] m 0
u BTP 0| |D'QC+STC D'QD+D'S+STD+R|/|u| =
(5.4)
As (5.4) holds for all (u,z,y) € 4, it follows that (5.1) holds.
(79) = (7). We essentially follow the argument of the previous implication in reverse and

use the solution P to (5.1) to find a storage function. From the (1,1)-block of (5.1), we
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5.2 PASSIVITY, INPUT PASSIVITY AND OUTPUT PASSIVITY

see that ATP + PA < 0 by Theorem 2.4.7 since CTQC < 0 (cf. Lemma 2.4.2). Since ¥
is internally stable, A is stable. As a consequence, P > 0 by Theorem 3.1.3. Let V(z) :=
z ! Pz. Then V is nonnegative. To show that V is a storage function, it suffices to show that
%(V(w(t))) < s(u(t),y(t)) for all (u,z,y) € # and t € Ry. This is precisely (5.4) however,
which holds because (5.1) holds. This concludes the proof. |

We want to remark that Theorem 5.1.1 may also be useful to prove the converse of certain
dissipativity theorems when combined with Theorem 3.3.1, as we did for the small gain
theorem. We do not go into this in this thesis however.

5.2. PASSIVITY, INPUT PASSIVITY AND OUTPUT PASSIVITY

Next, we restrict our attention to some specific quadratic supply rates. These are introduced
in the next definition.

Definition 5.2.1 ([12, Definition 3.1.4]). Let ¥ be any LTI system such that m = p. We
say that ¥ is passive if it is (0, I, 0)-dissipative. Let d,& > 0. The system X is called d-input
passive if it is (0,1, —dI)-dissipative. Similarly, we say that ¥ is e-output passive if ¥ is
(—el, I,0)-dissipative. N

The supply rates corresponding to the different types of passivity in Definition 5.2.1 are,
respectively,

) €
S(u’ y) = uTya S(u’ y) = uTy - 5“““2, 5(u7y) = U’Ty - §|Iy||2a

cf. (2.14).19 Note that input passivity and output passivity both imply passivity. Passivity
arises rather naturally in electrical circuits, where the supply rate is the power supplied to
the circuit. This power can be expressed as the product of the current and voltage over the
circuit, which corresponds to the supply rate for passivity.

The strongest notion of passivity we consider is the following.

Definition 5.2.2 (Strict passivity). An LTI system (A, B, C, D) is strictly passive if m =p
and there exists a P € S™ such that

T T
[A P+PA PB]_[O ¢t 1 o g

B™P 0 C D'+D

Strict passivity is a very strong property. Suppose that X is a strictly passive system with
behavior %. Then there exists a P = P such that the function V(z) = 3z Pz satisfies

S V@) <u®Ty),  (wey) e,

with a strict inequality when z(t) # 0, cf. (5.3) and (5.4). Moreover, since AT P + PA is
negative definite by Theorem 2.4.7, it follows that P > 0 if A is stable, cf. Theorem 3.1.3.
In other words, internally stable strictly passive systems have a positive definite quadratic
storage function which satisfies the strict differential dissipation inequality (2.13) with supply
rate s(u,y) = u 'y whenever the state is nonzero. Note that strict passivity implies é-input

0Note that we actually introduce a factor 2 in the supply rates in Definition 5.2.1. We can however simply
rescale our storage function by a factor % to obtain dissipativity with respect to the supply rates stated here.
We will do this throughout.
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5 PASSIVITY THEOREMS

passivity: suppose P = P satisfies the LMI in Definition 5.2.2. By Corollary 2.4.5, there
exists a § > 0 such that

ATP+PA PB| |0 cT <0
B'P 0 C DT+D-6I| "

which is the LMI (5.1) for é-input passivity.'!

5.3. A WEAK PASSIVITY THEOREM

Finally, we consider a passivity theorem. Rather than the standard output feedback inter-
connection, we now consider the negative output feedback interconnection of two LTI systems,

defined as
0 —-I
| 2= ((21,22), [I 0 ])

under the assumption that the input and output dimensions of ¥1,%, are compatible. This is
in line with the closed-loop systems considered for passivity in the literature, see for instance
[12, pp. T7-8] and [10, Section 7.2]. Note that this interconnection corresponds to setting
up = —y2 and ug = y1.

For this type of interconnection, we can prove the ‘if’ part of a weak state-space passivity
theorem. We first characterize the well-posedness of such an interconnection.

Lemma 5.3.1. Let El(Al,Bl,Cth), EQ(AQ,BQ, C2,D2) be LTI systems. Then 21 ” 22 s
well-posed if and only if I + D1D4y is nonsingular. <

Proof. This is easy to show by adapting the proof of Lemma 2.7.4. |

As the next result shows, both passivity and input passivity provide more information
about the matrices D;, Ds.

Lemma 5.3.2. Consider an internally stable and controllable LTI system ¥(A, B,C, D). If
Y is passive, then DT + D > 0. In particular, if ¥ is §-input passive, then DT + D > 0. <«

Proof. If ¥ is passive, then it follows from Theorem 5.1.1 that there exists a P = P' for
which
ATP+PA PB 0 C 0
BTP 0| [(¢cT DT+D| ™™

Inspecting the (2,2)-block, it is immediate that DT + D > 0 by Theorem 2.4.7. Similarly,
if 3 is d-input passive, there exists a P € S™ satisfying (5.1) where the (2,2)-block is now
DT + D — 61 for some § > 0. By Theorem 2.4.7 it then follows that DT + D — 61 > 0, i.e.,
D" + D > 0 as claimed. |

Combining Lemma 5.3.1 and Lemma 5.3.2 leads to the next result.

Proposition 5.3.3. For i € {1,2}, let ¥;(A;, B;, C;i, D;) be a controllable, internally stable
LTI system. Then X1 || X2 is well-posed if

(i) ¥1 is passive and Xy is d-input passive for some § > 0;

(ii) ¥1,%2 are both passive and Dy or Da is symmetric. <

1We can even choose § such that this LMI remains strict, so strict passivity implies more than é-input passivity.

43



5.3 A WEAK PASSIVITY THEOREM

Proof. Let x € ker(I + D1D2) and let y := Daz. Then x = —D1Dox. We now prove that
in both cases, z = 0. This shows that I + DDy is nonsingular, so ¥; || X3 is well-posed by
Lemma 5.3.1.

(i). Suppose that z # 0. By Lemma 5.3.2 it follows that D] + Dy > 0 and Dy + Dy > 0.
Therefore y " D1y > 0 and

0<x'"Dyxr=—x' D) D] Dyx = —y' D] y = —y " Dyy, (5.5)

a contradiction. Thus x = 0.

(#4). Let us assume that D, is symmetric. The proof in the case D2T = Ds is analogous
(using that I + Dy D is nonsingular if and only if I + Dy D; is nonsingular). By Lemma 5.3.2,
D; > 0and D2T +D5 > 0. Hence " Dyz > 0 and yTDly > 0. Performing the same calculation
as in (5.5) leads to —y Dy > 0, i.e. y' D1y = 0. Thus y € ker D; by Lemma 2.4.4, so
z=—-Dy=0. |

Using Proposition 5.3.3, we are able to prove the following.

Proposition 5.3.4. Let X1 be an internally stable LTI system. Assume that X1 is strictly
passive. If 3o is any internally stable and strictly passive system, then i || L2 is well-posed
and internally stable. <

Proof. Let ¥o be internally stable and strictly passive. Since strict passivity implies §-input
passivity (which in turn implies passivity), it is clear that X; || X2 is well-posed due to
Proposition 5.3.3. For ¢ € {1,2}, let P, = PiT be a solution to the LMI in Definition 5.2.2 for
Y;. Then P; > 0 since A; is stable, and V;(z;) = %acZTPZ:tcZ is a storage function for ¥;. Now
let

V(.’IJl,iL‘Q) = Vl(iL‘l) + Vg(l‘z), (1:1,.’1:2) e R™ x R"2,

Clearly V(z1,z2) > 0 for all 1,22 and V(z1,22) = 0 if and only if (z1,z2) = (0,0). For
i € {1,2}, let (u;,z;,y;) be a trajectory of ¥;. Assume that u; = —ys and ug = y1, so that
we obtain a state trajectory col(z1(t), z2(t)) of the closed-loop system ¥; || £5. Then, for all
te Ry,

S V@), 220) = SVal@m®) + S(Va@)
<ufyi +uy e
= ’U,I’LLQ - u;—ul
=0,

and this inequality is strict if (z1(¢),z2(¢)) # (0,0). Thus V is a strict Lyapunov function,
meaning the closed-loop system is internally stable. |

As already mentioned, the assumptions made in Proposition 5.3.4 are very strong, and
so we would like to weaken them. Based on Proposition 5.3.3, we may be able to weaken
the assumption that ¥; and X, are strictly passive to ¥; being passive and Yo being é-input
passive. This is in line with [2, Theorem 1], although there a different notion of stability is
considered. In the case where X, is passive and X is d-input passive, it thus remains to verify
internal stability. Inspecting the proof of Proposition 5.3.4, we see that we need both storage
functions to be of the form V(z) = 2" Pz with P positive definite, whereas Theorem 5.1.1 only
guarantees the existence of a quadratic storage function (with P > 0). The next result shows
that we can ensure that P is positive definite by assuming that both systems are observable
in addition to being controllable. This result is a continuous-time version of [25, Lemma 4.4].
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Lemma 5.3.5. Suppose that A is stable, P € S™ satisfies (5.1) and Q < 0. Let v denote the
number of negative eigenvalues of the matriz

S
[ p R] . (5.6)
If v > p, then ker P C (ker C'| A). Consequently, P > 0 if (C, A) is observable. <
Proof. A proof can be found in Appendix P. |

For the choices of @, S, R corresponding to passivity, d-input passivity and e-output passiv-
ity, one can show that the assumption that v > p in Lemma 5.3.5 is always satisfied. In
Appendix P, we show this for §-input passivity.

We thus conclude this section with the following conjecture.

Conjecture 5.3.6. Let X1 be a minimal and internally stable LTI system. Suppose that X1 is
passive. If Yo is any minimal, internally stable and d-input passive LTI system, then 31 || L2
is well-posed and internally stable. <

Proposition 5.3.3 already shows the well-posedness of ¥; || X2, and by using Lemma 5.3.5 and
the strategy of the proof of Proposition 5.3.4 we can show that the state of ¥; || X2 remains
bounded.
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6. DISCUSSION

We conclude this thesis with a short summary and discussion of the results which we covered.
After this, we indicate some possible directions for future work.

Section 2 covered the preliminary results which we needed throughout this thesis. In
Section 3, we introduced the essential theorems of alternatives and demonstrated their ef-
fectiveness in a proof of the Lyapunov stability theorem. Our most important section was
Section 4. In this section we were successful in achieving the main goal set out at the start
of this thesis; we reformulated the small gain theorem in terms of state-space realizations
and provided a novel proof of this result. This proof relied on the fact that we can relate the
boundedness of the Z-gain of a system to the (strict) feasibility of an LMI (see Theorem 4.1.1
and Lemma 4.1.2). In the ‘if’ part, we were able to derive well-posedness directly from the
bounded real lemma, and used the solutions to the bounded real lemma LMI to construct a
Lyapunov function for the closed-loop system. In the ‘only if’ part, the LMI characterizations
we demonstrated allowed us to apply theorems of alternatives (see Theorem 3.2.1 and Theo-
rem 3.3.1) in our contraposition argument. In the final subsection of Section 4, we saw that
the ‘if’ part of the small gain theorem has a generalization to arbitrarily large networked sys-
tems. Section 5 functioned more as a proof of concept, and did not contain many substantial
results. Unfortunately, despite our success with the small gain theorem, it is not yet clear
how to generalize the approach used in the small gain theorem to the passivity theorems, let
alone a ‘dissipativity theorem’.

6.1. OUTLOOK

We conclude by indicating what we believe to be some interesting directions for future work.
Besides building on the work done in Section 5 and continuing to develop a state-space
approach to the passivity theorems, the following points may be worth looking into.

The proof of the bounded real lemma in [1] and [22] relies on the theory of transfer matrices.
It may thus be interesting to attempt to prove that (i) implies (i7) in the bounded real lemma
using the first theorem of alternatives (Theorem 3.2.1), developing a state-space approach to
this result as well. We briefly looked into this, but were unsuccessful in completing the proof.

The networked small gain theorem (Theorem 4.4.1) may have a converse in some particular
cases. This converse could say something about the -%-gains of the systems in the networked
system based on the fact that the overall networked system is well-posed and internally stable.
A particular instance where we believe it might be possible to prove such a converse is when
the networked system is a ‘cycle’, i.e. the systems are connected ‘in series’ and the input of
the first system is the output of the last system.

Of course the proof of Conjecture 5.3.6 remains open, although we believe it should be
possible to prove this result. The ultimate goal would be to show that Conjecture 5.3.6 holds,
and that it has a converse. Namely, we would like to show the following: if ¥; is internally
stable, minimal and ¥; || 32 is well-posed and internally stable for all 35 that are internally
stable, minimal and §-input passive, then X, is passive.
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APPENDICES

C. COMPUTATIONS

C.1. ADJOINTS

In this section we compute the adjoints of some linear maps. Some of the results here are
adapted from [3, Section 2.4], but we are more elaborate in our computations. Throughout,
we often use the following properties: for M € K™*" N € K"™™ and A, B,C € K™ it
holds that

tr(MN) = tr(NM), tr(ABC) = tr(CAB) = tr(BCA).

This last property will be referred to as the cyclic property of the trace.
Define the linear map

A S — S(n,n), (1)
P +—— diag(—ATP — PA,P) '
Let P € S™, Z = diag(Z1, Z2) € S(n,n). Then
(P, A%(2)) = (A(P), Z)
= tr(diag(—A" P — PA, P))Z)
=tr(P(—Z,A" — AZ) + Z5))
=(P,—Z1AT — AZ, + Z,).
We conclude that the adjoint of (C.1) is
A* S(n,n) — s, (C.2)
Z = diag(Z1,2,) +— —Z1AT — AZy + 2. '
Define the linear map
A S — sntm,
P o _ ATP+PA PB (C.3)
B'P 0|

Let P € S", Z € S*™*™ and write

Zu Zia
Z= :
lzlg ZQQ]

where Z11 € S™ and Z9y € S™. Then

(P, A%(2)) = (A(P), Z)

z_tr(lmmm PB] [ZH ZD

BTP 0 |2}, Zo
— A"PZyy + PAZ\1 + PBZ], PBZ],+ PBZy
= BTPZ; BTPZy,

= —tr(P(ZnA" + AZ1y + BZ], + Z13B"))
= (P,—Z11 AT — AZ;y — BZ, — Z15BT),
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C.2 INNER PRODUCTS

where the fourth equality follows by the cyclic property. Hence the adjoint of (C.3) is

A* srtm — sm,
Zn Z C.4
Z= [Zi Z;j — —Z1 AT — AZy — BZ, — Z12B". (C4)

Finally, we compute the adjoint of the linear map used in the proof of Lemma 4.3.6. Recall
that this is the map

B . S™2 x RMXPL S(2na, na),
SZTP + PS; — (Cz + Dz)TE;r — PQ(C»L + Dz) Eg 0
(P,By) +— — B, 0 0
0 0 -—-P

(C.5)

The inner product on S™ x R™2*X"2 jg
(M1, N1), (Mg, Np)) = tr(My My) + tr(N1NY).

Let (P, By) € S™ x R™*P1 and Y € S(2ng,n2). Write

Yii Yiz O
Y=|Y} Yo 0
0 0 VYs3

Then,

((P,B3),B*(Y)) = (B(P, B2),Y)
STP+PS;—(Ci+D;)TBy —By(C;+D;) By 0][Viy Yiz 0
=—tr B, 0 o ||¥2 Y O
0 o —P][0 0 VY3
= —tr(S; P+ PS; — (C; + Di)TEJ — By(C; + D;))Ya1 + BaYy) + E;le —Y33P)
= tr(P(Ya3 — Y115 — S;Y11)) + tr(Ba(—2Y12 + 2Y11(C; + D;) 1) 1)
= ((P,B2), (Ya3 — Y11S; — S;Y11,—2Y12 + 2Y11(Ci 4+ D) 1)).

Thus the adjoint of (C.5) is

B* S(2n2, ng) — Srz x Rne2xnz,
1/11 }/12 0 (C 6)
Y=Y, Yoo 0| — (Ya3—YuS, —SiYi1,—2Y12 +2Y11(Ci + D;) 7). '
0 0 Y3

C.2. INNER PRODUCTS

In the case of the small gain theorem, we choose

cTc C'D

Aoi=—1pTg D'D- LI
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Thus

cT'c C'D Zu Zia
_<A0,Z>=tr(lDTC DTD—,Y_lz ][ZE Ty

4 C'CZ1 +C'DZ], CTCZ13+ CTDZx
=W DTDZH + (DTD — 7—12I)Z£|—2 DTCZ12 + (DTD — #I)Z22

1
= tI‘(CTCZH) + tI‘(CTDZiFQ + DTCZ12) + tr(DT.DZQQ) — ? tr Zoo

1
=tr(CZ11C") + tr(DZ{,C T + CZ1aD") + tr(DZaeD ") — o tr Zgo.  (C.7)

In the proof of Lemma 4.3.6 we choose

QIVIVQ, 0 0

By := — 0 —2I 0f.
0 0 0
Thus
QIV'VQ;, 0 o0|[vii Yz 0
—(Bo,Y) = tr 0 —v2I 0||Y), Y O
0 0 O0l|]0 0 VY
=tr(VQiY11Q{ V) — 42 tr Yas. (C.8)
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P. PROOFS

P.2. PROOFS FROM SECTION 2

P.2.1. PROOF OF PROPOSITION 2.6.2

The proof relies on the following lemma. It is a particular case of a more general result, known
as Young’s convolution inequality.

Lemma P.2.1. Let p € [1,00). Given any f € Z1(R4+,R) and g € £,(R,R) we have
1 *gll, < £l gl
where f xg: Ry — R is the convolution of f and g, defined by the rule
o0
tv—>/ f(t—m7)g(r)dr. <
0

Proof. Let p € [1,00) and let g be the Holder conjugate of p, i.e., choose ¢ such that we have
1/p+1/q = 1. Note that, for any t € Ry,

(F 9@ < [ 17~ Dllg)au(r) = [ 176~ 7ls156 - )l lg(] ar

Hence it follows by Hélder’s inequality that

reaor< ([ 1re-nar) ([ 15l ar)”

Observe that the first integral is nothing but the integral of |f(-)| over [0,¢]. Thus the first
term is at most || f ||i/ 7. After raising both sides to the power p, we thus obtain

(F)OP <15 [ 17— DllgP ar

Now integrate both sides over R;. Then we have

5ol = [T @Par <AL [~ [ 156~ Dllgr)p aras
= 71 / [T 15 = Dllgop atar
— 171 gl

where in the second equality we used the Fubini-Tonelli theorem. Taking pth roots on both
sides and using the definition of ¢ yields

1f*gll, < I1F1:llgll,
as desired. [

Equipped with Lemma P.2.1, we are ready to prove Proposition 2.6.2. First, recall that
given any u € Z»(R4,R™), we have

G(u)(?) / Ce7) Bu(r) dr 4+ Du(t).
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Hence, using the properties of the operator norm,

¢
16 (w) @)l </0 ICeA®=D B|l||lu(r)|| dr + || D]l [u()l-
Notice that the first term is a convolution of the maps f,g: Ry — R given by
f(t) = |CeBY, 9(t) = [[u(@)]-
Since u € % (R4, R™), we see that g € % (R4,R). We want to apply Lemma P.2.1, so we
must show that f € 4 (R, R), ie.
o0
/ |CetB|| dt < .
0
Well, we first note that

A 1At
|| oetBlat < Bl [ e .

This last integral converges because A is stable, which means that there exist M,~v > 0 such
that ||e4?|| < Me™ for all t > 0. This fact is well known, see for instance [20, Corollary
2.11]. Hence indeed f € % (R4,R), so by Lemma P.2.1 we have that ||f * gll, < || fll1]l9ll2>
i.e.

6@l < ([~ Ice* Bl dt+ D)l

which proves that ¢ is a bounded map.

P.2.2. PRrooOF oF LEMMA 2.6.10
Here we state and prove the auxiliary result from which (2.18) follows.

Lemma P.2.2. Let {U; :i € I} be a collection of subsets of R and assume that U;c; U; is
bounded above. Then each U; is bounded above. In particular,

sup (U Ui> =sup{supU; : i € I}. <
el

Proof. For convenience, let s := sup (U;c; Us). It is easy to see that s is an upper bound for
every U;, so they are indeed bounded above. Let S := {supU; :i € I'}. For each j € I, it is
clear that s > sup Uj, meaning s is an upper bound for S. Let € > 0. Then there exists an
z € U;cr Us such that z > s — . Since x € U; for some 1, it follows that sup U; > « for some
i. Hence, for this index 4, supU; > s — e. Since supU; € S, this proves that s = sup S as
desired. |

By the dissipativity of X, the assumption in Lemma P.2.2 is met. Applying Lemma P.2.2
thus yields

sup{V(zo,T):T > 0} = sup (U {— /OT s(u(t),y(t))dt : (u,z,y) € B, z(0) = x0}>

T>0
T
= sup {—/0 s(u(t),y(®))dt: T >0, (u,z,y) € B, z(0) = xo}
= Vva("vo)’

proving (2.18).
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P.3. PROOFS FROM SECTION 3

P.3.1. PRrROOF OF THEOREM 3.1.3

(a). Let (A, x) be an eigenpair of A. As in the proof of Theorem 3.1.2, it follows from (3.6) that
Re(A) = (z*Qz)/(2x*Pz). Since z*Px > 0, the sign of Re()) is thus determined by z*Qz,
which is nonnegative since @) < 0. Suppose that £*Qz = 0. Then Qx = 0 by Lemma 2.4.4,
but this implies that Az = Az and Qz = 0 for some nonzero z, contradicting the observability
of (Q, A) through the Hautus test (see [20, Theorem 3.13]). Hence z*Qx < 0 and Re(A\) < 0
as well.

(b).(2). For any Q € S™, the matrix P as in (3.5) is well-defined since o(A) C C_ and
solves (3.6). Moreover, this P is symmetric because @ is. It remains to verify uniqueness.
Suppose that Py, P, € S™ are both solutions to (3.6). Let A := P, —P; and M (t) := eATtAeAt
t € Ry. Then

M(t) = e "HATA + AA)e™ = 0.

Because A is stable, M (t) — 0 as t — oo. This implies that M (¢) = 0 for all ¢, so in particular
M(0) = A =0, i.e. P, = P,, establishing uniqueness.

(b).(i%). Let @ < 0. Then the unique solution P to (3.6) is given by (3.5). It is thus easy
to see that P > 0 by Lemma 2.4.2. It remains to verify that P > 0 if and only if (Q, A) is
observable.

(=) Suppose that P > 0. Let A € 6(A) and let x € C™ be any vector such that Az = \x
and Qx = 0. Then

0=2"Qx = z*(A" P+ PA)z = 2Re(\)z* Pz.

Since A is stable, Re(A) < 0. Hence dividing by 2Re(\) on both sides yields z* Pz = 0. Hence
x € ker P = {0}, which proves that x = 0. Thus (Q, A) is observable by the Hautus test.
(<) Assume that (Q, A) is observable. Let z € ker P. Then

t'Qr=a"(ATP+ PA)z =0,

so it follows from Lemma 2.4.4 that x € ker Q. Hence (AT P + PA)x = 0, meaning PAz = 0,
i.e. Az € ker P. This shows that ker P is an A-invariant subspace contained in ker (). Thus
ker P C (ker Q| A) = {0}, where the last equality holds because (Q, A) is observable. Thus
P > 0 as desired.

P.3.2. PROOF OF PROPOSITION 3.1.4

Let us restrict our attention to (4i¢), as we use this particular property in the alternative proof
of Theorem 3.1.2 and the proofs in the other cases are analogous. Using Corollary 2.4.3, write
P =UUT with U € R™", rankU = r. Since Q > 0, it follows using a similar argument
as in the proof of Theorem 3.1.3 that ker P = ker U " is A'-invariant. Equivalently, im U is
A-invariant.'> Hence AU = US for some S € R™*". Note that since U has full column rank,
this implies that o(S) C o(A). To prove (4i7), it thus suffices to show that all eigenvalues of
S have nonnegative real part. Let Sy := %(S’T + S) denote the symmetric part of S. Note
that USTUT + USU T = Q, whereby

ST+8=UtQUutT.

Since @ > 0, it follows from Lemma 2.4.2 that S, > 0. Hence z*Sz = z*S;z > 0 for all
x € C". Now let (\,z) be an eigenpair of S and write z = y + iz and A = a + i3, where

12Here we use the following fact: let M € K™*™ and consider a subspace ¢ C K". Then ¢ is M-invariant if and
only if V1 is M*-invariant, where % is the orthogonal complement of V.
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Y,z € R" are not both zero and «, 8 € R. To conclude the proof, it suffices to show that
a > 0. Since S is real, comparing the real and imaginary parts in the equation Sx = Az yields
Sy = ay — Bz and Sz = az + By. Hence we see that

0<y'Sy+2"Sz=a(lyl’ + %) = allz|?,

from which we obtain o > 0 as desired.

P.3.3. PROOF OF THEOREM 3.2.1

Here we justify the two different cases we distinguished in the last part of the proof in further
detail.

Let n :=ny + --- +ny and let Aq,..., A\, be the eigenvalues of Z. If Z is not positive
semidefinite, then Z must have at least one negative eigenvalue (since Z # 0). Without loss
of generality, assume that A\; < 0. By the spectral theorem, there is a unitary U such that
Z = UAU* with A = diag(\1,...,A,). Hence

(B, Z) = tr(BZ) = tr(U*BUA)

by using the cyclic property of the trace. Now choose B = U diag(¢, 1,...,1)U*, where t > 0.
Then B > 0 by Lemma 2.4.2, and

n
<B,Z> = t)\l +Z)\z t—>_oo) —0OQ.
=2

Hence there is a choice of B contradicting (3.8). This means that Z > 0. If instead A*(Z) # 0,
then the first term in the right-hand side of (3.8) is unbounded below because we can choose
x =tA*(Z) with t > 0. Then

~(z, A(2)) = | A (2)|* = —oo,

which contradicts (3.8). Therefore A*(Z) = 0.

P.3.4. PROOF OF LEMMA 3.2.2
Let » = rank N. By the spectral theorem, we have
(M,N) =" \iuj Mu,.
i=1

where Aq,..., A, are the nonzero eigenvalues of NV and u,...,u, are the corresponding or-
thonormalized eigenvectors. If M, N > 0, this sum is nonnegative since the eigenvalues of N
are nonnegative and uf Mu; > 0 for alli € {1,...,r}. Suppose that M and N are also nonzero,
and that M > 0. Then at least one eigenvalue of N is nonzero, and because u}Mu; > 0 for
all i, we conclude that (M, N) > 0. The proof in the case N > 0 is similar (applying the
spectral theorem to M).

P.4. PROOFS FROM SECTION 4

P.4.1. PROOF OF THEOREM 4.2.2, (a) = (b)

We adapt the proof from [1, pp. 138-139], but provide some more details. The next lemma is
implicitly used in [1], so we first state and prove it.
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Lemma P.4.1. Let G € RH and suppose that ||G||,, > a for some o > 0. Then one of the
following two cases occurs:

(i) there exists an wy > 0 such that ||G(iwp)|| = o;

(ii) there is an unbounded nonnegative sequence (wy,) such that lim, o ||G(iwy)| > a. <«

Proof. By assuming that ||G||,, = sup,er |G(iw)| > a, we know that for every n € N, there
exists a w, € R such that ||G(iwy)| > ||G||,, —1/n > a—1/n. First suppose that the sequence
(wp) is bounded. Then it has a convergent subsequence (wr, ) converging to some wg € R. By
the continuity of G and || - ||, we have limy_, |G (3w, )|| = ||G(¢wo)|| > . Because G is a
matrix of real rational functions, it holds that

IG()I =Gl = GG

for all s € C,. Hence we also have ||G(—iwp)| > «, so choose whichever of wy, —wp is
nonnegative. Then (7) holds.

Now suppose that (wy) is unbounded. Define @&, := |wp|, ¥ € N. Then @, > 0 and
|G (iwn)|| = ||G(i@y)|| for all n € N. Moreover, (&) is unbounded because (wy,) is. Finally,
noting that lim,_, ||G(4@y,)|| exists because G is proper, we see that

lim [|G(i@n)|| > lim (a _ 1) —a

n—00 n—00 n
Hence (&y,) is a sequence satisfying (i7). |
We will also use the following result.

Lemma P.4.2. For a € Ry, consider the rational function p, defined by

a—s
Pals) = a+s’
Fiz w > 0 and 6 € (0,7]. Then there is an o such that py(iw) = €. <

Proof. It may be helpful to make a sketch to follow along with this proof. Note that, for all
s # —a,
o o —2aRe(s) + |s|?

lpals)l” = a? 4+ 2aRe(s) + |s|?’
so in particular |po(s)|] = 1 when Re(s) = 0. Let w > 0 and 0 € (0,7]. Then p,(iw) lies
on the unit disk in the complex plane for all o € Ry. Note that pp(iw) = —1 and that
limy—y00 Pa(iw) = 1. Clearly a — po(iw) is continuous, so as « varies, p,(iw) traces out
an upper semicircle in the complex plane with the point 1 removed. Let arg(-) denote the
argument of a complex number, i.e. the angle it makes with the positive real axis. Since
arg(—1) = 7 and arg(l) = 0, it follows by a continuity argument that there must be an
a € Ry such that arg(p,(iw)) = 6. Since |pq(iw)| = 1, it hence follows that p,(iw) = €% as
desired. [

We can now prove the ‘only if’ part of Theorem 4.2.2.

(a) = (b). We prove this by contraposition. Thus assume that ||G1]|,, > 1/7. By
Lemma P.4.1, it suffices to consider two cases. We will identify case (i¢) with wp = oo.
It hence follows that ||G1(iwo)|| > 1/~ for some wp € Ry U{oo}. Let ULV* be a compact sin-
gular value decomposition of G (iwg) where U € CP*", V € C™*" have orthonormal columns
and ¥ = diag(o1,...,0,) with o1, ..., 0, the nonzero singular values of G1(iwp). Write

U=fu o w] Ve[ o w]
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In light of [1, Lemma 5.1 and Corollary 5.4], it suffices to show that we can choose G2 such
that G2 (iwp) = V diag(o; ', 0)U*, since then

I — Gi(iw)Ga(iw) =T — UZV*Vdiag(al_l,O)U* = I — U diag(1,0,...,0)U* = I — ujuj,
which is a singular matrix because (I — uju})u; =0, so
det(I — Gl(iwo)GQ(’iWQ)) = 0.

Hence the interconnection X1 x Xy will be not well-posed (if wy = 00) or not internally stable
(if wo < 00) [1].

If wo € {0,00}, then Gi(iwp) is a real matrix.'> Hence the matrices U,V can be cho-
sen to be real, and we are free to choose G2 as the constant transfer matrix Ga(s) :=
V diag(o;*,0)UT. Then Gy is vacuously stable (it has no poles). Moreover,

1 1 1
Gl = - lloruill = —loalllal) = - <,

where we have used that o7 (the largest singular value of G;(iwp)) is at least 1/7.
If instead w € (0,00), we need to do a bit more work since U,V are in general complex
matrices. We start by writing the entries of u] and v; in exponential form, i.e.,

V11 eupl

uy = [uHe“’l ulpe“"’] ) v = : )

'Ulmei(pm
where the signs of the real numbers u1;,v1; have been chosen such that 6;,¢; € (0, 7] for all

i€ {l,...,p} and j € {1,...,m}. By Lemma P.4.2, there are hence ai,...,a, € Ry and
B1,- -, Bm € Ry such that the transfer matrix

B1—s
Vil +s
— . a1 —S Qp—S
Ga(s) := - : [Ullaiﬁ ulpﬁ] (P.1)
1 Bm—s
Ulmﬁm+5

satisfies 1
Ga(iw) = a—vlu’{ = Vdiag(ol_l, )U.
1

It remains to verify that G2 is stable and has #.,-norm at most . Since «;,3; > 0 for
all i € {1,...,p} and j € {1,...,m}, it is clear from (P.1) that the poles of G2 are in C_
(note that the zero poles cancel out), so G is indeed stable. Moreover, because the rational
functions in (P.1) have modulus one when s lies on the imaginary axis, we have

B B1—iw 7
1 v /31 +iw _
_ . o1 —tw .. ap—iw
||G2||oo = ——Sup . U115 Fiw ulpap+'iw]
01 weR Bun—itw |
Uim Bm+iwd
[ B1—iw
1 V11 B1+iw
_ L . ou—iw Qap—iw
= sup : H [ull a1 +iw Ulp ap+iwi| ||
Gl weR ﬂm iw
Uim Bm+iw ]
= —(|u1f|||v1
p [ [[flva ]
1
= — < Y,
o1

13Since G, is a matrix of real rational functions, G1(s) is real if s is real, which covers the case wo = 0. In the
case wp = 00, we see that the limit of G(iwo) as wo — oo must be a constant real matrix (since G; is proper).
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concluding the proof.

P.5. PROOFS FROM SECTION 5

P.5.1. PROOF OF LEMMA 5.3.5
Our proof is similar to the one in [25]. Note that the LMI (5.1) can be rewritten as

ATp+prA PB] [c Dl'[Q sl[c D
l BTP ol_lo I] [ST RHO I]go' (P-2)

Let x € ker P, a € R and y € R™. Then it follows that
T T
ax A"P+PA PB _|C D Q S||C D ax
y BTP 0 0 I| |ST R||0 I y

s e 3 e

As a,y are arbitrary, this means that

-
Cx D Q S||Cx D >0
0 I| |S" R||O0 I|”™
Thus all eigenvalues of this matrix are nonnegative. Let

6 := dim ker [Cm D]

0 I

By [26, Theorem 3.1}, it follows that v+ ((m+1) — (p+m)) —d < 0. This means § > 1 since
v > p. Thus there is a nonzero z = col(z1, z2) € R™*! that satisfies

-

i.e. z0 =0 and Czz; = 0. Since 2o = 0, it follows that z; # 0. Hence Cx =0, i.e. = € kerC.
Thus ker P C ker C. Moreover, since @ < 0, it follows from the (1,1)-block in (5.1) that
ATP 4+ PA < 0. Since A is stable, we thus see that P > 0. As in the proofs of Theorem 3.1.3
and Lemma 4.3.2, this also implies that ker P is A-invariant. To summarize, ker P is an A-
invariant subspace contained in ker C. Thus ker P C (ker C'| A) as claimed, which concludes
the proof since (ker C' | A) = {0} when (C, A) is observable, implying that ker P = {0}, so
P > 0 in this case.

P.5.2. ADDENDUM TO LEMMA 5.3.5

We will show that for §-input passivity, the assumption that v > p in Lemma, 5.3.5 is satisfied.
The proofs in the other cases (passivity and e-output passivity) are analogous. We thus choose
Q=0,S=1Iand R= —6I with § > 0. Let (A, z) be an eigenpair of the matrix (5.6). By
partitioning x as z = col(x1, z2) and using the fact that x is an eigenvector, it then follows that
) is a root of the polynomial A2 4§\ —1. This polynomial has a negative root, let us call it A_.
It is not hard to verify that the eigenspace associated with A_ is {col(z1, A\_z1) : 1 € RP},
which is p-dimensional. Thus v > p as claimed.
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