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The XENONNT experiment utilizes computed S2 light collection efficiencies (LCEs) maps
to discriminate between signal and background events. Current Monte Carlo maps fail to
fully account for detector physics, causing systematic biases in event reconstruction. This
work develops a physics-constrained neural network parametrization of the expected detector
response using an extended PMT signal likelihood function, with the full model trained on
83mKr calibration data. To avoid position-dependent biases, both event positions and model
parameters are co-evolved under this likelihood framework. The resulting parametrization
achieves a reduced x? = 1.223 compared to Monte Carlo’s reduced x? = 2.301, while pro-
ducing significantly more homogeneous event density distributions throughout the detector
volume. This improved, physics-constrained LCE model provides a foundation for enhanced
position reconstruction training and systematic studies in XENONnT. The constrained co-
evolution methodology may demonstrate applicability to other dual-phase time projection

chamber experiments.
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1 Introduction

Despite the success of the Standard Model, it leaves fundamental questions unanswered, notably
the nature of dark matter and the origin of the matter-antimatter asymmetry. Direct searches
for dark matter aim to observe the minuscule coupling between dark matter and standard model
matter particles, while neutrinoless double-beta decay experiments search for this rare nuclear
process that could provide insight into the nature of the neutrino and potentially the origin of
the matter-antimatter imbalance. Dual-phase xenon time projection chambers (TPCs) like the
XENONNT detector are uniquely suited for both searches due to their exceptional sensitivity and
background rejection capabilities. These detectors function as large-scale scintillation chambers,
where particle interactions produce both scintillation and ionization signals, enabling precise
energy reconstruction and powerful event discrimination. XENONnT combines a highly pure
multi-ton xenon target with years of exposure time to probe new parameter space for WIMP-like
dark matter interactions and rare nuclear decays, including the potential neutrinoless double-
beta decay of 3¢ Xe, advancing our understanding of fundamental physics beyond the Standard
Model.

The XENON detectors have evolved from the XENON10 prototype, using only 15 kg of xenon,
through XENON100, and XENONIT the first ton scale (~ 2000 kg) TPC, to XENONnT,
featuring 5.9 tonnes of active xenon target material, delivering over an order of magnitude greater
sensitivity than its predecessor while reusing a significant portion of components. XENONnT
aims to push the spin independent WIMP-nucleon cross-section down to 1.4 x 10748 ¢m? for a
50 GeV/c? WIMP at (90% C.L. at 20 ¢ yr) 1] and to reach a neutrinoless double-beta decay
half-life sensitivity of Tllnge > 2.1 x 10%° yr (90% C.L. at 275 kg yr) |2].

In an event observation the ionization signal produces a spatial signal pattern, from which an
inferred event position can be drawn. Using a Light Response Function (LRF) to predict an
expected pattern for the same location the likelihood of the event can be determined and utilized
for event rejection and further analysis. Bias in this process, and unmodeled statistical behavior
can result in systematically biased energy reconstruction of events and subsequent analyses. The
LRF maps are typically gathered from simulation which themselves are subject to mis-modeling,
alternatively these expected patterns can be generated from data driven fitting to calibration
sources injected into the detector, with the cleanest example being 8™ Kr, a metastable state of
Krypton with a very distinctive decay chain.

Within this thesis, a data-driven Light Response Function will be developed that aims at param-
eterizing the individual contributions to the full response. This development progresses through
multiple modeling approaches: starting with generic neural network architectures, advancing to
constrained parametric models, and culminating in a comprehensive machine learning framework
that integrates relevant detector effects. This progression allows identification of reconstruction
biases and light collection biases within the detector, providing deeper understanding of individ-
ual components’ contributions to the signal distribution. To facilitate this work, a previously
developed likelihood function for signal collection is introduced and expanded upon for efficient
usage within the XENONnT framework alongside the component functions aimed at parameter-
izing the LRF.

This thesis is organized as follows. Chapters 2-3 provide background on the physics searches
with XENONNT and the XENONnT detector. Chapter 4 presents the first research contribution:
studies of optical and electrical effects on light collection using Monte Carlo simulations. Chapter



5 provides theoretical development and implementation of a PMT signal likelihood framework
with computational extensions on existing work. Chapter 6 introduces relevant machine learning
methods.

The main contributions are in Chapters 7-9, which develop the LRF through progressively so-
phisticated approaches: a baseline neural network implementation (Chapter 7), a constrained
parametric model (Chapter 8), and the primary contribution—a comprehensive machine learning
architecture integrating relevant detector effects (Chapter 9). Chapter 10 provides an overview
of all results and discusses future directions.



2 Physics with XENON

2.1 Dark Matter

Astronomical observations beginning in the early 1930s revealed discrepancies between observed
galactic dynamics and predictions based on visible matter. Oort [3] found stellar velocities
along the galactic plane that exceeded expected values based on luminous mass, while later
Rubin [4] observed galaxy rotation curves that deviated significantly from Newtonian predictions.
These and subsequent observations indicated the presence of substantial amounts of non-luminous
matter throughout the universe.

This “dark matter” appears to interact only gravitationally with ordinary matter, is effectively
non-luminous, and must be cold (non-relativistic) to account for observed structure formation.
These findings launched a wealth of investigations into the origin of this phenomenon, leading
to theories of exotic new types of matter.

From astronomical observations, a few key properties of the particles composing dark matter
have emerged: they are effectively non-luminous, appear to interact only gravitationally, and
due to the observed clumped density distribution must be cold (i.e., non-relativistic and able
to form structures rather than streaming freely). Any non-gravitational interactions of these
particles that might produce standard model messengers such as photons must be extremely
weak to maintain low enough fluxes consistent with observations of galaxy cluster dynamics.
Therefore, the coupling between dark matter and standard model matter must be very small, if
not null.

Cold Dark Matter (CDM) refers to the class of non-relativistic dark matter that clusters under
gravity and lacks significant non-gravitational interactions. The current cosmological paradigm,
known as ACDM, combines this cold, collisionless dark matter with the cosmological constant A
(representing dark energy) to describe the evolution and structure of the universe.

Observations of the cosmic microwave background, large-scale structures, and baryon acoustic
oscillations strongly support this framework, indicating that 26.4% of the total mass-energy
density of the universe corresponds to cold dark matter [5, Sec. 27]. Within this model cold dark
matter provides the gravitational seeds for structure growth, allowing the formation of galaxies
and clusters from tiny fluctuations observed in the early universe.

A leading candidate among CDM particles is Weakly Interacting Massive Particles (WIMPs),
defined by having sufficient mass to become non-relativistic early enough to be classified as CDM,
and by having small coupling constants to standard model particles.

Many WIMP candidates are assumed to be produced thermally in the early universe through
a process dictated by temperature-dependent creation and annihilation rates. As the universe
expanded and cooled, the annihilation rate eventually dropped below the Hubble expansion rate,
causing particle numbers to cease decreasing through annihilation. This “freeze-out” process
formed a constant co-moving density of dark matter particles. Remarkably, this freeze-out nat-
urally produces the observed dark matter abundance when assuming masses on the electroweak
scale (~ 10 GeV to 1 TeV) with self-annihilation cross-sections on the order of 10726 e¢m3/s,
produce a relic abundance that matches the observed dark matter density. This remarkable
coincidence between theoretically motivated parameters and cosmological observations is known



as the “WIMP miracle”.

The ACDM paradigm is not without its challenges, particularly in predicting small-scale struc-
ture formation on scales < 1 Mpc, where nonlinear effects become dominant. Nevertheless,
WIMPs remain a compelling candidate covering a large parameter space of theoretical models
while providing concrete targets for both direct and indirect searches through their coupling
with standard model matter. This makes the experimental search for WIMPs a particularly
worthwhile scientific endeavor with current detector technology.

For comprehensive reviews of dark matter theory and detection strategies, see Bertone and Tait
16].

2.2 Neutrinoless double beta decay

While dark matter detection represents one primary physics goal for liquid xenon experiments,
these detectors are also well-suited to search for other rare processes that probe physics beyond
the Standard Model.

Neutrinoless double beta decay (0v50) is a hypothetical lepton-number violating process in which
two neutrons within a nucleus convert to two protons and emit only two electrons. Contrary to
standard weak processes, no antineutrinos are emitted as final products (see Figure [1).

In standard lepton number conservation, an antineutrino must be emitted when an electron
is produced. However, in this decay, the process can occur through various mechanisms, most
commonly modeled as virtual neutrino exchange between the two decay vertices, such that no real
neutrinos are produced. This process can only occur if neutrinos are Majorana particles—leptons
that are their own antiparticles.

Within the perturbative Standard Model, no lepton number violating processes exist. Observa-
tion of this process would provide a very strong probe for physics beyond the Standard Model,
with the measured half-life directly related to the effective Majorana neutrino mass through the
decay rate formula. Under the assumption that the Majorana mass is the only source of lep-
ton number violation at low energies, bounds on the effective Majorana mass have been set to
Mee < 36 — 180 meV from non-observation in xenon and germanium experiments |5, Sec. 14].

A number of isotopes are viable candidates for (0v33) searches, but xenon and germanium offer
the lowest uncertainties from nuclear matrix element calculations. The specialized xenon TPC
EXO-200 established a half-life limit of T3, > 3.5 x 10%° yr for *Xe [5, Sec. 14]. Although
not optimized for (0v33), XENONnT using its natural xenon still expects Tlo/”2 > 2.1 x 10% yr

(275 kgyr of 136Xe) |2], offering a valuable cross-check to dedicated experiments.

For detailed theoretical reviews of neutrinoless double-beta decay, see |7].
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Figure 1: Feynman diagrams for double 5~ decay processes: (a) neutrinoless double beta decay
(0vB3) showing lepton number violation through virtual Majorana neutrino exchange, and (b)
standard two-neutrino double beta decay (2v33) conserving lepton number.

3 The XENON Experiment

The XENONnNT experiment is the latest dual-phase TPC developed by the XENON collabo-
ration. It is optimized for WIMP dark-matter searches with a secondary focus on neutrinoless
double beta decay studies. The detector is installed at LNGS beneath the Gran Sasso Mountains,
providing ~ 3100 m water equivalent background shielding [8]. It reuses key components from
XENONI1T while scaling up to 8.6 tonnes of xenon target material.

Concentric water-Cherenkov and gadolinium-doped neutron vetoes further suppress cosmic-ray
and radioactive backgrounds by tagging muons and neutrons, respectively. The main detector is
a 134 cm diameter, 148 cm tall cylinder instrumented with 494 low-background PMTs for event
energy reconstruction. XENONnT recently completed its third science run, SR2 and is currently
being opened for maintenance.

3.1 Dual-Phase Time Projection Chambers

A dual-phase Time Projection Chamber (TPC) combines the capabilities of scintillation detec-
tors with ionization tracking to achieve superior background discrimination. Unlike scintillation
detectors, TPCs measure both light and charge signals from particle interactions, enabling 3D
event reconstruction and full energy reconstruction.

The detector consists of a cylindrical chamber with liquid xenon (LXe) in the lower volume,
and gaseous xenon (GXe) above. When a particle interacts with xenon atoms, it produces
both prompt scintillation photons and free electrons along the particle’s path. The scintillation
photons are immediately detected by photomultiplier tube (PMT) arrays positioned above and
below the active volume, creating the “S1” signal that marks the interaction time and provides
information on the scintillation energy. Figure [2]illustrates the XENONnT detector design and
fundamental detection principle.

A uniform electric field drifts these electrons upward through the liquid xenon toward the liquid-
gas interface. Upon reaching this interface, the electrons are extracted into the gas phase where



they undergo electroluminescence, producing secondary scintillation photons in proportion to the
original ionization energy. This delayed signal, detected by both PMT arrays, is called the “S2”
signal. The S2 pattern preserves spatial information from the original ionization track. The drift
time, corresponding to the time difference between S1 and S2 signals, determines the interaction
depth, while the spatial pattern of S2 light on the top PMT array is used for (x,y) position
reconstruction of the event.

Particle interactions (events) in dual-phase TPCs can be classified into two fundamental types
based on their energy deposition mechanisms. Nuclear Recoil (NR) events occur when incoming
particles are incident on the target material nuclei, transferring energy via elastic collisions
that produce heat, ionize electrons, and excite electronic states. Electric Recoil (ER) events
occur when incoming particles are incident on the atom’s electrons, depositing energy mainly
into ionization and excitation processes with little heat loss. While both interaction types can
produce the same chain of detection events assuming sufficient energy deposition, they differ
significantly in their energy partitioning.

Both interaction types produce signals through the same physical processes but with differing
partitioning. Electronic excitation creates excited atoms (Xe*) that form bound states with
ground-state atoms, forming excited dimers (Xe3). These excimers decay within nanoseconds,
emitting vacuum ultraviolet (VUV) photons (~ 178 nm that constitute the source of the detected
S1 signal. Liberated primary electrons drift upward under the applied electric field towards
the liquid-gas interface, co-moving in what is known as an electron cloud. At the liquid-gas
interface stronger extraction fields accelerate these into the gas phase where electrons undergo
electroluminescence, the same excimer formation process initiated by energetic electrons rather
than the primary collision particle, producing the S2 signal. NR events produce sparser ionization
tracks than ER events, making them less affected by electron-ion recombination effects and
resulting in characteristically different S2/S1 signal ratios.

The discrimination power of the S2/S1 signal ratio is substantial: XENONI1T achieved 99.7%
rejection efficiency for electron recoil events while maintaining 50% NR acceptance |9]. ER
events, largely resulting from intrinsic beta and gamma decay backgrounds, can thus be effectively
separated from the NR signatures expected from WIMP dark matter interactions.

3.2 Xenon

Within the TPC, xenon serves as both the target material and a natural shield against back-
ground radiation. Heavy nuclei like xenon provide effective self-shielding through short mean free
paths, with xenon’s stopping power capable of reducing 662 keV gamma ray flux by 98% over
20 cm |10]. This self-shielding confines most background events from material contamination,
background radioactivity and cosmic rays to the outer detector regions. Such confinement allows
for an analysis technique known as fiducialization: by defining a smaller analysis volume within
the central regions of the detector and excluding the outer volume, a large portion of background
events can be eliminated while retaining a large fraction of signal events from the clean central
regions.

Beyond self-shielding, xenon offers several advantageous properties that make it the optimal
target material. As the heaviest stable noble gas, the next heavier option, radon, lacks stable
isotopes, xenon provides the best combination of mass, inertness, and availability. Its isotopic
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Figure 2: The XENONnT dark matter detector: (a) fundamental detection principle of the dual-
phase xenon TPC and (b) complete detector assembly with veto systems.

stability is remarkable: even xenon-124, technically unstable, has a half life of 1.8 x 1022 years,
the longest directly measured for any unstable isotope (a measurement achieved by XENONI1T
itself ) Additionally, xenon’s excimer decay produces photons to which ground state xenon
isotopes are completely transparent, enabling efficient light collection throughout the detector
volume with signal reduction only from absorption by detector components and impurities.

3.3 XENONNT Assembly

The XENONNT detector comprises three semi-independent detectors arranged in concentric
shells as shown in Figure 2bl The outermost tank contains a muon veto targeting cosmic-ray
muons from atmospheric interaction. This veto uses water as the target medium, detecting
high-energy muons through Cherenkov radiation via PMTs mounted within the cavity. The in-
termediate shell contains the neutron veto, designed to flag neutrons primarily from spontaneous
fission and (a,n) interactions in surrounding rock and detector materials. The neutron veto
operates similarly to the muon veto but employs gadolinium-doped water to facilitate tagging
via Cherenkov light.

At its core lies the dual phase TPC itself, featuring two PMT arrays with a total of 494 Hama-
matsu R11410-21 3" PMTs that have undergone extensive pre-installation testing . The
detector walls consist of numerous PTFE (Teflon) panels arranged in a polygon. PTFE was
selected for its high reflectivity at relevant wavelengths alongside its electrical inertness, though
these assemblies unfortunately contribute a portion of the dominant («,n) background through



inherent material contamination.

Signal detection for both S1 and S2 events relies on PMT arrays arranged in a hexagonal config-
uration. The PMT detection process operates through three sequential stages: incident photons
first strike the photocathode, ideally producing one photoelectron per incident photon. These
photoelectrons are then accelerated toward a dynode stack, where electron cascade multiplication
amplifies the signal by factors of ~ 10°, generating a measurable electrical pulse.

However, early XENON experiments revealed that the expected one to one photon-to-electron
conversion does not occur as anticipated in the VUV regime. Detector calibration routines
indicate that each photon-to-electron conversion has an approximately 20% probability of causing
the photocathode to emit a second photoelectron in addition to the primary one |15, thought this
varies with measurement methodology. All signal measurements are converted to photoelectrons
(PE) forming the primary operating unit within the XENON infrastructure.

The detector assembly requires extensive external facilities housed in a multi-story building
adjacent to the main detector. Key components include radon and krypton distillation columns
for target material purification, radon being a dominant in-situ background source and krypton
serving as a calibration source requiring removal after calibration runs. The facility also contains
dedicated liquid xenon and gaseous xenon purification systems. This represents only a subset of
required components; comprehensive coverage of all major detector systems can be found in the
XENON detector paper Collaboration et al. 9.

3.4 Electric Fields in XENONnT

The electric field system in XENONnT creates two distinctive field domains, a drift field and an
extraction field, through a combination of wire grid electrodes and field shaping ring elements.
The wire grid electrodes consist of ~ 250 parallel wires each, arranged in five distinct meshes
positioned at different heights in the TPC. Starting from the bottom, a shielding mesh protects
the bottom PMT array from strong electric fields, followed by the cathode mesh which forms the
bottom boundary of the drift field. The concentric field shaping rings maintain field uniformity
throughout the drift region until the gate mesh marking the end of the effective drift field. Above
the gate mesh, the anode mesh works in conjunction with the gate mesh to create the extraction
field, with a final shielding mesh above the anode mesh protecting the top PMT array.

The extraction field region contains the liquid-gas interface, where the anode-gate mesh combi-
nation provides a strong electric field that extracts ionization electrons from the liquid phase and
accelerated them into the gas region. This acceleration overcomes the energy barrier required
for electroluminescence, enabling the production of amplified S2 signals essential for detection of
low energy primary events.

The electron energy amplification facilitated by the anode-gate mesh combination exhibits a
strong dependence on the local electric field strength, with the light yield from accelerated
electrons following a field-dependent relationship.

The electroluminescent light yield exhibits a direct dependence on the local electric field strength

according to:
() o Bl) 1)
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where Y represents the number of photons produced per electron and E(x) is the position-
dependent electric field. Since the differential light yield changes proportionally to the electric
field strength, electrons undergoing electroluminescence closer to the anode wires experience
stronger fields and produce higher light yields.

The electric field structure arises from the anode gate mesh combination, where both meshes have
a periodic spacing of 0.5 cm with half a half-phase offset between them. This mesh configuration
produces electric field line focusing, where field lines converge from the gate mesh region and
funnel toward the individual anode wires, this can be seen in Figure This focusing effect
concentrates field strength and creates spatial variation in the extraction behavior of individual
electrons within a cloud.

Surface: Electric potential {v) Streamline: Electric field
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Figure 3: Monte Carlo simulation of electric field lines and potential distribution from gate to
anode mesh. The field lines (black curves) demonstrate the funneling effect that concentrates
electric field onto the anode mesh, modifying S2 electron arrival locations. Kinks in the field
lines are simulation artifacts. Figure from .

The detector experiences several problems with the operating electric fields. First, while PTFE
is electrically inert, it still accumulates surface static electrical charge, creating field distortion
pointing towards the center of the detector. This modifies S2 event locations relative to their
primary S1 event sites by shifting them inwards, introducing systematic reconstruction error
when using the raw S2 event position to infer primary event position.

During development of XENONnT it was noticed that the anode and gate mesh were subject to
gravitational sagging that could hinder proper detector operation. To alleviate this, perpendic-
ular wires were installed; two to support the gate mesh; and four to support the anode mesh.
Unlike the primary mesh structure, the support wires are not periodic, creating asymmetric field
modulation that drifts electrons away from the perpendicular wire locations and creates high
electron densities near the anode support wires.

While the perpendicular wires address significant mesh sagging, the meshes remain free to sag in
non-supported areas, albeit at reduced magnitude. Additionally, electrostatic attraction between
the gate and anode meshes further deform the parallel structure. As a result, the mesh geometry
deviates from the ideal case, introducing spatially varying extraction conditions and light yields.

11



3.5 Calibration Data and Data Quality

XENONNT uses various calibration sources to characterize detector response and correct sys-
tematic effects. This section covers the calibration methods relevant to this analysis, focusing
primarily on 8™ K7 due to its clean, well-characterized signal properties, with brief mention of
LED-based electronic calibration.

83m K1 is a metastable excited state of krypton that decays through a distinctive two-step chain,
yielding mono-energetic signals of 32.2 keV and 9.4 keV [9]. The unique timing and energy
properties of this decay chain allow for highly effective event isolation and excellent distinction
between krypton and background signals.

Krypton is injected into the detector medium and allowed to disperse until homogeneous, pro-
viding spatially uniform calibration coverage. Large-scale krypton calibrations are typically
performed at the beginning and end of science runs, requiring subsequent removal before data
collection. During normal operation, krypton remains present at highly diminished density while
maintaining easy identification.

The homogeneous distribution and clean signal properties make 83 Kr ideal for determining
key detector parameters such as g; and gs scaling factors, which convert DAQ readout signals to
actual photoelectron counts for S1 and S2 signals respectively. Additionally, the Field Distortion
Correction (FDC) accounts for systematic position shifts caused by non-uniform electric fields
as explained in Section [3.4]

The work presented in this thesis leverages these properties of 3 Kr calibration data. For this
analysis, 88 33™Kr datasets are selected totaling 1.79 million krypton events, where the only
cuts utilized are the krypton cuts outlined in [17]. The complete list of run IDs is provided in

Appendix

To calibrate the PMT arrays, LEDs are placed within the interior of the XENONnT detector
and driven at voltages lower than operating levels such that there is a small likelihood of a single
photon produced. The resulting photon detection can then be used to perform gain calibration
and electronic noise estimation. Notably, there is a nonzero probability of multiple photons being
emitted, and the photocathode will at times emit multiple photoelectrons. To avoid an inductive
bias, a model-independent procedure for gain and variance estimation is used [18].

3.6 Data Processing

The XENONnT data processing pipeline transforms raw PMT signals into reconstructed events
through a multi-stage procedure. While the specific algorithms and parameters used in this
processing chain represents significant technical achievement, the following overview provides
context for understanding how calibration data becomes analysis-ready datasets.

The primary signal of the detector corresponds to PMT pulses, digitalized by the DAQ at
100 MHz. Individual PMT readings are classified as a “hit” when they exceed a threshold signal
within a defined time window of 30 ns before and 200 ns after the main signal peak. These hits
represent the fundamental building blocks of the data processing chain, capturing discrete light
detection events from individual PMTs with their associated timing and amplitude information.

12



Hits are then sequentially grouped with neighboring hits from any PMT into clusters based on
temporal proximity. Consecutive hits are assigned to the same cluster when the time gap between
them is 700 ns or less. Hits that cannot be grouped into clusters remain as isolated events,
corresponding primarily to afterpulses or dark counts, and are processed through a separate
pathway.

Clusters are iteratively subdivided into smaller subclusters using a natural break algorithm that
analyzes both timing information and the summed waveform characteristics. This splitting
procedure is essential for separating S1 signals from PMT afterpulses and distinguishing nearby
peaks that may have been incorrectly grouped during initial clustering. When subclusters exhibit
saturation effects, they are corrected using pulse models derived from non-saturated channels to
recover the true signal amplitude.

The resulting subclusters, now referred to as peaklets, are classified as either S1 or S2 type
based on their waveform characteristics. S2 peaklets require additional processing due to their
longitudinal drift of electron clouds from the bottom of the detector, which creates broader
temporal spreads in the signal. To account for this effect, S2 peaklets undergo remerging using
gap-size clustering, where temporally adjacent S2 peaklets are combined until the total duration
exceeds 50 ps or no further candidates are found nearby. The remerged peaklets are now classified
as peaks.

Following peak processing, events are constructed around single triggering S2 peaks. A triggering
S2 must have an area < 100 PE and satisfy the n_competing requirement: fewer than eight
neighboring peaks within +10 ms that each exceed 50% of its area. This requirement ensures
that only the largest S2 signals in a given time window act as triggering peaks. The event window
is defined as extending 2.45 ms before and 0.25 ms after the triggering peak, with overlapping
windows merged.

Within an event window multiple S1 and S2 peaks may be present, requiring systematic selection
of the primary signals. The primary S1 is defined as the largest S1 peak within the full event
window, while the primary S2 is the largest S2 peak occurring after the primary S1. Alternative
S1 and S2 signals are identified as the second-largest peaks of each type within the same window.
These alternative signals are crucial for identifying and analyzing multiple scatter events, where
a particle undergoes more than one interaction within the detector volume.

The n__competing requirement introduces an energy-dependent event building efficiency that
varies with the analysis threshold. For electron recoil searches using an S2 area threshold of
500 PE, the event building efficiency reaches 99.3%. WIMP searches employ a lower threshold
of 200 PE, resulting in a slightly reduced efficiency of 97.2% due to increased competition from
smaller background signals [19).

3.7 Light Response Function

The spatial distribution of S2 light across the top PMT array contains the position information
for event reconstruction and can be used for background discrimination. The S2 Light Response
Function (LRF) quantifies this spatial dependence by describing the probability for detected
photons to be observed by each individual PMT, given a specific event location in the detector.
This effectively predicts what fraction of the total detected S2 light signal should be observed by

13



each PMT for a single scatter event.

While position reconstruction algorithms are typically trained using Monte Carlo simulations,
see Section LRF maps can also serve this training purpose by providing the expected spa-
tial signatures for different event locations. Additionally, deviations from LRF patterns enable
identification of anomalous events and multiple scatter interactions.

The LRF is closely related to the Light Collection Efficiency (LCE) map, with the key distinction
being the treatment of PMT quantum efficiencies (QE). The mathematical relationship is given
by:

Z?:O LCE] X QEJ

where both functions are normalized such that > 5, LRF; = ), LCE; = 1. The difference between
them is that each PMT’s LRF value depends on the quantum efficiencies of all other PMTs due to
the normalization, creating interdependence across the array. In contrast, the LCE represents the
pure geometric light collection probability for each PMT independent of its neighbors, making
it a more fundamental descriptor of the detector’s optical properties.

LRF; =

While conceptually representing optical light collection, the LRF' is not a purely geometric de-
scriptor due to the underlying physics of S2 signal formation. The function describes the behavior
of an electron cloud rather than a point light source, making it subject to electric field modu-
lations that affect the S2 emission distribution. These field effects are particularly pronounced
for the z-coordinate of S2 emission, where drift field variations can significantly alter the spa-
tial distribution of light. Although x and y coordinate modulations are less critical since Field
Distortion Corrections accounts for field-induced position shifts, the complex interplay between
electron transport and light emission means the LRF and LCE must inherently capture both
optical and electrodynamic effects within the detector.

3.8 Simulation

Comprehensive detector simulation is essential for validating experimental results and under-
standing detector response. XENONnT employs a sophisticated simulation suite that generates
raw data structures identical to real detector output, allowing simulated events to be processed
through the same data analysis pipeline as experimental data.

The simulation suite consists of a number of three components that operate sequentially: Geant4,
epix and WFSim, each handling distinct aspects of the detector response chain.

The Geant4 toolkit serves as the primary Monte Carlo simulator, managing particle propagation
and fundamental physics processes. Each simulation run processes a fixed number of events,
tracking primary particles and all secondary interactions through the complete detector geometry.
Geant4 handles electromagnetic effects, radioactive decay, and other relevant physics, ultimately
producing energy deposits within the detectors sensitive volumes.

Epix takes these energy deposits and converts them into S1 photons and S2 electrons at the
liquid-gas interface applying field-dependent and recoil-type-dependent models to determine the
light and charge yields for each interaction.
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WEFSim completes the simulation by propagating these photons and electrons according to pre-
computed optical maps. It models the extraction field effects, electroluminescence behavior for
S2 electrons, and applies PMT-specific responses including quantum efficiencies, timing charac-
teristics, gain variations, and pulse shapes. Finally, WFSim incorporates DAQ electronics effects
to produce data files structurally identical to real XENONnT measurements Ramirez Garcia
[20].

While the simulation framework provides valuable insights into detector behavior and was instru-
mental in the design process, certain aspects of S2 signal generation remain problematic. The
simulated LRF maps exhibit artificially elevated responses when events occur close to individual
PMTs, resulting in poor fit quality compared to experimental data.

A significant contributing factor to these discrepancies is the incomplete modeling of anode mesh
electrical field effects. The mesh geometry not only influences electron drift paths but also affects
the spatial probability of S2 photon emission. Although preliminary implementations of these
field effects exist |21], they have not yet been integrated into the main simulation branch, leaving
this important physics component absent from standard simulations.

Given these limitations in the current simulation framework, particularly the absence of anode
mesh field effects, alternative approaches for generating reliable LCE functions are necessary.
This motivates the development of data-driven methods that can capture the true detector
response characteristics observed in experimental measurements.

3.9 Detector Inhomogeneities and LCEs

This analysis utilizes position reconstruction data from the Conditional Normalizing Flow model
(CNF) [22] which itself is conditioned on the simulated hitpatterns. This model predicts S2
emission points directly from observed PMT hit patterns and the signal magnitude. Where
reconstruction is separate from Field Distortion Correction (FDC) which is applied after the fact
to correct for the S1 to S2 position shift induced by inhomogeneous electric fields.

Several spatial inhomogeneities are anticipated in the uncorrected reconstruction data. The CNF
model exhibits an inherent bias that shifts reconstructed events away from the detector’s walls.
Additionally, the detector’s support wire geometry introduces density gaps along the supporting
wire directions, where the non-uniform electric field structure affects electron drift paths. This
reduces the event densities to effectively zero near the gate supporting wires, while increasing
event densities around the anode supporting wires, as visible in Figure [4

Beyond these expected inhomogeneities, the reconstructed event data reveals a systematic bias
in the form of periodic density variations aligned with the anode mesh structure. As visible in
Figure[d] events exhibit alternating bands of high and low density that run parallel to the anode
mesh wires. The periodicity of these variations corresponds approximately to the PMT diam-
eter spacing, with density maxima occurring at the overlap regions between neighboring PMT
rows. This striped pattern represents a significant reconstruction bias that was also observed in
XENONIT data. This striped pattern represents a significant reconstruction bias that was also
observed in XENONI1T data. While the exact physical origin remains unclear, this systematic
effect likely results from the Monte Carlo simulation not modeling some detector effect correctly.
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Analysis of individual PMT light response functions reveals additional spatial inhomogeneity
that vary across the detector. As shown in the right panel of Figure [d most PMTs exhibit
reduced light collection efficiency in bands aligned with the anode mesh direction. The pattern
is clearly visible for three of the shown PMTs (63, 180, and 72), where the LRF response shows
significant suppression along the mesh alignment.

However, this behavior is not uniform across the detector, PMT 216 and neighboring PMTs
in the top right portion of the TPC display more radially symmetric response patterns with a
qualitatively different mesh-aligned reduction as compared to the other PMTs. The origin of
this spatial dependence and the differing behavior between detector regions remains unclear and
represents another systematic effect that must be addressed in comprehensive LRF modelling.

These observed spatial inhomogeneities—from wall bias and wire effects to systematic recon-
struction patterns—demonstrate that LCE modeling and position reconstruction are inherently
coupled problems. Accurate LCE predictions should, in principle, guide events toward their true
spatial locations when used appropriately. To quantitatively assess whether different LCE ap-
proaches successfully address these inhomogeneities, robust metrics are needed to evaluate the
spatial uniformity of position-refined datasets.

To evaluate whether LCE models successfully address these inhomogeneities, homogeneity met-
rics applied to position-refined datasets provide quantitative assessment. Under the assumption
that Krypton is perfectly homogeneously distributed, this should be reflected in the final position
refits provided by each LCE model. If homogeneity metrics worsen rather than improve after
position refinement, this indicates the LCE model is biased or fails to capture important detector
effects, causing artificial event clustering.

However, the parallel wires represent a deviation from this expectation, as they naturally create
regions of lower event density due to the drift field. As such, in the computation of these
metrics, the areas including all gate and anode perpendicular wires will be masked out, since
changes in homogeneity around these points do not provide meaningful information about model
performance. To measure the changes in homogeneity, a number of metrics are selected, all
chosen for their low computational complexity (O(n)).

The first metric to be utilized corresponds to the coefficient of variation, measuring the ratio of
the standard deviation over the mean of binned densities. Where a low C'y then indicates a fairly
consistent mean with low variance between bins n;, and a high Cy indicates strong variation
between bins. This metric is mainly useful to determine the variance of the bins.
cy = o) (3)
(ni)

The next metric corresponds to the Shannon entropy, Shannon entropy quantifies the uncertainty
or randomness in the spatial distribution of events. The probability, p;, of an event falling into
a bin is computed for each bin and the entropy is calculated as in equation [d] A higher entropy
indicates a more uniform, homogeneous spread of events across the space, while a lower entropy
reflects stronger spatial concentration or predictability, this metric is sensitive to both clustering
and gaps and will reflect the state of disorder (homogeneity) found within the TPC. This quantity
will be normalized to the maximum attainable value to allow easier comparison between run
placing the effective range in H € [0, 1]

H == pilogp (4)
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The Gini coeflicient will also be utilized, this coefficient is a measure of bin inequality, quantifying
the significance of deviation shown in equation It essentially functions as a weighted sum,
using the sorted bin values ¢; with m bin values in total, each bin count is weighted by the
term (2¢ — m — 1) corresponding to its index shifted into the negative regime and stepped twice
rather than once, this allows creation of a symmetric weight set about zero. If then all bins are
of comparable size the coefficient G = 0 as the positive and negative domains share the same
weights. If however the bins are not equal the Gini coefficient grows with a maximal value of
G =1, this is only satisfied if only a single bin holds all events.

Yo (20 —m— 1)

G =
mZE’ll Ci

()

And lastly the non-occupancy ratio, simply quantifying the fraction of bins that do not contain
any events is used to indicate if at the bin resolution used dead bins are present. All mentioned
metrics are bin dependent, with bins only defined within the TPC, R < 66.4 cm.

The combination of metrics should provide a general overview of the numerical homogeneity of
the data, when taken alongside visual inspection of the density plots this will provide sufficient
information to verify the correctness of specific maps.
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Figure 4: Spatial inhomogeneity within the TPC. Top left: 33 Kr event density as a function of position within the TPC, reconstructed
using the CNF position reconstruction algorithm without field distortion correction. The plot shows the TPC extent in cylindrical
approximation, the rotated Z axis aligned with the anode mesh, and PMT locations (gray squares). Visible features include density gaps
along perpendicular supporting wires, reduced density at high radius due to field distortion and CNF radial bias, and inhomogeneity
parallel to the anode mesh. Bottom left: Event density collapsed along the rotated & axis. PMT positions are marked with vertical
lines, showing increased event reconstruction at PMT intersection points, particularly near PMT centers. Right: Normalized LRF
response patterns for individual PMTs as a function of spatial position, derived from real data. Notable variations include significantly
reduced light collection along the anode mesh direction for PMTs 63, 180, and 72, while PMT 216 exhibits more radially symmetric
behavior with this directional suppression visible only shifted from the center of the PMT.



4 Anode Mesh: Monte Carlo Simulations

To facilitate a description of the S2 response pattern focusing on optical parametrizations for
the S2 LCE, a better understanding of the mechanisms by which the anode mesh modulates the
signal is required. This Section focuses on the reduction band observed with LCE plots per PMT
as a function of space (seen in Figure. Several simple Monte Carlo simulations investigate this
effect by propagating photons from different S2 event coordinates, all simulations only consider
a single PMT, an infinite anode mesh, and various source emission distributions including both
electron cloud and point source emission.

The simulation is rudimentary, simply checking if photons intercept with the anode mesh and
absorbing it if it does so, and then checking for interception with the PMT surface. Successful
PMT hits are counted, while all other photons are discarded. All simulations use an anode mesh
pitch of 0.5cm with a wire radius of 0.0152 cm.

The investigation will first focus on fixed z point source emission, moving to the effect of fixed
z cloud source emission, followed by an extension including probabilistic z depth S2 event sites
and finally an extension of this where the photon yield is scaled alongside the probabilistic z
depth emission.

Fixed z point source emission The first trial corresponds to emitting 100,000 photons from
each simulated event site for a fixed z coordinate corresponding to 0.006 cm below the anode
mesh, with randomly sampled propagation vectors pointing into the upper hemisphere. This
is computed for all positions within a radius of twice the PMT radius (R = 7.62 cm), with a
resolution equivalent to a quarter of the anode wire diameter, dz = 0.0076cm. The resulting
positional distribution of photons arriving at the PMT can be seen in Figure [
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Figure 5: Photon count detected by a single PMT (red dashed outline) as a function of source
position for point source photon emission at constant z = 0.006 cm below the anode mesh.
For each position, 100,000 photons are emitted, with the simulation only considering mesh
interception and PMT detection.
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Figure 6: Photon count detected by a single PMT for constant z emission simulated through
point source photon emission, subsequently convolved with a Gaussian kernel to simulate electron
cloud electron sources. Results show the 99% interval for Gaussian cloud spread computed at
various emission depths (L), where the signal at each point represents a weighted average over
the cloud distribution. The red dotted circle corresponds to the PMT circumference, while the
white circle indicates the 1o extent with the corresponding numeric value (o) displayed.

Within this plot, a clear radial distribution of signal count is visible as expected from the direct
detection component, a strong reduction of the signal is visible under the anode mesh wires with
counts dropping to zero in most cases.

Fixed z cloud source emission A notable difference between this simulation and reality is
that this assumes a point source emission rather than emission from an electron cloud. Focusing
on a 2D cloud, the expected Gaussian spread of the electron cloud at the S2 emission point can
be estimated using standard diffusion equations.

For XENONnT conditions (drift speed ~ 8.83 x 107> em ns~!, diffusion coefficient D, =
34.625 cm? /s [23]), the expected cloud width at mean detector depth (L = 75 cm) is o = 0.24 cm.

This effect is simulated by convolving the point source data with Gaussian kernels corresponding
to different drift distances (Figure @ To quantify potential anisotropy, 2D Gaussian fits are
applied to extract x and y spreads. The statistical significance of observed variations is assessed
through Poisson bootstrap analysis, where multiple equivalent realizations of the data are gen-
erated by applying Poisson random sampling to each pixel, simulating the inherent statistical
fluctuations in photon detection.

Results show minimal evidence for mesh-induced anisotropy with z/y spread ratios showing
deviation from unity at O(10~%) no statistically significant trends with drift distance, where
bootstrap analysis showed variance on the order of O(1073).

Variable z cloud source emission The second Monte Carlo experiment utilizes a GARFIELD-
derived emission distribution that accounts for anode wire electric field effects on emission prob-
ability as a function of 3D space . In this framework, electrons follow electric field lines
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Realistic S2-emission MC: baseline vs. wire-switch
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Figure 7: Realistic S2 photon emission optical MC simulation considering anode mesh shadowing,
where electrons within a cloud release photons according to a precomputed spatial probability
distribution. On the LHS each electron cloud is forced to associate with a single anode wire,
while on the RHS electron clouds are free to associate with any neighboring mesh wire depending
on the cloud center and a random normal shift to each electron sourced from a Gaussian of mean
0 and standard deviation ¢ = 0.24 cm corresponding to a drift distance of L = 75 cm.

that terminate on specific anode wire. Electric field lines originating from the region between
adjacent gate wires converge upward onto individual anode wires, see Figure [3] This field ge-
ometry channels electrons along curved paths that focus onto specific anode wires, constraining
the emission region (above the liquid-gas interface) into a narrow band with a maximal spread
of o, = 0.22 cm perpendicular to each wire.

Two simulation variants are compared: first, each sampled electron cloud is associated with a
singular anode mesh wire, where all of its electrons are attracted to it, with final positional distri-
butions sampled entirely from the GARFIELD derived distribution. Second, individual electrons
within a cloud are free to associate with different wires, where wire association is sampled by
generating an electron within the Gaussian cloud and associating it with the nearest wire. Due
to the narrow x-spread of the S2 emission point around an anode wire, a fine grid resolution of
0.0304 em is used, evaluating the positive quadrant out to three PMT radii (11.43 cm).

The maximal deviation between the two simulations corresponds to 730 photons, with the major
difference being that the wire switching implementation does produce a smoothed version without
the discretized steps in x observed in the single-wire case.

For the produced dataset sampling of a confidence ellipse and 2D Gaussian intensity fit as
done for the fixed z emission cases produced negligible deviations. To isolate directional effects
from the underlying radial dependence, the PMT response must be decomposed into radial and
residual components. Since parametric fitting of the radial profile proves numerically challenging,
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Realistic S2-emission MC: baseline vs. wire-switch
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Figure 8: The residual of realistic anode shadowing simulations including electrical emission
depth effects, when dividing out the best fit Piecewise Cubic Hermite Interpolating Polynomial
(PCHIP). In the top row electrons are forced to associate with the same mesh wire as the
cloud center, while in the bottom row electrons are free to associate with any wire based on
the Gaussian electron cloud spread, the PMT extent is indicated with a black dashed line. In
the second column the residuals are shown as a function of direction starting from the (0,0)
coordinate, with blue perpendicular to the anode mesh, orange parallel to the anode mesh and
green along the diagonal.

a Piecewise Cubic Hermite Interpolating Polynomial (PCHIP) interpolation is employed instead
to capture the radial dependence. This interpolation allows extraction of a Direct Detection
component modeled as a purely radial contribution with no directional dependence. The result
of this procedure alongside the directional dependence can be seen in Figure

Considering the residuals reveals clear directional anisotropy in the S2 optical response. Both
simulation variants show consistent behavior: an enlargement of up to 5% from the best fit
interpolation perpendicular to the anode wire direction and a reduction of 10% along the wire
direction, with the central response largely unmodulated. This directional modulation provides
the foundation for the optical parametrization approach developed in subsequent sections.

While this simulation approach approximates the true conditional distribution well, the idealized
implementation assumes electrons associate with wires based solely on geometric proximity. A
fully accurate model would use conditional probability distributions that account for the electron
cloud center position relative to multiple neighboring wires.
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Electron Energy Adjustment A last modification needs to be completed, the photon number
yield is directly proportional to the electric field strength at the emission point. Since electric
field strength decreases with distance from the anode mesh, electrons closer to the mesh produce
higher photon counts. To include this effect a simple linear scaling is applied where photon
emission furthest away from the anode mesh receive a weight of 0.05 and emission closest to the
mesh receives a weight of 1. At the center of the anode mesh, the GARFIELD-derived emission
probability is null (no photons spawn within the wire), so no emission events will actually receive
the maximum weight. The simulation exploits axial symmetry about the origin: the single-
quadrant response is mirrored to generate a full PMT response. This PMT response is then
replicated and spatially shifted to create a hexagonal arrangement of 7 PMTs (6 surrounding +
1 central), producing the expected LCE response that includes geometric effects from neighboring
PMTs.
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Figure 9: LCE for the central PMT from MC simulation of electron cloud source, where electrons
are free to associate with individual anode wires broadcast to hexagonally arranged PMTs. In
white the 33% maximum signal contour is shown, for purely radially symmetric responses this
contour is expected to be radially symmetric. At the edges strong gradient changes can be
observed, this is due to the full plot being generated by replicating the response of a single PMT,
these points correspond to areas where the response of a PMT is no longer defined.

While this does not fully explain the observed data, as can be seen by visual comparison to Fig-
ure [4] it demonstrates that the radial LCE in conjunction with a fixed z anode parametrization
cannot completely describe the direct detection response. The simulation reproduces the direc-
tional anisotropy observed in the previous analysis. After PCHIP fitting, the residual response
perpendicular to the anode wire is enhanced by 8% while the response parallel to the wires is
reduced by 10%, confirming that an emission distribution closer to the mesh, or equivalently
with higher yield closer to the mesh, further exacerbates the optical modulation.

This modulation can explain the density variation observed within the raw reconstruction den-
sity. Since the XENON MC simulation does not yet account for depth-dependent emission
probabilities, position reconstruction is not aware of the magnitude of the differential response.
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As a result, if PMTs aligned with the mesh observe a high fractional response, the event is likely
reconstructed in the center row by the reconstruction model. However, if the central PMT has a
large response but its mesh-aligned neighbors do not, the model perceives this as only possible if
the event occurs at the edge of the PMT row, when the event should actually be reconstructed
more centrally given the observed response. Producing a high event density at the edges of PMT
rows.

Having established the physical mechanisms behind anode mesh effects, the next step requires
developing a quantitative framework to fit these effects to experimental data, which necessitates
a robust likelihood function for PMT responses.
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5 PMT Signal Likelihood’s

To fit LRF models to experimental data, we need a metric that quantifies the agreement be-
tween model predictions and observed PMT responses. The specific likelihood function used in
this analysis was originally developed by Aalbers [24], with minor modifications made here and
extended for efficient computation at scale. Likelihood functions provide a natural framework
for this optimization, as they quantify the probability of observing specific data given model
parameters. Understanding the statistical variance in individual PMT responses is essential for
constructing an accurate likelihood function that can serve as both an optimization metric and
quality of fit parameter throughout this analysis.

This section develops the theoretical foundation by examining the key physical processes involved
in generating a detector response: photon arrival statistics, photoelectron conversion at the
photocathode, and electronic amplification. While this represents a simplified model of the
complete detection chain, each process contributes well-defined statistical distributions that can
be combined to construct a tractable likelihood function for PMT responses. Finally, the practical
implementation is addressed, including computational approximations necessary to make the
theoretically intractable form evaluable in practice.

5.1 Likelihood Formulation

Photon Statistics In an S2 emission event, photons travel from the event site to the PMT
photocathodes. The signal of interest is the number of photons incident on each photocathode
surface. This can be described using a Poisson distribution, with IV arrivals given an expected p
photons for an emission event. The likelihood, Lp(N|u), for the Poisson distribution is written

as: N
pre

Photoelectron Conversion At the photocathode, incident photons undergo photoelectron
conversion with an average yield of ~ 1.2 photoelectrons per photon in the VUV regime [15].
This excess arises from double photoelectron emission (DPE), modeled as each photon having
probability p of producing an additional photoelectron. This additional photoelectron production
is modeled using a binomial distribution, where for N incident photons, the number of extra
photoelectrons k follows a Binomial(N, p) distribution. The probability mass function is:

(MpFA—p)NF 0 <k <N,
0 otherwise.

LB(kNJ?)—{ (7)

The total number of photoelectrons emitted is then N + k, where N is the number of incident
photons and & is the number of additional photoelectrons from DPE events.

oo N
L(mlp) = Y Lp(N|u) Y Lp(kIN,p)s(m — N — k) (®)
N=0 k=0

where the delta function ensures m = N + k, with m the observed number of photoelectrons.
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Amplification and readout After photoelectron emission, each electron is accelerated toward
the first dynode, where it triggers the release of multiple secondary electrons. This multiplication
process repeats through a cascade of dynodes until a measurable signal is produced. The am-
plification chain introduces additional variance from dynode to dynode gain variations, vacuum
contamination effects, and electronic readout noise in the DAQ.

While the complete statistical description of this cascade is complex, the electronic contribu-
tion can be approximated with a Gaussian distribution for computational tractability. This
approximation captures the dominant noise behavior, though LED calibration data shows some
deviation due to heavy tails in the true single photon response. The computational simplicity of
the Gaussian model makes it a reasonable compromise for this analysis.

The final observed signal x (gain-corrected to photoelectron units by the reconstruction pipeline)
follows:

Le(@ | N+ koVN+k) =

(a:—N+k)2] )

1
exp| —
27 o2(N 1 ) p[ 202(N + k)

where o represents the per-photoelectron electronic noise contribution, N +k is the mean number
of photoelectrons, and the variance scales as (N +k) to account for the noise contribution from
each photoelectron in the amplification chain.

The Full Likelihood With the inclusion of the Gaussian noise term, the full likelihood for a
single PMT observation can be written for an observed signal x with an expectation of p photons:

N
Lpun(z|p) = Z Lp(N|p) Z (kIN.p)Lg(x|N + k,0V/'N + k) (10)

For model optimization and quality assessment, we use the negative two log likelihood ratio
(NLLR):
L(z|p)

—2lo
& L(z|lzpmre)

(11)
where L(z|u) represents the likelihood of the observation given the model prediction, and L(z|xp1E)
represents the maximum achievable likelihood for that observation, providing normalization to
the best possible fit. While this quantity follows a x? distribution under ideal conditions (Wilks’
theorem [25]), deviations are expected for low-signal regimes where the response is non-Gaussian
and due to imperfections in the likelihood model itself.

We define x% as this NLLR value for the full likelihood function, with Y%, representing the
reduced form averaged across PMTs. These metrics serve as both optimization targets and
goodness-of-fit measures throughout the analysis.

5.2 Implementation

The theoretical likelihood function developed above requires evaluation of infinite sums for each
PMT signal, making direct computation prohibitively expensive for real-time LRF fitting. Each
likelihood evaluation involves convolving Poisson, binomial, and Gaussian distributions—a pro-
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cess that scales poorly with the number of PMTs and model evaluations required during optimiza-
tion. To make this likelihood computationally tractable, we implement a two-regime approach:
exact evaluation with lookup table acceleration for low signals (x < Zswitch ), and a Gaussian ap-
proximation for high signals (z > Zgwitcn). The signal likelihood is parameterized as L(z|u; o),
where x is the observed signal in photoelectrons, p is the expected number of photons, and o
represents the per-PMT electronic noise parameter.

Exact evaluation for x < xgwitch. For signals below the switching threshold, the likelihood
is implemented as a double sum over the photon count IV, and photoelectron count Npg:

vy Ny
L(zlp) = Y Le(Nylp) Y L(Npg — Ny|Ny,p)Lo(@|Npp, 0/ Npp) (12)
N,\(:O Npg

Here Npp — N, represents the number of double photoelectron emission events (k from the
theoretical formulation), and the binomial component is masked to return zero likelihood for
negative arguments.

The likelihood evaluation requires matching the model prediction p to the observed data scale.
The LRF produces normalized photon distributions (summing to unity), while the observed
signals represent photoelectron counts. For rescaling, only positive-valued observed signals are
summed to determine the total signal level, as negative values arise from noise and baseline
subtraction rather than physical detections. The LRF prediction is then scaled to match this
positive-signal total and applied to all PMT channels during likelihood evaluation.

The implementation uses TensorFlow [26] with XLA compilation for computational efficiency,
which requires static array sizes. Therefore, the evaluation ranges NJ*** and NpE* must be
predetermined rather than computed dynamically for each signal.

These ranges are chosen to encompass a 5o envelope around the expected values, which in the
Gaussian limit captures > 99.9% of the probability mass. To determine the appropriate range
sizes, we use the approximation that Poisson distributions have variance equal to their mean in
their Gaussian limit. Since we use a conservative 5o envelope, other variance contributions are
neglected for simplicity in range construction.

The evaluation ranges are constructed as NpE* = Tswitch + 9y/Tswiteh and NI = 2qyiten/ (1 +

P) + 54/ Tswiten/ (1 + p) where the relationship N, ~ Npg/(1 + p) accounts for the expected
photoelectron multiplication from double emission events.

Lookup-table acceleration. The exact evaluation remains computationally expensive, re-
quiring thousands of likelihood evaluations per signal due to the double sum over photon and
photoelectron ranges. Each evaluation involves computing Poisson, binomial, and Gaussian com-
ponents, making real-time optimization prohibitive without acceleration.

To address this, a three-dimensional lookup table (LUT) is implemented on a grid of {x, u,o}
values. The signal x and prediction p are discretized in steps of 0.1 across their respective ranges,
while each PMT receives its own dedicated o slice for PMT-specific noise characteristics.

The LUT provides an additional crucial benefit: since all likelihood values are precomputed,
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the maximum likelihood estimate (MLE) for each (z, o) combination can also be stored directly.
This eliminates the need for iterative MLE computation during fitting, which is essential for
calculating the negative log-likelihood ratio values used throughout the analysis.

This precomputation strategy dramatically improves evaluation speed at the cost of discretization
error and initial overhead. The LUT approach is primarily used for evaluation tasks, while the
exact method is retained for fitting operations where continuous evaluation is required.

Gaussian approximation for x > gwitcn. For signals above the switching threshold, the
exact sum approaches a normal distribution due to the central limit theorem. The convolution
of Poisson photon statistics, binomial DPE events, and Gaussian electronics noise will then be
approximated as a single Gaussian distribution characterized by its mean and variance.

In the Gaussian limit, each component has the following variance characteristics:

Poisson(N,) LT, N(N,, N,), Binomial(N,,p) HCLZEN N(N,p, Nyp(1—p)).

For the combined Gaussian approximation, the mean is determined by rescaling the observed
signal to photon units: pu = x/(1 + p), representing the maximum likelihood estimate of photons
given the observed photoelectrons. The variance combines contributions from all three sources:

Us2witch = N’Y(l +p)2
+ Nyp(1 —p) (13)

+O’2\/NPE

where the terms represent Poisson, binomial, and electronic noise contributions respectively. This
Gaussian approximation provides computationally efficient evaluation for high-signal regimes
while maintaining statistical accuracy.

Parameter Implementation Attempts were made to compute the Gaussian variance from
LED PMT calibration data, however, these variances are not precomputed within the XENONnT
infrastructure and computing them proved more complex than expected, falling outside the scope
of this thesis. Instead, these variances are fitted directly during likelihood optimization. Incorrect
variances values inherently degrade likelihood function—values that are too large or too small
produce poorer fits to the observed data, making the variance parameters self-correcting through
the optimization process.

The switching signal Zsywiten = 40 was chosen following the recommendations in the XENON1T
pattern likelihood development Aalbers [24]. This yields maximum evaluation ranges of Npa* =
77 and NY'** = 67 for the exact evaluation regime.

The probability for emitting a double photoelectron is set to p = 0.2, due to the per-PMT and
per-measurement method variability hovering around this value [15].
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Table 1: Comparison of negative log-likelihood values between exact and LUT evaluation meth-
ods.

—log[L(z|w)] : Exact | —log[L(z|w)] : LUT
Mean 2.539 2.526
Median 2.642 2.629

5.3 Likelihood Behavior & Expected Deviations

Baseline X%R To establish a computational framework for generating X%R baseline values,
a Monte Carlo test case is constructed. Using Monte Carlo LCE ma}EL 10,000 patterns are
generated at randomly sampled positions across the detector. Each pattern is scaled to a total
signal drawn from a normal distribution with ¢ = 5,000 photons and ¢ = 950, corresponding
approximately to the mean and variance observed in the Krypton calibration dataset.

To generate signals following the distribution expected by the likelihood function, each event
is processed through the complete detection chain: Poisson statistics determine the number of
incident photons, binomial conversion represents photoelectron emission at the photocathode,
and Gaussian noise (¢ = 0.5 PE accounts for electronic noise sources. The original Monte Carlo
LCE prediction serves as pu, while its randomized version represents the observed signal x.

This framework establishes a baseline y%j reference value for theoretical perfect fits. Using the
full likelihood method on this validated dataset yields a baseline of x4, = 1.181, which serves
as the reference for evaluating fit quality in subsequent analyses.

LUT Accuracy To assess the numerical accuracy of the lookup table implementation, both
LUT and exact evaluation methods were applied to the generated dataset. Table[l|compares the
mean and median negative log-likelihood values between approaches.

The minimal deviation (0(0.01)) demonstrates that the LUT approach maintains sufficient ac-
curacy for practical applications. However, gradient-based optimization methods perform better
with the exact method due to the extra fidelity provided by continuous evaluation. Therefor,
the implementation strategy uses exact likelihood evaluation for parameter fitting and LUT
evaluation for computational efficiency in grid searches and large-scale evaluations.

Having established the baseline statistical behavior and computational framework of the likeli-
hood function, the next investigation provides a generic overview of machine learning approaches
before applying them to the detector response analysis.

1 XENONnT_s2_xy_patterns_LCE_corrected_qges_MCva43fa9b_wires.pkl
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6 Machine Learning

The focus of this work is to construct a parametrized version of the Light Response Function
(LRF), with specific emphasis on modeling the production and propagation components sepa-
rately. This component-wise approach enables systematic investigation of detector biases and
effects that influence the LRF.

As presented in Section several problems exist with the currently observed Light Collection
Efficiencies (LCEs). While Monte Carlo simulations in Section {4 have partially explained some
of these effects, a divide-and-conquer approach is needed to systematically isolate and model
individual contributions. By subdividing the LCE and LRF responses into their fundamental
physical components, effects can be separated and characterized independently. This component-
wise modeling allows verification of Monte Carlo predictions against observed data and enables
identification of remaining systematic biases once leading-order contributions are accounted for.

The reconstruction process requires iterative position refinement to correct for systematic bi-
ases present in the initial position estimates. Two sequential approaches are employed: first, an
encoder-based method where event positions become trainable neural network weights updated
through standard machine learning optimization; second, a grid search refinement using prede-
fined step sizes until convergence within specified tolerance. This overall methodology mirrors
the approach of Aalbers [27].

As a parallel investigation, Symbolic Regression was explored to determine functional forms
for each component. Symbolic Regression uses genetic algorithms to discover equations that
satisfy the data’s behavior with minimal assumptions about functional form and constrained
mathematical operations.

This approach was largely unsuccessful for several reasons. First, genetic algorithms are compu-
tationally expensive, as Symbolic Regression constructs equations as binary trees and evaluates
function fits through iterative tree node modifications. The parameter space is extremely large,
with minor modifications often drastically altering results.

While Symbolic Regression may become viable after all components are well-characterized through
other methods, this would require follow-up work. The advantage of such an approach is that the
resulting equations would be highly interpretable and transferable to different detector systems.

Therefore, the parametrization is accomplished using machine learning methods, specifically
Dense Neural Networks for the component-wise modeling approach. Dense networks are well-
suited for this parametrized approach, as they can capture the complex non-linear relationships
between event positions and individual physical components of the light response function. Be-
fore implementing these models, an overview of the relevant machine learning fundamentals is
provided to establish the theoretical foundation for the component modeling approach.

Machine Learning Overview Within the machine learning framework, LRF functions are
modeled as differentiable mapping fy(x) — ¢, where x encodes the event positions and § repre-
sents the per-PMT S2 pattern re-normalized to unit sum over the S2 top array.

For the component-wise modeling approach, neural networks are implemented using Dense (fully-
connected) layers that can capture global correlations between input positions and output re-
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sponses. The basic form of a dense layer corresponds to:
y=o(z-w+Db) (14)

where z is a vector input, w is a tensor weight matrix, b is the bias vector and ¢ is a non-linear
activation function. This activation function enables the network to approximate complex, non-
linear functional behaviors. Multiple dense layers in sequence form a Multi-Layer Perceptron,
providing the foundation for modeling individual LRF components.

Training proceeds by minimizing a loss function with respect to the network parameters:

N
L£(0) = Zg(fe(xi)ayi) (15)

where ¢ indexes individual training events, and ¢ corresponds to the negative log likelihood
described in section

Training proceeds by alternating forward passes (computing fy and the loss function), backward
passes (computing per-parameter gradients through backpropagation), and parameter optimiza-
tion via gradient-based optimizers.

Each update step is computed over a batch of predefined size. The batch size determines how
much noise from the data propagates to the model, as the loss value computed per batch is used
to scale all gradients. Smaller batches introduce more noise but provide more frequent updates,
while larger batches give smoother gradients but fewer updates per epoch. As a result, each
complete pass through the dataset (epoch) involves multiple weight updates corresponding to
the number of batches.

To provide context for how these optimizers operate and evolved, we begin with Stochastic
Gradient Descent (SGD), one of the oldest optimizers still in use [28]. SGD updates each weight
parameter in the direction of the negative gradient scaled by a learning rate:

Wip1 = wy — NV L(wy) (16)

A variation known as SGD with Momentum adds a momentum term to each gradient update,
where momentum corresponds to an exponentially weighted average of previous gradients accu-
mulated over time. This modification helps smooth out noisy gradient estimates and accelerates
convergence when gradients consistently point in the same direction, while dampening oscillations
in regions with high curvature.

Adaptive Moment Estimation (ADAM) combines the principles of momentum and adaptive step
sizes. It maintains exponential moving averages of both the gradients (first moment) and their
squared values (second moment), then scales updates by dividing the first moment by the square
root of the second moment plus a small € for numerical stability.

This provides each parameter with adaptive learning rate scaling: parameters with historically
large gradients receive smaller steps, while those with consistently small gradients receive larger
steps. Effectively, this gives each parameter dynamic self-adjustment based on its gradient history
[29]

An optional extension to ADAM is weight decay, which prevents the model weights from be-
coming too large. On each update, a small fraction A of each weight is subtracted, gradually
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shrinking all weights towards zero over time. This prevents the model from overfitting to noise
in the training data and improves numerical stability.

In practice, this is implemented by adding A - w to the computed gradients before applying
ADAM’s adaptive scaling, creating a penalty for large weights during optimization.

ADAM with weight decay can be further extended with decoupled weight decay, known as
AdamW, which provides an alternative implementation of weight decay. Instead of adding the
weight decay term to the gradient, ADAM is applied normally, then A - w is subtracted directly
from the weights themselves. This decoupling of learning rate and weight decay ensures that
weight decay remains a straightforward penalty for large weights without distorting ADAM’s
moment estimates or affecting the adaptive learning rate scaling [30].

Lastly, Layer-wise Adaptive Moments optimizer for Batch training (LAMB) extends the method-
ology of AdamW by adding layer-wise scaling. After computing the usual AdamW update for
each parameter tensor, LAMB rescales that update by the ratio of the weight norm to the update
norm. This balances updates across layers of different sizes, preventing small layers from being
overwhelmed by larger ones.

Effectively, this adjusts step sizes relative to each layer’s scale (its norm), enabling stable learning
even with very large batch sizes [31]. Within this thesis, LAMB is used specifically for this
layer-wise balancing property. Since the parametrization involves multiple components with
differing magnitude contributions, LAMB’s per-layer scaling ensures balanced training across all
submodels without requiring manually tuned learning rates for each component.

7 Baseline Model

To verify the functionality of the position refitting routine and provide a baseline for comparison
with the parametrized architecture, a CNN model following the approach developed in Shi [32]
is implemented.

This approach utilizes a generic Convolutional Neural Network (CNN) that directly provides
corrections to previously developed Monte Carlo maps. The original implementation employed
a scaled form of the Poisson likelihood as the loss function; however, the specific design choices
and scaling methodology are detailed in the original work and will not be reproduced here. This
model was subsequently reimplemented for SR1 analysis by Shi [33] and is referred to as Shi’s
model.

To provide a baseline comparison for the refitting routine, Shi’s architecture is replicated using
the updated likelihood function from Section [5| and trained on the ®3™Kr dataset.

Architecture The architecture consists of two main components: a Monte Carlo LCE map
predictor and a convolutional correction network. The CNN applies multiplicative per-PMT
corrections to the MC map, accounting for effects not captured in the simulation. The network
employs a sequence of 1D convolutional layers with progressively reducing channel dimensions
[96, 48,24, 12, 1], followed by an I layer for per-PMT constant scaling and finally pattern renor-
malization.
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The model utilizes multiple coordinate representations as inputs, following the original implemen-
tation. These include PMT positions in both radial (rp,0p) and Cartesian (xp,yp) coordinates,
event positions in radial coordinates (r,0.), symmetrized angular coordinates (cos(f,),sin(f,)),
and event coordinates rotated to align with the anode mesh wire orientation. Additional distance
measures include the minimum distance to the closest anode mesh wire, projection distance to
the detector wall, and distances to the gate’s supporting wires. The rationale for these specific
input choices is detailed in the original work [32].

Training Procedure Training is performed in three sequential steps to ensure stable conver-
gence: first, the CNN correction network is trained with fixed PMT noise parameters (o values),
next the PMT variances are optimized while keeping the network weights fixed, and finally both
components are trained jointly. This staged approach prevents the optimization from blowing
up during the initial training phases.

The model uses the LAMB optimizer for 15 epochs with a starting learning rate of 1073, dropping
by one order of magnitude every 5 epochs. Training is performed on the full 3™ Kr calibration
dataset.

Baseline Results The resulting model achieves a mean % = 1.238 on the test dataset. After
applying position refinement as outlined in Section [8) the performance improves too x4, =
1.225. This establishes the baseline performance for comparison with the component-based
parametrization approach.

To assess the model’s performance relative to its theoretical optimum, a baseline x? was es-
tablished using the Monte Carlo validation method from Section [5.3] but with the PMT noise
parameters learned by this model. This yields a theoretical best-fit x% r = 1.225, indicating that
the CNN model performs at its theoretical limit.

However, this analysis reveals a significant limitation: one PMT’s noise parameter was optimized
to the maximum allowed value of 1 PE (variances exceeding 1 photoelectron are physically
unrealistic). This suggests the model failed to adequately capture the response behavior for
this PMT, and instead compensated by maximizing its uncertainty. This is problematic because
the likelihood function inherently penalizes high variances when the underlying response is well-
modeled.

This limitation in the variance optimization highlights the need for more sophisticated modeling
approaches. The following sections develop a component-based parametrization that addresses
these issues by explicitly modeling the physical processes underlying the detector response. The
following sections develop a component-based parametrization approach, beginning with the
radial light collection efficiency—the dominant component of the detector response.

8 The Radial LCE

As a first step towards component-based modeling, the radial parametrization developed in
XENONIT by Aalbers |27] is investigated to capture the leading light-collection dependence on
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distance. This radial LCE approach represents an empirical parametrization of the direct detec-
tion response, utilizing a function that combines inverse-square falloff with linear and constant
terms to model how light collection efficiency varies with the distance between an event and each
PMT center. While the Monte Carlo analysis of the anode mesh effects in Section [] already
indicates that radial symmetry assumptions will be insufficient for XENONnT’s detector geom-
etry, this investigation serves to investigate how well the radial approach performs in practice
and to evaluate different optimization techniques for the subsequent full parametrized model
development.

For the XENONnNT implementation, two portions of Aalbers’ approach are tested: first fitting a
single global radial LCE function to all PMTs, then attempting individual radial LCE parameters
for each PMT. The individual-PMT approach assigns each PMT its own set of radial LCE
parameters, with the expectation that natural groupings may emerge during optimization. The
position refitting and function refitting routine from the original method is retained for both
approaches to enable iterative bias correction.

The radial LCE function adopted from XENONIT is shown in equation [I7]

1-0
LCE{*™™ (R)=1I; | ————— +aR+b (17)

R 2
(1 + (4] )
Here R corresponds to the event to PMT center distance, I; is a per PMT scaling parameter that
takes into account inherent response differences between PMTs including the quantum efficiency,
while a, b, d, and p are four global shape parameters. The function is not self-normalizing and
must be sum normalized across all PMTs to ensure proper probability interpretation.

For the XENONNT implementation, two portions of this approach are tested: first fitting a single
global radial LCE function to all PMTs, then attempting individual radial LCE parameters
for each PMT. The individual-PMT approach assigns each PMT its own set of radial LCE
parameters, with the expectation that natural groupings may emerge during optimization. The
position refitting and function refitting routine from the original method is retained for both
approaches to enable iterative bias correction. However, while the single function approach
provides reasonable fits, the individual-PMT radial LCE approach proves unsuccessful during
multi-parameter optimization, leading to its abandonment in favor of a full parametrized model
architecture outlined in Section

The single radial LCE function achieves reasonable fits using both the Poisson and full likelihood
functions, though optimization requires reducing learning rates to 10™* from the default 1073
to accommodate varying parameter sensitivities. The Poisson likelihood exhibits multiple local
minima, with only the lowest minimum avoiding introduction of additional position bias during
refitting. In contrast, the full likelihood demonstrates more stable behavior by converging to
a single unique minimum. However, position refitting using the radial LCE exacerbates the
observed density variation along the anode mesh across all likelihood functions, likely due to the
mesh’s electric field effects and shadowing behavior not behaving radially symmetric, see Section

@

Using the full likelihood function, the final x%, = 1.494, while after position refit it is x%p =
1.478, producing a normalized Shannon entropy of 0.9698, marginally better than the baseline
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positions. The investigation of the Poisson-based likelihood and an extensive comparison to the
original work can be found in [34], as its relevance to the final results is limited.

Assigning individual radial LCE parameters to each PMT produces mixed results depending
on the likelihood function used. Under the Poisson likelihood, this approach yields a lower
minimum than the single function case, but with minimal parameter variation and no emergence
of sensible PMT groupings. The full likelihood implementation proves entirely unsuccessful,
failing to achieve any improvement in loss compared to the single function approach. These
results lead to abandoning the individual-PMT radial LCE model in favor of the parametrized
implementation.

The encoder methodology for position refinement from Aalbers’ original work proves compu-
tationally inefficient for XENONNT, with events typically overshooting position minima and
requiring many epochs to reconverge. While very low learning rates avoid overshooting, conver-
gence becomes prohibitively slow. A hybrid approach is adopted as the primary optimization
method, using grid search to ensure reliable minimum finding within specified resolution, fol-
lowed by up to 5 single-epoch encoder iterations for post-processing to add randomization and
extend the effective search range for events initially far from their true minimum.

The radial LCE investigation demonstrates that while this approach achieves reasonable fits
to XENONnT data, it fundamentally cannot eliminate the density variations caused by anode
mesh effects, confirming Monte Carlo predictions that radial symmetry assumptions are insuffi-
cient for the detector geometry. The single global function provides stable optimization under the
full likelihood, though the individual-PMT approach proves unstable and is abandoned due to
convergence failures. Additionally, the encoder position refinement methodology proves less com-
putationally efficient than the hybrid grid search approach, likely due to improved reconstruction
algorithms since XENON1T. While modeling might theoretically be possible using a superposi-
tion of radial LCE functions with separate terms for absolute x and y shifts, this approach is not
pursued due to the observed instability and computational complexity. These limitations — par-
ticularly the inability to handle mesh-induced detector response variations and multi-parameter
optimization instability — necessitate development of the full parametrized model architecture
detailed in the following section, which addresses these fundamental constraints while providing
the flexibility required for XENONnT’s complex detector response.

9 The Full Model

Building on the constrained approach of the radial LCE, a more comprehensive framework is
required to address the complex detector response variations observed in XENONnNT. The detec-
tor’s inhomogeneous response arises from multiple physical processes — direct photon detection
in conjunction with electric field effects, wall reflections, and wire mesh shadowing effects —
each with distinct spatial dependencies. While analytical functions could theoretically describe
these individual contributions, constructing such equations without detailed prior knowledge of
the behavioral forms would be prohibitively complex. An alternative approach utilizing heavily
constrained neural networks is adopted to model these individual components, allowing the data
to inform the functional forms.

The essential requirement for this approach is achieving isolation of physical effects by providing

35



each component with a minimal set of input parameters unique to the contributing factors,
while ensuring physically valid solutions through monotonicity constraints between input and
output variables. This approach leverages the architectural structure of neural networks to create
interpretable maps, where the monotonicity constraints enable physically meaningful solutions.
However, care must be taken that input features are indeed monotonic with respect to the
expected physical output, as the monotonicity requirement fundamentally shapes the network’s
behavior beyond typical neural network architectures.

The foundation for these constrained subnetworks consists of MonoDense layers, which are spe-
cialized Dense layers with enforced monotonicity constraints. In a standard Dense layer, the
output can exhibit arbitrary relationships with respect to individual input variables, potentially
learning non-physical behaviors such as decreasing light collection with decreasing distance.

MonoDense layers address this by constraining the weight matrix elements to maintain consistent
signs relative to specific inputs, ensuring that the layer output is monotonic with respect to
those designated input variables. However, simply restraining weight signs with most activation
functions prevents convergence during optimization, so the MonoDense implementation utilizes
a specialized approach that maintains monotonicity while allowing effective training [35]. Using
these constrained layers, the full model architecture can be constructed.

Utilizing MonoDense layers as the backbone for each contributing factor, the complete LRF
model is structured around three primary components representing distinct physical processes
that modulate the S2 hit pattern. The architecture consists of a direct detection component
that captures the fundamental light collection response including anode mesh shadowing effects,
a wall reflection component modeling diffuse reflections from the TPC walls, and a perpendic-
ular wire contribution accounting for shadowing from perpendicular wires. A schematic of the
complete model architecture is shown in Figure [I0] Each component utilizes one to two unique
input variables designed to isolate the specific physical effect while preventing the model from
reconstructing absolute event positions within the TPC. The outputs from each MonoDense
subnetwork are combined through additive (direct detection, wall reflection) or multiplicative
(perpendicular wire) operations to produce the final per-PMT LCE prediction. Each compo-
nent’s specific architecture and input variables are detailed below.

Direct Detection Component The direct detection component models the fundamental light
collection response, representing the primary light path from S2 events directly to PMTs without
intermediate reflections. This includes anode mesh shadowing effects investigated in Section [d

The input parameterization employs squared coordinate differences (x2,4?) relative to the PMT
position in a mesh-aligned coordinate system, which are expected to be monotonic with respect
to the output response. The use of squared coordinate differences (rather than absolute coordi-
nates) enforces physical symmetry by preventing the network from learning a preferred emission
direction, ensuring the response remains symmetric around each PMT position as physically
expected.

This component utilizes an extended MonoDense architecture with dimensions [64, 64, 64, 64, 1],
sized to provide sufficient model flexibility based on results from radial LCE analysis and MC
anode mesh simulations. The component uses ELU activation for hidden layers with softplus
final activation for positive additive contributions.
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Figure 10: Full parametrized model architecture as a flow chart. Triangles correspond to input-
s/outputs, rectangles to neural networks, hexagons to predefined operations, and trapezoids to
predefined operations with trainable weights. ® represents element-wise multiplication, while X
represents per-event summation.

Wall Reflection Component The wall reflection component models diffuse light reflections
from the TPC cylindrical walls. To parameterize wall reflections without allowing position re-
construction, two input variables are employed: the distance from the event to the wall reflection
point, and the distance from the reflection point to the PMT. The reflection point is deter-
mined by minimizing the total path length from event to wall to PMT, providing a sensible
parametrization for wall reflection effects.

Finding this optimal reflection point requires numerical optimization since no closed-form solution
exists. If the event position is E, the PMT position is P, and the wall position is parameterized
as W(0) = Rrpc - (cos(),sin(6)), the optimization solves for the angle 6 that minimizes L(0) =
|[E—W(9)|+ |W(0)— P|.

A simple minimization routine starts with initial guess 6; = (0 + 6p)/2, then iteratively eval-
uates 0; £ A6 and refines the solution. The step size is halved after each iteration until either
maximum iterations are reached or the step becomes smaller than the specified tolerance. For
computational efficiency during initial training, a tolerance, and step size of 0.1 degrees are used,
which are subsequently reduced to 0.01 degrees for final optimization. The geometric setup and
optimization process are illustrated in Figure [T}

The wall reflection component employs MonoDense architecture with output sizes [16, 16, 1],
using ELU activation for hidden layers and softplus final activation to ensure positive additive
contributions. The two input distances are radially symmetric and degenerate by design, meaning
multiple event-PMT position combinations can produce identical input values, thereby prevent-
ing the model from reconstructing absolute positions within the TPC while still capturing the
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Figure 11: Wall reflection geometry showing event position E, PMT location, and the opti-
mization algorithm’s search progression. The angles 60, 05, 03, 6, represent successive evaluation
points during the iterative minimization process to find the optimal reflection angle that mini-
mizes the total path length.

essential wall reflection behavior.

Perpendicular Wire Component The perpendicular wire component accounts for shadow-
ing effects from perpendicular wires that obstruct the light path between events and PMTs. To
avoid providing positional information that could enable position reconstruction, the parametriza-
tion uses the surface area fraction blocked by the wires rather than direct distance or coordinate-
based measures. The computation projects the light cone from the event position to the height
of the perpendicular wires and calculates the extent of wire intersection in one dimension. The
blocked surface area fraction is determined by summing the wire intersections within the light
path and normalizing by the total projected area. Using a single-dimensional calculation sig-
nificantly simplifies the computation while allowing the model to learn the appropriate scaling
factors to produce physically reasonable results. However, this model assumes constant z emis-
sion coordinates, which inherently biases the results. Nonetheless, in the absence of a better
parametrization, this approach was chosen as it can still provide partial corrections for most
events. The geometric setup is illustrated in Figure [12]

The perpendicular wire component uses the standard MonoDense architecture [16,16,1] with
ELU activation for hidden layers and shifted tanh activation (tanh(z) + 1) for the final layer,
providing multiplicative modulation factors around unity. The single input parameter ensures the
model cannot reconstruct event positions while effectively capturing the wire shadowing effects.
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Figure 12: Perpendicular wire shadowing geometry showing the light cone projection from an
event to a PMT. The hatched regions indicate wire intersections that block portions of the light
path, with red circles highlighting specific wires.

9.1 Training Strategy

The training approach addresses the fundamental challenge that submodels can compensate for
each other’s failures, potentially creating false local minima where, for example, an overly rapid
Direct Detection decay for central events is masked by an increased Wall Reflection response.
To mitigate this, two independent iterative approaches were developed to refine both model and
event positions until convergence to a well-fitted model is reached.

The sequential approach trains components individually (Direct Detection — Direct Detection
+ Wall Reflection — all components), with position refits between each stage and likelihood
variance training after position refits. However, each refit biases positions to the current partial
model, likely requiring multiple additional refit cycles to remove the originally introduced bias.
The model training is conducted using the LAMB optimizer with high learning rates to overcome
this accumulated positional bias and escape local minima. While sequential component training
was initially considered, the co-evolution approach proved more computationally efficient and is
the focus of this analysis.

The primary training strategy, called co-evolution, allows for all parameters to be varied in
tandem. Starting from a model pretrained on synthetic MC data, the loss distribution of the
krypton dataset is assessed and events symmetrically distributed about this median loss are
selected for model training. These event positions are then placed as trainable parameters within
the model architecture. With every component of the model trainable, it is trained for 200 epochs
using LAMB with learning rate decay on a loss plateau. This method allows exploration not only
of the functional parameter space that could describe the data, but also the positional parameter
space. This approach is applied iteratively with new median events selected after each training
and refitting routine.

A useful property of this approach is that if the model finds consistently good solutions even
when starting with high learning rates that move away from the original minima, one can be
fairly certain that the model is sufficiently constrained to describe the dataset without much
redundancy. One potential pitfall is faulty shifting of event positions early in training. If too
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many events are shifted too far from their original minima, the model may not be capable of
restoring the original or correct positions.

9.2 Results

Two training strategies were implemented: sequential component fitting and co-evolution. While
early tests showed both approaches converged to similar minima, co-evolution proved computa-
tionally faster and more efficient. Due to time constraints, results focus on the co-evolutionary
approach, though the consistency between methods provides confidence in the solution quality.

The full model is first pretrained on synthetic data derived from the MC LCE map, processed
using the same methodology as the loss function investigation in Section [5.3] This enables rapid
pretraining on clean, well-behaved data that approximates the detector response. Training used
10,000 events with a learning rate scheduler on LAMB decreasing from 1073 to O(10~°) over 100
epochs. The pretrained model achieves % = 1.23 on the synthetic training set, compared to
X% = 1.18 when using the MC map directly. When evaluated on real data the pretrained model
yields x%p = 2.18 versus x%p = 2.30 for the direct MC map, demonstrating successful transfer
from synthetic to real data. All results so far use constant standard deviation o = 0.5 PE.

Starting from the MC pretrained model, 2% x 50 events with losses closest to the median are
selected from the real dataset. These event positions are converted to trainable parameters and
optimized simultaneously with the network weights and PMT variances, followed by position
refinement using both grid search and encoder methods. Training uses the LAMB optimizer
with learning rate 10~2 decaying to a minimum of O(10~%) over 50 epochs based on loss plateau
detection. This coevolution procedure is repeated three additional times, with new median event
selection before each iteration based on the current model’s performance. The progressive loss
evolution across iterations is shown in Table 2

Table 2: Progressive x%p evolution through coevolution iterations including position refits evalu-
ated over the entire Krypton dataset. Original positions refer to the initial event (CNF) positions,
refit positions are the result of the respective position refit.

Model Original Positions Refit Positions
MC pretrained 2.301 -

Run 1 1.280 1.284
Run 2 1.237 1.223
Run 3 1.254 1.237
Run 4 1.255 1.237
radial LCE 1.494 1.478
CNN Baseline 1.238 1.225

From the loss progression, the model achieves optimal performance at Run 2, with subsequent
iterations converging to suboptimal solutions. While position refinement continues to improve
relative to each retrained model, the overall loss degrades in later runs, indicating that the
coevolution procedure begins to deteriorate. This suggests the event positions utilized in model
training shift too far from their true locations, preventing the model from finding better minima.
The identification of Run 2 as optimal is further supported by the spatial homogeneity metrics
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presented in Table

Table 3: Spatial homogeneity metrics for coevolution iterations compared to original positions
and CNN baseline, Section [7] All events are fiducialized (2D radius < 66.4 cm) and evaluated
using 300 spatial bins using the homogeneity metrics defined in Section 3.9 Lower CV, Gini
coeflicients and empty bins indicate better spatial uniformity, while higher entropy indicates a
more homogeneous distribution.

Method CV  Shannon Entropy Norm. Entropy Gini Coeff. Empty Bins (%)  Events

Original Positions  0.7295 10.821 0.9691 0.4102 17.75 1,642,400
Run 1 0.6920 10.850 0.9717 0.3894 14.67 1,647,237
Run 2 0.6793 10.856 0.9722 0.3816 14.72 1,647,680
Run 3 0.6965 10.848 0.9715 0.3933 14.53 1,648,289
Run 4 0.7080 10.843 0.9711 0.4002 14.47 1,648,563
radial LCE 0.6968 10.851 0.9718 0.3921 14.84 1,643,863
CNN Baseline 0.7110 10.829 0.9698 0.4021 17.09 1,642,267

From these results, Run 2 corresponds to the best performing model, with subsequent iterations
showing degraded performance across all homogeneity metrics. Since both likelihood and spatial
uniformity metrics consistently identify Run 2 as optimal, this model is selected as the final
solution. The only metric where Run 2 does not achieve the best value is the total event count
within the detector volume, but with variations of only ~ 1000 events and no clear expectation
for this metric, this difference is considered insignificant.

The spatial uniformity is further demonstrated in Figure [I3] which shows event density as a
function of R2. The refit positions show improved homogeneity compared to the original posi-
tions, with reduced oscillation throughout most of the detector volume. The sharp dip at low R?
corresponds to the exclusion zone created by the perpendicular wires, where event density drops
as expected. The distribution remains non-uniform near the detector walls (high R?), which is
also expected due to electric field effects at the boundaries.

Investigation of individual layers reveals that the perpendicular wire parametrization produces
constant output for all inputs, showing that a constant z based geometric investigation is insuffi-
cient to produce a reasonable output for S2 events produced over variable z. Since this constant
output effectively cancels out during the normalization step of the LRF calculation, this compo-
nent contributes no meaningful modulation to the final detector response and can be removed
from the final model.

Parametrization Residuals To investigate the resulting parameterization beyond individual
component behavior, individual PMT modulation is first examined by comparing model pre-
dictions to real data. The median absolute difference between normalized real and predicted
responses is 0.04%, indicating excellent agreement. To further validate performance, a new x%p
baseline is established following the methodology of Section This produces x4 = 1.268.

Notably, the trained model achieves % = 1.223 for the same trained variances, which is lower
than its theoretical baseline. With approximately 1.65 million events, this apparent improvement

likely reflects limitations in the likelihood function formulation.

The Gaussian approximation ignores the complex PMT response characteristics, particularly the
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Position density comparison
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Figure 13: Event density as a function of squared radius for the best fit positions (Run 2 LRF
model refit) and the original (CNF) positions of the krypton dataset.

heavy-signal tail observed in PMT calibration studies. This systematic underestimation of the
true response variance likely inflates the variance parameters, artificially reducing the x% R value.

While the overall statistical performance appears strong, examining the spatial residuals reveals
systematic patterns. Figure[I4]shows the spatial modulation of LCE patterns for several selected
PMTs after dividing out the predicted parameterized response.

The figure reveals asymmetric response patterns perpendicular to the anode mesh, where one side
shows larger response than the other, though the direction varies inconsistently between PMTs.
The modulation magnitude is significant, suggesting systematic detector effects not captured by
the parameterization.

Several mechanisms could explain the observed asymmetric patters.

Per-PMT Hitpattern Modulation
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Figure 14: Spatial modulation patterns for selected PMTs after dividing out the predicted param-
eterized LRF response, showing the residual component not modeled in the LRF parametrization
as a function of space per PMT.
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The mesh periodicity (0.5 cm) and PMT spacing center (6.94 cm) do not align evenly, creating
different mesh-to-PMT arrangements for each PMT row. This geometric mismatch could explain
the variable offset between PMT centers and the observed reduction/enlargement bands.

This observed anisotropy may not reflect true detector asymmetry but could arise from the
division process itself. When dividing one monotonic function by another (analogous to dividing
real response by predicted LCE), the result is not guaranteed to be monotonic, potentially
creating artificial patterns, as observed in Section @ For example, dividing 2% by z yields x2,
transforming monotonic functions into non-monotonic ones.

However, neither explanation fully accounts for all observed features. Most notably, PMTs 62 and
71 located in the same row but separated only by perpendicular wires show opposite enlargement
directions, which challenges both the geometric periodicity and mathematical artifact hypotheses.
The current dataset remains insufficient to definitively establish the underlying mechanism.

Comparison: Anode Mesh Simulation To assess the validity of the anode mesh simulation
from Section [ and verify whether the probabilistic S2 emission model agrees with real data, the
direct detection component extracted from the parametrized model is compared against MC
predictions using the 7-PMT analysis generated in the same way as for the MC data. Figure [15]
shows the resulting LCE function for the central PMT.

Central PMT LCE Map for 7 PMTs
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Figure 15: LCE response for the central PMT from direct detection prediction, generated by
predicting the upper right quadrant and replicating symmetrically as in Figure [0] The 33%
maximum signal contour is shown in white, with PMTs under consideration outlined in black.

Qualitative comparison with the Monte Carlo simulation demonstrates good agreement. The 50%
maximum signal contour shows x/y extent ratios of ~ 0.82 (MC) vs ~ 0.74 (Direct Detection
prediction). The Root-Mean-Squared error between maps is 0.013, with maximum differences
+0.033/ — 0.036. While the MC map produces higher response within the 33% contour and
the LCE prediction dominates outside it, this systematic difference is expected given the mock
S2 yield weighting used in the MC simulation. Implementation of the probabilistic emission
distribution in the full XENON simulation suite should resolve the discrepancy currently observed
between real data and Monte Carlo predictions.

To explain this residual effects seen in real data, further analysis is required. Overall, the
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parametrized architecture has been successful, effectively modeling the expected response, while
providing the model freedom during training simultaneously vary its parameters and the event
positions used for training. While the parametrization leaves unexplained residual, the framework
now enables targeted analysis of the asymmetric patterns observed about PMT centers.

The parametrized architecture successfully demonstrates that the coevolution routine is viable
for simultaneous optimization of network parameters and event positions. The key finding is
that Run 2 provides optimal performance, with subsequent degradation likely attributable to
the learning rate schedule — high learning rates should initially be applied only to model pa-
rameters, not event positions, to prevent premature divergence from current true minima prior
to establishment of optimizer state.

The coevolution approach produces a high-quality LCE model that outperforms the uncon-
strained baseline in terms of homogeneity. Position refinements using the parametrized model
show improved spatial distributions compared to the unconstrained approach, demonstrating
that the heavy architectural constraints successfully generate a more physically correct LCE rep-
resentation. While also allowing for evolving both the original positions and model architecture
simultaneously.

Although unexplained residual patterns remain around PMT centers, the framework enables
targeted analysis of detector features and provides a solid foundation for future detector charac-
terization studies.

Model Deployment Attempts Attempts were made to use the final parametrized model’s
position refit as a foundation for training a new unrestricted network for production use. Several
architectures were tested, all based on the coordinate-transformed input from the model outlined
in Section [7} Trials included both predefined and trainable variance approaches. Unfortunately,
no model achieved better performance than the parametrized model. The best performing unre-
stricted model achieved only x% = 1.280 on the refit dataset and x%, = 1.298 on the original
dataset, significantly worse than the parametrized architecture and the CNN baseline.

The performance limitation appears to stem from the network’s inability to internally model
the wall reflection component. To address the computational bottleneck of the wall reflection
optimization, separate attempts were made to train neural networks to directly predict the
shortest path distances, accepting slightly decreased precision in exchange for faster evaluation.
However, these efforts required prohibitively large architectures compared to the target model
size. This indicates that the wall reflection optimization represents a computational complexity
that cannot be adequately captured by networks of practical size, preventing the unrestricted
architecture from accessing this critical information that the parametrized model receives as
explicit input.

Given that no tested architecture could provide comparable performance and the wall reflection
optimization has no viable neural network replacement, development of a smaller, purpose-built
production model is not pursued further in this thesis.
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10 Discussion & Future Work

This work has developed and validated a physics-informed machine learning architecture for
light collection efficiency modeling in liquid xenon time projection chambers, demonstrating the
viability of coevolution training for simultaneous optimization of model parameters and event
positions. To provide a comprehensive overview of the performance achievements across different
approaches, Table |4/ summarizes the x%p metrics alongside the normalized Shannon entropy for
the major outcomes of methods and refits investigated throughout this study.

The results demonstrate significant improvements over baseline approaches, with the parametrized
coevolution method achieving good fit quality while leading in homogeneity metrics and main-
taining physically interpretable constraints.

Table 4: x% r performance comparison across all investigated methods final models evaluated
on the full Krypton dataset alongside the respective position refits and their normalized entropy
statistics (1 is perfectly homogeneous). The CNN baseline corresponds to a generic neural
network approach to fitting the LCE function. The radial LCE corresponds to a functional
parametrization of the direct light detection component. And lastly the parametrized best fit
corresponds to the constrained machine learning approach developing a separable response for
each detector component.

X% R Normalized
Method Original Positions Refit Positions Shannon Entropy
CNF Positions - - 0.9691
MC LCE Map 2.30 - -
CNN Baseline 1.238 1.225 0.9698
Radial LCE 1.494 1.478 0.9718
Parametrized Best Fit 1.237 1.223 0.9722

Monte Carlo Validation The Monte Carlo anode mesh simulation successfully identified
the physical mechanism behind directional anisotropies in the S2 optical response. The combi-
nation of variable emission distribution in z-depth, mock photon yield weighting, and electron
convergence onto specific anode wires produces the observed modulation patterns in per-PMT
response.

Comparison between Monte Carlo predictions and the direct detection parametrization showed
good agreement, with systematic differences primarily attributable to the mock z-weighting
scheme. While uncertainty remains regarding full capture of realistic field effects, the demon-
strated agreement validates the underlying framework. Integration of this emission model into
the full XENON simulation will significantly improve Monte Carlo based S2 light collection
efficiency predictions for future analyses.

Coevolution Training: Success & Limitations The overall position refinement routine
was successful in producing more accurate event positions, as demonstrated by improved x?
and homogeneity metrics. The monotonic dense layers combined with direct detection and wall
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reflection components created a self-regulating model that enabled effective coevolution training.

The perpendicular wire parametrization suffers from a fundamental geometric oversimplifica-
tion: it computes shadowing effects assuming fixed z-coordinates, when events actually occur at
variable depths throughout the drift region. This means that events experiencing wire shadow-
ing are not properly penalized, as the fixed-z calculation fails to account for their actual three-
dimensional position relative to the wire structure. For proper implementation, a parametrization
that accounts for variable depth emission must be developed.

Technical Limitations The current likelihood function represents a simplified approximation
of the true PMT response, omitting several important physical mechanisms that limit model
accuracy. While computationally efficient, the Gaussian approximation fails to capture the
heavy-tailed gain behavior observed in PMT calibration studies, particularly the high-signal
tail that significantly affects response variance estimates. This foundational limitation affects all
subsequent modeling efforts.

The current codebase suffers from accumulated technical debt that significantly impacts train-
ing efficiency and convergence stability. All network layers have become unnecessarily complex
through iterative development, creating overly intricate computational graphs that likely im-
pede TensorFlow’s optimization capabilities and slow backpropagation. A complete architectural
rewrite would eliminate this complexity and likely improve training performance.

The likelihood function implementation presents another critical bottleneck. The current pure
TensorFlow implementation struggles with XLA compilation, particularly for per-element con-
ditional evaluations that are essential for accurate PMT response modeling. Replacing this with
TensorFlow’s Python call method to invoke optimized Numba or Cython implementations, see
Appendix [A] would provide substantial performance improvements while maintaining computa-
tional accuracy.

These implementation challenges manifested as significant convergence issues during training.
First, attempts to implement a multi-function radial LCE model consistently failed to achieve
lower minima compared to the single-function approach. This failure likely stems from the loss
landscape complexity and the challenge of optimizing weight matrices containing coefficients with
vastly different orders of magnitude within the same parameter group.

Second, the coevolution training exhibited diminishing returns after Run 2, where subsequent
iterations could not converge to improved minima despite continued optimization. The high
learning rates employed to encourage parameter space exploration appear to have had the oppo-
site effect once event positions shifted beyond the optimal region, creating a scenario where the
optimizer became trapped in suboptimal configurations.

The wall reflection parametrization suffers from systematic biases that compromise its accu-
racy, particularly near detector boundaries where reflection effects are most pronounced. The
initial fitting procedure employed a high angular tolerance (# = 0.1 degrees), which introduces
significant errors in individual ray path calculations. This bias is compounded by the coevolu-
tion routine’s event selection strategy, which samples median-performing events during training,
systematically excluding wall events where reflection effects are strongest.
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Future Research Directions Several enhancements can be implemented without fundamen-
tal architectural changes. The most readily implementable involves developing separate direct
detection functions per PMT row to investigate potential differences related to anode mesh
alignment. This could be achieved using multiple monotonic dense models or by utilizing a su-
perposition of radial LCE functions in x and y coordinates. However, given the results of the
multi-radial LCE fit, convergence may prove problematic.

Alongside this, a more representative perpendicular wire shadowing parametrization would be
worthwhile, with a main focus on finding a parametrization that not only allows for spatial
reconstruction, but also includes information representative of the emission depth variation in
each event.

To improve model performance, the current likelihood function requires extension beyond the
Gaussian approximation to capture the heavy high-signal tail observed in PMT calibration
data. This enhancement should align the expected mean signal per photoelectron with model-
independent gain calibration results, either through improved statistical distributions or by ex-
plicitly modeling the individual physical processes for a gain-calibration-independent approach.

The parametrized LCE in its current state does not separate electric and optical effects. To
achieve a purely optical description, a complete model of the electric field within the TPC
is required. While conventional fitting routines would prove inadequate for this complexity,
constrained conditional normalizing flow (CNF) models offer a promising alternative.

This approach would model source electron clouds around event coordinates and propagate
them to final S2 emission distributions, enabling realistic application of purely optical detection
parametrizations which could be pretrained directly on Monte Carlo simulations, including an
anode shadowing parametrization of the same form as the current perpendicular wire shadowing
parametrization. Such a framework would properly define S2 event positions prior to anode gate
mesh electric field modulation and provide valuable validation for Monte Carlo simulations and
S2 field distortion corrections. However, this methodology requires substantial computational
resources for three-dimensional electron cloud evaluation and significant development work to
validate the relatively novel CNF architecture for constrained detector physics applications.

Conclusion Nonetheless, the approach was a success, producing the best S2 LCE map to date
for XENONnT. The combination of parametrized architecture training, coevolution position
refinement, and final dense network fitting achieved unprecedented accuracy. Additionally, the
introduction of a more complete likelihood function and optimization of its parameters further
reduced discrepancies between predicted and observed detector response.

This improved S2 LCE can directly enhance XENONnT’s sensitivity to both dark matter and
neutrinoless double beta decay searches by providing more accurate event localization and sub-
sequently allowing for better fiducialization of the detector and energy corrections.

The coevolution training methodology represents a novel approach to detector calibration, demon-
strating how iterative position refinement in conjunction with constrained dense networks can
overcome limitations in traditional neural fitting procedures—a technique applicable to other
dual phase TPC experiments and potentially other precision measurement systems.

The successful validation through Monte Carlo simulation confirms that the observed improve-
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ments stem from genuine physics understanding rather than overfitting, providing confidence for
production deployment. Furthermore, the feasibility of separating detector effects into individual
components opens a pathway toward purely optical LCE models, enabling data-driven electric
field modeling and improved systematic uncertainty control for future generations of dual phase
TPCs.
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Appendices

A Implementation

Code & Data Availability To replicate this work, code is available in a |GitHub repository.
Data availability alongside replication notes are present in the repository’s README files.

Likelihood Function The likelihood function with lookup methods was implemented in Numba,
TensorFlow, and JAX, with an additional Cython implementation for exact likelihood evaluation
only.

Evaluation times for the exact likelihood with conditional switching to Gaussian approximation
were measured across all four implementations. For Numba and Cython, parallelization was im-
plemented using multiple threads at the array level, allowing parallel computation across multiple
data rows. JAX and TensorFlow handle parallelization automatically through the XLA frame-
work. Performance was evaluated over 5 iterations using 200, 000 random elements representative
of typical pattern evaluation workloads. Results are presented in Table

Table 5: Evaluation times for different implementations of the exact likelihood function.

Cython | JAX | Numba | TensorFlow
Time (s) 0.007 | 4.711 | 0.006 0.022
Standard Deviation (s) 0.001 | 0.044 0.000 0.002

JAX performs notably poorly, though it is unclear whether this stems from machine-specific
issues or implementation limitations. During development, efforts were made to adhere to JAX
conventions and ensure the generated XLA representation aligned with TensorFlow’s approach.
However, neither JAX nor TensorFlow handles conditional dispatch between exact and Gaussian
likelihood evaluations efficiently, as XLA compilation is optimized for linear algebra operations
rather than per-element conditional evaluation.

TensorFlow ranks as the second-slowest implementation, consistent with XLA’s limitations for
element-wise conditional logic. Cython, while faster than both JAX and TensorFlow, performs
surprisingly slower than Numba, likely due to implementation constraints. The Cython version
suffers from limited functionality since closures are not permitted in pure Cython code, requiring
a pure Python function for dispatcher generation. While this limitation could be resolved, the
complexity of Cython’s syntax proved more challenging than anticipated.

Numba emerges as the optimal choice, achieving approximately 4x faster execution than Ten-
sorFlow while maintaining implementation simplicity and code clarity.

Implementation of caching for Numba compiled functions further enhances performance. By
executing a single array call during initialization, all functions can be stored in precompiled
form within the analysis environment, effectively converting Numba’s just-in-time compilation
into ahead-of-time compilation. This contrasts with TensorFlow, where functions must be JIT
compiled at runtime, introducing additional overhead.

These benchmarks demonstrate that Numba provides the optimal balance of performance and
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implementation simplicity for likelihood evaluation, achieving a 4x speed up over TensorFlow’s
exact likelihood implementation while maintaining code clarity and numerical stability.
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