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Abstract

This thesis investigates the fixed-parameter tractability of NP-hard number-theoretic problems. While
parameterized complexity has been studied extensively in the field of graph theory, number theory has
been comparatively underexplored. Motivated by bridging this gap, we study five NP-hard problems
from Garey and Johnson’s 1979 book on ”Computer and Intractability”, each of which are related to core
number-theoretic topics such as modular arithmetic, Diophantine equations, divisibility, and multiplica-
tion.

The central research question guiding this thesis is ” What parameters are suitable for parameterization
of NP-hard problems in number theory?” To answer this question, we explore a variety of parameteri-
zations for each problem. These include bounds on solution variables, input sizes, and number-theoretic
properties, such as the number of distinct prime factors appearing in parts of the input.

Our contributions include nine fixed-parameter tractable (FPT) algorithms and one slice-wise poly-
nomial (XP) algorithm. These algorithms leverage a variety of algorithmic techniques, including inte-
ger linear programming (ILP) with bounded constraints, dynamic programming over exponent vectors,
brute-forcing over bounded search spaces, and classical number-theoretic techniques such as the Chinese
Remainder Theorem (CRT) and Hensel’'s Lemma. We show that different parameterizations can lead to
fundamentally different algorithms, even for problems under the same parameterization. Furthermore, we
show that there is no single parameter that is optimal for each problem, and different parameterizations
lend themselves better to different input instances.

Overall, this thesis provides strong evidence for the relevance of parameterized complexity in number
theory. Our work contributes both a concrete toolkit of algorithmic techniques and outlines a framework
for identifying other promising parameters.
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1 Introduction & Motivation

Computational complexity theory traditionally classifies problems based on their worst-case behavior with
respect to input size, distinguishing between tractable, polynomial-time solvable, and intractable, NP-hard,
problems. However, this distinction often overlooks important structural, among other properties, that are
present in the real-world instances of these problems. Many problems that are hard in general can be solved
efficiently when certain parameters in the input are small. This insight forms the basis for parameterized
complexity theory. A framework that analyzes computational problems using both input size and additional
parameters [9].

Similarly to polynomial time being central to the classical formulation of computational complexity,
central to parameterized complexity is the notion of fized-parameter tractability (FPT). Informally a problem
is fixed-parameter tractable with respect to a parameter k if it can be solved in time f(k) - poly(n) where
f is a computable function independent of the input size n. This makes FPT algorithms particularly useful
when the parameter k is small in practice, even if the input n is large.

Formally, we define these key concepts as follows [111, [0, [12]:

Definition 1. A parameterized problem is a language L C ¥* x N, where X is a fized, finite alphabet.
For an instance (x,k) € X* X N, k is called the parameter.

Definition 2. A parameterized problem L C ¥* x N is called fized-parameter tractable (FPT) if there
exists an algorithm A (called o fixzed-parameter algorithm), a computable function f : N — N, and a
constant ¢ such that, given (z,k) € ¥* x N, the algorithm A correctly decides whether (z,k) € L in time
bounded by f(k) - |(z,k)|°. The complezity class containing all fized-parameter tractable problems is called
FPT.

With these definitions in mind, parameterized complexity as a field aims to address intractability ques-
tions for problems that are parameterized, and for which important applications are covered by small ranges
of parameters, that classical complexity frameworks are not adequate to address [I1].

As explained in more detail in Section [2] graph theory is a domain that has been extensively studied
under the parameterized complexity and fixed-parameter tractability frameworks. In this thesis, we direct
our attention to number theory. A domain that despite its importance, has received comparatively little
attention from parameterized complexity and FPT approaches in literature.

Number theory has numerous practical applications across different fields, including integer optimization
computational number theory, and most notably, cryptography [19]. Problems in number theory, particularly
those involving divisibility, modular arithmetic and Diophantine equations, are often NP-hard [16]. As such,
these lend themselves exceptionally well to cryptographic systems, where their computational hardness is
central to the security of the system. One such example is public-key encryption and the widely used RSA
protocol [I0, pp. 15-18].

However, in practice, the instances of these problems may involve small or bounded quantities, such as
a limited number of prime factors, upper bounds on solution variables, or structural properties. This raises
an important question of whether these problems, though hard in general, can be efficiently solved when
restricted to small parameter values?

This question inspires both the theoretical and practical contributions of this thesis. From a theoret-
ical perspective, extending FPT techniques into number theory helps broaden the scope of parameterized
complexity and deepen our understanding of which parameters impact number-theoretic problem’s compu-
tational hardness. As mentioned by Misra et al. the potential of parameterized complexity in fields other
than graph theory remains relatively underexplored [24]. This thesis aims to bridge that gap. From a prac-
tical standpoint, finding efficient FPT algorithms for number-theoretic problems could help cryptographers
identify those parameter ranges that leave their systems vulnerable to FPT algorithms using these param-
eters as a basis for attacks. Conversely, these techniques could also be used in optimizing number-theoretic
computations in areas like coding theory and integer optimization [19].

In this thesis, the focus is to identify natural parameterizations that make the chosen NP-hard number-
theoretic problems tractable under these parameterizations. To this end, we analyze a variety of classical
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number-theoretic decision problems. The problems we have chosen are from the foundational text on the
NP-hardness of decision problems written by Garey and Johnson in 1979 [I6]. For each of these problems,
we explore which parameters enable fixed-parameter tractable algorithms.

This leads us to the central research question of the thesis:

What parameters are suitable for parameterization of NP-hard problems in number theory?

To answer this question, each section of the thesis focuses on one number-theoretic problem. We for-
mally define the problem, propose natural parameterizations, and construct FPT algorithms under those
parameterizations. For each problem and parameterization, we aim to convey the underlying intuition before
presenting the algorithm in full detail, followed by a formal proof of correctness and an analysis of its running
time within the FPT framework.

Through this approach, we aim not only to provide concrete algorithmic results but also to offer an
insight into what parameterizations are promising for the studying of parameterized complexity in the field
of number theory. Furthermore, we hope this thesis serves as a foundation and reference point for future
work, equipping other researchers with insights and techniques they can use when analyzing other problems
in this area.
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2 Related Work

2.1 Fixed-Parameter Tractability in Graph Problems

The field of parameterized complexity has seen extensive research in graph-related problems. Various well
known NP-complete decision problems, such as VERTEX COVER, SATISFACTORY PARTITION, FEEDBACK
VERTEX SET, and a variety of others have been proven to be fixed-parameter tractable with appropriate
parametrization. Downey and Fellow were the first to show that the VERTEX COVER problem was FPT when
parameterized by the size of the solution [I5]. They also pioneered the research in the field of parameterized
complexity. Many of the techniques they proposed in their initial papers, summarized in their Fundamentals
of Parameterized Complexity book [12], are core to the research done nowadays. Using Downey and Fellow’s
techniques, together with other optimizations, Chen et al. shared the fastest known FPT algorithm for the
VERTEX COVER problem in 2006, which runs in O*(1.2738%) time [5] [14].

2.2 Fixed-Parameter Tractability in Number Theory & Beyond

Contrary to graph problems, the application of FPT techniques in number theoretic problems is less de-
veloped. However, a motivating example that problems in number theory also lend themselves to FPT
algorithms is the COVERING BY ARITHMETIC PROGRESSION (CAP) problem. CAP was proved to be NP-
complete by Health in 1990 [I8]. Recently, in 2024, Bliznets et al. presented a 2O(k2)poly(n) time FPT
algorithm to solve CAP. The CAP problem and its solutions have practical applications such as in VLSI
chip manufacturing [4].

Randolph and Wegrzycki [27] recently studied the well known number theoretic problems of SUBSET
SuM and K-SUM. The paper investigates FPT approaches to these problems and finds that they admit an
FPT algorithm when the input set exhibits a small doubling property.

Randolph later expanded on this line of work in his thesis, where he presented a broader range of exact
and parameterized algorithms for SUBSET SUM and related problems. Notable contributions include average
case algorithms for GENERALIZED SUBSET SUM, algorithms that solve worst-case SUBSET SUM faster than
205" by a polynomial factor, and lastly insights into how SUBSET SuUM is fixed-parameter tractable in the
doubling constant depending on the time required to solve a type of Integer Linear Program [26].

The work by Misra et al. provides a State-of-the-Art survey of parameterized complexity across various
domains. One of its key conclusions is the need to broaden the scope and impact of parameterized complexity,
beyond its traditional focus on graph problems [24]. Exploring under-studied areas, such as number theory,
offers a promising direction for extending the reach and applicability of FPT algorithms.

2.3 Fixed-Parameter Tractability Considerations for Selected Number-Theoretic
Problems

In this thesis, we explore several classical NP-hard number-theoretic problems from the perspective of pa-
rameterized complexity. These problems, systematically categorized by Garey and Johnson [16], have, to the
best of our knowledge, not yet been thoroughly examined within the framework of fixed-parameter tractabil-
ity. We summarize below the existing literature on these problems and highlight the gaps we aim to address.
Later on, in each problem’s respective section, we state the formal problem definition.

2.3.1 Subset Product (SP14)]

The SUBSET PrODUCT PROBLEM (SPP) is analogous to the SUBSET SUM PROBLEM, with a slight variation.
Instead of computing a target sum, the goal is to compute a target product. More specifically, given a set
A of positive integers and a target integer B, the SPP asks whether there exists a subset A’ C A such that
the product of its elements equals B [16], p. 224].

1Each code in parentheses (SP14, AN1,AN2etc...) corresponds to the problem numbering in Garey and Johnson’s appendix
[16], indicating these are standard NP-complete problems from their book. We use these codes throughout for consistency and
ease of cross referencing with their book.
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Despite the extensive amount of research done on the closely related SUBSET SUM PROBLEM, both from
a classical and parameterized complexity perspecitve, the SPP has received comparitively little attention
from either domain [13].

Nevertheless, a pseudo-polynomial time algorithm for the problem exists. The algorithm is derived by
extending Richard Bellman’s classic dynamic programming method designed for the SUBSET SuUM PROBLEM
[3]. Dutta and Rajasree [13] describe the modifications to Bellman’s algorithm more precisely. They use the
prime factorization of B to define a dynamic programming table over B’s exponent vectors and show that
the time complexity of this algorithm is O(nBM).

Our approach to the SPP is largely inspired by this exponent-vector formulation presented by Dutta and
Rajasree. However, our results differ in that we analyze the algorithm through the lens of parameterized
complexity as opposed to classical computational complexity. In particular, we consider the SPP when
parameterized by k, the number of distinct prime factors of the target B. To the best of our knowledge, no
prior work has analyzed the SPP under this parameterization, nor studied its fixed-parameter tractability.

2.3.2 Quadratic Congruences (AN1)

The QUADRATIC CONGRUENCE PROBLEM (QCP) involves determining whether a solution exist to 2% = a
(mod b) under the additional constraint that @ < ¢ [I6, p. 249]. Problems of this kind appear frequently
in number theory, and closely related concepts such as quadratic residuosity, the Legendre symbol, and the
Jacobi symbol are standard topics in number theory textbooks [0, 10, [8]. As discussed further in Section
these topics are not only of theoretical importance but also have many applications, including in primality
testing, public key cryptography, and others [§].

Despite the the central role that these related topics play in number theory and their variety of practical
applications, to the best of our knowledge, the QCP has not yet been studied from the perspective of
parameterized complexity. In this thesis, we investigate whether natural parameterizations, such as bounding
the number of distinct prime factors of b, or limiting the solution size of z, lead to fixed-parameter tractable
algorithms for the QCP.

2.3.3 Simultaneous Incongruence (AN2)

The SIMULTANEOUS INCONGRUENCE PROBLEM (SIP) is an NP-complete problem in modular arithmetic
that seeks an integer = wviolating a system of congruences. While the closely related problem, of finding
an integer x satisfying a system of congruences, solvable by the Chinese Remainder Theorem (CRT), has
widespread applications in cryptography and other fields, the incongruence variant presents new computa-
tional challenges [10].

From a complexity perspective, the SIP shows how slight variations in problem definitions can drastically
change the problem’s tractability. Where the congruence problem admits polynomial-time solutions using
the CRT, the incongruence variant remains NP-complete even if the same input were used [6l, [16]. To the
best of our knowledge, the SIP has not been studied in parameterized complexity literature. This gap
motivates our work on exploring whether certain parameterizations lead to FPT algorithms for the problem.
In particular we look at parameterizing by the number of input constraints.

2.3.4 Quadratic Diophantine Equations (ANS8)

Diophantine equations, which require integer solutions to polynomial equations, are a classical topic in
number theory with applications ranging from algebraic geometry to cryptography [29 [6]. The field of
Diophantine equations is broad, and even within this class of equations different forms can have very different
computational behavior. For example, linear Diophantine equations can be solved efficiently using standard
number-theoretic techniques, like Euclid’s algorithm, while more complex forms, such as quadratic or higher-
degree equations are often NP-hard or even undecidable, by the Matiyasevich (MRDP) theorem [23] 29].
Quadratic Diophantine equations in particular have been studied from many mathematical perspectives,
such as in the context of Pell’s equation, 2 — ny? = 1, or integer points on elliptic curves [29]. However,
these problems have not been extensively researched from a parameterized complexity point of view. One
recent exception is a result by Mandel and Ushakov, who showed that the general Diophantine Satisfiability
problem is slice-wise polynomial (XP) when parameterized by the number of variables involved in the system
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[22]. This result, though promising, does not directly address the individual problem like the QDEP we
analyze.

To the best of our knowledge, no prior work has considered fixed-parameter tractability for the specific
case of quadratic Diophantine equations involving both a quadratic term and a linear term, such as the form
of our equation az? + by = c. In this thesis, we analyze the QDEP under two different parameterizations
and present FPT algorithms for both.

2.3.5 Comparative Divisibility (AN4)

The COMPARATIVE DIVISIBILITY PROBLEM (CDP) looks for an integer ¢ that divides more elements in
one multiset than another. Beyond the inclusion by Garey and Johnson in their 1979 book [I6], there
is remarkably little published research on the CDP or related divisibility comparison problems, especially
under any parameterized complexity perspective.

More broadly and from a classical computational complexity perspective, Plaisted’s work showed that
some problems involving polynomial and integer divisibility are NP-hard or NP-complete [25]. Additionally,
the complexity of Presburger arithmetic with divisibility has been studied in the context of linear arithmetic.
The work by Lechner et al. shows that Presburger formulas that integrate integer divisibility predicates are
NP-hard, but decidable in NEXPTIME [20].

However, none of these results directly address the CDP or similar divisibility problems under param-
eterizations. To our knowledge, no prior work investigates the fixed-parameter tractability of the CDP.
In light of this gap, our work investigates whether parameters like sizes of maximum values in the input
sequence result in FPT algorithms.
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3 Subset Product

SuBsSET ProbDUCT PROBLEM (SPP) - (SP14) [16] p. 224]
Input: Finite set A, a size s(a) € Z* for each a € A, and a positive integer B.
Question: Is there a subset A’ C A such that the product of the sizes of the elements A’ is exactly B?

The algorithm we present in this section is largely inspired by the work of Dutta and Rajasree [13].
They describe a pseudo-polynomial time approach to the SPP using a dynamic programming table over
the exponent vectors of the prime factorization of the target product B. We construct the same dynamic
programming table, but formalize their description into a concrete algorithm and adapt its structure to make
it suitable for parameterized complexity analysis. In particular, we parameterize the SPP by k, the number
of distinct prime factors of B, and show that under this parameterization the problem admits an XP-time
algorithm.

Informally, XP-time (or slice-wise polynomial time) means that for each fixed value of the parameter k,
the problem can be solved in polynomial time, although the degree of the polynomial may depend on k.

Formally, we define this concept as follows [IJ]:

Definition 3. A parameterized problem L C ¥* x N is called slice-wise polynomial (XP) if there exists
an algorithm A and two computable functions f,g: N — N such that, given (x,k) € ¥* x N, the algorithm
A correctly decides whether (z,k) € L in time bounded by f(k) - |(x, k)|9%). The complezity class containing
all slice-wise polynomial problems is called XP.

With this definition in mind, we proceed with the description of the XP algorithm used to solve the SPP.

3.1 Parameterization by Number of Distinct Prime Factors of Target Product

We consider the Subset Product Problem (SPP) under the parameterization by k, the number of distinct
prime factors of the target product B. Throughout this subsection, we assume that the prime factorization
of B is given as part of the input. That is, we write:

k
B=]]p,
=1

where each p; is a distinct prime and e; > 1.

Our goal is to determine whether there exists a subset A” C A such that the product of its elements
equals B, using an algorithm whose complexity is controlled by the parameter k. In what follows, we show
that the problem is slice-wise polynomial (XP) with respect to k. This is achieved by reformulating the SPP
as a vector subset sum problem over the exponent vectors of the prime factorizations of the elements in A,
and solving the resulting problem using a dynamic programming approach.

To this end, we introduce and prove Theorem [3.1]

Theorem 3.1. The SPP is slice-wise polynomial (XP) when parameterized by the number k of distinct
prime factors of the target product B. The algorithm runs in time O(n - (E + 1)¥ - poly(L)), where E =
max(e;) for 1 <i <k and L is the total bit-length of the input.

Proof. Let B = Hle pst be the prime factorization of the target product. For each element a € A, we factor

?

it with respect to the primes {p1,...,px}, writing:

k
a = prq(a) *Ta,
i=1

where r, is the residual factor of a not divisible by any p;. We discard any a € A for which r, # 1, since
such an a cannot contribute to a subset product equal to B.

Remark 3.1. Although the elements a € A are not given in factored form, we can efficiently factor each
with respect to the primes {p1,...,pr} provided in the input. Since only elements with all their prime factors
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in this set and a < B can contribute to the target product, we discard all others. For the other elements,
calculating each exponent v;(a) takes time polynomial in the bit-length of a and B when using trial division
over k primes. Hence, this factoring step is efficient for this algorithm.

Next, we define & = (ey,...,er) to denote the exponent vector of B. For each filtered a, we define its
exponent vector as: ¥(a) = (vi(a),...,vk(a)).
Observe that the subset product condition can now equivalently be stated as finding a subset A" C A

such that:
> da) =
acA’

We solve this newly described problem using dynamic programming.

To do so, we construct a dynamic programming table DP[Z], indexed by vectors & € N* with 0 < z; < e;,
which records whether a subset of A with exponent sum & exists.

We initialize the table with DP[0] = true to represent the empty subset. We then iterate over the
exponents vectors of the input elements in A, and for each such vector ¢(a), we perform the addition of
a to every reachable state Z currently marked true in DP. If Z + ¢(a) < € coordinate-wise, we mark
DP[Z+ ¥(a)] = true. To avoid double counting, we ensure that new additions are only made from DP states
that were marked true before processing the current element a.

If at the end of this process DP[e] = true, we know that there must exist some subset A’ C A such that:

H a= B.
acA’

In pseudocode the algorithm works as follows:

Algorithm 1 Algorithm for Subset Product
1: Algorithm SOLVESUBSETPRODUCT(A, B = Hle 5t

K3
2: Initialize DP as dictionary indexed by vectors ¥ € N* with 0 < z; < e;
3: Set DP[0] < true

4: for each a € A do

5: Factor a over {p1,...,pi} to get ¥(a) > See Remark
6: if a contains any prime outside {p1,...,pr} then
7 continue > Skip a as it cannot contribute to B
8: end if
9: Let NewDP < DP. copy() > Copy to avoid double counting
10: for each Z in DP.keys () do

11: if Z+ ¥(a) < € coordinate-wise then

12: NewDP[Z + ¥(a)] + true

13: end if

14: end for

15: DP < NewDP

16: end for

17: if DP[é] = true then

18: return YES

19: else

20: return NO

21: end if

To prove the correctness of this algorithm, we introduce and prove Claim

Claim 3.1. DP[e] = true, and thus we have a YES instance, if and only if there exists a subset A" C A such
that the product of elements in A’ equals B.

Proof. We prove Claim [3.1] in both directions.
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Suppose DP[é] = true. Then by the dynamic programming table, there exists a sequence of elements
ai,...,a; € Asuch that, for each i, the exponent vector 7(a;) was added to a previously reachable DP state.
Furthermore, the total sum of these vectors is €. That is,

J
=1

K2

Now, let us define A’ = {a1,...,a;}. Since each a; for 1 < ¢ < j consists of only primes {p; ...,px}, and
the sum of their exponent vectors equals €, we conclude that:

k
H a:pr" = B.
i=1

acA’

Hence, A’ is a subset of A whose product equals B.
Suppose now that there exists a subset A’ C A such that [],., a = B. Since by assumption B =

Hle p;t, and each a € A’ is composed of only primes from {p1,...,px} it follows that:

> da) =

acA’

We now turn our attention to Algorithm |1| to verify the algorithm correctly detects this. Initially, DP[G] =
true on Line[3| As the algorithm iterates over each a € A on Line [4] it computes the exponent vector v(a)
on Line 5| If a contains any prime outside the given primes, {p1,...,pr}, it is discarded on Line |7} and as
such does not contribute to a possible solution. For all other elements, the loop on line Line [10| checks for
each reachable state & whether # + ¥/(a) < € coordinate-wise on Line If so, this state is updated to true
on Line

Since ), 4 ¥(a) = €, and each intermediate partial sum of the exponent vectors is less then € coordinate-
wise, it follows inductively, by iterating through the loop, that each partial state z; remains valid and is
updated during the iteration over A. As A’ C A, by the time all elements of A’ have been processed, the
table entry DP[e] is set to true and the algorithm will correctly returns YES on Line

Finally, suppose no subset A’ C A exists such that [],. 4, a = B. In this case, the exponent vector € is
unreachable via any valid subset, and so the entry DP[€] remains unset. As a result, the algorithm correctly
returns NO on Line

This completes the proof of correctness.

O

Having proven the correctness of Algorithm [I} through the proof of Claim all that remains is to
analyze the running time of the algorithm.
The dynamic programming table DP is indexed by vectors ¥ € N¥ with 0 < z; < e;. Observe that the

total number of such vectors is: .

[+ <@E+1)F

i=1

where E = max(e;) for 1 <i < k. As such, the size of the dynamic programming table is (E + 1).
Next, observe that since [],. 4, a > B, taking logarithms gives:

logB <Y loga <L,
a€A

where L is the total bit-length of the input. As such, we have:
E+1<logB+1<L+1<2L,

which implies:
(E+1)F < (20~
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Now consider that on Line [d the algorithm iterates over all values in A. There is n such values to go
through. Factoring each a € A over the primes {p1,...,px} takes O(k - poly(L)) time per element via trial
division. In the worst case, the loop on Line |10 will go through all (E + 1)* states of the DP and compute
Z 4 9(a) < ¢, which constitutes k coordinate-wise comparisons. These comparisons take poly(L) time.

As a result, the final running time of the algorithm is:

O(n- (E +1)* - poly(L)) < O(n - (2L)* - poly(L)).

Remark 3.2. Algorithm (1] is not FPT in parameter k, because the term (2L) is exponential in the pa-
rameter. However, for each fixed k, the algorithm runs in polynomial time in the input size. As such, the
algorithm belongs to the XP, or slice-wise polynomial time class.

O



4 Quadratic Congruences 12

4 Quadratic Congruences

QUADRATIC CONGRUENCE PROBLEM (QCP) - (AN1) [I6, p. 249]
Input: Positive integers a,b and c.
Question: Is there a positive integer < ¢ such that 2% = a (mod b)?

Solving quadratic congruences has wide-ranging applications across number theory and computer science.
For instance, it can play a role in integer factorization algorithms []], in probabilistic primality tests such
as the Solovay—Strassen test [30], and in cryptography through the Goldwasser—Micali encryption scheme
[I7]. These practical applications, along with theoretical interest in quadratic residues, motivate a detailed
examination of the decision problem posed above under different parameterizations.

In the following subsections we analyze two parameterizations of the QCP. First, by ¢, leading to a simple
brute-force FPT algorithm. Then, by k, the number of distinct prime factors of b.

4.1 Parameterization by ¢, Upper Bound on z

We begin by analyzing the QCP under the parameterization by ¢, which serves as an upper bound on
the variable z. We show that this problem admits a fixed-parameter tractable (FPT) algorithm when
parameterized by c.

To this end, we state and prove the following theorem.

Theorem 4.1. The QCP is fized-parameter tractable (FPT) when parameterized by ¢, the upper bound on
x. The algorithm has running time:

O(c - poly(L)),
where L is the total bit-length of the input.

Proof. We prove this by explicitly constructing an algorithm that decides the problem and show that its
running time is bounded by f(c) - poly(L), where f(c) = c.

Recall that we are given three positive integers a, b, c and are asked whether there exists a positive integer

x < ¢ such that:
r?=a (mod b).

Since z is bounded by ¢, and c¢ is the parameter, we can afford to brute-force over all z € {1,2,...,c—1}.
For each candidate value, we check whether 22 = a (mod b). If this is the case, we have a YES instance. In
case we have tried all z € {1,...,c — 1} and none hold, we have a NO instance. The algorithm proceeds as
follows:

Algorithm 2 Algorithm for QCP

1. Algorithm SoLvEQCP(a,b,c)
2: forr=1toc—1do

3 if 22 mod b = a mod b then
4: return YES

5 end if

6: end for

7: return NO

We now prove the correctness of Algorithm

Firstly, suppose there exists an z < ¢ such that 22 = a (mod b). By construction this value of x will
eventually be considered in the loop on Line [2| Since 22 = a (mod b), the condition on Line [3|is satisfied,
and hence the algorithm correctly returns YES on Line

Suppose now that the algorithm returns YES. Then there exists an € {1,...,c¢ — 1} such that z?
mod b = a mod b. By simple arithmetic we see that:

> modb=a modb< z?=a (modbd).



4 Quadratic Congruences 13

Since z < ¢ and z is a positive integer, we know that = satisfies the condition of the QCP, and therefore is
a valid solution.

Lastly, we must consider the case when the algorithm returns NO. In this case, the loop on Line [2] finishes
without finding any = < ¢ such that the condition on Line [3 holds. Therefore, we conclude there is no z < ¢
such that 22 mod b =a mod b, and the algorithm correctly returns NO on Line |ﬂ

This completes the proof of correctness.

We now analyze the runtime of the algorithm.

The loop on Line runs for at most ¢ — 1 times. In each iteration, we compute 22 mod b and compare it
to a mod b. These operations involve standard arithmetic and modular reduction on integers of bit-length
at most L, and can hence be done in poly(L) time.

Thus, the total running time of Algorithm [2]is

O(c - poly(L)).

4.2 Parameterization by Number of Distinct Prime Factors of b

While parameterizing the QCP by ¢, the upper bound on x, yields an FPT algorithm, its practicality is
limited to instances where solutions are small. We now analyze the QCP under the parameterization by k,
the number of distinct prime factors of b. This approach uses the algebraic properties of modular arithmetic
allowing for efficient solutions even when c is large.
Throughout this subsection, we assume that b is odd and that we are given its prime factorization in the
input. As such, we have:
k
b=]»5
i=1

where each p; is a distinct odd prime, and each e; > 1. Our goal is to determine whether there exists a
positive integer x < ¢ such that:
r?=a (mod b).

We proceed by analyzing the structure of this congruence through a series of classical number theoretic
observations and lemmas.

Firstly, we notice that we can break down the congruence modulo b into it’s k£ distinct prime factors and
use the CHINESE REMAINDER THEOREM (CRT) to find partial solutions for each of these local congruences.
Formalizing this we have that:

Observation 4.1. Let b = Hle p;* be the factorization of b into distinct odd primes. The congruence
2?2 = a (mod b) is solvable if and only if, for each 1 < i < k, the broken down congruence

2> =a (mod p§')

has a solution.

Proof. As all moduli, p;* for 1 < ¢ <k, are pairwise coprime, this result follows directly from the CRT [10]
pp. 41-43]. O

Next, we show that each of the local congruences 2 = a (mod p{*) can be solved independently.

Lemma 4.1. Let p; be an odd prime, e; > 1 and a € Z. Suppose a has the factorization a = pf -a’, where
>0 and p;1a’. Then we have the following cases:

If € is odd and £ < e;, then 2> =a (mod p§') has no solution.

If£> e, then 2> = a  (mod p§') has a unique solution x =0 (mod pi%w)

Furthermore, each of these cases can be solved in randomized polynomial time.

2
If lis even and £ < e;, then 2> =a (mod p§*) has either no solution or has two distinct solutions modulo pf‘ 2.
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Proof. This result follows directly from finding the solutions, if any exist, to 2> = a mod p$* in randomized

polynomial time using the Tonelli [31I]-Shanks [28] algorithm and then applying Hensel’s Lemma [10, pp. 44—

45] to lift the found solutions to 2? = a (mod pS*). O
Having shown how to compute the solutions to each local congruence z? = a (mod p{*), we now show

how to combine these local solutions into a full global solution modulo b.

Lemma 4.2. Suppose that for each 1 < i <k, the local congruence:

r?=a (mod i),

has either one or two solutions. We partition the indices {1,...,k} into:

{Sl = {i | congruence has 1 solution}

So = {i | congruence has 2 solutions}

For each choice of local solution x;, the system of congruences:

{:v =x; (mod p{*) forie Sy

=z; (mod p[e,;/z]) forie Sy

K2

has a unique solution modulo b’ | b, where:

b = H pfl . H p;ej/?l

i€S2 JjES1
Moreover, this solution satisfies x* = a (mod b).

Proof. In the case that all local congruences have 2 solutions, the result of a unique solution modulo b follows
directly from all moduli p;* being coprime and a constructive proof of the CRT [10, pp. 41-43]. However, if
a local congruence has only one solution, then z, our global solution, must satisfy a fixed condition modulo
p;*, constraining the global solution more strictly.

As a result, when we apply the CRT to combine the local congruences, we know by Lemma that we
will be working modulo a smaller modulus ¥ | b, rather than the full modulo b. Nonetheless, by the CRT,
we still find a unique global solution modulo '

In both cases, since z = z; (mod p{*) and by basic modular arithmetic 2 = a (mod p{*), we have that:

z=zf=a (mod p’).
As this hold for all ¢, and since all p{* are coprime, it follows that 2? = a (mod b) [7, pp. 951-952]. O
Corollary 4.1. Under the assumptions of Lemma[[.3, the congruence

> =a (mod b)

has at most 2% distinct solutions.

Proof. By Lemma each local congruence x> = a (mod p§’) has at most 2 solutions. In the worst case
all k congruences would have exactly two solutions. In this case there would be 2¥ congruence systems for
the CRT to solve in Lemma [£:2] As the CRT finds a unique solution to each system, we know there would
be at most 2¥ solutions to the congruence 2% = a (mod b). O

With these structural insights in place, we are now ready to prove the main result of this section. We
now present Theorem [.2]

Theorem 4.2. The QCP is fivred-parameter tractable (FPT) when parameterized by k, the number of distinct
prime factors of b. The algorithm’s running time is:

O(2" - poly(L)),
where L s the total bit-length of the input.
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Proof. We prove this by using the structural insights presented in this subsection.
We start by looking at each i € {1,...,k} and attempt to solve the local congruence:

2> =a (mod pf').
By Lemma [4.1] each local congruence either has no solution, one solution, or two solutions. If any local
congruence has no solution, then by Observation the global congruence 2> = a (mod b) also has no
solution. In this case we have a NO instance.

Assuming all local congruences have solutions, we proceed to construct all systems of congruences. By
Corollary there are at most 2¥ such congruence systems.

For each of the at most 2* combinations, we apply Lemma to construct a unique solution x modulo
b' for some b’ | b. We know that each such z satisfies:

> =a (mod b).

Lastly, for each constructed value x mod b or z mod ¥, we compute the minimal positive representative
in the congruence class and check whether it satisfies x < c. If any such x satisfies this, we know we have a
YES instance. Otherwise, if for none of the at most 2% global solutions x < ¢, then we have a NO instance.

Finally, we analyze the running time of the algorithm outlined above.

Each local congruence is solved in randomized polynomial time [28) BT, 10, pp. 44-45]. There are k
such congruences. Next, we consider that there are at most 2* congruence systems that are combined in
polynomial time using the CRT [0, pp. 12-22]. Lastly, checking whether x < ¢ is also polynomial in the
input size.

As a result, the total running time of the algorithm is:

O(2" - poly(L)).
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5 Simultaneous Incongruences

SIMULTANEOUS INCONGRUENCE PROBLEM (SIP) - (AN2) [I6, p. 249]
Input: A collection {(a1,b1), ..., (an,by)} of ordered pairs of positive integers, with a; < b; for 1 <i < n.
Question: Does there exist an integer x such that x # a; (mod b;) for all 1 <i < n?

Solving systems of modular congruences is a recurring theme in both number theory and constraint
based scheduling. While the Chinese Remainder Theorem addresses the existence of an integer that satisfies
a system of congruences, the SIP focuses on finding an integer that avoids a system of congruences. This
formulation can model scenarios such as assigning time slots in scheduling where certain periods must be
avoided.

In the following subsections, we present two distinct FPT approaches for the SIP, both parameterized
by the number of input pairs n. One via an Integer Linear Programming (ILP) encoding, and another using
a threshold function to partition the input instance into different cases.

5.1 Parameterization by n using ILP encoding

Theorem 5.1. The SIP is fived-parameter tractable (FPT) when parameterized by n, the number of input
pairs. The FPT algorithm’s running time is

f(n) - poly(L), where f(n) = (3n 4 1)°C"*D
and L is the total bit-length of the input.

Proof. We prove this by reducing the SIP problem to an instance of Integer Linear Programming, construct-
ing an Integer Linear Program (ILP) with a fixed number of variables, 3n + 1, and then applying Lenstra’s
algorithm [21] to solve the ILP. As such, we proceed with the encoding of the SIP into an ILP.

ILP solvers operate on systems of linear (in)equalities over integer variables [I]. However, as stated in
the name, the constraints in the SIP are modular incongruences of the form z # a; (mod b;). As such, to
apply ILP techniques, we must first express the problem’s constraints using linear (in)equalities.

We observe that with the properties of the problem instance 0 < a; < b; for all ¢ € {1,...,n}, the
following are equivalent:

xZa; (modb) <= zmodbd; #a; (1)

The central idea in the ILP modeling is to explicitly represent the remainder of x mod b;. Instead of
treating the modulo operator directly, which is non-linear and hence not allowed in ILPs, we model it by
introducing auxiliary variables. For each i, we write x = b; - ¢; + 7;, where ¢; is the integer quotient of
b% and r; is the remainder. By additionally constraining r; to lie in the interval [0,b; — 1], we ensure that
r; = x mod b;.

The goal now is to enforce that for every i, r; # a;. As this inequality is not in the allowed ILP format
yet, we encode this constraint as a disjunction of two linear inequalities [I]:

’/‘i—ai21 vV ri—aig—l

Disjunctions are not directly allowed in ILPs. As such, we introduce an auxiliary binary variable z; €
{0,1} and use a standard big-M trick to distinguish both cases of the disjunction [2]. As a result, the
disjunction above is modeled as the following system of inequalities:

Ty —a; + Mz, >1
ri—a;—M(1-2z) <-1
Z; >0
% <1

where M is a sufficiently large constant (e.g. any M > max(b;), Vi € {1,...,n}). Note that since 0 < r; <
b; — 1 and 0 < a; < b; by construction, the absolute difference |r; — a;| is strictly less than b;. Therefore,
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choosing M > max(b;) ensures that the magnitude of M dominates any possible value of r; — a;, ensuring
that the system behaves correctly in both cases.

Combining all the above components for each input pair (a;,b;), we obtain the full system of linear
constraints that defines the ILP encoding of the SIP:

x—bi-qg—1;=0 (2)

r; >0 (3)

ri <bi—1 (4)

ri—a; + Mz > 1 (5)
ri—a; —M(1—z)<-1 (6)
2 >0 (7)

z <1 (8)

This ILP can now be solved to find the solution xz. To ensure correctness, we must now prove that a
valid solution to the ILP is also a valid solution to the original SIP. Furthermore, a solution to the original
problem must also be a solution to the newly created ILP. To this end, we introduce and prove the following
lemma.

Lemma 5.1. The ILP has a feasible solution if and only if the original simultaneous incongruence problem
has a solution.

Proof. Assume that the constructed ILP has a feasible solution. Then there exists an integer assignment to
the variables x,q1,...,qn,T1,---,7n, and, 21, ..., z, such that for each i € {1,...,n}, the linear constraints
— in the above ILP system hold.

From constraint we have for each i:

z =0 q;+

This is the standard integer division identity, where g; is the quotient and r; is the remainder. Constraints
and ensure that 0 < r; < b; — 1. Therefore, we know r; = z mod b; for all 1.

Constraints , @, , and ensure that r; # a;. We verify this by contradiction.

Suppose, for the sake of contradiction, that r; = a;. From constraints and , we know that
z; € {0,1}. We consider both values of z; € {0,1}:

If z; = 0, then constraint (b)) becomes: r; — a; > 1, which simplifies to 0 > 1, a contradiction.

If z; = 1, then constraint becomes: r; — a; < —1, which simplifies to 0 < —1, also a contradiction.

Thus, in both cases, one of the constraints fails to hold, contradicting the assumption that all constraints
— are satisfied, an assumption that was made at the beginning of the proof of Lemma As such, we
conclude that any feasible solution to the system must satisfy r; # a;.

Since constraints — ensure that r; = z mod b;, and the above proof by contradiction shows that
constraints — enforce that r; # a;, we conclude that:

x mod b; # a;
Using the equivalence stated before, this leads to:
x#a; (modbd;) forallie{l,...,n}

Hence, we infer that if the ILP has a feasible solution, the original instance of the SIP also has a solution.
It remains to show that a solution to the original problem is also a solution to the constructed Integer
Linear Program. We do this by defining variable assignments such that all constraints — of the ILP are
satisfied.
Suppose there exists an integer = such that:

xZa; (modb;),Vie{l,...,n}
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Or equivalently using :
x mod b; # a;
Then, we define for each i:
r;:=axmodb; € {0,1...,b; — 1}
r—T;

G = Z
q b; €

ensuring that x = b; - ¢; + r;, i.e. the standard division identity. Note that although we use the non-linear
operations mod here, it is not part of the ILP formulation. We use it only to create witness assignments to
variables such that they satisfy the ILP’s linear constraints.

Since r; # a;, we know that r; < a; or r; > a;. We define z; as:

0 if r;>ay
zi = :
1 if r<ay

This choice guarantees that either:
ri—a;>1 (if z,=0), or r—a; <-1 (if z,=1)

ensuring that constraints and @ are satisfied for a sufficiently large constant M.

We now show that with the variable assignments outlined above all constraints of the ILP system are
satisfied. Constraint ([2]) holds by the definition of r; and ¢;, constraints and hold because r; € [0,b;—1],
constraints and (6) hold by the choice of z; and a sufficiently large constant M, and lastly, constraints
@ and hold since z; € {0,1}. Therefore, we know that there is a valid assignment to all variables
(Tyq1y -y QnsT1y- ooy Tny 21, - - -, 2n) Of the ILP. As such, we can conclude that if there exists a solution to the
original SIP problem, then there is also a feasible solution to the constructed Integer Linear Program.

This completes the proof of Lemma that the ILP has a feasible solution if and only if the original
simultaneous incongruence problem has a solution.

O

By Lemma we have shown that the original simultaneous incongruence problem (SIP) is equivalent
to finding a solution to the constructed integer Linear Program. To conclude the proof of we
analyze the time complexity of solving the ILP.

Observe that the ILP has 3n + 1 variables: the sought-after solution variable x, along with auxiliary
integer variables ¢1,...,q, and r1,...,7r, and binary variables z1, ..., z,. The dimension of this program is
d = 3n+1. Since the number of variables depends only on the parameter n, the dimension of the program is
fixed for any given instance of the parameterized simultaneous incongruence problem. By Lenstra’s algorithm
[21], we know an Integer Linear Program in fixed dimension can be solved in time f(d)-poly(L), where f(d) =
d®@ and L is the bit-length of the input. Therefore, the SIP is solvable in time (3n 4 1)©G?+1) . poly(L),
which is fixed-parameter tractable with respect to the parameter n. O

5.2 Parameterization by n using Threshold Function

We now present an alternative fixed-parameter tractable algorithm for the SIP, based on analyzing the
size of the input moduli. The general idea is as follows. If all moduli are large, the instance is trivially
a YES instance by a simple pigeonhole argument. If all moduli are small, we can brute-force search for a
solution over a bounded search space. In the remaining cases, we use a threshold function to split the moduli
into groups of small and large moduli. We then show that a partial solution that avoids the small moduli
constraints can be extended to a full solution that also avoids the large moduli constraints.

To formalize this strategy, we first define the threshold function that determines when a modulus is
considered large or small. We then prove an upper bound on this function, which will allow us to bound the
running time of the algorithm.

Definition 4. We define a threshold function T : N — N recursively by:
TH)=1 Tk)=Tk-1)-(k—1)+1 fork>1.
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Before proceeding with the algorithm, we prove that this function grows at most exponentially in k¥,
which will be crucial for bounding the runtime of the brute-force search.

Lemma 5.2. For all k > 1, the threshold function stated in Definition |4 satisfies T'(k) < k*.

Proof. We prove this by induction on k.
Base Case (k = 1): By definition, 7'(1) = 1. Since 1! = 1, the base case, T'(1) = 1 < 1}, holds.

Inductive Step: Assume the claim holds for & = m. We now show that it holds for k = m + 1. By definition
we have that:
T(m+1)=T(m) -m+ 1.

)
By the inductive hypothesis we know that T'(m) < m™. Thus:
<

Tm+1) <m™ -m+1

=mmt 41
Since m > 1, we have that m™*! + 1 < (m + 1)™*! by the exponential growth of (m + 1)™*!. Thus:
T(m+1) < (m41)™"1,
and we conclude by induction that the claim holds for all k£ > 1. O

With the threshold function defined, we now address the simplest case, where all moduli are large. This
case can be resolved immediately, as noted in the following observation.

Observation 5.1. If every modulus satisfies b; > (n + 1), then the instance is a YES instance. Specifically
there exists an x € {1,...,n+ 1} such that:

xZa; (modb;) foralli<n.

Proof. Each congruence z = a; (mod b;) excludes at most one value from {1,...,n+1}. With n constraints
and n + 1 candidate values, at least one x must remain by the pigeonhole principle. O

We now turn to the case where some moduli are small. In such cases, we can efficiently search for a
partial solution zy to the small moduli constraints, as formalized in Observation below.
Observation 5.2. Let {(a1,b1),...,(an,bn)} be an instance of the SIP. Take the function T : N — N to be
defined as in Definition . Let by,...,b, < (n+1)T®)  and define By, := Hle b;. Then for any k < n, we
can enumerate all xg € {1,..., By, — 1} and check whether

xo Za; (modb;) foralli<k
in fized-parameter tractable time with respect to n.

Proof. In the worst case all b; = (n + 1)7®*). From this we conclude that By, < (n + 1)*7(®*)_ Additionally,
as k < n and each incongruence check can be done in time polynomial in the total bit length of the input,
L, we can conclude this brute-force search is FPT in n. O]

Once we have found such a value zy, we want to extend it to a full solution that is also incongruent to
the large moduli constraints. The following lemma shows that this is always possible by checking only a
bounded number of shifted values.

Lemma 5.3. Let {(a1,b1),...,(an,bn)} be an instance of the SIP, and let T : N — N be defined as in
Definition [}
Suppose that for some k € {1,...,n}, the instance satisfies:

bi,..., by < (n+1)TH
>

bk+1, .o by (n + 1)T(k+1)
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Define By, := Hle b;. Then, for any xg € {1,..., By — 1} such that:
xo Za; (modb;) foralli<k,
there exists £ € {0,...,n} such that the value
r=u1x9+ ¢ By

satisfies
xZa; (modb;) foralli<n.

Proof. By Observation [5.2] we can find, if it exists, an xy such that
zo #Za; (modb;) foralli<k

in FPT time. Assume such an x( exists.
Now consider the n + 1 values:

zp=x9+4L By forl{=0,1,...,n.

Since all by, ...,b; divide By, each xy is congruent to xy modulo every b; for ¢ < k, and hence satisfies the
first k constraints.

Consider now any fixed index j > k. Assume, for the sake of contradiction, that two distinct values xy,
and x4, are congruent modulo b;. That is:

xe, = xp, (mod by).
Using the definition of z,, we compute:

Ty, =20+ {1 - By
Ty, =20+ ¥y - By.

As such ¢, = x4, (mod b;) becomes:

xg, = x4, (mod bj)
xTo + él . Bk o + 62 . Bk (mod bJ)
(41 — 62) . Bk =0 (HlOd bJ)

Hence, b; | (€1 —{l3) - By. Since {1 # {2, we know 1 < |1 —{3] < n. Now, using the bound By < (n+ l)k‘T(k),
we get:

|61 — bo] - By, <n- (n+1)FT®
<(n+1)-(n4+1)FTHE
_ (n + 1)k-T(l~c)+1
— (TL + l)k-T(k+1)
< b]a
where the last equality follows from re-writing Definition 4| as T'(k + 1) = k- T'(k) + 1.
Thus, the product (¢, —¥¢2)- By < bj, and hence cannot be divisible by b; unless ¢; = ¢5. This contradicts
our assumption that the values are different. Therefore, we can conclude that at most one value x, can be
excluded per constraint j.

Since there are at most n — k such constraints, and n + 1 partial solutions, at least one partial solution

xy must remain such that:
x¢ Za; (modb;) foralli<n.
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Combining Lemma [5.3]and Observation [5.1} we cover all possible cases defined by our threshold function.
We are now fully equipped to state and prove the main result.

Theorem 5.2. The SIP is fixed-parameter tractable (FPT) when parameterized by n, the number of input
pairs. The FPT algorithm’s running time is

(n+1)

O((n+1)" poly(L)),

where L is the total bit-length of the input and T : N — N is the threshold function defined as in Definition[]}

Proof. We first check if all b; > (n+ 1) for 1 < ¢ < n. If so, then by Observation the instance is a YES
instance.
Otherwise, there must exist a unique index k € {1,...,n} such that the moduli satisfy:

bi,..be <+ DT and bryq, ..., by > (n+1)THHD,

where T is the threshold function from Definition [l
Once this value of k is identified for the input instance, we define:

k
By = Hbi
i=1

and use Observation [5.2 to search for a value zg € {1,..., By — 1} satisfying:
xg Za; (modb;) for all i <k.
If such an xq exists, then by Lemmathere must exist some £ € {0, ...,n} such that for z = x¢+¢- By:
xZa; (modb;) foralli<n.

In this case, the instance is a YES instance.
If no such xq exists, because every xg € {1,..., By — 1} satisfies 9 = a; (mod b;) for some i < k, then
no valid partial solution exists, and we conclude that the instance is a NO instance.

It remains to analyze the runtime of the algorithm described above.
Each b; < (n+ 1)T(k) for ¢ < k. As such:

Bp < (n+1)FT®),
In the worst case, k = n, and so:
B, < (n+1)~TM,
From Lemma [5.2| we know that the bound on T'(n) is T'(n) < n™, thus:

Bn < (n+1)""".
Each check whether a candidate xg satisfies the k small moduli constraints can be done in time polynomial
in the bit-length L of the input.

Therefore, the total running time of the algorithm is:

p(nt1)

O((n+1)"""" - poly(L).
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6 Quadratic Diophantine Equations

QUADRATIC DIOPHANTINE EQUATION PROBLEM (QDEP) - (ANS) [16] p. 251]
Input: Positive integers a, b, and c.
Question: Are there positive integers z and y such that az? + by = ¢?

In this section, we aim to bridge the gap between the extensive study of Diophantine equations in number
theory and the limited research of these problems from a parameterized complexity perspective. Specifically,
we consider the QDEP, an NP-complete decision problem involving both quadratic and linear terms. We
present two parameterizations for the QDEP, both resulting in FPT algorithms. Firstly, we parameterize
by an upper bound on y, and secondly we parameterize by the coefficient b of the linear term by.

6.1 Parameterization by Upper Bound on y

We begin by showing that the QDEP admits a fixed-parameter tractable algorithm when parameterizing
the problem by the upper bound & on y. This approach uses a brute-force search over all possible values of
y to efficiently solve the problem.

To this extent, we state and prove the following theorem:

Theorem 6.1. The QDEP is fized-parameter tractable (FPT) when parameterized by k, the upper bound
on y. The FPT algorithm’s running time is:

O(k - poly(L)),
where L is the total bit-length of the input.

Proof. We prove this by explicitly constructing an algorithm that decides the problem and show that its
running time is bounded by f(k) - poly(L), where k is the parameter and L is the total bit-length of the
input.
Recall that we are given positive integers a, b, ¢, and a parameter k, and are asked whether there exists
positive integers x and y such that:
az’+by=c and y<k

The key idea is to brute-force all possible values y € {1,2,...,k} and check whether for any such y, the
equation az? 4 by = ¢ admits a solution for some = € Z(. In pseudocode, the algorithm works as follows:

Algorithm 3 Algorithm for QDEP
: Algorithm SOLVEQDEP(a,b,c, k)
:fory=1...k do
if a|(c—b-y) then
22 (c—b-y)/a
if 22 is a perfect square and 22 > 0 then
return YES
end if
end if
end for
return NO

H
@

We introduce and prove the following claim to ensure the correctness of Algorithm

Claim 6.1. There exist positive integers x and y < k such that ax® + by = c if and only if the algorithm
returns YES. Otherwise, the algorithm returns NO.

Proof. Assume that there exist positive integers x and y such that y < k and ax? + by = c. Then we can

rearrange this equation to get:

c—by = azx?
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As z is an integer this implies that a | (¢ — b - y), and that @ = 22 is a perfect square. Since z is a

positive integer, 22 > 0. As such, we know that when the algorithm checks this value of 3, both conditions
in Line: [3| and Line: [5| will be satisfied respectively, and the algorithm will return YES.

Conversely, suppose that the algorithm returns YES. Then the conditions in Line: 3| and Line: [5| must
be satisfied. In other words, there exists some y € {1,2,...,k} such that a | (¢ —b-y), and (C_aiy) is a
positive perfect square. Now, let z2 = @ and define = to be the positive square root of 22. This step
reconstructs the value of z such that the original equation az? + by = ¢ holds. Since z is a positive integer
by construction and y was selected from {1,2...,k}, the solution pair (z,y) satisfies all constraints of the
problem.

Noted, if no solution (x,y) exists with y < k, then the algorithm iterates through all possible y €
{1,...,k} and fails to find any y satisfying both conditions on Line: [3| and Line: [5| Thus, in Line the
algorithm correctly returns NO if and only if no solution exists after checking all possible values of y.

This completes the proof of Claim that there exist positive integers x and y < k such that ax?+by = ¢
if and only if Algorithm [3| returns YES. O

To conclude the proof of Theorem [6.1] it remains to analyze the running time of Algorithm

In Line 2 the algorithm iterates over at most k possible values of y in the range {1,2,...,k}. For each
such y, it performs the following steps: Line [3] computes the value ¢ — b - y and checks whether this value is
divisible by a. If so, the quotient @ is calculated and Line |5| checks if this is a positive perfect square.

All of these operations involve integers whose bit-length is at most L, where L is the total bit-length of
the input. The arithmetic operations and the perfect square check can be performed in time polynomial in
L. Therefore, each iteration of the loop runs in poly(L) time.

Since the loop at Line [2| runs for & iterations, the total running time of the algorithm is O(k) - poly(L).
This is of the form f(k) - poly(L) where f(k) = k, which is fixed-parameter tractable with respect to the

parameter k. O

6.2 Parameterization by Coefficient b

We now study the QDEP under a different parameterization. We parameterize by the coefficient b of the
linear term by. Before proving Theorem we outline a key structural property of the original equation
that allows us to reduce the search space for = to a finite set.

The key observation is that any solution z € Z~o must satisfy the congruence az? = ¢ (mod b). This
restricts the possible values of x to a subset of residue classes modulo b. For each such congruence class, the
values of z are of the form x = x¢ + tb, where ¢ € {1,2,...,b} and t € Z>o.

The lemma below shows that within any such congruence class, it suffices to check only the smallest value
. If it does not give a valid solution, because y < 0, then all other larger values in that congruence class
will also fail.

Lemma 6.1. Let x = xq + tb for some xo € Z~q such that az3 = ¢ (mod b), and t € Z>o. If

2
y="7-2<0,

then for all t > 1, we also have:
,  c—a(xo+th)?

y = <O-

b <
That is, if the smallest solution, xy, in a congruence class does not make y > 1, then all larger congruent
values, x = xg + tb for t > 1, will also fail to do so.
Proof. We know that x = xq + tb for some t € Z>o. We begin by expanding az?:

ax® = a(xg + tb)? = a(x? + 2tbxg + t2b*) = ax? + 2atbxg + at*b?.

Now we consider the numerator of 3’ with this expansion:

¢ —azx? = ¢ — (axd + 2atbrg + at®b?) = (c — axd) — 2atbxy — at*b*.
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Since a,b, zg,t > 1, the terms 2abtzy and at?b? are strictly positive. We know from our initial assumption
that ¢ — ax3 < 0. As we are subtracting positive terms from ¢ — ax, we know that:

c—azr® = (c — ax?) — (2abtzy + at’b?) < ¢ — axd < 0.
Therefore:

2
’ c — axr Cc — axy

= < <O
Y b b > U,

concluding that 3’ < 0 for all £ > 1.

Equipped with Lemma [6.1] we can prove Theorem |6.2

Theorem 6.2. The QDEP is fixed-parameter tractable (FPT) when parameterized by b, the coefficient of
y. The FPT algorithm’s running time is:
O(b - poly(L)),

where L is the total bit-length of the input.
Proof. We begin by rewriting the original equation az? 4 by = c to express y explicitly:

C—CLZE2

Y= b

For this equation to have a positive integer solution (z,y), the following two conditions must be satisfied.
Firstly, the numerator ¢ —ax? must be divisible by b, so as to ensure y is an integer. Secondly, the numerator
must be positive, to ensure y > 0. Formalized, these conditions translate to:

{ax2 =c¢ (mod b)

c—az® >0

Lemma [6.1] gives the algorithm’s core idea. Since we only need to check the minimal value zo from each
congruence class where az? = ¢ (mod b), we can restrict our search to the finite set R = {z¢ € {1,...,b} |

2
ax3 = ¢ (mod b)}. For each 2y € R, we compute y = % and return YES if y is positive. The lemma
guarantees that we do not need to check a larger x = x¢ + tb if x( witnesses a NO instance.

This algorithm is described in pseudo code below.

Algorithm 4 FPT Algorithm for QDEP parameterized by b
: Algorithm SOLVEQDEPBYB(a, b, ¢)
: for 2o =1 to b do
if ax? mod b = ¢ mod b then
y < (c—axq)/b
if y >0 then
return YES
end if
end if
end for
return NO

—
=

We prove the correctness of Algorithm [4]in two directions.

First, suppose a solution (z,y) € ZQ>O exists. Let zog = x mod b be the minimal value in its congruence
class, such that = xq + tb for some t € Z>. Since az? = ¢ (mod b), it follows by modular arithmetic that
az3 = ¢ (mod b) as well. Therefore, we know 29 € R and the algorithm will consider it.

We now argue that this x¢p must also witness a YES instance. Since z is a solution, we know that:

— tb)?
y= DT a(xg+ Y
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Applying Lemma [6.1] in contrapositive form, we conclude that if x = 2y 4 tb yields y > 0, then ¢ must also
2

satisfy % > 0. As such, the algorithm will find that x( satisfies the modular condition and also that

y > 0, and will correctly return YES on Line [6]

Conversely, suppose the algorithm returns YES. Then there exists some xg € {1,...,b} such that ax3 = ¢

2 2
(mod b) and y = “*2 > 0. It follows that the pair (z,y) = (2o, —5-2) consists of positive integers and

satisfies: )
c—ax
azx® + by = axt +b- 5 0—¢

Therefore, (z,y) is a valid solution to the equation, completing the proof of correctness.

It remains to analyze the runtime of this algorithm.

The main loop on Line [2] iterates over all values xy € {1,2,...,b}, performing at most b iterations. In
each iteration, the algorithm computes az3 mod b and compares it to ¢ mod b on Line to check the modular
condition. This comparison requires integer multiplication, squaring, and modular reduction, all of which
can be performed in poly(L) time, where L is the total bit-length of the input.

If the condition on Line [3| holds, then y = Cfgxg is calculated which also takes poly(L) time. On Line

we check if y > 0, which also takes poly(L) time.
Since each iteration takes poly(L) time and the loop runs at most b times, the total running time is:

O(b - poly(L))
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7 Comparative Divisibility

COMPARATIVE DIVISIBILITY PROBLEM (CDP) - (AN4) [I6] p. 249]

Input: Sequences ai,as,...,a, and by,bs, ..., b, of positive integers.

Question: Is there a positive integer ¢ such that the number of ¢ for which ¢ divides a; more than the
number of j for which ¢ divides b;?

The CDP asks a natural yet subtle question about the divisibility properties of two multisets of integers.
While its formulation is simple, asking whether there exists an integer that divides more element in one set
than the other, the underlying structure complicates things quickly.

In this section, we explore the fixed-parameter tractability of the problem under three different parame-
terizations, using the structure of the input sequences to our advantage.

7.1 Preliminaries and Notation

In the following results, we use the same notation and assumptions throughout to ensure consistency.

Let As = (a1,a2,...,a,) and Bs = (b1, b, ..., b,,) denote the two input sequences of positive integers as
stated in the description of the CDP. Let A = {a1,aq,...,a,} and B = {by1,ba, ..., b, } be the corresponding
multisets formed from these sequences.

Throughout the following proofs in this section we assume, without loss of generality, that A; and Bs
are sorted in non-decreasing order:

ap<az<---<a, and by <by << by

and therefore A and B are also sorted in non-decreasing order.
Recall that with this ordering:

a, = max(A4), b, = max(B).
We define the divisibility count functions Cs(x) and Cp(z) for any positive integer x as follows:
Ca(z):=[{acA:x|a}], Cp(x):=[{beB:x|b}

These functions count how many elements of A and B are divisible by x, respectively.

The key question of the CDP is whether there exists a positive integer ¢ such that Cy(c) > Cp(c). In
the following subsections, we analyze the CDP under different parameterizations. All results in this section
follow the setup and notation defined above.

7.2 Parameterization by Sequence Length of A; (n)

Before proving Theorem [7.1] we establish a key structural lemma that will allow us to significantly reduce the
search space of potential solutions. This lemma shows that we only need to consider the greatest common
divisors of all non-empty submultisets of A as candidates for ¢, rather than examining all possible integers
c € {1,2,...,a,}. However, it is important to note that a, may be significantly smaller than n. In such
cases, parameterizing by a,, can lead to a much more efficient algorithm than parameterizing by n. This
motivates the approach taken in Theorem

Lemma 7.1. If there exists a positive integer ¢ such that C4(c) > Cp(c), then the greatest common divisor,
d, of the multiset S = {a € A: c|a} also satisfies this property.

Proof. Let S ={a € A:c|a} and d = ged(S), where S is a mutliset. Since ¢ divides all a € S we have by
construction that ¢ | d. As such, for C4(d) =|{a € A: d| a}| the following inequality holds for set A:

Ca(d) > Cylc).

On the other hand, as ¢ | d, any element of B divisible by d must also be divisible by ¢. This implies that
the following inequality, with Cp(d) = |{b € B : d | b}|, holds for B:

CB(d) < CB(C).
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Combining both inequalities with the original assumption that ¢ divides more elements of A than B, we
obtain:
Ca(d) > Cylc) > Cp(c) > Cp(d)

proving, after simplification, that d satisfies: Ca(d) > Cpg(d). This concludes the proof of Lemma that
when ¢ > 0 exists satisfying the divisibility inequality, d = ged(S) for S ={a € A: c|a} does as well. [

Equipped with Lemma [7.1| we are ready to prove Theorem [7.1

Theorem 7.1. The CDP is fized-parameter tractable (FPT) when parameterized by n, the number of values
in the first input sequence As. The FPT algorithm’s running time is:

O(2" - ((n+m) - poly(L)))
where m is the number of values in the second input sequence By and L is the total bit-length of the input.

Proof. Lemma provides the foundational idea for our FPT approach. It shows that if there exists a
positive integer ¢ such that the number of elements in A divisible by c is strictly greater than the number of
elements in B that are divisible by ¢, then the same property holds for d = ged(S), where S = {a € A: c| a}.
This means that to decide whether such a value c exists, it suffices to consider the greatest common divisors
of all non-empty submultisets of A.

The algorithm takes as input both multisets A and B of positive integers. It proceeds by iterating over
all non-empty submultisets S C A and computing d = ged(S). For each such d, we compute C4(d) and
Cp(d). If for any such d the condition: C4(d) > Cp(d) holds, then we have a YES instance. If for all
non-empty submultisets the condition C4(d) > Cp(d) does not hold, we have a NO instance. In pseudocode,
the algorithm works as follows:

Algorithm 5 FPT Algorithm for CDP parameterized by n

1: Algorithm SOLVECDP (A, B)
2: for each nonempty submultiset S C A do

3: d + ged(S)

4: CA 0

5: for a € A do

6: if d | a then

7 Cap+—Cyu+1
8: end if

9: end for

10: Cp+0

11: for b € B do

12: if d | b then

13: Cg+Cp+1
14: end if

15: end for

16: if C4 > Cp then
17: return YES

18: end if

19: end for

20: return NO

We introduce and prove the following claim to ensure the correctness of Algorithm

Claim 7.1. A positive integer c satisfies Ca(c) > Cp(c) if and only if Algorithm@ returns YES.

Proof. Suppose there exists a positive integer ¢ such that the condition below holds:

Ca(c) > Cp(o).
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Now, let S ={a € A:c|a} and let d = ged(S), where S is a multiset. By construction, ¢ | a for all a € S
and as such ¢ | d. By Lemma [7.1] it follows that:

Ca(d) > Cp(d).

Notice that S is a non-empty submultiset of A. As such, the loop at Line [2] will eventually consider this S.
At Line |3) d = ged(S) is calculated. Then the nested loops in Lines and Lines calculate C4(d)
and Cp(d), respectively. As C4(d) > Cp(d), the condition on Line [16|holds and the algorithm will correctly
return YES on Line Hence, when such a c exists, Algorithm [5| correctly identifies this YES instance.
Conversely, suppose that Algorithm [5] returns YES. Then there exists a non-empty submultiset S C A
such that, with d = ged(S), we have:
CA(d) > CB(d)

Let ¢ = d. Since ¢ is a positive integer, and satisfies the required inequality, it follows that a value ¢ exists,
precisely when ¢ = d, for which the condition of the CDP is satisfied when Algorithm [5| returns YES.
This completes the proof of Claim ensuring the correctness of Algorithm O

To complete the proof of Theorem it remains to analyze the runtime of Algorithm

The main loop at Line [2] iterates over all non-empty submultisets S C A. Since A contains n elements,
there are 2" — 1 such subsets.

For each submultiset S, the algorithm computes the greatest common divisor d = ged(S). This com-
putation can be performed in time polynomial in the bit-length of the elements in S, which is bounded by
poly(L), where L is the total bit-length of the input.

Next, the algorithm computes the counts C4(d) and Cp(d) in the loops on Lines [5H9] and Lines
respectively. Each of these loops goes through all elements of A and B and performs the divisibility check
with the candidate value d. The sizes of A and B are n and m, respectively. Each divisibility test, d | @ and
d | b, takes poly(L) time.

Thus, the total time spent per submultiset is O((n+m) - poly(L)). Since there are 2™ — 1 subsets in total
to consider, the overall running time of the algorithm is:

02" - ((n+m) - poly(L)))-

7.3 Parameterization by Maximum Element of A (a,)

We now consider the CDP under a different parameterization. Instead of parameterizing by n, the size
of input sequence A;, we parameterize by the largest value in A,. Specifically, we let a,, = max(A4) and
consider all integers ¢ € {1,2,...,a,} as candidates. This parameterization can offer significant efficiency
improvements over the algorithm discussed in Section[7.2] particularly when a,, < n. The following theorem
establishes the fixed parameter tractability of the CDP under this parameterization.

Theorem 7.2. The CDP is fived-parameter tractable (FPT) when parameterized by a, = max(A). The
algorithm runs in time O(a, - (n +m) - poly(L)), where n and m are the lengths of the input sequences A
and Bs, respectively, and L is the total bit length of the input.

Proof. We observe that any integer ¢ > a,, cannot divide any value in A, because all values in A are at most
an. As such, for any ¢ > a,, we have C4(c) = 0 and therefore values of ¢ > a,, are guaranteed to result in a
NO instance.

It follows that we only need to consider the values of ¢ € {1,2,...,a,}. For each such ¢, we compute
Ca(c) and Cp(c). If for any such ¢ we find that C4(c) > Cp(c), then we have a YES instance. If no such ¢
satisfies this, we have a NO instance. This algorithm is described in pseudocode below:
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Algorithm 6 FPT Algorithm for CDP parameterized by max(Ay)

1: Algorithm SOLVECDPBYMAXA,(A, B)
2: a, + max(A)
3: for c=1 to a, do

4: CA ~0

5: for a € A do

6: if ¢ | a then

7 Cap+—Cyu+1
8: end if

9: end for

10: Cp <+ 0

11: for b€ B do

12: if ¢ | b then

13: Cg+Cp+1
14: end if

15: end for

16: if C4 > Cp then
17: return YES

18: end if

19: end for

20: return NO

We proceed by establishing the correctness of Algorithm [6]

Suppose that there exists a positive integer ¢ such that C'4(c) > Cg(c). Since any valid ¢ must satisfy
¢ < ay, it must be that ¢ € {1,2,...,a,}. Thus, it is guaranteed that Algorithm@will eventually consider it
in the loop on Line 3] As such, when the algorithm considers this ¢, the condition on Line [16| will hold and
the algorithm will return YES on Line[I7] In case such a ¢ does not exist, the condition on Line [I6] will never
hold. As such, once all iterations of the loop on Line [3|have occurred, the algorithm will correctly return NO
on Line

We now analyze the running time of Algorithm [} The loop in Line [ runs at most a,, times. In each
iteration the counts C4(¢) and Cp(c) are calculated on Lines [5{9|and Lines respectively. This involves
going through all n elements in A and all m elements in B. For each element a divisibility check is carried
out, which can be performed in time polynomial in the bit-length of the number.

Thus, the total runtime of Algorithm [f]is:

O(an - (n+m)-poly(L)).

7.4 Parameterization by Maximum Element of B (b,,)

We now consider the CDP under a third parameterization, this time from the perspective of the second
input sequence. Rather than bounding the size or values of Ay, we investigate the case where the maximum
value in sequence B; is bounded.

Let b,, = max(B). The key insight here is that for any positive integer ¢ > b,,, it is guaranteed that ¢
cannot divide any element of B. As such, we have that Cp(c) = 0 for any ¢ > b,,,. We formalize this in the
following observation:

Observation 7.1. Let B = {b1,bs,..., by} be a multiset of positive integers, and let b, = max(B). Then

for any integer ¢ > b,,, we have:
Vbe B, ctb.

That is, no integer ¢ > by, divides any element of B, and so Cg(c) =0 for all ¢ > byy,.
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Remark 7.1. As a consequence of Observation[7.d), if a, > by, then setting ¢ = a,, yields:
Ca(c)>1 and Cp(c)=0,
and hence Ca(c) > Cp(c), which guarantees a YES instance for the CDP.

Observation and Remark give a key insight into how we can significantly simplify our approach
under this parameterization. More specifically, we can focus on two cases. Firstly, we iterate over all
ce{l,2,...,b,} and check if C4(c) > Cp(c) for any such c. If we have not witnessed a YES instance yet,
we can then check if a,, > by,. If this holds we can know that setting ¢ = a,, yields Cp(c) = 0 and C4(c) > 1,
which witnesses a YES instance.

The following theorem formalizes this approach and proves that the CDP is also fixed-parameter tractable
under the b, = max(B) parameterization.

Theorem 7.3. The Comparative Divisibility Problem (CDP) is fized-parameter tractable when parameterized
by by, = max(Bs). The algorithm runs in time O(by, - (n +m) - poly(L)), where n and m are the lengths of
the input sequences As and Bs, and L is the total bit-length of the input.

Proof. Take a,, and by, to be defined as in Section [7.1}

We first iterate over all values ¢ € {1,...,b,}. For each such ¢, we compute C4(c) and Cp(c). If at any
point C4(c) > Cp(c), we return YES. If this is not the case, we check whether a,, > b,,. By Observation [7.1]
we know that for any ¢ > b,,, Cp = 0. By Remark if a,, > by,, then setting ¢ = a,, implies C'4 > 1,
since at least a,, | an, and hence C'y > Cp. Therefore, in this case, we also return YES.

In case we have still not witnessed a YES instance, then no valid ¢ exists for which C4 > Cp, and we
return NO. This process is described in the algorithm below:

Algorithm 7 FPT Algorithm for CDP parameterized by max(B)

1: Algorithm SOLVECDPBYMAXBS(A, B)
2: ap < max(A)
3: by, < max(B)
4: for c =1 to b, do
5: Cyu 0
6: for a € A do
7: if ¢ | a then
8: Cap+—Cyu+1
9: end if
10: end for
11: Cp <+ 0
12: for b€ B do
13: if ¢ | b then
14: Cg+Cp+1
15: end if
16: end for
17: if C4 > Cp then
18: return YES
19: end if
20: end for
21: if a, > b,, then

return YES
. end if
: return NO

NN
> W N

It remains to prove the correctness and analyze the running time of Algorithm [7

Suppose there exists a positive integer ¢ such that C4(c) > Cg(c). If ¢ < by, then the algorithm will
consider this value in some iteration during the loop on Line 4l In this iteration C4(c) and Cp(c) will be
calculated and compared on Line As C4(c) > Cp(c), the algorithm will return YES on Line
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If instead ¢ > b,,, then by Observation we know that Cp(c) = 0. In this can, we apply Remark
which tells us it suffices to check whether a,, > b,,. This condition is checked on Line In case it holds,
Algorithm [7] correctly returns YES on Line 22

Finally, if no such ¢ exists such that Algorithm [7] has returned YES in the cases outlined above, then for
all ¢, we have C4(c) < Cp(c). In this case, the algorithm correctly returns NO on Line

Now we analyze the running time of Algorithm [7] The loop on Line || iterates over all ¢ € {1,2,...,b,,},
performing b,, iterations in total. In each iteration, the algorithm performs O(n + m) divisibility checks to
calculate C4(c) and Cpg(c). Each divisibility check can be performed in time polynomial in the bit-length of
the dividend, which is bounded by the total bit-length L of the input.

Hence the total running time of the algorithm is:

Oby - (n+m) - poly(L)).
O

The approach we took in this subsection can be seen as a combination of earlier insights. We know by
Remark [7.1] that when a,, > b,, we have a YES instance. In the remaining case where a,, < b, the algorithm
from Theorem [7.2] is, in fact, sufficient to solve the problem. Since it only considers values up to a,,, this
results in a runtime of O(ay, - (n +m) - poly(L)). As a, < by, this runtime is asymptotically not worse than
O(by, - (n +m) - poly(L)), the runtime for Algorithm [6]
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8 Conclusion

The guiding research question of this thesis was: ”What parameters are suitable for parameterization of
NP-hard problems in number theory?” To answer this question, we analyzed five different NP-hard number-
theoretic decision problems from a parameterized complexity perspective. For each problem we explored
a variety of parameterizations, identifying seven different types of parameters and constructing nine FPT
algorithms and one XP algorithm by the end.

One key insight we found is that encoding decision problems as Integer Linear Programs (ILPs), and
then bounding the number of constraints or variables, allows us to apply Lenstra’s Algorithm [2I]. Lenstra’s
Algorithm solves ILPs in a fixed number of constraints or variables in fixed-parameter tractable time. This
approach was effective for our analysis of the SIMULTANEOUS INCONGRUENCE PROBLEM.

For other problems, such as the QUADRATIC DIOPHANTINE EQUATION PROBLEM, we showed that bound-
ing the solution variable, = in this case, or algebraic coefficients, such as b, reduced the problem to a brute-
force search over a polynomially bounded space, with each candidate solution being verifiable in polynomial
time.

For problems like the QUADRATIC CONGRUENCE PROBLEM and the SUBSET PRODUCT PROBLEM, pa-
rameterizing by the number of distinct prime factors of an input integer proved to be successful. Interestingly,
this single parameterization led to two distinctly different algorithms for each problem. For the QCP, we
applied standard number-theoretic techniques like the Chinese Remainder Theorem and Hensel’s Lemma.
On the other hand for the SPP, we transformed the problem into a vector subset sum and applied a dynamic
programming approach over the target product’s exponents vectors.

We also found that parameterizing by input size, such as the number of elements in the input sequence for
the COMPARATIVE DIVISIBILITY PROBLEM, can lead to efficient algorithms when combined with structural
insights. For example, by iterating over all non-empty subsets of the input and checking the subsets’ gcd
values, rather than every possible value for c. Although this is an effective approach, in cases where the
number of input values is significantly larger than the maximum value of the inputs, it is more effective to
parameterize by the maximum value in the input.

A common theme throughout our analysis is that there is no ideal parameterization for all instances
of a given problem. The structure of the input often determines which parameterization is most suitable.
For instance, the COMPARATIVE DIVISIBILITY PROBLEM admits multiple useful parameterizations, each
leading to FPT algorithms for different input instances. Moreover, the same parameterization can lead to
different approaches, as shown by our two fundamentally different FPT algorithms for the SIMULTANEOUS
INCONGRUENCE PROBLEM when parameterized by n, the number of inputs pairs.

However, directly answering the research question posed at the beginning of this thesis, we found that
some parameter types proved effective across different problems. In particular, parameterizing by the ab-
solute value of the largest element in the input, by the input length, and by the number of distinct prime
factors in an input integer often lead to FPT or XP algorithms.

In summary, this thesis demonstrates the potential of parameterized complexity and fixed-parameter
tractability in the field of number theory. We have shown that many number-theoretic NP-hard problems,
which are intractable in general, admit efficient FPT or XP algorithms under the right parameterizations.
These results extend the reach of fixed-parameter tractability in the domain of number theory and the
algorithmic techniques we developed, particularly those based on ILP encoding and brute-force search over
bounded solution spaces, together with the promising parameterization types we identified can serve as a
reusable toolkit for future researchers in this field to use.
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