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Abstract

The small gain theorem is a classical result in robust control which can be used
to guarantee that the output feedback interconnection of two linear time-invariant
systems is well-posed and internally stable. It also has an interesting converse,
which ensures boundedness of the H∞-norm of an internally stable system under
the condition that its interconnection with all other internally systems satisfying
a certain H∞-norm bound is well-posed and internally stable. The most well-
known proof of this result is due to K. Zhou and J. C. Doyle, and relies on an
input-output framework (i.e., transfer matrices). In this thesis, we reformulate
the small gain theorem using a state-space approach and provide a novel proof
of this result using the theorems of alternatives proven by V. Balakrishnan and
L. Vandenberghe and the bounded real lemma. Finally, we attempt to generalize
this approach and present some partial results that work towards a state-space
passivity theorem.
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1. Introduction

In all control design problems, one considers a network of two or more systems which are
interconnected in some way. This is typically done by relating the inputs and outputs
of the various systems in the network, resulting in a closed-loop system. Generally, one

wants to ensure that the closed-loop system has (at least) the following two properties:

(1) for every initial condition, there exist a unique trajectory of the closed-loop system;

(2) the closed-loop system is (internally) stable.

In the simple case of two linear time-invariant (LTI) systems Σ1 and Σ2, the small gain
theorem (see [1, Theorem 8.1]) provides conditions under which the closed-loop system in
Figure 1 has these two desired properties. These conditions include stability assumptions, as
well as bounds on the H∞-norms of the two systems.1 This is the ‘if’ part of the small gain
theorem.

Figure 1: A simplified block diagram of the type of interconnection considered in the small
gain theorem. Here the arrows going in represent inputs, and the arrows going out represent
outputs.

Interestingly, the small gain theorem also has an ‘only if’ part, which very roughly states the
following: consider a system Σ1. If, for any system Σ2 that has a bounded H∞-norm, the
interconnection of Σ1 with Σ2 satisfies (1) and (2), then Σ1 must also have a bounded H∞-
norm. This converse is mostly of theoretical interest, and has a much more involved proof.
The most well-known proof (given in [1, pp. 138-139]) uses an input-output approach (i.e., it
represents LTI systems using transfer matrices). There are comparable theorems for (strictly)
passive systems which have a similar structure (see [2, Theorems 1-3 and Corollaries 1-3]),
known as the passivity theorems. These theorems also have an ‘only if’ part, which allows
one to deduce (strict) passivity of Σ1 based on the properties of the interconnection of Σ1
with certain other systems Σ2 [2].

Although useful, these results are only particular cases of a more general theorem in
which we consider dissipative systems, a more general class of systems which encapsulate
both systems with bounded H∞-norm and (strictly) passive systems. This theorem also has a
converse, but its proof remains elusive. Despite the effectiveness of the input-output approach
in the case of the small gain and passivity theorems, we thus want to try to develop a state-
space approach to these theorems to possibly uncover another line of attack for this more
general ‘dissipativity theorem’.

The known proofs of the ‘only if’ parts of the small gain and passivity theorems rely on
a contraposition argument: instead of demonstrating the fact that the original system Σ1

1We define the H∞-norm formally in Section 2, see Definition 2.6.4. For now, the reader can think of it as a
sort measure of the sensitivity of the output of a system to input signals.
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1.1 Outline

has the desired property directly, one assumes this is not the case and tries to construct a
particular instance of a system Σ2 such that the interconnection of these two systems fails
either (1) or (2). We will use the same approach. To do this, we use the fact that many
system properties can be characterized using the solvability of certain matrix inequalities.
The assumption that Σ1 does not have a certain property then translates to this matrix
inequality not having a solution. Through the so-called theorems of alternatives discussed in
[3], we can obtain alternatives to this infeasibility. This will provide us with tools to construct
our desired system.

1.1. Outline
The layout of this thesis is as follows: in Section 2, we discuss the preliminary knowledge the
reader will need in order to follow the later sections. In particular, we discuss certain notions
and facts from linear algebra, and then introduce the required control-theoretic concepts,
including dissipativity. Section 3 introduces the aforementioned matrix inequalities and the-
orems of alternatives. In Section 4 we state and prove a state-space version of the small gain
theorem using theorems of alternatives. We also cover a generalization of (a part of) the small
gain theorem to networks consisting of an arbitrary number of LTI systems. In Section 5 we
formulate some partial results concerning interconnections of dissipative systems, in particu-
lar for (input/output) passivity. Finally, Section 6 concludes this thesis by summarizing our
results and providing directions for future work.

1.2. Notation, conventions and some terminology
The notation and terminology in this thesis is fairly standard. Nevertheless, we have sum-
marized it here for completeness. The set of positive integers is denoted by N, and the set of
nonnegative integers is denoted Z+. We use R and C to denote the fields of real or complex
numbers respectively, and define R+ as the set of nonnegative real numbers. The symbol
K is used to represent either R or C. The real and imaginary parts of a complex number
z are written as Re(z) and Im(z) respectively, and the complex unit is denoted by i. The
open left-half complex plane is denoted C− and is the set of all z ∈ C such that Re(z) < 0.
Similarly, the open right-half complex plane is C+ := {z ∈ C : Re(z) > 0}.

For any m,n ∈ Z+, we denote by Km×n the set of all matrices with m rows and n columns
whose entries lie in K. For convenience, we allow m,n to be zero. If M ∈ Km×n is a matrix,
we denote its transpose by M⊤ and its conjugate transpose by M∗. The kernel and image of
M are the sets

kerM := {x ∈ Kn : Mx = 0}, imM := {Mx : x ∈ Kn}.

If M is square (i.e. m = n), the set of eigenvalues of M is denoted σ(M). A real square matrix
M is called stable if σ(M) ⊆ C−. Whenever σ(M) ⊆ R, we denote min σ(M) by λmin (M)
and max σ(M) by λmax (M). If x is an eigenvector of M with corresponding eigenvalue λ,
then we call (λ, x) an eigenpair of M . Given a subspace S ⊆ Kn, we denote by ⟨M | S⟩
the smallest M -invariant subspace containing S. Similarly, ⟨S |M⟩ denotes the largest M -
invariant subspace contained in S. In particular, for A ∈ Rn×n, B ∈ Rn×m and C ∈ Rp×n,
⟨A | imB⟩ is the reachable subspace of the pair (A,B) and ⟨kerC | A⟩ is the unobservable
subspace associated with (C,A).

For any n ∈ Z+, we denote by Sn and Hn the set of real symmetric matrices of size n and
Hermitian matrices of size n respectively. That is,

Sn :=
{
M ∈ Rn×n : M⊤ = M

}
, Hn :=

{
M ∈ Kn×n : M∗ = M

}
.
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1 Introduction

Note that Sn = Hn in the case where K = R.
If x ∈ Km+n is a vector partitioned as x =

[
x∗1 x∗2

]∗
(where x1 ∈ Km and x2 ∈ Kn),

we may also denote this vector by col(x1, x2) for improved readability. Similarly, a (block)
diagonal matrix M whose diagonal elements are M1 ∈ Km1×n1 , . . . ,Mk ∈ Kmk×nk is denoted
M = diag(M1, . . . ,Mk). The identity matrix is denoted I, and where needed for clarity we
indicate using a subscript what its size is.

For a given map f : R+ → Rn and τ ∈ R+, we denote στf(t) := f(t + τ). This operator
στ is known as the shift map.

All other notation is introduced in due time.
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2. Preliminaries

Before we can cover the small gain and passivity theorems and their proofs, we first
need to go through some preliminaries. Some of these may already be familiar to the
reader. We will therefore try to be rather brief and refer the reader to sources which

are more extensive whenever applicable. This section can roughly be divided into two parts:
Part 1 (Subsections 2.1-2.4): This part covers results and notions we need from linear

algebra. In Subsection 2.1, we briefly recall the definition of the pseudoinverse of a matrix.
We then use pseudoinverses to prove Lemma 2.1.4, which is a particularly useful result. In
Subsection 2.2 we use the previously introduced pseudoinverses to obtain certain useful block
matrix decompositions and to define the notion of a Schur complement. Subsection 2.3 covers
the real Schur decomposition. Finally, Subsection 2.4 discusses some facts on sign definite
matrices, and in particular sign definite block matrices. We will encounter these types of
matrices frequently in later sections. The main result from this subsection is Theorem 2.4.7,
which will often be referred back to.

Part 2 (Subsections 2.5-2.7): The second part of this section introduces the necessary
function spaces, maps and control-theoretic notions. We start with Subsection 2.5, in which
we define the function spaces Lp(Ω,V), H∞ and RH∞. Subsection 2.6 covers the definition
of an LTI system and other control-theoretic notions (e.g. input-output operators, the H∞-
norm, dissipativity) which are important to understand the contents of later sections. We
conclude Section 2 with Subsection 2.7, in which we consider different ways of interconnecting
LTI systems and introduce the notion of a well-posed and internally stable interconnection.

2.1. Pseudoinverses
We thus start with a short discussion of pseudoinverses. Their existence and uniqueness is
the subject of the first theorem.

Theorem 2.1.1. Let M ∈ Km×n. Then there exists a unique matrix M † ∈ Kn×m with the
following properties:
(P1) MM †M = M ;

(P2) M †MM † = M †;

(P3) MM † is Hermitian;

(P4) M †M is Hermitian. ◀

Proof. Let r = rankM . If r = 0, the choice M † = 0 satisfies (P1)-(P4). If r > 0, let
σ1 ⩾ · · · ⩾ σr > 0 be the nonzero singular values of M . Then there exist a U ∈ Km×r

and a V ∈ Kn×r such that M = UΣV ∗, where Σ = diag(σ1, . . . , σr) and U∗U = Ir = V ∗V .
Observe that Σ is nonsingular, and that Σ−1 = diag(σ−1

1 , . . . , σ−1
r ). Hence we may choose

M † := V Σ−1U∗. Noting that MM † = UU∗ and M †M = V V ∗, it is easily verified that this
matrix satisfies (P1)-(P4). This proves such a matrix exists. The proof of the uniqueness is
not particularly insightful; the interested reader may find a proof in [4, Theorem 6.1.1]. ■

Definition 2.1.2 (Moore-Penrose pseudoinverse). Given any M ∈ Km×n, the unique ma-
trix M † ∈ Kn×m satisfying (P1)-(P4) as in Theorem 2.1.1 is called the (Moore-Penrose)
pseudoinverse of M . ◁

It may not be immediately obvious why the pseudoinverse is a generalization of the inverse.
To see that it is, assume thatm ⩾ n and thatM has full column rank (i.e. rankM = n). Using
the same notation as in the proof of Theorem 2.1.1, it then follows that M †M = V V ∗ = I

4



2 Preliminaries

since V is a square matrix in this case. Hence M † is a left inverse of M whenever M has full
column rank. Similarly, if m ⩽ n and M has full row rank, then M † is a right inverse of M .
Finally, when m = n and M has full rank, we see that MM † = M †M = I, so in this case
M † = M−1.

Remark 2.1.3. Note that taking the conjugate transpose and taking the pseudoinverse com-
mute. That is, for any M ∈ Km×n,

(M∗)† = (M †)∗.

This is easily seen based on the construction in the proof of Theorem 2.1.1. We will thus simply
write M †∗ := (M †)∗. As a corollary, we see that whenever M ∈ Hn, we have M †∗ = M †, i.e.
M † ∈ Hn. ◁

We will often make use of the following lemma.

Lemma 2.1.4. Let M ∈ Km×n and N ∈ Kp×n. Then we have the following:
(i) if kerN ⊆ kerM , then M = MN †N ;

(ii) kerN ⊆ kerM if and only if there exists an X ∈ Km×p such that M = XN . ◀

Proof. Let us first prove (ii). The ‘if’ part is evident. Now assume that kerN ⊆ kerM . Then
imM⊤ ⊆ imN⊤ by taking orthogonal complements, so there exists an X⊤ ∈ Kp×m such that
M⊤ = N⊤X⊤, cf. [4, Fact 2.10.7]. Taking transposes, the result in (ii) follows. Item (i)
is a direct consequence of (ii): if kerN ⊆ kerM , there exists an X such that M = XN , so
M = XNN †N = MN †N , where we have used the properties of pseudoinverses. ■

2.2. Generalized Schur complements
Equipped with the notion of a pseudoinverse, we continue by introducing (generalized) Schur
complements. Let M be a block matrix of the form

M =
[
M11 M12
M21 M22

]
, (2.1)

where M11 and M22 are square. Then we have the following result.

Proposition 2.2.1. Let M be a block matrix as in (2.1). If we have kerM∗
11 ⊆ kerM∗

12 and
kerM11 ⊆ kerM21, then

M =
[

I 0
M21M

†
11 I

][
M11 0
0 M22 −M21M

†
11M12

][
I M †

11M12
0 I

]
. (2.2)

Similarly, we have the decomposition

M =
[
I M12M

†
22

0 I

][
M11 −M12M

†
22M21 0

0 M22

][
I 0

M †
22M21 I

]
(2.3)

whenever kerM22 ⊆ kerM12 and kerM∗
22 ⊆ kerM∗

21. ◀

Proof. Note that by Lemma 2.1.4, the inclusions kerM∗
11 ⊆ kerM∗

12 and kerM11 ⊆ kerM21
imply that M12 = M11M

†
11M12 and M21 = M21M

†
11M11. Using these equalities, the decom-

position (2.2) follows by writing out the product of these matrices. The proof of (2.3) is
similar. ■
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2.3 The real Schur decomposition

In particular, if M11 is nonsingular, then (2.2) holds with M †
11 = M−1

11 as the added condi-
tions on M12 and M21 are always satisfied. The same is true for (2.3) when M22 is nonsingular.
To simplify the notation and fix some terminology, we have the following definition.

Definition 2.2.2 (Generalized Schur complement). Let M be a block matrix of the form
(2.1). We define the (generalized) Schur complement of M with respect to M11 as

M |M11 := M22 −M21M
†
11M12.

Similarly, the (generalized) Schur complement of M with respect to M22 is defined as

M |M22 := M11 −M12M
†
22M21. ◁

The decompositions in Proposition 2.2.1 have a few nice consequences. We discuss one of
these here, and will get back to them in Subsubsection 2.4.1. Let M be a block matrix as
in (2.1) and assume for instance that kerM∗

11 ⊆ kerM∗
12 and kerM11 ⊆ kerM21. Then the

assumptions in Proposition 2.2.1 are satisfied, so (2.2) implies that

detM = det
[
M11 0
0 M |M11

]

since the left and right matrices have ones on their diagonals and hence have determinant 1.
As the determinant of a block diagonal matrix is the product of the determinants of its block
diagonal entries, it follows that detM = detM11 · det(M |M11). This discussion proves the
following lemma.

Lemma 2.2.3. Let M be a block matrix as in (2.1) and assume that kerM∗
11 ⊆ kerM∗

12 and
kerM11 ⊆ kerM21. Then

detM = detM11 · det(M |M11).

The same property holds for the Schur complement with respect to M22, provided we have
kerM22 ⊆ kerM12 and kerM∗

22 ⊆ kerM∗
21. ◀

2.3. The real Schur decomposition
A result unrelated to the decompositions (2.2) and (2.3) (although both are accredited to
Russian mathematician Issai Schur) is the Schur decomposition. It states that any square
matrix is unitarily similar to an upper triangular matrix, i.e., for any M ∈ Kn×n, there exists
a unitary U ∈ Kn×n and upper triangular T ∈ Kn×n such that M = UTU∗, see for instance
[4, Theorem 5.4.1]. Even if M is real, the matrices U and T are in general still complex. This
is because M and T must have the same eigenvalues, so there is no real upper triangular T
such that M and T are similar if M has a complex eigenvalue. Despite this fact, there is
still a way to obtain a real analogue of the Schur decomposition by looking for block upper
triangular matrices. A proof of this result can be found in [5, Theorem 2.3.4].

Theorem 2.3.1 (Real Schur decomposition, [5, Theorem 2.3.4]). Let M ∈ Rn×n. Then there
exists an orthogonal Q ∈ Rn×n such that Q⊤MQ is block upper triangular, i.e.

Q⊤MQ =


T11 T12 · · · T1k
0 T22 · · · T2k
...

... . . . ...
0 0 · · · Tkk


6



2 Preliminaries

where Tij ∈ Rmi×mj for all i, j ∈ {1, . . . , k} and m1 + · · ·+mk = n. In particular, each block
diagonal element Tii is a 1× 1 matrix or a 2× 2 matrix of the form[

α β
−β α

]
, α ∈ R, β > 0. ◀

Using the notation of Theorem 2.3.1, it is clear that

σ(M) =
k⋃

i=1
σ(Tii).

Thus we see that the 1× 1 blocks along the block diagonal correspond to the real eigenvalues
of M , whereas the 2× 2 blocks correspond to the conjugate complex eigenvalue pairs of M .

For a skew-symmetric matrix S, Theorem 2.3.1 is particularly useful since it allows us to
put S in a block diagonal form by an orthogonal transformation. Moreover, these diagonal
blocks have a particularly simple form since all eigenvalues of S are imaginary. We formally
state this here for ease of reference.

Corollary 2.3.2. Let S⊤ = −S ∈ Rn×n. Then there exists an orthogonal Q ∈ Rn×n such
that Q⊤SQ = diag(S1, . . . , Sk) where each Si is either the scalar 0 or a 2 × 2 matrix of the
form [

0 ω
−ω 0

]
, ω > 0. ◀

2.4. Sign definite matrices
Before proceeding, we introduce some notation. Let M ∈ Hn be a Hermitian matrix. We
write M ⩾ 0 if M is positive semidefinite and M > 0 if M is positive definite. If M ⩾ 0 and
M ̸= 0, then we write M ⪈ 0. Our notation for negative (semi)definite matrices is analogous.
Another bit of notation we may occasionally use is the following: if M,N ∈ Hn, then we write
M ⩾ N if M −N ⩾ 0, and M > N if M −N > 0. We use analogous definitions for M ⩽ N
and M < N .

Remark 2.4.1. From now on we focus on positive (semi)definite matrices, although most of
the results covered extend to negative (semi)definite matrices as well. This is due to the fact
that a matrix M is positive (semi)definite if and only if −M is negative (semi)definite. ◁

The following result investigates how multiplication by another matrix affects the definite-
ness of a matrix.

Lemma 2.4.2. Consider any M ∈ Hn and let N ∈ Kn×m. Then the following implications
hold:
(a) if M ⩾ 0, then N∗MN ⩾ 0;

(b) if M > 0 and N has full column rank, then N∗MN > 0;

(c) if m = n and N has full rank, then
(i) M ⩾ 0 if and only if N∗MN ⩾ 0;
(ii) M > 0 if and only if N∗MN > 0. ◀

Proof. We assume that M > 0, as the proofs of (a) and (c) in the case M ⩾ 0 are nearly
identical. Let x ∈ Kn and set y := Nx. Then x∗N∗MNx = y∗My ⩾ 0 with equality if and
only if x ∈ kerN . This proves (a). To prove (b), now also assume that x ̸= 0. Then y ̸= 0

7



2.4 Sign definite matrices

because N has full column rank. Hence y∗My > 0, meaning N∗MN > 0. Finally there is
the third statement (i.e., (c).(ii)). The ‘only if’ part follows by (b). For the ‘if’, notice that
imN = Kn because N has full rank. Thus there exists a nonzero z ∈ Kn such that Nz = x.
This means that x∗Mx = z∗N∗MNz > 0, so indeed M > 0. ■

The definiteness of matrices is also preserved under matrix addition. For instance, if
M,N ⩾ 0, then M + N ⩾ 0 as well. The difference of two positive (semi)definite matrices
need not be positive (semi)definite.

A well-known fact about Hermitian matrices is that their eigenvalues are always real.
Moreover, Hermitian matrices can be unitarily diagonalized as they are normal. This means
that with the right change of basis, Hermitian matrices are nothing more than a rescaling of
the basis vectors by some real constants. This is formalized in the spectral theorem, see [6,
Theorem 12.2.2]. The spectral theorem for Hermitian matrices has many consequences, some
of which are of interest to us. We now state these and provide proofs for some of them. Some
other facts related to sign definite matrices which we also commonly use can be found in [6,
Chapter 13] (see for instance [6, Theorems 13.1.2 and 13.1.8]) or in any other textbook on
linear algebra.

Corollary 2.4.3. Let M ∈ Kn×n. Then:

(i) if M = N∗N for some N ∈ Km×n, then M ⩾ 0 and kerN = kerM ;

(ii) if M ⩾ 0, then there exists an N ∈ Kn×n such that M = N∗N and kerN = kerM .

As a consequence of (i) and (ii), M ⩾ 0 if and only if M = N∗N for some N ∈ Km×n with
kerN = kerM . Moreover,

(iii) if M ⪈ 0 and r = rankM , then there is an N ∈ Kn×r with full column rank such that
M = NN∗. ◀

Proof. For (i) and (ii), see [6, Theorems 13.1.2 and 13.1.10]. To prove (iii), denote by
λ1, . . . , λr > 0 the nonzero eigenvalues ofM and define Λr := diag(λ1, . . . , λr). By the spectral
theorem, there then exists a unitary U such that M = U diag(Λr, 0)U∗. Let Ur ∈ Kn×r be
the matrix consisting of the first r columns of U . Then M = UrΛrU

∗
r , so choose N := UrΛ1/2

r .
Then M = NN∗ and N has full column rank, concluding the proof. ■

Using Corollary 2.4.3, the following lemma is immediate.

Lemma 2.4.4 ([6, Corollary 13.1.18]). Let M ∈ Hn be positive semidefinite. Then

kerM = {x ∈ Kn : x∗Mx = 0}. ◀

The next corollary is a generalization of the idea that a positive real number remains
positive even if we subtract a (sufficiently) small real number from it.

Corollary 2.4.5. Suppose that M ∈ Hn is positive definite. Pick any ε ∈ (0, λmin (M)). Then
every N ∈ Hn with σ(N) ⊆ (−ε, ε) satisfies M +N > 0. ◀

To prove it, we use the following lemma.

Lemma 2.4.6. Let M ∈ Hn be positive semidefinite. Then for every x ∈ Kn,

λmin (M)∥x∥2 ⩽ x∗Mx ⩽ λmax (M)∥x∥2. ◀

8
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Proof. Let x ∈ Kn be arbitrary and let λ1, . . . , λn be the eigenvalues of M . By the spectral
theorem, there exists a unitary U ∈ Kn×n such that M = UΛU∗. Let y := U∗x. Then we
have

x∗Mx = y∗Λy =
n∑

i=1
λi|yi|2. (2.4)

Noting that ∥y∥ = ∥x∥, the desired inequalities now follow immediately by upper- or lower-
bounding each eigenvalue of M by λmax (M), λmin (M) respectively. ■

Proof (of Corollary 2.4.5). Let N ∈ Hn be such that σ(N) ⊆ (−ε, ε) and let x ∈ Kn be a
nonzero vector. Denote by λ1, . . . , λn the eigenvalues of N . Following the same steps that led
to (2.4) and using the triangle inequality, we see that

|x∗Nx| ⩽
n∑

i=1
|λi||yi|2 < ε∥x∥2,

where the last inequality is due to the assumption that σ(N) ⊆ (−ε, ε). Thus, using
Lemma 2.4.6,

x∗(M +N)x = x∗Mx+ x∗Nx ⩾ x∗Mx− |x∗Nx| > (λmin (M)− ε)∥x∥2 > 0,

where the last inequality follows by the choice of ε and the fact that x ̸= 0. This concludes
the proof. ■

In the case where M < 0, Corollary 2.4.5 reads: ‘for every ε ∈ (0, λmin (−M)) one has
M +N < 0 if N ∈ Hn satisfies σ(N) ⊆ (−ε, ε)’.

2.4.1. Sign definite block matrices

In what follows, we would like to characterize the definiteness of a Hermitian block matrix
M ∈ Hn+m of the form

M =
[
M11 M12
M∗

12 M22

]
, (2.5)

where M11 ∈ Hn and M22 ∈ Hm. We will do this by giving a characterization in terms of the
definiteness of M11 and M22 and their respective Schur complements.

Theorem 2.4.7. Let M ∈ Hn+m be a Hermitian block matrix of the form (2.5). Then the
following three statements are equivalent:
(i) M ⩾ 0;
(ii) M11 ⩾ 0, M |M11 ⩾ 0 and kerM11 ⊆ kerM∗

12;
(iii) M22 ⩾ 0, M |M22 ⩾ 0 and kerM22 ⊆ kerM12.
Similarly, the following three statements are equivalent as well:
(I) M > 0;
(II) M11 > 0 and M |M11 > 0;
(III) M22 > 0 and M |M22 > 0. ◀

The key ingredient of the proof of this theorem is the decomposition in Proposition 2.2.1.
Notice that if kerM11 ⊆ kerM∗

12, then both conditions in Proposition 2.2.1 are met since
M∗

11 = M11. Thus (2.2) says that

M =
[

I 0
M∗

12M
†
11 I

][
M11 0
0 M |M11

][
I M †

11M12
0 I

]
.
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By Remark 2.1.3, we have [
I M †

11M12
0 I

]∗
=
[

I 0
M∗

12M
†
11 I

]
,

and as these matrices clearly have full rank, it follows from Lemma 2.4.2 that M ⩾ 0 if and
only if diag(M11,M |M11) ⩾ 0. By similar reasoning, one can show that if kerM22 ⊆ kerM12,
then M ⩾ 0 if and only if diag(M |M22,M22) ⩾ 0. We now use these facts in the proof.

Proof (of Theorem 2.4.7). We only prove that (i) and (ii) are equivalent, as the equivalence
of (i) and (iii) is proven similarly. The proof of the equivalence of (I), (II) and (III) is
analogous (and slightly less involved), so we omit it.

(i) ⇒ (ii). Since M ⩾ 0, there exists an N ∈ K(n+m)×(n+m) such that M = N∗N , cf.
Corollary 2.4.3. Partition this matrix N as

N =
[
N1 N2

]
, N1 ∈ K(n+m)×n, N2 ∈ K(n+m)×m.

Then
M =

[
N∗

1
N∗

2

][
N1 N2

]
=
[
N∗

1N1 N∗
1N2

N∗
2N1 N∗

2N2

]
. (2.6)

By comparing blocks in (2.5) and (2.6), we find that M11 = N∗
1N1 and M∗

12 = N∗
2N1. From

Corollary 2.4.3 we thus get M11 ⩾ 0 and kerM11 = kerN1. Since kerN1 ⊆ kerN∗
2N1, it

is thus clear that kerM11 ⊆ kerM∗
12. Hence, as we discussed before, Proposition 2.2.1 and

Lemma 2.4.2 imply that diag(M11,M |M11) ⩾ 0 because M ⩾ 0. Let x ∈ Km. Then[
0
x

]∗[
M11 0
0 M |M11

][
0
x

]
= x∗(M |M11)x ⩾ 0,

which proves that M |M11 ⩾ 0. Therefore we are done with this implication.
(ii) ⇒ (i). Since kerM11 ⊆ kerM∗

12, we have M ⩾ 0 if diag(M11,M |M11) ⩾ 0. Let x ∈ Kn

and y ∈ Km. Then[
x
y

]∗[
M11 0
0 M |M11

][
x
y

]
= x∗M11x+ y∗(M |M11)y ⩾ 0,

where the last inequality holds since both M11 and M |M11 are positive semidefinite by as-
sumption. This means M ⩾ 0, as claimed. ■

Theorem 2.4.7 will often come back throughout this thesis as it provides a powerful tool
to work with linear matrix inequalities, which we introduce in Section 3. We conclude this
section with a matrix decomposition for block matrices of the form (2.5) which are also positive
semidefinite.

Corollary 2.4.8. Let M be a Hermitian block matrix of the form (2.5). Assume that M ⩾ 0
and that r := rankM11 > 0. Then there exist U ∈ Kn×r, V ∈ Km×r and W ∈ Km×(n+m−r)

such that rankU = r and

M =
[
U 0
V W

][
U 0
V W

]∗
. ◀

Proof. Using Corollary 2.4.3, write M11 = UU∗ with U ∈ Kn×r and rankU = r. Since
kerU∗ = kerM11 ⊆ kerM∗

12 by Corollary 2.4.3.(i) and Theorem 2.4.7, it follows that there
exists a V ∈ Km×r such that M∗

12 = V U∗, i.e. M12 = UV ∗, cf. Lemma 2.1.4. Because

10
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M |M11 ⩾ 0 due to Theorem 2.4.7, there exists a W1 ∈ Km×m such that W1W
∗
1 = M |M11 (cf.

Corollary 2.4.3.(ii)). To obtain a W of the right size, pick W =
[
W1 0

]
with 0 ∈ Km×(n−r).

Then WW ∗ = W1W
∗
1 , i.e.

WW ∗ = M22 −M∗
12M

†
11M12 = M22 − V U∗U †∗U †UV ∗ = M22 − V V ∗,

where we have used that U has full column rank. Hence M22 = V V ∗ +WW ∗. We conclude
that

M =
[
UU∗ UV ∗

V U∗ V V ∗ +WW ∗

]
=
[
U 0
V W

][
U 0
V W

]∗
as desired. ■

Note that the decomposition in Corollary 2.4.8 in some sense resembles the Cholesky
decomposition since we write M = LL∗, where L is a block lower triangular matrix.

2.5. Lp and Hardy spaces
In this subsection we rigorously define the R-vector space L2(R+,Rn). We also introduce
the Hardy space H∞. The reader is free to skip most of the details in the first part of this
subsection, as it will not hinder their understanding from here on out too much.

Let (Ω,Σ, µ) be a measure space and let V be a K-vector space with norm ∥ · ∥. Given a
p ∈ [1,∞), the set Lp(Ω,V) is defined as the set of all measurable2 maps f : Ω → V such that

∥f∥p :=
(∫

Ω
∥f(ω)∥p dµ(ω)

) 1
p

< ∞.

Notice that the map f 7→ ∥f∥p only defines a semi-norm on Lp(Ω,V), since every f that is
zero µ-almost everywhere will have norm zero. To extend ∥ · ∥p to a full norm, we will identify
functions that differ only on a set of µ-measure zero. To this end, let

N := {f ∈ Lp(Ω,V) : ∥f∥p = 0}. (2.7)

In the quotient space Lp(Ω,V)/N , the map [f ] 7→ ∥f∥p defines a norm since it inherits the
properties of the semi-norm ∥ · ∥p and now indeed only maps the zero vector to zero. Here,
we have denoted the equivalence class of an f ∈ Lp(Ω,V) by [f ]. We thus define Lp(Ω,V) as
follows.

Definition 2.5.1. For any p ∈ [1,∞), the normed K-vector space Lp(Ω,V) is defined as the
quotient space Lp(Ω,V)/N (where N is as in (2.7)) equipped with the maps

[f ] + [g] = [f + g], c[f ] = [cf ], ∥[f ]∥p = ∥f∥p. ◁

We will call the norm on Lp(Ω,V) induced by the semi-norm ∥ · ∥p the Lp-norm. From this
point onward, Lp(Ω,V) is treated as if it is simply Lp(Ω,V), with the difference that the
Lp-norm is an actual norm, not just a semi-norm. That is, we treat an equivalence class
[f ] ∈ Lp(Ω,V) as if it is simply its representative f ∈ Lp(Ω,V). We conclude by remarking
that in the case V = Rn, the norm we choose on V is the p-norm ∥ · ∥p, i.e.,

∥x∥p :=
(

n∑
i=1

|xi|p
) 1

p

2The σ-algebra on V is the one generated by the topology derived from the norm on V.
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where xi, i ∈ {1, . . . , n} are the entries of x. In this case p = 2, this is simply the Euclidean
norm. Moreover, if Ω ⊆ R, the measure space structure on Ω is simply derived from the
Lebesgue measure.

To introduce the Hardy space H∞, we first need to introduce (or recall) some terminology
surrounding matrix-valued maps. Let U ⊆ C− be open, and let G : U → Cm×n be a matrix-
valued function. We say that G is analytic if all of its entries are analytic functions from U
to C. If each entry of G is a rational function, say

[G(s)]ij =
pi(s)
qj(s)

, i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}, (2.8)

with pi, qj : C → C polynomials, we say that G is rational. The map G is called real rational
if it is rational and all of its entries are ratios of polynomials with real coefficients. In this
case, s ∈ C is called a pole of G if it is a pole of one of its entries. If all poles of G are in C−,
then G is said to be stable. A rational G is called proper if the degree of pi is at most the
degree of qj for all i, j, and strictly proper if the degree of qj is strictly larger than the degree
of pi for all i, j, cf. (2.8). With this terminology, we are able to define the spaces H∞ and
RH∞. The following definition is adapted from [1, Section 4.2].

Definition 2.5.2. The normed C-vector space H∞ is defined as the set of all matrix-valued
maps that are analytic and bounded in the right-half open complex plane C+, equipped with
the so-called H∞-norm

∥G∥∞ := sup
s∈C+

∥G(s)∥,

where ∥ · ∥ denotes the operator norm. The subspace of H∞ consisting of all real rational
stable proper functions is denoted RH∞. ◁

Despite the fact that H∞ and RH∞ consist of matrix-valued maps, the notation used for
them makes no mention of the size of these matrices. The size of the matrices involved will
therefore always be rather implicit. It is a well-known result that for a given G ∈ H∞,

∥G∥∞ = sup
ω∈R

∥G(iω)∥,

see for instance [7, p. 155]. From now on, this is the expression we will use for the H∞-norm.
Note that this equality can be seen as a generalization of the maximum modulus principle.
For a more precise and complete treatment of Hardy spaces, we refer the reader to [8, Section
2.5] and [7].

2.6. Linear time-invariant systems
As mentioned in Section 1, we restrict our attention to linear time-invariant (LTI) systems.
In this section we introduce these systems. Let m,n, p ∈ Z+ and let

A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n, D ∈ Rp×m.

An LTI system Σ is a system of linear differential equations of the form

Σ :
{
ẋ(t) = Ax(t) +Bu(t),
y(t) = Cx(t) +Du(t),

x(0) = x0, (2.9)

where t ∈ R+. The functions u : R+ → Rm, x : R+ → Rn and y : R+ → Rp are called the
input, state and output respectively. To the system Σ we can associate the set B of triples of
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functions (u, x, y) that satisfy (2.9) for all t ∈ R+ and some initial state x0 ∈ Rn.3 The set B
is called the behavior of Σ, and its elements are called (input-state-output) trajectories. It is
easily verified that B is a subspace of the R-vector space of all maps R+ → Rm × Rn × Rp.
Moreover, if (u, x, y) ∈ B, then (στu, στx, στy) ∈ B for all τ ∈ R+. In this sense, the behavior
of a linear time-invariant system is both linear and time-invariant.

As the matrix quadruplet (A,B,C,D) completely determines an LTI system, we denote
an LTI system Σ with matrices (A,B,C,D) by Σ(A,B,C,D) if useful for further clarification.
Whenever we have a collection of LTI systems {Σi : i ∈ I} for some indexing set I, we will
add subscripts to the inputs, states, outputs, and their respective dimensions to indicate to
which system they belong. For instance, the state of system i will be denoted xi, and this
state takes values in Rni . Similarly, subscripts are added to the system matrices.

It is well known that for a given (u, x, y) ∈ B such that x(0) = x0, the unique state
satisfying (2.9) for all t ∈ R+ is given by

x(t) = eAtx0 +
∫ t

0
eA(t−τ)Bu(τ) dτ.

Hence a direct substitution of this expression into (2.9) yields

y(t) = CeAtx0 +
∫ t

0
CeA(t−τ)Bu(τ) dτ +Du(t). (2.10)

2.6.1. Input-output operators, L2-gain and the H∞-norm

Although the behavior B of an LTI system is a subspace, the map that sends an input u to the
unique output function y as in (2.10) (for a given initial condition x0) need not be linear. To
see this, note that it follows from (2.10) that this map in general does not send the zero input
to the zero output. If we assume that x0 = 0 this map does become linear however. Under
some extra assumptions on the allowed inputs and the stability of the underlying system, this
map is also bounded.

Definition 2.6.1 (Input-output operator). Let Σ(A,B,C,D) be an LTI system where the
matrix A is stable. Then the map G : L2(R+,Rm) → L2(R+,Rp) defined by

G(u)(t) :=
∫ t

0
CeA(t−τ)Bu(τ) dτ +Du(t)

is called the input-output operator (of Σ(A,B,C,D)). ◁

Proposition 2.6.2. The input-output operator of an internally stable LTI system is a well-
defined linear map (in the sense that u ∈ L2(R+,Rm) implies G(u) ∈ L2(R+,Rp)). In
addition, it is bounded. ◀

Proof. Linearity is obvious, so we leave it to the reader to verify this. Showing that G is
bounded requires a bit more work. The interested reader may find a proof in Appendix P. ■

The previous result can be interpreted as follows: for internally stable LTI systems,
bounded inputs (in the sense that ∥u∥2 < ∞) lead to bounded outputs. For u ̸= 0 and
x0 = 0, the ratio ∥y∥2/∥u∥2 expresses the amount by which the L2-norm of u is scaled when
it is converted to the corresponding output y. The largest possible factor by which an input
with finite L2-norm can be scaled is known as the L2-gain of the system.

3This can be made slightly more general by allowing weak solutions to (2.9) (in the sense that we allow the
equalities in (2.9) to fail on a set of measure zero), but for the sake of simplicity we will require these equalities
to hold for all t ∈ R+.

13



2.6 Linear time-invariant systems

Definition 2.6.3 (L2-gain). If Σ is an internally stable LTI system, then its L2-gain is
defined as the operator norm of its input-output operator, i.e. it is the quantity

∥G∥ = sup
{
∥G(u)∥2
∥u∥2

: u ∈ L2(R+,Rm) \ {0}
}
. ◁

There is an analogue of the L2-gain for transfer matrices. Let Σ(A,B,C,D) be an inter-
nally LTI system and let G(s) = C(sI − A)−1B +D be its transfer matrix. Recall that G is
a real rational proper function. Moreover, since every pole of G is an eigenvalue of A, we see
that G is stable. In other words, G ∈ RH∞. This ensures the following notion is well-defined.

Definition 2.6.4 (H∞-norm). If Σ(A,B,C,D) is an internally stable LTI system with trans-
fer matrix G, then its H∞-norm is defined as ∥G∥∞. ◁

Although we will not prove this here, it can be shown that the L2-gain and H∞-norm of
an LTI system always coincide (see for instance [9, Theorem 5.4] for a full proof). This means
there is a certain duality between the input-output perspective (using transfer matrices) and
the state-space perspective (which uses LTI systems represented by the matrices A,B,C,D).
It is this duality that will allow us to formulate state-space versions of the small gain and
passivity theorems, as we only need to translate the assumptions made in the input-output
versions to the state-space case.

2.6.2. Dissipative LTI systems

Next, we discuss dissipativity. The theory in this sub-subsection was first conceptualized by
Jan C. Willems in two landmark papers on dissipative dynamical systems theory, see [10] and
[11]. Although the contents of these papers applies to more general types of dynamical sys-
tems, we only consider LTI systems as described in Subsection 2.6. We adapt most definitions
and results from [12, Chapter 3] and [13–15].

We start by defining the notion of a dissipative system.

Definition 2.6.5 (Dissipativity, [12, Definition 3.1.2]). Let Σ be an LTI system with behavior
B. A real-valued function s : Rm×Rp → R is called a supply rate. We say that Σ is dissipative
(with respect to a given supply rate s) if there exists a nonnegative function V : Rn → R+
such that for all (u, x, y) ∈ B and any t0, t1 ∈ R+ such that t0 ⩽ t1, we have

V (x(t0)) +
∫ t1

t0
s(u(t), y(t)) dt ⩾ V (x(t1)). (2.11)

In this case, the function V is called a storage function, and we refer to (2.11) as the dissipation
inequality. ◁

Intuitively, dissipative systems are systems which do not produce ‘energy’ by themselves.
Some examples of dissipative systems include electrical circuits, thermodynamic systems and
mechanical systems. We refer the reader to [13] for more explicit examples.

Remark 2.6.6. In some cases, the dissipation inequality (2.11) is equivalent to another in-
equality. Suppose that Σ is a dissipative LTI system with a differentiable storage function
V ,4 and assume that for all (u, x, y) ∈ B, the map t 7→ s(u(t), y(t)) is continuous. Let h > 0.
From (2.11) we then get, for any (u, x, y) ∈ B and t ∈ R+,

1
h
(V (x(t+ h))− V (x(t))) ⩽ 1

h

∫ t+h

t
s(u(t), y(t)) dt. (2.12)

4By this we mean that for all (u, x, y) ∈ B, the map t 7→ V (x(t)) should be differentiable.
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Since t 7→ s(u(t), y(t)) is continuous, there exists a c ∈ [t, t+ h] such that

1
h

∫ t+h

t
s(u(t), y(t)) dt = s(u(c), y(c)).

Now letting h → 0+ in (2.12) yields

d
dt(V (x(t))) ⩽ s(u(t), y(t)) (2.13)

for all t ∈ R+. By integrating both sides of (2.13) over a given interval [t0, t1] ⊆ R+ and
applying the fundamental theorem of calculus, we can recover (2.11). This means that (2.11)
and (2.13) are equivalent in this setting. By interpreting the storage function as a measure
of the ‘energy stored by Σ’, the inequality (2.13) gains a simple physical interpretation: the
rate at which Σ accumulates energy can never exceed the rate at which energy is supplied. ◁

Just as internally stable LTI systems admit quadratic Lyapunov functions (which we will
see in Subsubsection 3.1.1), we aim to show that dissipative LTI systems admit quadratic
storage functions (under certain assumptions). In what follows, we assume that our supply
rate is quadratic, which means it is of the form

s(u, y) =
[
y
u

]⊤[
Q S
S⊤ R

][
y
u

]
= y⊤Qy + y⊤Su+ u⊤S⊤y + u⊤Ru (2.14)

with Q ∈ Sp, S ∈ Rp×m and R ∈ Sm. We give a special name to systems which are dissipative
with respect to such supply rates.

Definition 2.6.7. Let Σ be an LTI system. If Σ is dissipative with respect to (2.14), then
we say that Σ is (Q,S,R)-dissipative. ◁

In the remainder of this thesis, we restrict our attention to supply rates of the form (2.14).
We will also assume throughout that the added requirements in Remark 2.6.6 are met, so
that we are free to use the differential dissipation inequality (2.13) rather than (2.11).

In the remainder of this section, our goal is to prove the following.

Theorem 2.6.8. Suppose that Σ is a controllable (Q,S,R)-dissipative LTI system and assume
that Q ⩽ 0. Then Σ has at least one storage function V that is a quadratic form, i.e.,
V (x) = x⊤Px for some positive semidefinite P ∈ Sn. ◀

To prove this theorem, we introduce a particular storage function and show it is quadratic.

Lemma 2.6.9 ([12, Theorem 3.1.11]). Let Σ be an LTI system with behavior B, and let s be
a supply rate. Then Σ is dissipative with respect to s if and only if

Va(x0) := sup
{
−
∫ T

0
s(u(t), y(t)) dt : T ⩾ 0, (u, x, y) ∈ B, x(0) = x0

}
(2.15)

is finite for all x0 ∈ Rn. In this case, the map Rn → R+ defined by x 7→ Va(x) is a storage
function. ◀

Proof. (⇒) If Σ is dissipative, there exists a storage function V : Rn → R+ satisfying (2.11).
Let T ⩾ 0. Then, by (2.11),

V (x(0)) +
∫ T

0
s(u(t), y(t)) dt ⩾ V (x(T ))
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for all (u, x, y) ∈ B. Since V is a nonnegative function, it follows from this inequality that

V (x(0)) ⩾ −
∫ T

0
s(u(t), y(t)) dt. (2.16)

Now fix any x0 ∈ Rn. In (2.16), take the supremum over all T ⩾ 0 and input-state-output
trajectories (u, x, y) ∈ B satisfying x(0) = x0. This then yields

V (x0) ⩾ sup
{
−
∫ T

0
s(u(t), y(t)) dt : T ⩾ 0, (u, x, y) ∈ B, x(0) = x0

}
= Va(x0),

proving that Va(x0) is finite for all x0 ∈ Rn, as desired.
(⇐) Assume that Va(x0) < ∞ for all x0 ∈ Rn. Notice that since the integral vanishes

for T = 0, it follows that Va(x) ⩾ 0 for all x ∈ Rn. Hence x 7→ Va(x) is a well-defined map
Rn → R+. Let (u, x, y) ∈ B, 0 ⩽ t0 ⩽ t1 and T ⩾ 0. Then

−
∫ T

0
s(σt1u(t), σt1y(t)) dt−

∫ t1

t0
s(u(t), y(t)) dt

= −
∫ T+t1

t1
s(u(t), y(t)) dt−

∫ t1

t0
s(u(t), y(t)) dt

= −
∫ T+t1

t0
s(u(t), y(t)) dt

= −
∫ T+t1−t0

0
s(σt0u(t), σt0y(t)) dt ⩽ Va(x(t0)),

where the last inequality holds because σt0x(0) = x(t0). Notice that (σt1u, σt1x, σt1y) is
simply an arbitrary trajectory starting in the state x(t1). It thus follows that

Va(x(t0)) +
∫ t1

t0
s(u(t), y(t)) dt ⩾ Va(x(t1)).

Hence Va is a storage function, meaning we have shown that Σ is dissipative. ■

If Σ is a dissipative LTI system, then the function Va : Rn → R+ described in Lemma 2.6.9
is called the available storage. The following lemma completes the proof of Theorem 2.6.8.

Lemma 2.6.10. If Σ is a controllable (Q,S,R)-dissipative LTI system with Q ⩽ 0, then the
available storage Va is a quadratic storage function. ◀

Proof. The proof of this result is rather technical. Our approach is based on the one in the
appendix of [14], [14, Proposition 2] and [15, Lemma 3]. We show that Va is derived from a
symmetric bilinear form on Rn. Throughout, s denotes the supply rate (2.14) and B is the
behavior of Σ.

Fix x0 ∈ Rn, and for any T ⩾ 0, let

V (x0, T ) := sup
{
−
∫ T

0
s(u(t), y(t)) dt : (u, x, y) ∈ B, x(0) = x0

}

Evidently we have
Va(x0) ⩾ V (x0, T ) (2.17)

for all T ⩾ 0. This means V (x0, T ) is well-defined due to the dissipativity of Σ. Note that

Va(x0) = sup {V (x0, T ) : T ⩾ 0}. (2.18)
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2 Preliminaries

Although this equality should make sense intuitively, a rigorous proof is provided in Ap-
pendix P. Let T ⩾ T ⩾ 0 and let (u, x, y) ∈ B be a trajectory such that x(0) = x0. Define
the truncated input u : R+ → Rm by

u(t) :=
{
u(t) if t ∈ [0, T ],
0 if t > T .

Let (u, x, y) ∈ B denote the corresponding trajectory satisfying x(0) = x0, and note that
(u(t), x(t), y(t)) = (u(t), x(t), y(t)) for all t ∈ [0, T ]. Hence

−
∫ T

0
s(u(t), y(t)) dt = −

∫ T

T
y(t)⊤Qy(t) dt−

∫ T

0
s(u(t), y(t)) dt,

and since Q ⩽ 0, this implies that

−
∫ T

0
s(u(t), y(t)) dt ⩾ −

∫ T

0
s(u(t), y(t)) dt,

i.e.
V (x0, T ) ⩾ V (x0, T ). (2.19)

This means T 7→ V (x0, T ) is increasing. Thus we see that

sup {V (x0, T ) : T ⩾ 0} = lim
T→∞

V (x0, T ),

i.e.
Va(x0) = V (x0,∞) := lim

T→∞
V (x0, T ) (2.20)

due to (2.18). Next, we aim to show that

Va(x1 + x2) + Va(x1 − x2) = 2(Va(x1) + Va(x2)) (2.21)

for all x1, x2 ∈ Rn, and that there exists a c > 0 such that

Va(x0) ⩽ c∥x0∥2 (2.22)

for all x0 ∈ Rn. Due to [14, Lemma 5], these conditions imply that Va is a quadratic form.
As claimed in [11, 14–16], the controllability of Σ and the quadratic nature of the supply rate
s imply that there exists a c > 0 for which (2.22) holds. We do not go into the details of the
proof of this here. It remains to verify (2.21). A straightforward computation shows that for
all u1, u2 ∈ Rm and y1, y2 ∈ Rp, one has

[
y1 + y2
u1 + u2

]⊤[
Q S
S⊤ R

][
y1 + y2
u1 + u2

]
+
[
y1 − y2
u1 − u2

]⊤[
Q S
S⊤ R

][
y1 − y2
u1 − u2

]

= 2

[y1
u1

]⊤[
Q S
S⊤ R

][
y1
u1

]
+
[
y2
u2

]⊤[
Q S
S⊤ R

][
y2
u2

],
that is,

s(u1 + u2, y1 + y2) + s(u1 − u2, y1 − y2) = 2(s(u1, y1) + s(u2, y2)). (2.23)

Now denote
J(x0, u) := −

∫ ∞

0
s(u(t), y(t)) dt,
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2.7 Interconnections of LTI systems

where (u, x, y) ∈ B and x(0) = x0. For i ∈ {1, 2}, let xi ∈ Rn and let ui be any input. It
then follows from (2.23) that

J(x1 + x2, u1 + u2) + J(x1 − x2, u1 − u2) = 2(J(x1, u1) + J(x2, u2)). (2.24)

Suppose for a contradiction that (2.21) does not hold, i.e., there is an ε ∈ R \ {0} such that

Va(x1 + x2) + Va(x1 − x2) + ε = 2(Va(x1) + Va(x2)).

First assume that ε > 0. Due to (2.20), we have

Va(x0) = sup {J(x0, u) : (u, x, y) ∈ B, x(0) = x0}.

Thus it follows that there exist inputs u1 and u2 such that

J(x1, u1) > Va(x1)−
ε

8 , J(x2, u2) > Va(x2)−
ε

8 .

Multiplying by 2, adding these two inequalities and using (2.24) yields

J(x1 + x2, u1 + u2) + J(x1 − x2, u1 − u2) > 2(Va(x1) + Va(x2))−
ε

2
= Va(x1 + x2) + Va(x1 − x2) +

ε

2
> Va(x1 + x2) + Va(x1 − x2),

which is a contradiction since Va(x0) ⩾ J(x0, u) for all x0 ∈ Rn and inputs u. The case ε < 0
is similar: it follows that there exist inputs u+, u− satisfying

J(x1 + x2, u+) > Va(x1 + x2) +
ε

2 , J(x1 − x2, u−) > Va(x1 − x2) +
ε

2 .

Adding these inequalities and using (2.24) results in

2
(
J

(
x1,

1
2(u+ + u−)

)
+ J

(
x2,

1
2(u+ − u−)

))
> Va(x1 + x2) + Va(x1 − x2) + ε

= 2(Va(x1) + Va(x2)),

which, as before, is a contradiction. Thus we conclude that ε = 0, i.e., (2.21) holds. Due to
this identity, we have Va(0) = 0, so Va(2x) = 4Va(x) for all x ∈ Rn. Now let

Φ(x1, x2) := Va(x1 + x2)− Va(x1 − x2).

By [14, Lemmata 3 and 5], it follows from (2.21) and (2.22) that Φ is a symmetric bilinear
form. Let e1, . . . , en denote the standard basis on Rn. Since Φ(x, x) = 4Va(x), it is easily
verified that the matrix P ∈ Sn defined by [P ]ij = 1

4Φ(ei, ej) satisfies Va(x) = x⊤Px. That
is, Va is a quadratic storage function. ■

2.7. Interconnections of LTI systems
We conclude Section 2 by considering various ways of interconnecting LTI systems.
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2 Preliminaries

2.7.1. Networked systems

Let N ∈ N and let Σ1, . . . ,ΣN be LTI systems, each with dynamics

Σi :
{
ẋi(t) = Aixi(t) +Biui(t),
yi(t) = Cixi(t) +Diui(t),

ui(t) ∈ Rmi , xi(t) ∈ Rni , yi(t) ∈ Rpi , (2.25)

for i ∈ {1, . . . , N}. To interconnect these systems, we let Mij ∈ Rmi×pj and relate the input
of Σi to the outputs of the systems Σ1, . . . ,ΣN via

ui(t) =
N∑
j=1

Mijyj(t). (2.26)

In Figure 2, we see an example of a closed-loop system that results from (2.26).

Figure 2: A block diagram of two systems Σ1, Σ2 subject to the coupling condition (2.26).

The dynamics of the closed-loop system that results from the condition (2.26) can be
written down in quite a simple way. First, define

m :=
N∑
i=1

mi, n :=
N∑
i=1

ni, p :=
N∑
i=1

pi.

Let Bi denote the behavior of system i, and for (ui, xi, yi) ∈ Bi, set

u(t) :=

u1(t)...
uN (t)

 ∈ Rm, x(t) :=

x1(t)...
xN (t)

 ∈ Rn, y(t) :=

 y1(t)...
yN (t)

 ∈ Rp. (2.27)

Using the system dynamics (2.25) of each LTI system and (2.26), we see that the dynamics
of the interconnected system take the form

ẋ(t) = Ax(t) +Bu(t),
y(t) = Cx(t) +Du(t),
u(t) = My(t),

x(0) = x0 ∈ Rn, (2.28)

where
A := diag(A1, . . . , AN ) ∈ Rn×n, B := diag(B1, . . . , BN ) ∈ Rn×m,

C := diag(C1, . . . , CN ) ∈ Rp×n, D := diag(D1, . . . , DN ) ∈ Rp×m,
(2.29)
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2.7 Interconnections of LTI systems

and M ∈ Rm×p is defined as

M :=

M11 · · · M1N
... . . . ...

MN1 · · · MNN

. (2.30)

Given a collection of LTI systems Σ1, . . . ,ΣN and a matrix M of the form (2.30), we will
refer to the ordered pair ((Σ1, . . . ,ΣN ),M) as a networked system. In the remainder of this
section, we discuss some properties of networked systems.

Although LTI systems have a unique state and output trajectory for any input and initial
condition, this need not be the case for networked systems.

Example 2.7.1. Let γ ∈ R \ {0} and consider the scalar LTI systems Σ1(1, 1, 1, γ) and
Σ2(1, 1, 1, 1/γ). Set

M =
[
0 1
1 0

]
and consider the networked system ((Σ1,Σ2),M). The dynamics of this system are, according
to (2.28), [

ẋ1(t)
ẋ2(t)

]
=
[
x1(t)
x2(t)

]
+
[
u1(t)
u2(t)

]
,[

y1(t)
y2(t)

]
=
[
x1(t)
x2(t)

]
+
[
γ 0
0 1/γ

][
u1(t)
u2(t)

]
,[

u1(t)
u2(t)

]
=
[
0 1
1 0

][
y1(t)
y2(t)

]
.

By the last equation, u1 = y2 and u2 = y1. By using the second equation twice, we hence
obtain

u1(t) = x2(t) +
1
γ
u2(t) = x2(t) +

1
γ
(x1(t) + γu1(t)) =

1
γ
x1(t) + x2(t) + u1(t),

and similarly for u2,

u2(t) = x1(t) + γu1(t) = x1(t) + γ

(
x2(t) +

1
γ
u2(t)

)
= x1(t) + γx2(t) + u2(t).

Notice that in both equations, we can simply cancel out the inputs. This means that for any
initial condition, there may be many input-state-output trajectories of the closed-loop system
Σ1 × Σ2. Moreover, since x1(t) + γx2(t) = 0 for all t ∈ R+, there are initial conditions for
which there is no state trajectory for the closed-loop system. ◁

We can derive a simple condition under which there does exist a unique closed-loop trajec-
tory for every initial condition. Let ((Σ1, . . . ,ΣN ),M) be a networked system. Substituting
the second equation in (2.28) into the third, we obtain

(I −DM)u(t) = MCx(t).

Hence we can solve for u uniquely if and only if I −DM is nonsingular. In this case,

ẋ(t) = (A+B(I −DM)−1MC)x(t), (2.31)

meaning we have a unique input-state-output trajectory of the system ((Σ1, . . . ,ΣN ),M) for
every initial state. This proves the following proposition.
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2 Preliminaries

Proposition 2.7.2. Let ((Σ1, . . . ,ΣN ),M) be a networked system. Then the following two
claims are equivalent:
(i) for every x0 ∈ Rn, there exists a unique input-state-output trajectory t 7→ (u(t), x(t), y(t))

satisfying (2.28) for all t ∈ R+;

(ii) the matrix I −DM is nonsingular. ◀

In light of Proposition 2.7.2 and (2.31), we introduce the following definitions.

Definition 2.7.3. A networked system ((Σ1, . . . ,ΣN ),M) is called well-posed if I − DM is
nonsingular. A well-posed networked system is called internally stable if A+B(I−DM)−1MC
is stable. ◁

2.7.2. Output feedback interconnections

An important particular case of a networked system is an output feedback interconnection.
This type of interconnection is obtained by equating the output of one LTI system with the
input of another. Let Σ1 and Σ2 be two LTI systems such that m1 = p2 and m2 = p1.
The output feedback interconnection of Σ1 and Σ2 is denoted Σ1 × Σ2 and is defined as the
networked system

Σ1 × Σ2 :=
(
(Σ1,Σ2),

[
0 I
I 0

])
.

This corresponds to setting u1 = y2 and u2 = y1, see Figure 3.

Figure 3: An output feedback interconnection of two LTI systems Σ1 and Σ2.

In this particular case, the well-posedness of Σ1 × Σ2 can be characterized as follows.

Lemma 2.7.4. Let Σ1(A1, B1, C1, D1) and Σ2(A2, B2, C2, D2) be LTI systems. Then their
output feedback interconnection is well-posed if and only if I − D1D2 is nonsingular. In
particular, Σ1 × Σ2 is well-posed if ∥D1D2∥ < 1. ◀

Proof. For this choice of M , we obtain

I −DM =
[

I −D1
−D2 I

]
.

By Lemma 2.2.3, it hence follows that

det(I −DM) = det(I −D1D2),
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2.7 Interconnections of LTI systems

so I −DM is nonsingular if and only if I −D1D2 is nonsingular. The final claim now follows
from the following fact: the matrix series

∞∑
k=0

(D1D2)k

converges if ∥D1D2∥ < 1, in which case5

∞∑
k=0

(D1D2)k = (I −D1D2)−1.

Thus I −D1D2 is nonsingular if ∥D1D2∥ < 1, which proves the lemma. ■

Remark 2.7.5. As an immediate consequence of Lemma 2.7.4, the output feedback inter-
connection of Σ1(A1, B1, C1, D1) and Σ2(A2, B2, C2, D2) is well-posed whenever D1 = 0 or
D2 = 0. ◁

When combined with Lemma 2.7.4, the following slightly more general lemma can also
come in useful when verifying well-posedness of a feedback interconnection.

Lemma 2.7.6. Let M ∈ Km×n and µ > 0. Then
(i) ∥M∥ ⩽ µ if and only if M∗M ⩽ µ2I;

(ii) ∥M∥ < µ if and only if M∗M < µ2I. ◀

Proof. We only prove (i), as the proof of (ii) is nearly identical. Since the operator norm
of a matrix is equal to its largest singular value, it follows that ∥M∥ ⩽ µ if and only if
λmax (M∗M) ⩽ µ2, that is, λ − µ2 ⩽ 0 for all λ ∈ σ(M∗M). This holds if and only if
M∗M − µ2I ⩽ 0, proving the result. ■

For output feedback-interconnections, we now write down an explicit expression for the
closed-loop system matrix in Definition 2.7.3, as we will need this expression in the proof of
the small gain theorem. Consider two LTI systems Σ1(A1, B1, C1, D1) and Σ2(A2, B2, C2, D2)
with m1 = p2 and m2 = p1 and their resulting output feedback interconnection. Assume that
this interconnection is well-posed. Upon inspection of the system dynamics (2.9), we find that

(I −D1D2)u2(t) = C1x1(t) +D1C2x2(t), (I −D2D1)u1(t) = C2x2(t) +D2C1x1(t).

By assumption I − D1D2 is nonsingular, and since I − D1D2 is nonsingular if and only if
I −D2D1 is nonsingular, it follows that the dynamics of the closed-loop system are[

ẋ1(t)
ẋ2(t)

]
= A×

[
x1(t)
x2(t)

]
,

where

A× :=
[
A1 0
0 A2

]
+
[
B1 0
0 B2

][
(I −D2D1)−1D2 (I −D2D1)−1

(I −D1D2)−1 (I −D1D2)−1D1

][
C1 0
0 C2

]

=
[
A1 +B1(I −D2D1)−1D2C1 B1(I −D2D1)−1C2

B2(I −D1D2)−1C1 A2 +B2(I −D1D2)−1D1C2

]
, (2.32)

which is a particular case of (2.31).
5This last equality is proven in [4, Proposition 9.4.13] under slightly more general assumptions, namely that
ρ(D1D2) < 1, where ρ( · ) denotes the spectral radius of a matrix.
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3. Theorems of alternatives

Having treated the preliminary definitions and results in Section 2, we proceed by
discussing theorems of alternatives. These will provide the key to the proofs we
discuss in Section 4.

3.1. Linear matrix inequalities
Before we can discuss the contents of this section, we must introduce some more notation.
We equip Hn with the standard Frobenius inner product, given by

⟨M,N⟩ := tr(MN). (3.1)

Given integers n1, . . . , nk ∈ N, we denote by H(n1, . . . , nk) the set of Hermitian block diagonal
matrices consisting of k blocks, each of size ni × ni. More formally,

H(n1, . . . , nk) := {diag(M1, . . . ,Mk) : Mi ∈ Hni for each i ∈ {1, . . . , k}}.

Note that H(n1, . . . , nk) ⊆ Hn1+···+nk , and that H(n1, . . . , nk) is a subspace of Hn1+···+nk .
Whenever n1, . . . , nk are not specified, they can be taken arbitrarily. In this case, we denote
H(n1, . . . , nk) as H. If we want to specify that the matrices under consideration are real, we
may also write S(n1, . . . , nk) or simply S. The inner product on H is derived from the one on
Hn1+···+nk , and is given by

⟨M,N⟩ = ⟨diag(M1, . . . ,Mk), diag(N1, . . . , Nk)⟩ =
k∑

i=1
⟨Mi, Ni⟩. (3.2)

The definition that follows is adapted from the introduction of [3].

Definition 3.1.1. Let V be a finite-dimensional K-inner product space and let A : V → H
be a linear map. A linear matrix inequality (LMI) is an expression of the form

A(x) +A0 ⩾ 0 (3.3)

for some A0 ∈ H and indeterminate x ∈ V. ◁

We say that an LMI is feasible if there exists an x0 ∈ V such that A(x0)+A0 ⩾ 0, and strictly
feasible if there exists an x0 ∈ V such that A(x0)+A0 > 0. We will see that for both of these
cases, there is a corresponding theorem of alternatives that provides an alternative to (strict)
infeasibility.

Many control objectives or system properties can be rephrased in terms of the feasibility
of an LMI [17]. We will see an example of such an LMI in the next sub-subsection, as well
as in Subsection 4.1 and Subsection 5.1. There are also efficient algorithms that are able to
find solutions to LMIs, as LMIs are a particular example of a convex optimization problem
[17]. These algorithms are a relatively recent development, with the first algorithms being
developed in the late 1980s [17, Section 1.2]. We will not go into the particulars of these
algorithms in this thesis, but we invite the interested reader to look at [17, Sections 2.3 and
2.4] or [18].
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3.1 Linear matrix inequalities

3.1.1. An LMI characterization of internal stability

In this sub-subsection, we cover an LMI whose feasibility is related to the internal stability
of the underlying LTI system. The result that follows is accredited to Russian mathemati-
cian Aleksandr Mikhailovich Lyapunov, whose doctoral thesis revolutionized the study of the
stability of dynamical systems [17, 19].

Theorem 3.1.2 (Lyapunov stability theorem). Let Σ(A,B,C,D) be an LTI system. Then
the following are equivalent:
(i) Σ is internally stable;

(ii) A is stable;

(iii) there is a P ∈ Sn such that
A⊤P + PA < 0 (3.4)

and P > 0. ◀

Using Theorem 2.4.7, statement (iii) can be rewritten as ‘there exists a P ∈ Sn such that
diag(−A⊤P −PA,P ) > 0’. Statement (iii) is therefore a statement about the strict feasibility
of an LMI. Note that this LMI arises naturally when we search for quadratic Lyapunov
functions for the autonomous linear system ẋ(t) = Ax(t) with A ∈ Rn×n. Namely, we see
that the choice V (x) = x⊤Px with P > 0 leads to

d
dt(V (x(t))) = x(t)⊤(A⊤P + PA)x(t),

which is strictly negative whenever x(t) ̸= 0 if P satisfies (3.4). In this case, it thus follows
that V is a strict Lyapunov function.

Proof (of Theorem 3.1.2). The equivalence of (i) and (ii) is a well-known fact. We therefore
omit this part of the proof and only show that (ii) and (iii) are equivalent.

(ii) ⇒ (iii). Let Q < 0 and set

P := −
∫ ∞

0
eA

⊤tQeAt dt. (3.5)

This matrix is well-defined since σ(A) ⊆ C− and positive definite since Q is negative definite
and eAt is nonsingular for all t ∈ R+, cf. Lemma 2.4.2. Now

A⊤P + PA = −
∫ ∞

0
A⊤eA

⊤tQeAt dt+ eA
⊤tQeAtA dt

= −
∫ ∞

0

d
dt
(
eA

⊤tQeAt
)
dt

= −
[
eA

⊤tQeAt
]∞
0

= Q,

where in the last equality we used that eAt → 0 as t → ∞. Since Q < 0, we have hence shown
that (3.4) holds for some P > 0.

(iii) ⇒ (ii). Let (λ, x) be an eigenpair of A. Then

0 > x∗(A⊤P + PA)x = 2Re(λ)x∗Px,

where the first inequality is due to (3.4). Dividing both sides by 2x∗Px yields Re(λ) < 0,
which shows that σ(A) ⊆ C− as (λ, x) was arbitrary. ■
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In the proof of the Lyapunov stability theorem, it is clear that one implication follows
much more readily than the other, as the implication from (ii) to (iii) requires us to ex-
plicitly construct a P satisfying (3.6). To circumvent this difficulty, one could try to use a
contraposition argument; we assume there is no such P , and try to show that A cannot be
stable. Although it is not clear how to do this yet, we will soon encounter the titular theorems
of alternatives which facilitate such arguments.

The matrix equation A⊤P + PA = Q for some Q ∈ Sn with unknown P ∈ Sn we encoun-
tered in the proof of Theorem 3.1.2 is known as the Lyapunov equation. It will come up again
later on, so we now discuss some properties of this equation. The theorem we state next is a
more elaborate version of [20, Theorem 3.28].

Theorem 3.1.3. Let A ∈ Rn×n, and consider the Lyapunov equation

A⊤P + PA = Q (3.6)

where P,Q ∈ Sn. Then the following assertions are true:
(a) if (3.6) holds for some P > 0, Q ⩽ 0 and (Q,A) is observable, then A is stable;

(b) if A is stable, then:
(i) for every Q ∈ Sn, there is a unique P ∈ Sn such that (3.6) holds;
(ii) if P,Q ∈ Sn satisfy (3.6) and Q ⩽ 0, then P ⩾ 0. In particular, P > 0 if and only

if (Q,A) is observable. ◀

Proof. A proof can be found in Appendix P. ■

While the Lyapunov equation (3.6) can thus be used to infer the stability of a real square
matrix A, it can also say something about the number of stable or unstable eigenvalues of A.

Proposition 3.1.4. Let A ∈ Rn×n, and consider the dual Lyapunov equation6

PA⊤ +AP = Q, (3.7)

with P,Q ∈ Sn. Assume that r := rankP > 0. Then A has at least r eigenvalues with
(i) nonpositive real part if Q ⩽ 0;

(ii) zero real part if Q = 0;

(iii) nonnegative real part if Q ⩾ 0.

Proof. The proof has been moved to Appendix P to keep this section more concise. ■

Note that we may as well have considered the standard Lyapunov equation in Proposi-
tion 3.1.4 since A and A⊤ have the same eigenvalues. We chose the dual Lyapunov equation
since we will encounter it momentarily.

3.2. The first theorem of alternatives
We proceed by discussing the first theorem of alternatives. In what follows, V is a finite-
dimensional K-inner product space, and A : V → H is a linear map whose adjoint we denote
by A∗. The first theorem of alternatives provides an alternative to the strict feasibility of the
LMI A(x) +A0 ⩾ 0.

6This is equation is the dual of (3.6) in the sense that (3.7) is the Lyapunov equation for A⊤.
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3.2 The first theorem of alternatives

Theorem 3.2.1 (First theorem of alternatives [3, Theorem 1]). Let A0 ∈ H. Then exactly
one of the following statements is true:

(i) the LMI (3.3) is strictly feasible;

(ii) there is a Z ⪈ 0 such that A∗(Z) = 0 and ⟨A0, Z⟩ ⩽ 0. ◀

In order to prove Theorem 3.2.1, we need the following result. Its proof can be found in
Appendix P.

Lemma 3.2.2. Let M,N ∈ Hn. If M and N are both positive semidefinite, then ⟨M,N⟩ ⩾ 0.
In particular, ⟨M,N⟩ > 0 if M and N are nonzero and either M > 0 or N > 0. ◀

Note that in the scalar case (i.e. M,N ∈ K), this is saying that MN ⩾ 0 if M,N ⩾ 0 and
MN > 0 if M,N > 0. In the matrix case things are slightly more involved since a nonzero
positive semidefinite matrix is not necessarily positive definite.

Proof (of Theorem 3.2.1). The proof we show here is adapted from [3, Appendix A.1]. First,
suppose for a contradiction that both statements are true. Then there exist an x0 ∈ V such
that A(x0) +A0 > 0 and a Z ∈ H such that Z ⪈ 0, A∗(Z) = 0 and ⟨A0, Z⟩ ⩽ 0. Thus

0 < ⟨A(x0) +A0, Z⟩ = ⟨x0,A∗(Z)⟩+ ⟨A0, Z⟩ ⩽ 0,

where the first inequality is due to Lemma 3.2.2. This is a contradiction, meaning at most
one of the two statements can hold. It remains to show that if one is false, then the other is
true (or vice versa). Let

C := {A ∈ H : A(x) +A > 0 for some x ∈ V}.

Note that C is nonempty, since every positive definite A ∈ H satisfies A = A(0) +A > 0. In
addition, C is convex. Now assume that (i) is false. Then A0 /∈ C . Hence we can apply the
hyperplane separation theorem7 which states that there exists a nonzero Z ∈ H such that

⟨A0, Z⟩ ⩽ ⟨A,Z⟩

for all A ∈ C .8 Notice that A ∈ C if and only if A = −A(x) +B for some x ∈ V and B > 0.
This means that

⟨A0, Z⟩ ⩽ −⟨x,A∗(Z)⟩+ ⟨B,Z⟩ (3.8)

for every x ∈ V and positive definite B ∈ H. Suppose for a contradiction that Z is not positive
semidefinite or thatA∗(Z) ̸= 0. In the first case, the second term in (3.8) is unbounded below,
which leads to a contradiction. Similarly, if A∗(Z) ̸= 0, the first term is unbounded below,
also leading to a contradiction; the details can be found in Appendix P. Thus Z ⪈ 0 and
A∗(Z) = 0. This means that (3.8) reduces to ⟨A0, Z⟩ ⩽ ⟨B,Z⟩ for all B > 0. In particular
choosing B = tI for t > 0 yields ⟨A0, Z⟩ ⩽ t⟨I, Z⟩, so that in the limit as t → 0+ we obtain
⟨A0, Z⟩ ⩽ 0. This concludes the proof. ■

7See for instance [21, Theorem 11.3]. The theorem cited here only proves the result for convex subsets of Rn,
but the proof can be adapted to also work for convex subsets of arbitrary finite-dimensional K-inner product
spaces.

8The authors of [3] claim that strict separation is possible in this case, despite the set C being open. This is
false in general: consider (0, 1) ⊆ R and the point 1. The first set is clearly nonempty, convex and open, but
we cannot separate (0, 1) and 1 by a hyperplane (in this case a point) that intersects neither (0, 1) nor 1.
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3 Theorems of alternatives

We remark that Theorem 3.2.1 remains true if K = R, in which case H is a set of block
diagonal real symmetric matrices. This is also true for the third theorem of alternatives which
we discuss later on.

To demonstrate the utility of Theorem 3.2.1, we use it to provide an alternative proof of
the fact that (ii) implies (iii) in Theorem 3.1.2 (the Lyapunov stability theorem). This proof
is adapted from [3, Proposition 2].

Proof (of Theorem 3.1.2, (ii) ⇒ (iii)). Let A : Sn → S(n, n) be the map

P 7→ diag(−A⊤P − PA,P ).

Arguing by contraposition, suppose that there is no P > 0 satisfying (3.4). Then there is
no P ∈ Sn such that A(P ) > 0. By the first theorem of alternatives, we then obtain an
alternative. Namely, there exists a Z = diag(Z1, Z2) ⪈ 0 such that Z1A

⊤ + AZ1 − Z2 = 0.
Note that the second condition is derived from A∗(Z) = 0, and that the computation of the
adjoint of A can be found in Appendix C (specifically, see (C.2)). Clearly Z1 ̸= 0, since
otherwise Z2 = 0, contradicting the fact that Z ̸= 0. Let r = rankZ1 > 0. By Theorem 2.4.7,
it follows that Z2 ⩾ 0. Since Z1A

⊤ +AZ1 = Z2, we thus see that A has at least r eigenvalues
with nonnegative real part (cf. Proposition 3.1.4) which shows that A is not stable. ■

This proof avoids having to construct a solution to the LMI (3.4) explicitly. Instead, we in
some sense construct a nonnegative eigenvalue of A.

3.3. The third theorem of alternatives
There is also a theorem of alternatives for feasibility.

Theorem 3.3.1 (Third theorem of alternatives, [3, Theorem 3]). Let A0 ∈ H. Then at most
one of the following is true:
(i) the LMI (3.3) is feasible;

(ii) there exists a Z ∈ H such that Z ⩾ 0, A∗(Z) = 0 and ⟨A0, Z⟩ < 0.
Moreover, if A0 ∈ imA or there is no x ∈ V such that A(x) ⪈ 0, then exactly one of (i), (ii)
is true. ◀

Proof. We refer the reader to the appendix of [3] for a proof. ■

Remark 3.3.2. The statements (i), (ii) in Theorem 3.3.1 are what is known as ‘weak alter-
natives’: the validity of (i) says something about the validity of (ii) and vice versa, but both
statements could still be false in general. On the contrary, the statements in Theorem 3.2.1
are ‘strong alternatives’, as at least one of the two statements is always true. Theorem 3.3.1
also provides conditions under which the weak alternatives become strong alternatives. ◁

We encounter both Theorem 3.2.1 and Theorem 3.3.1 in the proof of the state-space
formulation of the small gain theorem.
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4. The small gain theorem

In this section we build up to our main result, the state-space version of the small-gain theo-
rem (Theorem 4.3.1). Before stating and proving the small gain theorem, we characterize
the property of having bounded L2-gain using an LMI. We then state the input-output

formulation of the small gain theorem as in [1], and provide a more extensive proof of it in
Appendix P.

4.1. The bounded real lemma
The first result of this section is thus the following.

Theorem 4.1.1 (Bounded real lemma). Let γ > 0 and let Σ(A,B,C,D) be an internally
stable LTI system. Then the following are equivalent:
(i) the input-output operator G of Σ satisfies ∥G∥ < γ;

(ii) the LMI [
A⊤P + PA PB

B⊤P 0

]
+
[
C⊤C C⊤D
D⊤C D⊤D − γ2I

]
< 0 (4.1)

has a solution P ∈ Sn. ◀

This theorem is usually referred to as the bounded real lemma. This is for the following reason:
let Σ(A,B,C,D) be an LTI system with transfer matrix G(s) = C(sI − A)−1B + D. For
a given γ > 0, we have ∥G∥ = ∥G∥∞ < γ if and only if there exists ε ∈ (0, γ) such that
∥G(iω)∥ ⩽ γ − ε for all ω ∈ R. By Lemma 2.7.6, this last condition is equivalent to the
so-called bounded real condition G(iω)∗G(iω) ⩽ (γ − ε)2I for all ω ∈ R , see also [17, Section
2.7.3] and [22, Lemma 4].

Proof (of Theorem 4.1.1). (i) ⇒ (ii). As this direction is rather involved and relies on theory
we do not cover in this thesis, we refer the reader to [1] for a proof. Statement (ii) in particular
follows from [1, Corollary 12.3.(vii)] using the equality between the L2-gain and H∞-norm
and a Schur complement argument.

(ii) ⇒ (i). Suppose that P ∈ Sn is a solution to (4.1). Looking at the (1, 1)-block of this
LMI, we see that A⊤P+PA < 0 by Theorem 2.4.7. This implies that P > 0 by Theorem 3.1.3.
To show that the operator norm of G is less than γ, we will show there is an ε > 0 such that

∥G(u)∥2
∥u∥2

⩽
√
γ2 − ε2

for any nonzero u ∈ L2(R+,Rm). To this end, let u ∈ L2(R+,Rm) be any nonzero input.
Fix the initial state x(0) = 0 and let y = G(u) be the corresponding output. Then (u, x, y) is
an input-state-output trajectory of Σ. For any t ∈ R+, it follows from the system dynamics
(2.9) that

d
dt
(
x(t)⊤Px(t)

)
= ẋ(t)⊤Px(t) + x(t)⊤Pẋ(t) =

[
x(t)
u(t)

]⊤[
A⊤P + PA PB

B⊤P 0

][
x(t)
u(t)

]
. (4.2)

Moreover,

∥y(t)∥2 = (Cx(t) +Du(t))⊤(Cx(t) +Du(t)) =
[
x(t)
u(t)

]⊤([
C⊤C C⊤D
D⊤C D⊤D

])[
x(t)
u(t)

]
(4.3)
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4 The small gain theorem

and

γ2∥u(t)∥2 =
[
x(t)
u(t)

]⊤[
0 0
0 γ2I

][
x(t)
u(t)

]
. (4.4)

Therefore

d
dt
(
x(t)⊤Px(t)

)
+ ∥y(t)∥2 − γ2∥u(t)∥2

=
[
x(t)
u(t)

]⊤([
A⊤P + PA PB

B⊤P 0

]
+
[
C⊤C C⊤D
D⊤C D⊤D − γ2I

])[
x(t)
u(t)

]
. (4.5)

For convenience, let M denote the matrix in (4.1). Then M < 0 by assumption. Choose any
positive ε satisfying ε < min {γ, λmin (−M)}. Then[

A⊤P + PA PB
B⊤P 0

]
+
[
C⊤C C⊤D
D⊤C D⊤D − (γ2 − ε2)I

]
< 0

(cf. Corollary 2.4.5) and γ2 − ε2 > 0. This implies that

d
dt
(
x(t)⊤Px(t)

)
+ ∥y(t)∥2 − (γ2 − ε2)∥u(t)∥2

=
[
x(t)
u(t)

]⊤([
A⊤P + PA PB

B⊤P 0

]
+
[
C⊤C C⊤D
D⊤C D⊤D − (γ2 − ε2)I

])[
x(t)
u(t)

]
⩽ 0,

so that we obtain
d
dt
(
x(t)⊤Px(t)

)
⩽ (γ2 − ε2)∥u(t)∥2 − ∥y(t)∥2 (4.6)

for every t ∈ R+. Let T ∈ R+ be arbitrary. Integrating both sides of (4.6) from 0 to T yields

x(T )⊤Px(T ) ⩽ (γ2 − ε2)
∫ T

0
∥u(t)∥2 dt−

∫ T

0
∥y(t)∥2 dt,

where we have used that x(0) = 0. Since P > 0, we have x(T )⊤Px(T ) ⩾ 0. Thus we conclude
that ∫ T

0
∥y(t)∥2 dt ⩽ (γ2 − ε2)

∫ T

0
∥u(t)∥2 dt

for all T ∈ R+. Letting T → ∞ and taking square roots on both sides, we hence obtain
∥y∥2 = ∥G(u)∥2 ⩽

√
γ2 − ε2∥u∥2. As u is nonzero but otherwise arbitrary, it follows that√

γ2 − ε2 is an upper bound for the set{
∥G(u)∥2
∥u∥2

: u ∈ L2(R+,Rm) \ {0}
}
,

which implies that ∥G∥ ⩽
√
γ2 − ε2 < γ as desired. ■

The following observation will also be useful in the proof of the small gain theorem.

Lemma 4.1.2. Let γ > 0. Suppose that Σ(A,B,C,D) is internally stable and that the LMI
(4.1) is feasible, i.e., there exists a P ∈ Sn such that[

A⊤P + PA PB
B⊤P 0

]
+
[
C⊤C C⊤D
D⊤C D⊤D − γ2I

]
⩽ 0. (4.7)

Then ∥G∥ ⩽ γ. ◀
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4.2 An input-output formulation

Proof. Let u ∈ L2(R+,Rm) and y := G(u). Consider the unique trajectory (u, x, y) satisfying
x(0) = 0 and suppose that P ∈ Sn satisfies (4.7). Using (4.2), (4.3) and (4.4), it then follows
that

d
dt
(
x(t)⊤Px(t)

)
⩽ γ2∥u(t)∥2 − ∥y(t)∥2.

Since P ⩾ 0, the same argument that follows (4.6) in the proof of Theorem 4.1.1 shows that
∥G(u)∥2 = ∥y∥2 ⩽ γ∥u∥2. Thus ∥G∥ ⩽ γ since u was arbitrary. ■

Besides relating the L2-gain of the system to the (strict) feasibility of the LMI (4.1), we
can also relate the L2-gain to dissipativity. Let γ > 0, and let Σ(A,B,C,D) be a control-
lable, (−I, 0, γ2I)-dissipative LTI system. By Theorem 2.6.8, there exists a quadratic storage
function V (x) = x⊤Px with P = P⊤ ⩾ 0. From (2.13), we have

d
dt(V (x(t))) ⩽

[
y(t)
u(t)

]⊤[
−I 0
0 γ2I

][
y(t)
u(t)

]
(4.8)

for all input-state-output trajectories (u, x, y) of Σ. Note that (4.8) says that

d
dt(V (x(t))) ⩽ γ2∥u(t)∥2 − ∥y(t)∥2.

If we assume that x(0) = 0, we can use a similar approach as in the proof of Theorem 4.1.1 to
show that ∥G∥ ⩽ γ. Thus (−I, 0, γ2I)-dissipativity also implies that the L2-gain of a system
is at most γ.

Having discussed Theorem 4.1.1 and Lemma 4.1.2, we are in a position to introduce the
small gain theorem. We first discuss the input-output formulation from [1], and then move
on to our state-space formulation.

4.2. An input-output formulation
In order to properly formulate [1, Theorem 8.1], we first need to recall the following definition.

Definition 4.2.1 (Realization). Let G ∈ H∞. A realization (of G) is a quadruplet of real
matrices (A,B,C,D) such that G is the transfer matrix of the LTI system Σ(A,B,C,D).
That is, G(s) = C(sI −A)−1B +D. ◁

We identify a realization (A,B,C,D) with the corresponding LTI system Σ(A,B,C,D), and
refer to the system Σ as a realization of G as well. Note that it can be shown that if G is real
rational and proper, then it admits a realization, see [23, Theorem 8.5]. This in particular
holds if G ∈ RH∞. Moreover, this realization can be chosen to be minimal, i.e., we can
always find a realization (A,B,C,D) such that (A,B) is controllable and (C,A) is observable
[23, Section 8.4].

Using this terminology, the small gain theorem states the following.

Theorem 4.2.2. Let G1 ∈ RH∞ and let γ > 0. Then the following are equivalent:
(a) if G2 ∈ RH∞ satisfies ∥G2∥∞ ⩽ γ and Σ1,Σ2 are realizations of G1, G2 respectively,

the interconnection Σ1 × Σ2 is (i) well-posed and (ii) internally stable;

(b) ∥G1∥∞ < 1/γ. ◀

Proof. A proof can be found in [1, pp. 138-139]. We also provide a more extensive proof of
the fact that (a) implies (b) in Appendix P. The reader may wish to compare this proof with
the proof we provide in Subsection 4.3 of the state-space formulation. ■
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4 The small gain theorem

As also stated in [1], Theorem 4.2.2 still holds if the inequality in (a) is strict and the one
in (b) is nonstrict. We use this equivalent formulation in our state-space formulation. Observe
also that the realizations of G1, G2 are arbitrary. Hence we may as well assume them to be
minimal. It turns out that it is enough to assume controllability of Σ1.

4.3. A state-space formulation
Having covered Theorem 4.2.2, we are in a position to treat our main result.

Theorem 4.3.1 (Small gain theorem). Let Σ1(A1, B1, C1, D1) be an LTI system. Assume
that Σ1 is internally stable and that (A1, B1) is controllable. Let γ > 0. Then the following
two statements are equivalent:
(a) for any internally stable system Σ2(A2, B2, C2, D2) with ∥G2∥ < γ, the output feedback

interconnection Σ1 × Σ2 is (i) well-posed and (ii) internally stable;
(b) ∥G1∥ ⩽ 1/γ. ◀

The proof that (b) implies (a) in Theorem 4.3.1 is relatively straightforward, as we just
need to take an arbitrary system Σ2 satisfying the conditions posed in (a) and check (a).(i)
and (a).(ii). The argument from (a) to (b) is not immediately clear however, as we only have
information about the interconnection of Σ1 with certain other systems Σ2. As also done in
[1], we will therefore argue by contraposition: we assume that ∥G1∥ > 1/γ and attempt to
show that there is a particular internally stable system Σ2 such that ∥G2∥ < γ, yet Σ1 × Σ2
is either not internally stable or not well-posed. To this end, we use Lemma 4.1.2 as it tells
us that ∥G1∥ > 1/γ implies that the LMI (4.7) is not feasible. By Theorem 3.3.1 we can
thus obtain an alternative. Our goal will then be to construct a system Σ2 based on this
alternative.

4.3.1. A proof of sufficiency

Before we do this, let us start by proving the more straightforward part of Theorem 4.3.1,
namely that (b) is sufficient for (a).

Proof (of Theorem 4.3.1, (b) ⇒ (a)). Assume that ∥G1∥ ⩽ 1/γ. And let Σ2(A2, B2, C2, D2)
be any internally stable system such that ∥G2∥ < γ. Fix any slightly smaller value γ ∈ (0, γ)
such that ∥G2∥ < γ. Then ∥G1∥ < 1/γ as well. By the bounded real lemma (Theorem 4.1.1),
there exists a P2 ∈ Sn such that[

A⊤
2 P2 + PA2 P2B2
B⊤

2 P2 0

]
+
[
C⊤
2 C2 C⊤

2 D2
D⊤

2 C2 D⊤
2 D2 − γ2I

]
< 0. (4.9)

Since Σ2 is internally stable, the matrix A2 is stable. Hence P2 > 0, see Theorem 3.1.3. To
show well-posedness, note that it follows from (4.9) that D⊤

2 D2 − γ2I < 0 by Theorem 2.4.7.
Applying similar reasoning to Σ1, using that ∥G1∥ < 1/γ and invoking the bounded real
lemma, we see that

D⊤
1 D1 −

1
γ2

I < 0, D⊤
2 D2 − γ2I < 0.

Hence it follows from Lemma 2.7.6 that ∥D1∥ < 1/γ and that ∥D2∥ < γ. Therefore we find
that ∥D1D2∥ ⩽ ∥D1∥∥D2∥ < 1, which proves that the interconnection Σ1 × Σ2 is well-posed,
see Lemma 2.7.4. To show that Σ1 × Σ2 is internally stable, consider the function

V (x1, x2) :=
[
x1
x2

]⊤[
γ2P1 0
0 P2

][
x1
x2

]
, (x1, x2) ∈ Rn1 × Rn2 , (4.10)
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4.3 A state-space formulation

where P1 > 0 is a solution to[
A⊤

1 P1 + PA1 P1B1
B⊤

1 P1 0

]
+
[
C⊤
1 C1 C⊤

1 D1
D⊤

1 C1 D⊤
1 D1 − 1

γ2 I

]
< 0. (4.11)

Clearly V (x1, x2) ⩾ 0 for all (x1, x2) ∈ Rn1 × Rn2 and V (x1, x2) = 0 if and only if (x1, x2) =
(0, 0). For i ∈ {1, 2}, let (ui, xi, yi) be an input-state-output trajectory of Σi. By assuming
that u1 = y2 and u2 = y1, we obtain a state trajectory col(x1(t), x2(t)) of the feedback
interconnection Σ1 ×Σ2. Now multiply from the left by col(x1(t), u1(t))⊤ and from the right
by col(x1(t), u1(t)) in (4.11). As seen in the proof of the bounded real lemma (cf. (4.2), (4.3)
and (4.4)), we have

[
x1(t)
u1(t)

]⊤([
A⊤

1 P1 + PA1 P1B1
B⊤

1 P1 0

]
+
[
C⊤
1 C1 C⊤

1 D1
D⊤

1 C1 D⊤
1 D1 − 1

γ2 I

])[
x1(t)
u1(t)

]

= d
dt(x

⊤
1 (t)P1x1(t)) + ∥y1(t)∥2 −

1
γ2

∥u1(t)∥2

= d
dt(x

⊤
1 (t)P1x1(t)) + ∥u2(t)∥2 −

1
γ2

∥y2(t)∥2 ⩽ 0, (4.12)

where the last inequality is due to (4.11). Similarly, multiplying by col(x2(t), u2(t))⊤ and
col(x2(t), u2(t)) in (4.9), we obtain

d
dt(x

⊤
2 (t)P2x2(t)) + ∥y2(t)∥2 − γ2∥u2(t)∥2 ⩽ 0. (4.13)

Now multiply (4.12) by γ2 and add it to (4.13). This yields

0 ⩾
d
dt(x

⊤
1 (t)γ2P1x1(t)) +

d
dt(x

⊤
2 (t)P2x2(t)) =

d
dt(V (x1(t), x2(t))).

Notice that the inequalities (4.12) and (4.13) are strict whenever x1(t), x2(t) ̸= 0 due to (4.11)
and (4.9) respectively. We conclude that V is a strict Lyapunov function, which shows that
Σ1 × Σ2 is internally stable. ■

4.3.2. A proof of necessity

In the remainder of this subsection, we will work towards a proof of the fact that (b) is
necessary for (a). Throughout, Σ1(A1, B1, C1, D1) is an internally stable, controllable LTI
system such that ∥G1∥ > 1/γ for some γ > 0.

Define the linear map A : Sn1 → Sn1+m1 as in (C.3), i.e.,

A(P ) := −
[
A⊤

1 P + PA1 B1P
B⊤

1 P 0

]

and choose
A0 := −

[
C⊤
1 C1 C⊤

1 D1
D⊤

1 C1 D⊤
1 D1 − 1

γ2 I

]
.

It then follows from Lemma 4.1.2 that there is no P ∈ Sn such that A(P ) + A0 ⩾ 0. We
thus want to apply Theorem 3.3.1, but since this theorem only offers weak alternatives, we
must first show that one of the additional conditions under which we have strong alternatives
is satisfied. We will in particular show that there is no P ∈ Sn such that A(P ) ⪈ 0. This is
established by the following lemma.
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4 The small gain theorem

Lemma 4.3.2 ([24, Lemma 1]). Let A ∈ Rn×n and B ∈ Rn×m. The pair (A,B) is controllable
if and only if P = 0 is the only symmetric solution to the LMI[

A⊤P + PA PB
B⊤P 0

]
⩽ 0. ◀

Proof. We will only prove the ‘only if’ part here, as the ‘if’ part is not particularly important
to us. The interested reader may find a proof of it in [24, Lemma 1].

We provide a shorter proof than the one in [24]. Assume that (A,B) is controllable, and
suppose that P ∈ Sn is a solution to the LMI posed above. Let Q := A⊤P + PA. By
Theorem 2.4.7, it then follows that Q ⩽ 0 and PB = 0. This second equality immediately
implies that imB ⊆ kerP . Now let x ∈ kerP . Then x⊤Qx = 0, so x ∈ kerQ by Lemma 2.4.4.
Hence 0 = (A⊤P + PA)x = PAx, which shows that Ax ∈ kerP . Therefore kerP is A-
invariant. We conclude that ⟨A | imB⟩ ⊆ kerP . Note however that ⟨A | imB⟩ = Rn due to
the controllability of (A,B), from which it follows that P = 0 as desired. ■

Since we assume that (A1, B1) is controllable, it follows from Lemma 4.3.2 and Theo-
rem 3.3.1 that there is a Z ∈ Sn1+m1 such that

Z =
[
Z11 Z12
Z⊤
12 Z22

]
⩾ 0, Z11A

⊤
1 +A1Z11 +B1Z

⊤
12 + Z12B

⊤
1 = 0, ⟨A0, Z⟩ < 0, (4.14)

cf. (C.4). Note that we have written out the inner product ⟨A0, Z⟩ in its entirety in Ap-
pendix C, see (C.7). The claim which we now aim to prove is the following.

Proposition 4.3.3. Suppose ∥G1∥ > 1/γ. Then at least one of the following holds:
(i) there exists an internally stable Σ2 such that ∥G2∥ < γ and Σ1 × Σ2 is not well-posed;

(ii) there exists an internally stable Σ2 such that ∥G2∥ < γ and Σ1 × Σ2 is not internally
stable. ◀

To prove Proposition 4.3.3, we will perform a case distinction. This is illustrated in the
following diagram.

(4.14)

Z11 = 0

Z11 ̸= 0

∥D1∥ ⩽
1
γ

(ii) holds

∥D1∥ >
1
γ

(i) holds

(1)

(3)

(2)

Figure 4: The strategy we use to prove Proposition 4.3.3. The black arrows represent cases
we distinguish, whereas the doubly-lined arrows represent implications we will prove.

To aid us in performing this case distinction, we first state and prove the following result,
which is nothing but implication (2) in Figure 4.

Lemma 4.3.4. Suppose that ∥D1∥ > 1/γ. Then Proposition 4.3.3.(i) holds, i.e., there exists
an internally stable Σ2 such that ∥G2∥ < γ and Σ1 × Σ2 is not well-posed. ◀
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4.3 A state-space formulation

Proof. Let ε := ∥D1∥ − 1/γ > 0. Then there exists an x ∈ Rm1 \ {0} such that

∥D1x∥
∥x∥

> ∥D1∥ − ε,

i.e.,
∥D1x∥ >

1
γ
∥x∥. (4.15)

Rescale x such that ∥D1x∥ = 1, and let D2 := xx⊤D⊤
1 . Then (I−D1D2)D1x = 0, so I−D1D2

is singular. Let n2 ∈ Z+, and let A2 ∈ Rn2×n2 be any stable matrix. Then Σ2(A2, 0, 0, D2) is
internally stable, and, for any u ∈ L2(R+,Rp1),

∥G2(u)∥2 = ∥D2u∥2 ⩽ ∥D2∥∥u∥2,

meaning ∥G2∥ ⩽ ∥D2∥ = ∥x∥ < γ, where the last inequality follows due to (4.15). Since
I −D1D2 is singular, Σ1 × Σ2 is not well-posed, cf. Lemma 2.7.4. ■

Next, we prove that Z11 = 0 implies ∥D1∥ > 1/γ, completing the top path in Figure 4 by
proving implication (1).

Lemma 4.3.5. If Z11 = 0, then ∥D1∥ > 1/γ. Hence Proposition 4.3.3.(i) is satisfied. ◀

Proof. Since kerZ11 ⊆ kerZ⊤
12 by Theorem 2.4.7, it follows that Z12 = 0 as well. Therefore

the inequality ⟨A0, Z⟩ < 0 reads (cf. (C.7))

tr(D1Z22D
⊤
1 ) >

1
γ2

trZ22. (4.16)

We thus see that Z22 ̸= 0, as otherwise we contradict (4.16). Let r := rankZ22 > 0, and find
nonzero vectors z1, . . . , zr ∈ Rm1 such that

Z22 =
r∑

i=1
ziz

⊤
i .

Then (4.16) becomes
r∑

i=1
∥D1zi∥2 >

1
γ2

r∑
i=1

∥zi∥2.

This means there must be an index such that this inequality holds term-wise, i.e., there is
an i ∈ {1, . . . , r} such that ∥D1zi∥ > (1/γ)∥zi∥. This means ∥D1∥ > 1/γ since zi ̸= 0. By
Lemma 4.3.4, Proposition 4.3.3.(i) holds. ■

From now on, we thus consider the case Z11 ̸= 0. If ∥D1∥ > 1/γ, we are also done in
this case due to Lemma 4.3.4. Hence it remains to complete the bottom path in Figure 4
by proving that implication (3) holds. We shall see that the proof of this implication is
rather involved, so let us outline the approach we take before we proceed with the proof.
We start by showing that we can boil the inequality ⟨A0, Z⟩ < 0 down to a trace inequality
for 1 × 1 or 2 × 2 matrices. This is done using the real Schur decomposition. From there,
we are able to construct a family of systems which all lead to an unstable output feedback
interconnection with Σ1. To show that this family contains an internally stable system with
L2-gain strictly less than γ, we use a contradiction argument based on the first theorem
of alternatives (Theorem 3.2.1). Namely, we show that if there is no such system, then we
contradict the aforementioned trace inequality.
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4 The small gain theorem

Lemma 4.3.6. If Z11 ̸= 0 and ∥D1∥ ⩽ 1/γ, Proposition 4.3.3.(ii) holds. ◀

Proof. Let r := rankZ11 > 0. Since Z ⩾ 0, it follows from Corollary 2.4.8 that there exist
matrices U ∈ Rn1×r, V ∈ Rm1×r and W ∈ Rm1×(n1+m1−r) such that

Z =
[
U 0
V W

][
U 0
V W

]⊤
, (4.17)

where rankU = r. Hence we have Z11 = UU⊤ and Z12 = UV ⊤. Substituting this in (4.14)
yields

(A1U +B1V )U⊤ = −U(A1U +B1V )⊤. (4.18)

This means (A1U + B1V )U⊤ is skew-symmetric. Moreover, it follows from (4.18) that
kerU⊤ ⊆ ker(A1U +BV )⊤ since rankU = r. By Lemma 2.1.4, there thus exists an S ∈ Rr×r

such that
A1U +B1V = US. (4.19)

Since USU⊤ is skew-symmetric and U has full column rank, it follows that S is skew-
symmetric as well. Hence there exists an orthogonal Q such that Q⊤SQ = diag(S1, . . . , Sk)
where each Si is skew-symmetric and at most 2× 2, cf. Corollary 2.3.2. Now partition Q as

Q =
[
Q1 · · · Qk

]
in accordance with the blocks S1, . . . , Sk. In terms of S1, . . . , Sk and Q1, . . . , Qk, (4.19) reads

A1U +B1V = Q diag(S1, . . . , Sk)Q⊤.

Hence it is immediate that
A1UQi +BV Qi = UQiSi (4.20)

for all i ∈ {1, . . . , k}. Using (4.17) or performing direct substitution into (C.7), it follows from
the condition ⟨A0, Z⟩ < 0 that

tr((C1U +D1V )⊤(C1U +D1V ))− 1
γ2

tr(V ⊤V ) + tr
(
W⊤

(
D⊤

1 D1 −
1
γ2

I

)
W

)
> 0.

Since ∥D1∥ ⩽ 1/γ, we know by Lemma 2.7.6 that D⊤
1 D1 − (1/γ2)I ⩽ 0. Hence we also have

W⊤(D⊤
1 D1 − (1/γ2)I)W ⩽ 0 due to Lemma 2.4.2, meaning

tr
(
W⊤

(
D⊤

1 D1 −
1
γ2

I

)
W

)
⩽ 0.

Thus

0 < tr((C1U +D1V )⊤(C1U +D1V ))− 1
γ2

tr(V ⊤V ) + tr
(
W⊤

(
D⊤

1 D1 −
1
γ2

I

)
W

)
⩽ tr((C1U +D1V )⊤(C1U +D1V ))− 1

γ2
tr(V ⊤V )

= tr(Q⊤(C1U +D1V )⊤(C1U +D1V )Q)− 1
γ2

tr(Q⊤V ⊤V Q)

=
k∑

i=1
tr(Q⊤

i (C1U +D1V )⊤(C1U +D1V )Qi)−
1
γ2

tr(Q⊤
i V

⊤V Qi).
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4.3 A state-space formulation

Hence there is an index i ∈ {1, . . . , k} such that this inequality holds term-wise, i.e.

tr(Q⊤
i (C1U +D1V )⊤(C1U +D1V )Qi)−

1
γ2

tr(Q⊤
i V

⊤V Qi) > 0. (4.21)

Let n2 ∈ {1, 2} be the size of the corresponding block Si. This n2 will be the order of the
system Σ2 we construct. Let Ci := C1UQi, Di := D1V Qi and let B2 ∈ Rn2×p1 be arbitrary.
Choose

A2 := Si −B2(Ci +Di), C2 := V Qi

and consider Σ2(A2, B2, C2, 0). Since Σ2 has no direct feedthrough term, Σ1×Σ2 is well-posed,
cf. Remark 2.7.5. From (2.32), we see that the closed loop matrix A× satisfies

A× =
[

A1 B1C2
B2C1 A2 +B2D1C2

]
=
[

A1 B1V Qi

B2C1 Si −B2Ci

]
,

so by (4.20) we have

A×

[
UQi

I

]
=
[
UQi

I

]
Si.

This means that σ(Si) ⊆ σ(A×). Hence A× has at least n2 imaginary eigenvalues, so Σ1 ×
Σ2(A2, B2, C2, 0) is not internally stable for every B2. It remains to show that we can pick B2
such that Σ2(A2, B2, C2, 0) is internally stable and has L2-gain strictly less than γ. To this
end, consider the matrix inequalityA⊤

2 P + PA2 + C⊤
2 C2 PB2 0

B⊤
2 P −γ2I 0
0 0 −P

 < 0. (4.22)

Note that if we can find a B2 such that (4.22) has a solution P ∈ Sn2 , then it follows from
the (3, 3)-block that P > 0. Moreover, by the (1, 1)-block, A⊤

2 P + PA2 < 0. Since P > 0,
this would imply that A2 is stable by Theorem 3.1.2. Finally, by applying Theorem 2.4.7 to
the entire upper left block, it would follow that[

A⊤
2 P + PA2 + C⊤

2 C2 PB2
B⊤

2 P −γ2I

]
< 0,

which implies that ∥G2∥ < γ due to the bounded real lemma. In the remainder of this proof,
we will show that there exists a B2 for which there is a P = P⊤ satisfying (4.22). Although
(4.22) is not an LMI in the variables (P,B2), we can perform a change of coordinates to
transform it into an LMI. Let B2 := PB2, and note that thenA⊤

2 P + PA2 + C⊤
2 C2 PB2 0

B⊤
2 P −γ2I 0
0 0 −P



=

S⊤
i P + PSi − (Ci +Di)⊤B

⊤
2 −B2(Ci +Di)⊤ +Q⊤

i V
⊤V Qi B2 0

B
⊤
2 −γ2I 0
0 0 −P

.
Now define the linear map B : Sn2 × Rn2×p1 → S(2n2, n2) by

B(P,B2) := −

S⊤
i P + PSi − (Ci +Di)⊤B

⊤
2 −B2(Ci +Di) B2 0

B
⊤
2 0 0
0 0 −P


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4 The small gain theorem

and let

B0 := −

Q⊤
i V

⊤V Qi 0 0
0 −γ2I 0
0 0 0

.
Then there exists a pair (P,B2) satisfying (4.22) if and only if there is a pair (P,B2) such
that B(P,B2) +B0 > 0. Suppose there does not exist such a pair (P,B2). Then it follows by
Theorem 3.2.1 that there exists a Y ∈ S(2n2, n2) such that

Y =

Y11 Y12 0
Y ⊤
12 Y22 0
0 0 Y33

 ⪈ 0, B∗(Y ) = 0, ⟨B0, Y ⟩ ⩽ 0.

In Appendix C, we work these last two conditions out explicitly, see (C.6) and (C.8). The
condition B∗(Y ) = 0 implies that

Y11S
⊤
i + SiY11 = Y33, Y12 = Y11(Ci +Di)⊤, (4.23)

whereas from the inequality ⟨B0, Y ⟩ ⩽ 0 we obtain

tr(V QiY11Q
⊤
i V

⊤)− γ2 trY22 ⩾ 0. (4.24)

Clearly these conditions imply that Y11 ̸= 0. We claim that Y11 is of the form aIn2 with a > 0.
In the case n2 = 1, this is obvious since Y11 ⩾ 0 by Theorem 2.4.7 and Y11 is a scalar. In the
case n2 = 2 we need to do a bit more work. Write

Y11 =
[
a b
b c

]
, Si =

[
0 ω
−ω 0

]
, ω > 0.

Then
Y11S

⊤
i + SiY11 =

[
2bω (a− c)ω

(a− c)ω −2bω

]
⩾ 0

where the last inequality is due to the fact that Y33 ⩾ 0, see (4.23). Due to this inequality, all
diagonal elements of Y11S⊤

i + SiY11 must be nonnegative, so it follows that b = 0. Moreover,
det(Y11S⊤

i + SiY11) = −(a − c)2ω must be nonnegative, which holds only when a = c. Thus
Y11 is indeed a nonzero multiple of the identity matrix, say Y11 = aIn2 with a > 0. It thus
follows that Y12 = a(Ci +Di)⊤ and

Y22 − Y ⊤
12Y

−1
11 Y12 = Y22 − a(Ci +Di)(Ci +Di)⊤ ⩾ 0.

where the inequality is due to Theorem 2.4.7. This implies that

trY22 ⩾ a tr((Ci +Di)⊤(Ci +Di)). (4.25)

Combining this with (4.24), we thus obtain

0 ⩽ a tr(Q⊤
i V

⊤V Qi)− γ2 trY22
(4.25)
⩽ a tr(Q⊤

i V
⊤V Qi)− aγ2 tr((Ci +Di)⊤(Ci +Di)),

or after dividing by −a/γ2,

tr((Ci +Di)⊤(Ci +Di))−
1
γ2

tr(Q⊤
i V

⊤V Qi) ⩽ 0. (4.26)

Comparing this with (4.21) and recalling how we defined Ci, Di, this is obviously a contra-
diction. Thus there does exist a pair (P,B2) such that B(P,B2) + B0 > 0. Now we undo
our previous change of coordinates, i.e., we choose B2 := P−1B2. Then Σ2(A2, B2, C2, 0) is
internally stable and has L2-gain strictly less than γ due to (4.22), which concludes the proof
of this lemma. ■

37



4.4 The networked small gain theorem

Combining the previous three lemmata proves Proposition 4.3.3, whereby the necessity of
(b) follows immediately.

Proof (of Theorem 4.3.1, (a) ⇒ (b)). This is a direct consequence of Proposition 4.3.3. ■

Some remarks regarding the proof of Theorem 4.3.1 are in order.
As seen in the proof of Lemma 4.3.6, to prove Proposition 4.3.3.(ii) we essentially construct

a Σ2 such that the closed-loop system matrix A× has eigenvalues on the imaginary axis. This
is similar to the proof of Theorem 4.2.2 (cf. Appendix P or [1, Theorem 8.1]), where one
constructs a transfer matrix G2 such that the transfer matrix of the interconnected system
has poles on the imaginary axis.

We have actually shown something stronger than needed to prove Proposition 4.3.3.
Namely, we have shown that if ∥G1∥ > 1/γ, at least one of the following is true:
(i) for any n2 ∈ Z+, there exists an internally stable Σ2 with state-space dimension n2 such

that ∥G2∥ < γ and Σ1 × Σ2 is not well-posed;
(ii) there exists an internally stable Σ2 with state-space dimension at most 2 such that

∥G2∥ < γ and Σ1 × Σ2 is not internally stable.
Although we have shown that the desired systems in Proposition 4.3.3 exist, it is not

clear how to find specific instances of these systems. This is because the construction of
these systems relies on Theorem 3.3.1, and in particular on the matrix Z whose existence is
guaranteed by this result. The proof of Theorem 3.3.1 in [3] does not show how to find this
Z, so we have no direct method of finding a matrix Z satisfying (4.14). By extension, we
in general cannot find a system Σ2 satisfying Proposition 4.3.3.(i) or Proposition 4.3.3.(ii),
although we are sure it exists. This is also true for the function G2 we construct in the proof
of Theorem 4.2.2. Here, the construction of the desired G2 relies on a (compact) singular
value decomposition of G1 at a specific point on the imaginary axis (or at infinity). One can
only guarantee existence of such a point, and there is no straightforward method to determine
this point explicitly.

Note that due to Lemma 4.3.2, the assumption that (A1, B1) is controllable tells us that
A(P ) ⩾ 0 (with A as in (C.3)) implies P = 0. In order to have strong alternatives in
Theorem 3.3.1, it suffices to have that A(P ) ⩾ 0 implies P ∈ kerA. One may therefore
suspect that this controllability assumption can be weakened. This is not the case. Note that
due to the stability of A1, we see that a matrix P = P⊤ satisfies A⊤

1 P +PA1 = 0 if and only
if P = 0, cf. Theorem 3.1.3. Therefore kerA = {0}, so Lemma 4.3.2 implies that if (A1, B1)
is not controllable, then we cannot guarantee strong alternatives in Theorem 3.3.1.

4.4. The networked small gain theorem
There is an analogue of the implication (b) ⇒ (a) in the small gain theorem when we consider
more general networked systems, known as the networked small gain theorem. We conclude
this section by proving this result and relating it to Theorem 4.3.1. The reader will notice
that the proof is similar in spirit to the ‘if’ part of Theorem 4.3.1.
Theorem 4.4.1 (Networked small gain theorem). Let

((Σ1(A1, B1, C1, D1), . . . ,ΣN (AN , BN , CN , DN )),M)

be a networked system and let γ1, . . . , γN > 0. Assume that Ai is stable and that ∥Gi∥ < γi
for all i ∈ {1, . . . , N}. If there exist α1, . . . , αN > 0 such that[

M
I

]⊤[
diag(α1γ

2
1Im1 , . . . , αNγ2NImN ) 0

0 −diag(α1Ip1 , . . . , αNIpN )

][
M
I

]
⩽ 0, (4.27)
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4 The small gain theorem

then the networked system ((Σ1, . . . ,ΣN ),M) is well-posed and internally stable. ◀

Proof. By the bounded real lemma, there exists for each i ∈ {1, . . . , N} a positive definite
matrix Pi ∈ Sni such that [

A⊤
i Pi + PiAi PiBi + C⊤

i Di

B⊤
i Pi +D⊤

i Ci D⊤
i Di − γ2i Imi

]
< 0. (4.28)

Looking at the (2, 2)-block and applying Theorem 2.4.7, it thus follows that γ2i Imi−D⊤
i Di > 0

for all i ∈ {1, . . . , N}. Now let y ∈ ker(I − DM). Then y = DMy. Notice that (4.27) is
nothing but

M⊤ diag(α1γ
2
1Im1 , . . . , αNγ2NImN )M − diag(α1Ip1 , . . . , αNIpN ) ⩽ 0. (4.29)

Multiplying from the left by y⊤ and from the right by y yields

y⊤M⊤ diag(α1γ
2
1Im1 , . . . , αNγ2NImN )My

− y⊤ diag(α1Ip1 , . . . , αNIpN )y
= y⊤M⊤ diag(α1γ

2
1Im1 , . . . , αNγ2NImN )My

− y⊤M⊤D⊤ diag(α1Ip1 , . . . , αNIpN )DMy

= y⊤M⊤ diag(α1γ
2
1Im1 , . . . , αNγ2NImN )My

− y⊤M⊤ diag(α1D
⊤
1 D1, . . . , αND⊤

NDN )My

= y⊤M⊤ diag(α1(γ21Im1 −D⊤
1 D1), . . . , αN (γ2NImN −D⊤

NDN ))My. (4.30)

The middle matrix in (4.30) is positive definite since it is a diagonal block matrix with positive
definite matrices on its diagonal. Hence the quantity in (4.30) is nonnegative by Lemma 2.4.2.
By (4.27), it is also nonpositive however. Thus we conclude that

y⊤M⊤ diag(α1(γ21Im1 −D⊤
1 D1), . . . , αN (γ2NImN −D⊤

NDN ))My = 0,

meaning My = 0 by Lemma 2.4.4. Therefore y = DMy = 0, which shows that I − DM is
nonsingular. This shows well-posedness of the networked system. It remains to verify internal
stability. To this end, define

V (x) := x⊤ diag(α1P1, . . . , αNPN )x, x ∈ Rn.

Clearly V (x) ⩾ 0 for all x ∈ Rn and V (x) = 0 if and only if x = 0. For all i ∈ {1, . . . , N},
let (ui, xi, yi) ∈ Bi. By assuming that (2.26) holds for all i ∈ {1, . . . , N}, we obtain a state
trajectory x(t) = col(x1(t), . . . , xN (t)) of the closed-loop system. Multiplying from the left by
col(xi(t), ui(t))⊤ and from the right by col(xi(t), ui(t)) in (4.28) yields

d
dt
(
xi(t)⊤Pixi(t)

)
+ ∥yi(t)∥2 − γ2i ∥ui(t)∥

2 ⩽ 0, (4.31)

with a strict inequality whenever xi(t) ̸= 0. Now define u, y as in (2.27), and multiply by
y(t)⊤, y(t) in (4.27). Since u(t) = My(t) (see (2.28)) and by using (4.29), we see that

y(t)⊤M⊤ diag(α1γ
2
1Im1 , . . . , αNγ2NImN )My(t)− y(t)⊤ diag(α1Ip1 , . . . , αNIpN )y(t)

= u(t)⊤ diag(α1γ
2
1Im1 , . . . , αNγ2NImN )u(t)− y(t)⊤ diag(α1Ip1 , . . . , αNIpN )y(t)

=
N∑
i=1

αiγ
2
i ∥ui(t)∥

2 − αi∥yi(t)∥2 ⩽ 0. (4.32)
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4.4 The networked small gain theorem

Now multiply both sides of (4.31) by αi and sum these inequalities from i = 1 to i = N . We
then obtain

d
dt(V (x(t))) =

N∑
i=1

αi
d
dt
(
xi(t)⊤Pixi(t)

)
⩽

N∑
i=1

αiγ
2
i ∥ui(t)∥

2 − αi∥yi(t)∥2
(4.32)
⩽ 0,

where the first inequality follows by applying (4.31) term-wise. Moreover, this first inequality
is strict whenever x(t) ̸= 0 because there is an i ∈ {1, . . . , N} such that (4.31) is strict. Hence
V is indeed a strict Lyapunov function for ((Σ1, . . . ,ΣN ),M), proving internal stability. ■

To show the connection between Theorem 4.3.1 and Theorem 4.4.1, let us prove the ‘if’
part of Theorem 4.3.1 using Theorem 4.4.1.

Proof (of Theorem 4.3.1, (b) ⇒ (a)). Let γ > 0, and let Σ1(A1, B1, C1, D1) be an internally
stable LTI system such that ∥G1∥ ⩽ 1/γ. Let Σ2(A2, B2, C2, D2) be an internally stable LTI
system satisfying ∥G2∥ < γ.9 Find γ ∈ (0, γ) such that ∥G1∥ < 1/γ and ∥G2∥ < γ. Recall
that for the networked system Σ1 × Σ2, we take

M :=
[
0 I
I 0

]
.

Now choose (γ1, γ2) = (1/γ, γ). Then the matrix in (4.27) becomes

M⊤ diag(α1γ
2
1I, α2γ

2
2I)M − diag(α1I, α2I) = diag

(
(α2γ

2 − α1)I,
(
α1

γ2
− α2

)
I

)
.

Choosing (α1, α2) = (γ2, 1), this matrix is zero, meaning the LMI (4.27) is satisfied. Hence
Σ1 × Σ2 is well-posed and internally stable. ■

Notice that the choice of α1, α2 in the proof above corresponds to the Lyapunov function
we construct in the proof of the ‘if’ part of Theorem 4.3.1, cf. Subsubsection 4.3.1 and in
particular (4.10).

9We assume that the input/output dimensions of Σ1, Σ2 are compatible so that we can equate their inputs and
outputs.
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5. Passivity theorems

In this final section, we will showcase some results that take the first steps needed to
develop a state-space approach to the passivity theorems covered in e.g. [2]. To this end,
we prove the ‘if’ part of such a theorem, see Proposition 5.3.4. We want to emphasize

that Proposition 5.3.4 is more of a proof of concept rather than a useful result, since the
assumptions we make are very strong. We end this section by stating some results that may
be useful in order to weaken the assumptions of Proposition 5.3.4.

5.1. An LMI characterization of (Q,S,R)-dissipativity
As we have already seen, having a bounded L2-gain and internal stability can be charac-
terized in terms of the (strict) feasibility of an LMI, cf. Theorem 3.1.2, Theorem 4.1.1 and
Lemma 4.1.2. The same is true for (Q,S,R)-dissipativity.

Theorem 5.1.1. Let Σ(A,B,C,D) be a controllable, internally LTI system and let Q ∈ Sp,
S ∈ Rp×m and R ∈ Sm. Assume that Q ⩽ 0. Then the following two statements are equivalent:
(i) Σ is (Q,S,R)-dissipative;

(ii) the LMI[
A⊤P + PA PB

B⊤P 0

]
−
[

C⊤QC C⊤QD + C⊤S
D⊤QC + S⊤C D⊤QD +D⊤S + S⊤D +R

]
⩽ 0 (5.1)

has a solution P ∈ Sn. ◀

Proof. (i) ⇒ (ii). From Theorem 2.6.8, we know that there is a quadratic storage function
V (x) = x⊤Px, where P = P⊤ ⩾ 0. It is this P that turns out to be a solution to (5.1). Let
B denote the behavior of Σ and let (u, x, y) ∈ B. Then

d
dt(V (x(t))) ⩽ s(u(t), y(t))

for all t ∈ R+, i.e. [
x
u

]⊤[
A⊤P + PA PB

B⊤P 0

][
x
u

]
⩽

[
y
u

]⊤[
Q S
S⊤ R

][
y
u

]
, (5.2)

where we have omitted the arguments of u, x, y for convenience and have used (4.2) to obtain
the left-hand side. The right-hand side in this inequality can be expanded using the fact that
y = Cx+Du, yielding[

y
u

]⊤[
Q S
S⊤ R

][
y
u

]
=
[
x
u

]⊤[
C⊤QC C⊤QD + C⊤S

D⊤QC + S⊤C D⊤QD +D⊤S + S⊤D +R

][
x
u

]
. (5.3)

It thus follows from (5.2) that[
x
u

]⊤([
A⊤P + PA PB

B⊤P 0

]
−
[

C⊤QC C⊤QD + C⊤S
D⊤QC + S⊤C D⊤QD +D⊤S + S⊤D +R

])[
x
u

]
⩽ 0.

(5.4)
As (5.4) holds for all (u, x, y) ∈ B, it follows that (5.1) holds.

(ii) ⇒ (i). We essentially follow the argument of the previous implication in reverse and
use the solution P to (5.1) to find a storage function. From the (1, 1)-block of (5.1), we
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5.2 Passivity, input passivity and output passivity

see that A⊤P + PA ⩽ 0 by Theorem 2.4.7 since C⊤QC ⩽ 0 (cf. Lemma 2.4.2). Since Σ
is internally stable, A is stable. As a consequence, P ⩾ 0 by Theorem 3.1.3. Let V (x) :=
x⊤Px. Then V is nonnegative. To show that V is a storage function, it suffices to show that
d
dt(V (x(t))) ⩽ s(u(t), y(t)) for all (u, x, y) ∈ B and t ∈ R+. This is precisely (5.4) however,
which holds because (5.1) holds. This concludes the proof. ■

We want to remark that Theorem 5.1.1 may also be useful to prove the converse of certain
dissipativity theorems when combined with Theorem 3.3.1, as we did for the small gain
theorem. We do not go into this in this thesis however.

5.2. Passivity, input passivity and output passivity
Next, we restrict our attention to some specific quadratic supply rates. These are introduced
in the next definition.

Definition 5.2.1 ([12, Definition 3.1.4]). Let Σ be any LTI system such that m = p. We
say that Σ is passive if it is (0, I, 0)-dissipative. Let δ, ε > 0. The system Σ is called δ-input
passive if it is (0, I,−δI)-dissipative. Similarly, we say that Σ is ε-output passive if Σ is
(−εI, I, 0)-dissipative. ◁

The supply rates corresponding to the different types of passivity in Definition 5.2.1 are,
respectively,

s(u, y) = u⊤y, s(u, y) = u⊤y − δ

2∥u∥
2, s(u, y) = u⊤y − ε

2∥y∥
2,

cf. (2.14).10 Note that input passivity and output passivity both imply passivity. Passivity
arises rather naturally in electrical circuits, where the supply rate is the power supplied to
the circuit. This power can be expressed as the product of the current and voltage over the
circuit, which corresponds to the supply rate for passivity.

The strongest notion of passivity we consider is the following.

Definition 5.2.2 (Strict passivity). An LTI system Σ(A,B,C,D) is strictly passive if m = p
and there exists a P ∈ Sn such that[

A⊤P + PA PB
B⊤P 0

]
−
[
0 C⊤

C D⊤ +D

]
< 0. ◁

Strict passivity is a very strong property. Suppose that Σ is a strictly passive system with
behavior B. Then there exists a P = P⊤ such that the function V (x) = 1

2x
⊤Px satisfies

d
dt(V (x(t)) ⩽ u(t)⊤y(t), (u, x, y) ∈ B,

with a strict inequality when x(t) ̸= 0, cf. (5.3) and (5.4). Moreover, since A⊤P + PA is
negative definite by Theorem 2.4.7, it follows that P > 0 if A is stable, cf. Theorem 3.1.3.
In other words, internally stable strictly passive systems have a positive definite quadratic
storage function which satisfies the strict differential dissipation inequality (2.13) with supply
rate s(u, y) = u⊤y whenever the state is nonzero. Note that strict passivity implies δ-input

10Note that we actually introduce a factor 2 in the supply rates in Definition 5.2.1. We can however simply
rescale our storage function by a factor 1

2 to obtain dissipativity with respect to the supply rates stated here.
We will do this throughout.
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5 Passivity theorems

passivity: suppose P = P⊤ satisfies the LMI in Definition 5.2.2. By Corollary 2.4.5, there
exists a δ > 0 such that[

A⊤P + PA PB
B⊤P 0

]
−
[
0 C⊤

C D⊤ +D − δI

]
⩽ 0,

which is the LMI (5.1) for δ-input passivity.11

5.3. A weak passivity theorem
Finally, we consider a passivity theorem. Rather than the standard output feedback inter-
connection, we now consider the negative output feedback interconnection of two LTI systems,
defined as

Σ1 ∥ Σ2 :=
(
(Σ1,Σ2),

[
0 −I
I 0

])
.

under the assumption that the input and output dimensions of Σ1,Σ2 are compatible. This is
in line with the closed-loop systems considered for passivity in the literature, see for instance
[12, pp. 7-8] and [10, Section 7.2]. Note that this interconnection corresponds to setting
u1 = −y2 and u2 = y1.

For this type of interconnection, we can prove the ‘if’ part of a weak state-space passivity
theorem. We first characterize the well-posedness of such an interconnection.

Lemma 5.3.1. Let Σ1(A1, B1, C1, D1), Σ2(A2, B2, C2, D2) be LTI systems. Then Σ1 ∥ Σ2 is
well-posed if and only if I +D1D2 is nonsingular. ◀

Proof. This is easy to show by adapting the proof of Lemma 2.7.4. ■

As the next result shows, both passivity and input passivity provide more information
about the matrices D1, D2.

Lemma 5.3.2. Consider an internally stable and controllable LTI system Σ(A,B,C,D). If
Σ is passive, then D⊤ +D ⩾ 0. In particular, if Σ is δ-input passive, then D⊤ +D > 0. ◀

Proof. If Σ is passive, then it follows from Theorem 5.1.1 that there exists a P = P⊤ for
which [

A⊤P + PA PB
B⊤P 0

]
−
[

0 C
C⊤ D⊤ +D

]
⩽ 0.

Inspecting the (2, 2)-block, it is immediate that D⊤ + D ⩾ 0 by Theorem 2.4.7. Similarly,
if Σ is δ-input passive, there exists a P ∈ Sn satisfying (5.1) where the (2, 2)-block is now
D⊤ +D − δI for some δ > 0. By Theorem 2.4.7 it then follows that D⊤ +D − δI ⩾ 0, i.e.,
D⊤ +D > 0 as claimed. ■

Combining Lemma 5.3.1 and Lemma 5.3.2 leads to the next result.

Proposition 5.3.3. For i ∈ {1, 2}, let Σi(Ai, Bi, Ci, Di) be a controllable, internally stable
LTI system. Then Σ1 ∥ Σ2 is well-posed if

(i) Σ1 is passive and Σ2 is δ-input passive for some δ > 0;

(ii) Σ1,Σ2 are both passive and D1 or D2 is symmetric. ◀

11We can even choose δ such that this LMI remains strict, so strict passivity implies more than δ-input passivity.
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5.3 A weak passivity theorem

Proof. Let x ∈ ker(I + D1D2) and let y := D2x. Then x = −D1D2x. We now prove that
in both cases, x = 0. This shows that I +D1D2 is nonsingular, so Σ1 ∥ Σ2 is well-posed by
Lemma 5.3.1.

(i). Suppose that x ̸= 0. By Lemma 5.3.2 it follows that D⊤
1 +D1 ⩾ 0 and D⊤

2 +D2 > 0.
Therefore y⊤D1y ⩾ 0 and

0 < x⊤D2x = −x⊤D⊤
2 D

⊤
1 D2x = −y⊤D⊤

1 y = −y⊤D1y, (5.5)

a contradiction. Thus x = 0.
(ii). Let us assume that D1 is symmetric. The proof in the case D⊤

2 = D2 is analogous
(using that I+D1D2 is nonsingular if and only if I+D2D1 is nonsingular). By Lemma 5.3.2,
D1 ⩾ 0 andD⊤

2 +D2 ⩾ 0. Hence x⊤D2x ⩾ 0 and y⊤D1y ⩾ 0. Performing the same calculation
as in (5.5) leads to −y⊤D1y ⩾ 0, i.e. y⊤D1y = 0. Thus y ∈ kerD1 by Lemma 2.4.4, so
x = −D1y = 0. ■

Using Proposition 5.3.3, we are able to prove the following.

Proposition 5.3.4. Let Σ1 be an internally stable LTI system. Assume that Σ1 is strictly
passive. If Σ2 is any internally stable and strictly passive system, then Σ1 ∥ Σ2 is well-posed
and internally stable. ◀

Proof. Let Σ2 be internally stable and strictly passive. Since strict passivity implies δ-input
passivity (which in turn implies passivity), it is clear that Σ1 ∥ Σ2 is well-posed due to
Proposition 5.3.3. For i ∈ {1, 2}, let Pi = P⊤

i be a solution to the LMI in Definition 5.2.2 for
Σi. Then Pi > 0 since Ai is stable, and Vi(xi) = 1

2x
⊤
i Pixi is a storage function for Σi. Now

let
V (x1, x2) = V1(x1) + V2(x2), (x1, x2) ∈ Rn1 × Rn2 .

Clearly V (x1, x2) ⩾ 0 for all x1, x2 and V (x1, x2) = 0 if and only if (x1, x2) = (0, 0). For
i ∈ {1, 2}, let (ui, xi, yi) be a trajectory of Σi. Assume that u1 = −y2 and u2 = y1, so that
we obtain a state trajectory col(x1(t), x2(t)) of the closed-loop system Σ1 ∥ Σ2. Then, for all
t ∈ R+,

d
dt(V (x1(t), x2(t))) =

d
dt(V1(x1(t))) +

d
dt(V2(x2(t)))

⩽ u⊤1 y1 + u⊤2 y2

= u⊤1 u2 − u⊤2 u1

= 0,

and this inequality is strict if (x1(t), x2(t)) ̸= (0, 0). Thus V is a strict Lyapunov function,
meaning the closed-loop system is internally stable. ■

As already mentioned, the assumptions made in Proposition 5.3.4 are very strong, and
so we would like to weaken them. Based on Proposition 5.3.3, we may be able to weaken
the assumption that Σ1 and Σ2 are strictly passive to Σ1 being passive and Σ2 being δ-input
passive. This is in line with [2, Theorem 1], although there a different notion of stability is
considered. In the case where Σ1 is passive and Σ2 is δ-input passive, it thus remains to verify
internal stability. Inspecting the proof of Proposition 5.3.4, we see that we need both storage
functions to be of the form V (x) = x⊤Px with P positive definite, whereas Theorem 5.1.1 only
guarantees the existence of a quadratic storage function (with P ⩾ 0). The next result shows
that we can ensure that P is positive definite by assuming that both systems are observable
in addition to being controllable. This result is a continuous-time version of [25, Lemma 4.4].
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5 Passivity theorems

Lemma 5.3.5. Suppose that A is stable, P ∈ Sn satisfies (5.1) and Q ⩽ 0. Let ν denote the
number of negative eigenvalues of the matrix[

Q S
S⊤ R

]
. (5.6)

If ν ⩾ p, then kerP ⊆ ⟨kerC |A⟩. Consequently, P > 0 if (C,A) is observable. ◀

Proof. A proof can be found in Appendix P. ■

For the choices of Q,S,R corresponding to passivity, δ-input passivity and ε-output passiv-
ity, one can show that the assumption that ν ⩾ p in Lemma 5.3.5 is always satisfied. In
Appendix P, we show this for δ-input passivity.

We thus conclude this section with the following conjecture.

Conjecture 5.3.6. Let Σ1 be a minimal and internally stable LTI system. Suppose that Σ1 is
passive. If Σ2 is any minimal, internally stable and δ-input passive LTI system, then Σ1 ∥ Σ2
is well-posed and internally stable. ◁

Proposition 5.3.3 already shows the well-posedness of Σ1 ∥ Σ2, and by using Lemma 5.3.5 and
the strategy of the proof of Proposition 5.3.4 we can show that the state of Σ1 ∥ Σ2 remains
bounded.
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6. Discussion
We conclude this thesis with a short summary and discussion of the results which we covered.
After this, we indicate some possible directions for future work.

Section 2 covered the preliminary results which we needed throughout this thesis. In
Section 3, we introduced the essential theorems of alternatives and demonstrated their ef-
fectiveness in a proof of the Lyapunov stability theorem. Our most important section was
Section 4. In this section we were successful in achieving the main goal set out at the start
of this thesis; we reformulated the small gain theorem in terms of state-space realizations
and provided a novel proof of this result. This proof relied on the fact that we can relate the
boundedness of the L2-gain of a system to the (strict) feasibility of an LMI (see Theorem 4.1.1
and Lemma 4.1.2). In the ‘if’ part, we were able to derive well-posedness directly from the
bounded real lemma, and used the solutions to the bounded real lemma LMI to construct a
Lyapunov function for the closed-loop system. In the ‘only if’ part, the LMI characterizations
we demonstrated allowed us to apply theorems of alternatives (see Theorem 3.2.1 and Theo-
rem 3.3.1) in our contraposition argument. In the final subsection of Section 4, we saw that
the ‘if’ part of the small gain theorem has a generalization to arbitrarily large networked sys-
tems. Section 5 functioned more as a proof of concept, and did not contain many substantial
results. Unfortunately, despite our success with the small gain theorem, it is not yet clear
how to generalize the approach used in the small gain theorem to the passivity theorems, let
alone a ‘dissipativity theorem’.

6.1. Outlook
We conclude by indicating what we believe to be some interesting directions for future work.
Besides building on the work done in Section 5 and continuing to develop a state-space
approach to the passivity theorems, the following points may be worth looking into.

The proof of the bounded real lemma in [1] and [22] relies on the theory of transfer matrices.
It may thus be interesting to attempt to prove that (i) implies (ii) in the bounded real lemma
using the first theorem of alternatives (Theorem 3.2.1), developing a state-space approach to
this result as well. We briefly looked into this, but were unsuccessful in completing the proof.

The networked small gain theorem (Theorem 4.4.1) may have a converse in some particular
cases. This converse could say something about the L2-gains of the systems in the networked
system based on the fact that the overall networked system is well-posed and internally stable.
A particular instance where we believe it might be possible to prove such a converse is when
the networked system is a ‘cycle’, i.e. the systems are connected ‘in series’ and the input of
the first system is the output of the last system.

Of course the proof of Conjecture 5.3.6 remains open, although we believe it should be
possible to prove this result. The ultimate goal would be to show that Conjecture 5.3.6 holds,
and that it has a converse. Namely, we would like to show the following: if Σ1 is internally
stable, minimal and Σ1 ∥ Σ2 is well-posed and internally stable for all Σ2 that are internally
stable, minimal and δ-input passive, then Σ1 is passive.
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Appendices

C. Computations

C.1. Adjoints
In this section we compute the adjoints of some linear maps. Some of the results here are
adapted from [3, Section 2.4], but we are more elaborate in our computations. Throughout,
we often use the following properties: for M ∈ Km×n, N ∈ Kn×m and A,B,C ∈ Kn×n, it
holds that

tr(MN) = tr(NM), tr(ABC) = tr(CAB) = tr(BCA).

This last property will be referred to as the cyclic property of the trace.
Define the linear map

A : Sn −→ S(n, n),
P 7−→ diag(−A⊤P − PA,P ) (C.1)

Let P ∈ Sn, Z = diag(Z1, Z2) ∈ S(n, n). Then

⟨P,A∗(Z)⟩ = ⟨A(P ), Z⟩
= tr(diag(−A⊤P − PA,P ))Z)
= tr(P (−Z1A

⊤ −AZ1 + Z2))
= ⟨P,−Z1A

⊤ −AZ1 + Z2⟩.

We conclude that the adjoint of (C.1) is

A∗ : S(n, n) −→ Sn,
Z = diag(Z1, Z2) 7−→ −Z1A

⊤ −AZ1 + Z2.
(C.2)

Define the linear map

A : Sn −→ Sn+m,

P 7−→ −
[
A⊤P + PA PB

B⊤P 0

]
.

(C.3)

Let P ∈ Sn, Z ∈ Sn+m, and write

Z =
[
Z11 Z12
Z⊤
12 Z22

]
,

where Z11 ∈ Sn and Z22 ∈ Sm. Then

⟨P,A∗(Z)⟩ = ⟨A(P ), Z⟩

= − tr
([

A⊤P + PA PB
B⊤P 0

][
Z11 Z12
Z⊤
12 Z22

])

= − tr
([

A⊤PZ11 + PAZ11 + PBZ⊤
12 PBZ⊤

12 + PBZ22
B⊤PZ11 B⊤PZ12

])
= − tr(P (Z11A

⊤ +AZ11 +BZ⊤
12 + Z12B

⊤))
= ⟨P,−Z11A

⊤ −AZ11 −BZ⊤
12 − Z12B

⊤⟩,
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where the fourth equality follows by the cyclic property. Hence the adjoint of (C.3) is

A∗ : Sn+m −→ Sn,

Z =
[
Z11 Z12
Z⊤
12 Z22

]
7−→ −Z11A

⊤ −AZ11 −BZ⊤
12 − Z12B

⊤.
(C.4)

Finally, we compute the adjoint of the linear map used in the proof of Lemma 4.3.6. Recall
that this is the map

B : Sn2 × Rn2×p1 −→ S(2n2, n2),

(P,B2) 7−→ −

S⊤
i P + PSi − (Ci +Di)⊤B

⊤
2 −B2(Ci +Di) B2 0

B
⊤
2 0 0
0 0 −P

.
(C.5)

The inner product on Sn2 × Rn2×n2 is

⟨(M1, N1), (M2, N2)⟩ = tr(M1M1) + tr(N1N
⊤
2 ).

Let (P,B2) ∈ Sn2 × Rn2×p1 and Y ∈ S(2n2, n2). Write

Y =

Y11 Y12 0
Y ⊤
12 Y22 0
0 0 Y33

.
Then,

⟨(P,B2),B∗(Y )⟩ = ⟨B(P,B2), Y ⟩

= − tr


S⊤

i P + PSi − (Ci +Di)⊤B
⊤
2 −B2(Ci +Di) B2 0

B
⊤
2 0 0
0 0 −P


Y11 Y12 0
Y ⊤
12 Y22 0
0 0 Y33




= − tr(S⊤
i P + PSi − (Ci +Di)⊤B

⊤
2 −B2(Ci +Di))Y11 +B2Y

⊤
12 +B

⊤
2 Y12 − Y33P )

= tr(P (Y33 − Y11S
⊤
i − SiY11)) + tr(B2(−2Y12 + 2Y11(Ci +Di)⊤)⊤)

= ⟨(P,B2), (Y33 − Y11S
⊤
i − SiY11,−2Y12 + 2Y11(Ci +Di)⊤)⟩.

Thus the adjoint of (C.5) is

B∗ : S(2n2, n2) −→ Sn2 × Rn2×n2 ,

Y =

Y11 Y12 0
Y ⊤
12 Y22 0
0 0 Y33

 7−→ (Y33 − Y11S
⊤
i − SiY11,−2Y12 + 2Y11(Ci +Di)⊤).

(C.6)

C.2. Inner products
In the case of the small gain theorem, we choose

A0 := −
[
C⊤C C⊤D
D⊤C D⊤D − 1

γ2 I

]
.
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Thus

−⟨A0, Z⟩ = tr
([

C⊤C C⊤D
D⊤C D⊤D − 1

γ2 I

][
Z11 Z12
Z⊤
12 Z22

])

= tr
[

C⊤CZ11 + C⊤DZ⊤
12 C⊤CZ12 + C⊤DZ22

D⊤DZ11 + (D⊤D − 1
γ2 I)Z⊤

12 D⊤CZ12 + (D⊤D − 1
γ2 I)Z22

]

= tr(C⊤CZ11) + tr(C⊤DZ⊤
12 +D⊤CZ12) + tr(D⊤DZ22)−

1
γ2

trZ22

= tr(CZ11C
⊤) + tr(DZ⊤

12C
⊤ + CZ12D

⊤) + tr(DZ22D
⊤)− 1

γ2
trZ22. (C.7)

In the proof of Lemma 4.3.6 we choose

B0 := −

Q⊤
i V

⊤V Qi 0 0
0 −γ2I 0
0 0 0

.
Thus

−⟨B0, Y ⟩ = tr


Q⊤

i V
⊤V Qi 0 0
0 −γ2I 0
0 0 0


Y11 Y12 0
Y ⊤
12 Y22 0
0 0 Y33




= tr(V QiY11Q
⊤
i V

⊤)− γ2 trY22. (C.8)
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P. Proofs

P.2. Proofs from Section 2
P.2.1. Proof of Proposition 2.6.2

The proof relies on the following lemma. It is a particular case of a more general result, known
as Young’s convolution inequality.

Lemma P.2.1. Let p ∈ [1,∞). Given any f ∈ L1(R+,R) and g ∈ Lp(R+,R) we have

∥f ∗ g∥p ⩽ ∥f∥1∥g∥p,

where f ∗ g : R+ → R is the convolution of f and g, defined by the rule

t 7→
∫ ∞

0
f(t− τ)g(τ) dτ. ◀

Proof. Let p ∈ [1,∞) and let q be the Hölder conjugate of p, i.e., choose q such that we have
1/p+ 1/q = 1. Note that, for any t ∈ R+,

|(f ∗ g)(t)| ⩽
∫ t

0
|f(t− τ)||g(τ)|dµ(τ) =

∫ t

0
|f(t− τ)|

1
q |f(t− τ)|

1
p |g(τ)|dτ.

Hence it follows by Hölder’s inequality that

|(f ∗ g)(t)| ⩽
(∫ t

0
|f(t− τ)| dτ

) 1
q
(∫ t

0
|f(t− τ)||g(τ)|p dτ

) 1
p

.

Observe that the first integral is nothing but the integral of |f( · )| over [0, t]. Thus the first
term is at most ∥f∥1/q1 . After raising both sides to the power p, we thus obtain

|(f ∗ g)(t)|p ⩽ ∥f∥
p
q

1

∫ t

0
|f(t− τ)||g(τ)|p dτ.

Now integrate both sides over R+. Then we have

∥f ∗ g∥pp =
∫ ∞

0
|(f ∗ g)(t)|p dt ⩽ ∥f∥

p
q

1

∫ ∞

0

∫ t

0
|f(t− τ)||g(τ)|p dτ dt

= ∥f∥
p
q

1

∫ ∞

0

∫ ∞

τ
|f(t− τ)||g(τ)|p dtdτ

= ∥f∥
p
q
+1

1 ∥g∥pp

where in the second equality we used the Fubini-Tonelli theorem. Taking pth roots on both
sides and using the definition of q yields

∥f ∗ g∥p ⩽ ∥f∥1∥g∥p

as desired. ■

Equipped with Lemma P.2.1, we are ready to prove Proposition 2.6.2. First, recall that
given any u ∈ L2(R+,Rm), we have

G(u)(t) =
∫ t

0
CeA(t−τ)Bu(τ) dτ +Du(t).
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Hence, using the properties of the operator norm,

∥G(u)(t)∥ ⩽
∫ t

0
∥CeA(t−τ)B∥∥u(τ)∥ dτ + ∥D∥∥u(t)∥.

Notice that the first term is a convolution of the maps f, g : R+ → R given by

f(t) := ∥CeAtB∥, g(t) := ∥u(t)∥.

Since u ∈ L2(R+,Rm), we see that g ∈ L2(R+,R). We want to apply Lemma P.2.1, so we
must show that f ∈ L1(R+,R), i.e.∫ ∞

0
∥CeAtB∥ dt < ∞.

Well, we first note that ∫ ∞

0
∥CeAtB∥ dt ⩽ ∥B∥∥C∥

∫ ∞

0
∥eAt∥ dt.

This last integral converges because A is stable, which means that there exist M,γ > 0 such
that ∥eAt∥ ⩽ Me−γt for all t > 0. This fact is well known, see for instance [20, Corollary
2.11]. Hence indeed f ∈ L1(R+,R), so by Lemma P.2.1 we have that ∥f ∗ g∥2 ⩽ ∥f∥1∥g∥2,
i.e.

∥G(u)∥2 ⩽
(∫ ∞

0
∥CeAtB∥ dt+ ∥D∥

)
∥u∥2,

which proves that G is a bounded map.

P.2.2. Proof of Lemma 2.6.10

Here we state and prove the auxiliary result from which (2.18) follows.

Lemma P.2.2. Let {Ui : i ∈ I} be a collection of subsets of R and assume that
⋃

i∈I Ui is
bounded above. Then each Ui is bounded above. In particular,

sup
(⋃
i∈I

Ui

)
= sup {supUi : i ∈ I}. ◀

Proof. For convenience, let s := sup (
⋃

i∈I Ui). It is easy to see that s is an upper bound for
every Ui, so they are indeed bounded above. Let S := {supUi : i ∈ I}. For each j ∈ I, it is
clear that s ⩾ supUj , meaning s is an upper bound for S. Let ε > 0. Then there exists an
x ∈

⋃
i∈I Ui such that x > s− ε. Since x ∈ Ui for some i, it follows that supUi ⩾ x for some

i. Hence, for this index i, supUi > s − ε. Since supUi ∈ S, this proves that s = supS as
desired. ■

By the dissipativity of Σ, the assumption in Lemma P.2.2 is met. Applying Lemma P.2.2
thus yields

sup {V (x0, T ) : T ⩾ 0} = sup

⋃
T⩾0

{
−
∫ T

0
s(u(t), y(t)) dt : (u, x, y) ∈ B, x(0) = x0

}
= sup

{
−
∫ T

0
s(u(t), y(t)) dt : T ⩾ 0, (u, x, y) ∈ B, x(0) = x0

}
= Va(x0),

proving (2.18).
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P.3. Proofs from Section 3
P.3.1. Proof of Theorem 3.1.3

(a). Let (λ, x) be an eigenpair of A. As in the proof of Theorem 3.1.2, it follows from (3.6) that
Re(λ) = (x∗Qx)/(2x∗Px). Since x∗Px > 0, the sign of Re(λ) is thus determined by x∗Qx,
which is nonnegative since Q ⩽ 0. Suppose that x∗Qx = 0. Then Qx = 0 by Lemma 2.4.4,
but this implies that Ax = λx and Qx = 0 for some nonzero x, contradicting the observability
of (Q,A) through the Hautus test (see [20, Theorem 3.13]). Hence x∗Qx < 0 and Re(λ) < 0
as well.

(b).(i). For any Q ∈ Sn, the matrix P as in (3.5) is well-defined since σ(A) ⊆ C− and
solves (3.6). Moreover, this P is symmetric because Q is. It remains to verify uniqueness.
Suppose that P1, P2 ∈ Sn are both solutions to (3.6). Let ∆ := P1−P2 and M(t) := eA

⊤t∆eAt,
t ∈ R+. Then

Ṁ(t) = eA
⊤t(A⊤∆+∆A)eAt = 0.

Because A is stable, M(t) → 0 as t → ∞. This implies that M(t) = 0 for all t, so in particular
M(0) = ∆ = 0, i.e. P1 = P2, establishing uniqueness.

(b).(ii). Let Q ⩽ 0. Then the unique solution P to (3.6) is given by (3.5). It is thus easy
to see that P ⩾ 0 by Lemma 2.4.2. It remains to verify that P > 0 if and only if (Q,A) is
observable.

(⇒) Suppose that P > 0. Let λ ∈ σ(A) and let x ∈ Cn be any vector such that Ax = λx
and Qx = 0. Then

0 = x∗Qx = x∗(A⊤P + PA)x = 2Re(λ)x∗Px.

Since A is stable, Re(λ) < 0. Hence dividing by 2Re(λ) on both sides yields x∗Px = 0. Hence
x ∈ kerP = {0}, which proves that x = 0. Thus (Q,A) is observable by the Hautus test.

(⇐) Assume that (Q,A) is observable. Let x ∈ kerP . Then

x⊤Qx = x⊤(A⊤P + PA)x = 0,

so it follows from Lemma 2.4.4 that x ∈ kerQ. Hence (A⊤P +PA)x = 0, meaning PAx = 0,
i.e. Ax ∈ kerP . This shows that kerP is an A-invariant subspace contained in kerQ. Thus
kerP ⊆ ⟨kerQ |A⟩ = {0}, where the last equality holds because (Q,A) is observable. Thus
P > 0 as desired.

P.3.2. Proof of Proposition 3.1.4

Let us restrict our attention to (iii), as we use this particular property in the alternative proof
of Theorem 3.1.2 and the proofs in the other cases are analogous. Using Corollary 2.4.3, write
P = UU⊤ with U ∈ Rn×r, rankU = r. Since Q ⩾ 0, it follows using a similar argument
as in the proof of Theorem 3.1.3 that kerP = kerU⊤ is A⊤-invariant. Equivalently, imU is
A-invariant.12 Hence AU = US for some S ∈ Rr×r. Note that since U has full column rank,
this implies that σ(S) ⊆ σ(A). To prove (iii), it thus suffices to show that all eigenvalues of
S have nonnegative real part. Let S+ := 1

2(S
⊤ + S) denote the symmetric part of S. Note

that US⊤U⊤ + USU⊤ = Q, whereby

S⊤ + S = U †QU †⊤.

Since Q ⩾ 0, it follows from Lemma 2.4.2 that S+ ⩾ 0. Hence x∗Sx = x∗S+x ⩾ 0 for all
x ∈ Cn. Now let (λ, x) be an eigenpair of S and write x = y + iz and λ = α + iβ, where

12Here we use the following fact: let M ∈ Kn×n and consider a subspace V ⊆ Kn. Then V is M -invariant if and
only if V⊥ is M∗-invariant, where V⊥ is the orthogonal complement of V.
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y, z ∈ Rr are not both zero and α, β ∈ R. To conclude the proof, it suffices to show that
α ⩾ 0. Since S is real, comparing the real and imaginary parts in the equation Sx = λx yields
Sy = αy − βz and Sz = αz + βy. Hence we see that

0 ⩽ y⊤Sy + z⊤Sz = α(∥y∥2 + ∥z∥2) = α∥x∥2,

from which we obtain α ⩾ 0 as desired.

P.3.3. Proof of Theorem 3.2.1

Here we justify the two different cases we distinguished in the last part of the proof in further
detail.

Let n := n1 + · · · + nℓ and let λ1, . . . , λn be the eigenvalues of Z. If Z is not positive
semidefinite, then Z must have at least one negative eigenvalue (since Z ̸= 0). Without loss
of generality, assume that λ1 < 0. By the spectral theorem, there is a unitary U such that
Z = UΛU∗ with Λ = diag(λ1, . . . , λn). Hence

⟨B,Z⟩ = tr(BZ) = tr(U∗BUΛ)

by using the cyclic property of the trace. Now choose B = U diag(t, 1, . . . , 1)U∗, where t > 0.
Then B > 0 by Lemma 2.4.2, and

⟨B,Z⟩ = tλ1 +
n∑

i=2
λi

t→∞−−−→ −∞.

Hence there is a choice of B contradicting (3.8). This means that Z ⩾ 0. If insteadA∗(Z) ̸= 0,
then the first term in the right-hand side of (3.8) is unbounded below because we can choose
x = tA∗(Z) with t > 0. Then

−⟨x,A∗(Z)⟩ = −t∥A∗(Z)∥2 → −∞,

which contradicts (3.8). Therefore A∗(Z) = 0.

P.3.4. Proof of Lemma 3.2.2

Let r = rankN . By the spectral theorem, we have

⟨M,N⟩ =
r∑

i=1
λiu

∗
iMui.

where λ1, . . . , λr are the nonzero eigenvalues of N and u1, . . . , ur are the corresponding or-
thonormalized eigenvectors. If M,N ⩾ 0, this sum is nonnegative since the eigenvalues of N
are nonnegative and u∗iMui ⩾ 0 for all i ∈ {1, . . . , r}. Suppose thatM andN are also nonzero,
and that M > 0. Then at least one eigenvalue of N is nonzero, and because u∗iMui > 0 for
all i, we conclude that ⟨M,N⟩ > 0. The proof in the case N > 0 is similar (applying the
spectral theorem to M).

P.4. Proofs from Section 4
P.4.1. Proof of Theorem 4.2.2, (a) ⇒ (b)
We adapt the proof from [1, pp. 138-139], but provide some more details. The next lemma is
implicitly used in [1], so we first state and prove it.
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Lemma P.4.1. Let G ∈ RH∞ and suppose that ∥G∥∞ ⩾ α for some α > 0. Then one of the
following two cases occurs:
(i) there exists an ω0 ⩾ 0 such that ∥G(iω0)∥ ⩾ α;
(ii) there is an unbounded nonnegative sequence (ωn) such that limn→∞ ∥G(iωn)∥ ⩾ α. ◀

Proof. By assuming that ∥G∥∞ = supω∈R ∥G(iω)∥ ⩾ α, we know that for every n ∈ N, there
exists a ωn ∈ R such that ∥G(iωn)∥ > ∥G∥∞−1/n ⩾ α−1/n. First suppose that the sequence
(ωn) is bounded. Then it has a convergent subsequence (ωnk) converging to some ω0 ∈ R. By
the continuity of G and ∥ · ∥, we have limk→∞ ∥G(iωnk)∥ = ∥G(iω0)∥ ⩾ α. Because G is a
matrix of real rational functions, it holds that

∥G(s)∥ = ∥G(s)∥ = ∥G(s)∥

for all s ∈ C+. Hence we also have ∥G(−iω0)∥ ⩾ α, so choose whichever of ω0, −ω0 is
nonnegative. Then (i) holds.

Now suppose that (ωn) is unbounded. Define ω̃n := |ωn|, k ∈ N. Then ω̃n ⩾ 0 and
∥G(iωn)∥ = ∥G(iω̃n)∥ for all n ∈ N. Moreover, (ω̃n) is unbounded because (ωn) is. Finally,
noting that limn→∞ ∥G(iω̃n)∥ exists because G is proper, we see that

lim
n→∞

∥G(iω̃n)∥ ⩾ lim
n→∞

(
α− 1

n

)
= α.

Hence (ω̃n) is a sequence satisfying (ii). ■

We will also use the following result.

Lemma P.4.2. For α ∈ R+, consider the rational function ρα defined by

ρα(s) :=
α− s

α+ s
.

Fix ω > 0 and θ ∈ (0, π]. Then there is an α such that ρα(iω) = eiθ. ◀

Proof. It may be helpful to make a sketch to follow along with this proof. Note that, for all
s ̸= −α,

|ρα(s)|2 =
α2 − 2αRe(s) + |s|2

α2 + 2αRe(s) + |s|2
,

so in particular |ρα(s)| = 1 when Re(s) = 0. Let ω > 0 and θ ∈ (0, π]. Then ρα(iω) lies
on the unit disk in the complex plane for all α ∈ R+. Note that ρ0(iω) = −1 and that
limα→∞ ρα(iω) = 1. Clearly α 7→ ρα(iω) is continuous, so as α varies, ρα(iω) traces out
an upper semicircle in the complex plane with the point 1 removed. Let arg( · ) denote the
argument of a complex number, i.e. the angle it makes with the positive real axis. Since
arg(−1) = π and arg(1) = 0, it follows by a continuity argument that there must be an
α ∈ R+ such that arg(ρα(iω)) = θ. Since |ρα(iω)| = 1, it hence follows that ρα(iω) = eiθ as
desired. ■

We can now prove the ‘only if’ part of Theorem 4.2.2.
(a) ⇒ (b). We prove this by contraposition. Thus assume that ∥G1∥∞ ⩾ 1/γ. By

Lemma P.4.1, it suffices to consider two cases. We will identify case (ii) with ω0 = ∞.
It hence follows that ∥G1(iω0)∥ ⩾ 1/γ for some ω0 ∈ R+∪{∞}. Let UΣV ∗ be a compact sin-
gular value decomposition of G1(iω0) where U ∈ Cp×r, V ∈ Cm×r have orthonormal columns
and Σ = diag(σ1, . . . , σr) with σ1, . . . , σr the nonzero singular values of G1(iω0). Write

U =
[
u1 · · · ur

]
, V =

[
v1 · · · vr

]
.
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In light of [1, Lemma 5.1 and Corollary 5.4], it suffices to show that we can choose G2 such
that G2(iω0) = V diag(σ−1

1 , 0)U∗, since then

I −G1(iω)G2(iω) = I − UΣV ∗V diag(σ−1
1 , 0)U∗ = I − U diag(1, 0, . . . , 0)U∗ = I − u1u

∗
1,

which is a singular matrix because (I − u1u
∗
1)u1 = 0, so

det(I −G1(iω0)G2(iω0)) = 0.

Hence the interconnection Σ1 ×Σ2 will be not well-posed (if ω0 = ∞) or not internally stable
(if ω0 < ∞) [1].

If ω0 ∈ {0,∞}, then G1(iω0) is a real matrix.13 Hence the matrices U, V can be cho-
sen to be real, and we are free to choose G2 as the constant transfer matrix G2(s) :=
V diag(σ−1

1 , 0)U⊤. Then G2 is vacuously stable (it has no poles). Moreover,

∥G2∥∞ = 1
σ1

∥v1u∗1∥ = 1
σ1

∥v1∥∥u1∥ = 1
σ1

⩽ γ,

where we have used that σ1 (the largest singular value of G1(iω0)) is at least 1/γ.
If instead ω ∈ (0,∞), we need to do a bit more work since U, V are in general complex

matrices. We start by writing the entries of u∗1 and v1 in exponential form, i.e.,

u∗1 =
[
u11e

iθ1 · · · u1pe
iθp
]
, v1 =

 v11e
iϕ1

...
v1meiϕm

,
where the signs of the real numbers u1i, v1j have been chosen such that θi, ϕj ∈ (0, π] for all
i ∈ {1, . . . , p} and j ∈ {1, . . . ,m}. By Lemma P.4.2, there are hence α1, . . . , αp ∈ R+ and
β1, . . . , βm ∈ R+ such that the transfer matrix

G2(s) :=
1
σ1


v11

β1−s
β1+s
...

v1m
βm−s
βm+s

[u11 α1−s
α1+s · · · u1p

αp−s
αp+s

]
(P.1)

satisfies
G2(iω) =

1
σ1

v1u
∗
1 = V diag(σ−1

1 , 0)U.

It remains to verify that G2 is stable and has H∞-norm at most γ. Since αi, βj ⩾ 0 for
all i ∈ {1, . . . , p} and j ∈ {1, . . . ,m}, it is clear from (P.1) that the poles of G2 are in C−
(note that the zero poles cancel out), so G2 is indeed stable. Moreover, because the rational
functions in (P.1) have modulus one when s lies on the imaginary axis, we have

∥G2∥∞ = 1
σ1

sup
ω∈R

∥∥∥∥∥∥∥∥

v11

β1−iω
β1+iω
...

v1m
βm−iω
βm+iω

[u11 α1−iω
α1+iω · · · u1p

αp−iω
αp+iω

]∥∥∥∥∥∥∥∥
= 1

σ1
sup
ω∈R

∥∥∥∥∥∥∥∥

v11

β1−iω
β1+iω
...

v1m
βm−iω
βm+iω


∥∥∥∥∥∥∥∥
∥∥∥[u11 α1−iω

α1+iω · · · u1p
αp−iω
αp+iω

]∥∥∥
= 1

σ1
∥u1∥∥v1∥

= 1
σ1

⩽ γ,

13Since G1 is a matrix of real rational functions, G1(s) is real if s is real, which covers the case ω0 = 0. In the
case ω0 = ∞, we see that the limit of G(iω0) as ω0 → ∞ must be a constant real matrix (since G1 is proper).
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concluding the proof.

P.5. Proofs from Section 5
P.5.1. Proof of Lemma 5.3.5

Our proof is similar to the one in [25]. Note that the LMI (5.1) can be rewritten as[
A⊤P + PA PB

B⊤P 0

]
−
[
C D
0 I

]⊤[
Q S
S⊤ R

][
C D
0 I

]
⩽ 0. (P.2)

Let x ∈ kerP , α ∈ R and y ∈ Rm. Then it follows that

[
αx
y

]⊤[A⊤P + PA PB
B⊤P 0

]
−
[
C D
0 I

]⊤[
Q S
S⊤ R

][
C D
0 I

][αx
y

]

=
[
α
y

]⊤−[Cx D
0 I

]⊤[
Q S
S⊤ R

][
Cx D
0 I

][α
y

]
(P.2)
⩽ 0.

As α, y are arbitrary, this means that[
Cx D
0 I

]⊤[
Q S
S⊤ R

][
Cx D
0 I

]
⩾ 0.

Thus all eigenvalues of this matrix are nonnegative. Let

δ := dim ker
[
Cx D
0 I

]
.

By [26, Theorem 3.1], it follows that ν +((m+1)− (p+m))− δ ⩽ 0. This means δ ⩾ 1 since
ν ⩾ p. Thus there is a nonzero z = col(z1, z2) ∈ Rm+1 that satisfies[

Cx D
0 I

][
z1
z2

]
= 0,

i.e. z2 = 0 and Cxz1 = 0. Since z2 = 0, it follows that z1 ̸= 0. Hence Cx = 0, i.e. x ∈ kerC.
Thus kerP ⊆ kerC. Moreover, since Q ⩽ 0, it follows from the (1, 1)-block in (5.1) that
A⊤P +PA ⩽ 0. Since A is stable, we thus see that P ⩾ 0. As in the proofs of Theorem 3.1.3
and Lemma 4.3.2, this also implies that kerP is A-invariant. To summarize, kerP is an A-
invariant subspace contained in kerC. Thus kerP ⊆ ⟨kerC |A⟩ as claimed, which concludes
the proof since ⟨kerC | A⟩ = {0} when (C,A) is observable, implying that kerP = {0}, so
P > 0 in this case.

P.5.2. Addendum to Lemma 5.3.5

We will show that for δ-input passivity, the assumption that ν ⩾ p in Lemma 5.3.5 is satisfied.
The proofs in the other cases (passivity and ε-output passivity) are analogous. We thus choose
Q = 0, S = I and R = −δI with δ > 0. Let (λ, x) be an eigenpair of the matrix (5.6). By
partitioning x as x = col(x1, x2) and using the fact that x is an eigenvector, it then follows that
λ is a root of the polynomial λ2+δλ−1. This polynomial has a negative root, let us call it λ−.
It is not hard to verify that the eigenspace associated with λ− is {col(x1, λ−x1) : x1 ∈ Rp},
which is p-dimensional. Thus ν ⩾ p as claimed.
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