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Abstract

This paper studies the behavior of discretization methods on coarse, non-uniform
grids using the convection—diffusion equation as a test case. We implement grids with
both abrupt and smooth transitions in grid cell size, and compare the performance of finite
difference and finite volume methods. Our findings show that discretizations whose coef-
ficient matrices preserve skew-symmetry when modeling convection yield more accurate
results. Interestingly, this holds even if such schemes may exhibit larger local truncation
error. In particular, we observe that only skew-symmetric discretization methods con-
serve energy when evolution of time is introduced, which aligns with underlying physical
properties of convection. These results highlight the importance of selecting appropriate
discretization methods when working with coarse, non-uniform grids and when aiming to

preserve real-life properties.
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1 Introduction

The study of discretization methods is fundamental to the field of computational mathematics.
Numerical methods can help us solve complicated differential equations, whose analytical so-
lutions are rarely available. Moreover, they provide a cost-effective way of simulating real-life
scenarios. Specifically, the field of computational fluid dynamics makes way for research con-
cerned with real-world processes, such as the flight of an airplane, dyke construction near shores
or drug transport in the bloodstream. Since the research is critical for real-life applications,
improving the accuracy of discretization methods should always be an important topic. That
said, computers used for such simulations also have in-built limits. Therefore, one is forced to
find discretization methods that both preserve accuracy while maintaining low computational

costs [1I, Section 1].

By placing more grid points in regions where the function displays significant change yet
relaxing the discretization where the function stays constant, one can get a good approximation
while significantly reducing computational cost. Such approach is not possible with a uniform
grid, which also discretizes regions with little change. However, the use of a non-uniform
grid complicates the analysis of discretization methods. As this report will show, methods
that are identical on uniform grids can behave very differently on non-uniform grids, therefore

comparing them is necessary to identify the better method.

In this paper, we investigate discretization methods on non-uniform grids constructed with
a small number of grid cells. We will analyze methods from the finite difference and finite
volume frameworks. For comparing the performance of each method we will use the convection-
diffusion equation, which, as shown later, is a perfect test case for non-uniform grid analysis.
By analyzing both the numerical results and the properties of the coefficient matrices, in each

discretization framework we will identify a method which is worth recommending.

Our findings, however, are quite counterintuitive. Local truncation error, which usually is
a good estimate of the convergence properties of discretization methods, turns out to be a
misleading metric. Discretization methods with a larger local truncation error will produce
lower global error. As this report shows, a key quality of discretization methods is to conserve
physical properties of real-life scenarios they model, which provides the underlying reason why

some methods behave better than others.

The structure of this report is as follows: Section [2]introduces the convection-diffusion equation,
noting its form and relevance in the field. Section [3] includes detailed construction of non-
uniform grids used throughout this report. Moreover, it motivates the need for such grids when
discretizing the convection-diffusion equation and modeling real-life events. Sections {4] and
present an analysis of finite difference and finite volume frameworks. For each framework,
we provide the construction of the methods, illustrate their numerical results and analyze
coefficient matrix properties. In Section [6] we reintroduce physics into the analysis by noting

the conservation of physical properties. Further, in Section [7| we present some noteworthy



results concerned with randomly distributed grids. Lastly, we present our conclusions and key

findings, with respective limitations and suggestions for further research in Section [§|

2 The Convection-Diffusion Equation

For discretization method comparison, we will be using a specific partial differential equation.
In this paper, we will be discretizing the convection-diffusion equation:

%—l— u% - @:0. (1)

ot ox Ox?
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convection  diffusion
The convection-diffusion equation describes how a scalar quantity ¢ is moved by a fluid through

two physical processes:

o Convection - representing the transport of ¢ due to motion of the surrounding fluid,

modeled by the first order derivative in space.

 Diffusion - describing the quantity spreading out on its own, modeled by the second order

spatial derivative.
To capture evolution of ¢ over time we include the time derivative [2, Section 1.1].

Coefficient u is the convective coefficient, which denotes the speed of convection. The diffusive
coefficient k£ measures the strength of diffusion. For simplicity in this report we keep u = 1,
meaning, we model convection at unit speed. The diffusive coefficient k, however, will be
varied throughout experiments, with smaller values of k£ introducing more difficulties to our

discretization methods.

For most experiments, we keep k = 1072, With such a diffusive coefficient and convective co-
efficient equaling 1, it is possible to model many real-life properties. Therefore, understanding
properties about the convection-diffusion equation can give insights into simulating, for exam-
ple, drug transport in the bloodstream, improving treatment efficiency. This is highlighted by
[3], where the authors note that for modeling blood flow a high Péclet number (Pe) is used,

which denotes the ratio between rates of convection and diffusion.

The discretization methods implemented in this report will only discretize in space. Therefore,
without the time derivative and with v = 1, we will be discretizing the following ODE, with

corresponding domain and boundary conditions:

x € 0,1],

¢(0) =0, ¢(1) =1



As illustrated by plots in the following section, such boundary conditions can be motivated
through the function experiencing smooth, constant regions and sharp jumps to match the
given boundary conditions. Moreover, any problem on a domain [a,b] may be rescaled on the

interval [0, 1], with the transformation £ = (z —a)/(b— a). Therefore, we do not lose generality

with such domain conditions.

For the boundary value problem the analytical solution is given by:

P(z) = Zl/ki—l’ (3)

which allows us to compute the global error of each discretization method introduced in this

report. In further sections, we denote the analytical solution as ¢ecct and the discretized
solution as ¢.

The motivation for analyzing specifically the convection-diffusion equation extends further than
having the equation model real-life properties. It is also connected to the famous Navier-Stokes
equations, that model all flow problems around us. Both have convective and diffusive terms.
Therefore, by understanding discretization properties of the convection-diffusion equation, it

can help figure out discretization strategies for the Navier-Stokes equations [2, Section 2.3].

3 Non-Uniform Grids

3.1 Need for Coarse Non-Uniform Grids

We start the section concerned with non-uniform grids by motivating the need for such grids.
In the following figures, one can note how the convection-diffusion ([2) equation behaves for
various positive, small k values.

Convection-Diffusion equation (k =107?) Convection-Diffusion equation(k = 1073)

1.0 1.0 A

0.8 0.8

0.6 0.6 -

0.4 4 0.4 4

0.2 1 0.2 1

-

0.0] mmmmm oo ‘ 0.0 mmmm oo
. . . ‘ . . ‘ ‘

Figure 1: The convection-diffusion equation for different £ values.

For most of the domain the function remains constant at approximately 0. However, at the
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end, the function increases rapidly to meet the boundary condition ¢(1) = 1. We can note
that for decreasing k values this increase becomes steeper. For k = 1072 in the right plot, the

function even resembles a step function.

For discretization methods to be successful when working with these types of functions, it is
necessary to use a sufficient number of grid cells in the interval where the function displays
a steep gradient. It is possible to discretize such functions with uniform grids, however, this
approach wastes a lot of computational power. Although uniform grids can sufficiently cover
the interval where the function increases sharply, they also introduce many unnecessary grid

points in the region where the function does not display significant change.

This is where non-uniform grids come into play. With non-uniform grids, we can ensure the
interval with the sharp increase to be discretized with many small grid cells while discretizing

the rest of the domain with fewer large grid cells.

We now introduce some key terminology. The interval in which the function experiences this
sharp increase is called the boundary layer. Grids that discretize with a few large grid cells are
called coarse grids. Grids with many small grid cells are referred to as fine grids. With such
terminology, we can state how our non-uniform grids for discretizing the convection-diffusion
equation will behave: the goal of non-uniform grids is to discretize the boundary layer finely,

while discretizing the rest of the domain coarsely.

Moreover, in this paper we will limit-test our methods by decreasing the number of grid cells
our grids have. For a discretization method to be considered good, it needs to both yield a

good approximation and be able to do so with a limited number of underlying grid cells.

Understanding the notion of non-uniform grids is essential when one is concerned with com-
putational fluid dynamics [2, Section 1.5]. Having functions modeling real-life events, that
display both constant behavior and intervals of rapid change, calls for using a non-uniform grid
structure. Moreover, by making the non-uniform grids coarser, we enable simulations in fluid

dynamics to run faster and more efficiently.

3.2 Non-Uniform Grid Construction
3.2.1 Boundary layer definition

The goal of our non-uniform grids is to finely discretize the boundary layer or the interval in
which the function displays a sharp increase. Hence, we must identify where the boundary
layer begins. To characterize where the boundary layer starts, one can introduce conditions
on the gradient of the function. However, in this paper, we take a simplified approach and

identify the location of this rapid increase visually from the plots in Figure [I}

The diffusive coefficient k£ controls how fast the solution rises near the boundary. We define
the threshold coefficient T, such that the expression Tk represents the width of the boundary

layer for a fixed k. In this report, we take 7' = 5, meaning the boundary layer is considered



to begin at 5k distance from the right boundary. This threshold describes it best where the
boundary layer starts for the value of & = 1072 [4, Section 3.2]. Such a value for the diffusive
coefficient will be used for most experiments in this report. Hence, we use a fine grid on the

interval [1 — 5k, 1] and a coarse one on [0,1 — 5k].

With smaller k& values, the value of T" should be redefined as the starting location of the
boundary layer does not scale linearly with k. A thorough investigation of how the boundary
layer location scales with k lies beyond the scope of this report. There is no concrete definition
(for example, including the gradient computation of the function) to define where the rapid
increase of the function starts. Moreover, the main focus of this report is the comparison of

discretization methods, not on non-uniform grid construction.

In the definitions of non-uniform grids and the code (Appendix constructing them, we
have left in the threshold coefficient 7. This allows us to reuse the code if further research
considering the boundary layer is to be done. Moreover, this also makes the grid definitions

more readable and reusable than if we had used the arbitrary integer 5.

3.2.2 General Grid Structure and Notation

We impose a rule that all our non-uniform grids must satisfy: half of the grid cells lie in the
boundary layer and half lie outside. This ensures that the boundary layer is discretized with
more care. We use a fine grid where the function exhibits rapid changes and use fewer grid

cells (saving computational time) elsewhere.

In this report, we introduce five grid structures. All grids will follow the same notation, where
we denote the grid points by x;. Our grids will have N grid cells. Therefore, the grid point
denoting the left boundary z = 0 will be xy and the grid point on the right boundary x = 1
will be z. Such grids will have N + 1 grid points. In all example plots, red vertical lines mark
the grid points. In the following section, we introduce two non-uniform grid structures: the
abrupt grid and the exponential grid. These grids will be used to generate most of the results

in this paper.

3.2.3 The Abrupt Grid

The abrupt grid will consist of two uniform parts. Half of the grid cells will divide the boundary
layer, while the other half are allocated to the rest of the domain. The grid gets its name,
as the change between the subsequent grid cells, when the two uniform parts meet, is abrupt.
Such a structure is introduced with 10 grid cells in [4, Section 3.2]. In this paper we generalize

to an arbitrary number of grid cells.

The formal definition for the grid point placement is given here. To calculate the distance
between grid points in each uniform part, we need the number of grid cells in each part which
will differ for grids with even and odd number of grid cells. We denote M := {%J This will

be the number of grid cells in the interval outside the boundary layer, meaning we will have



N — M grid cells in the boundary layer. For N even, both intervals will have the same amount
of grid cells (M = N — M), whereas for N odd, the boundary layer will have an extra cell.
With this, the general formula for defining the abrupt grid then becomes:

Definition (Abrupt grid):

;i =1

(1-Tk)
M

z; = (1—Tk) + (i — M)

, fori=0,..., M,

Tk
N-—-M

, fori=M+41,...,N.

Ezxample (The abrupt grid with 10 grid cells):

o

1
| | | | [
I I I I i

Xn

| J—
=

3.2.4 The Exponential Grid

Unlike for the abrupt grid, for the exponential grid, all grid cells will have different width.
Furthermore, the change in the grid cell size will be smooth, which makes the grid better for
discretizing real-life scenarios. The construction of this grid is based on the approach shown
in [I Section 3].

The grid point placement for the exponential grid will be obtained by the transformation:

1 — e %5
r = 1_766_57 fOI' RS [O, 1] (4)

We again make half of the grid cells lie in the boundary layer by choosing the value s such that
the value ¢ = 0.5 corresponds to the edge of the boundary layer 1 — Tk:

s =2In[(1 —Tk)/Tk]. (5)

We define the exponential grid by making the transformation generated from o; forming a
uniform grid. Therefore, the formulation becomes:
Definition (Exponential Grid):

1 — o 1
xTr; = 1_766_5, with O-Z:ZN7 fori:O,...7N, (6)

where s is as defined in Bl
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Ezxample (Ezponential grid with 10 grid cells):

o

x
x ==

=

4 Finite Difference Methods

Having established the non-uniform grid structures for discretizing the sharply increasing
convection-diffusion equation, we now turn to defining the discretization methods operating on

such grids.

We begin our discretization analysis by approximating the derivatives using finite difference
methods (FDM). We introduce two methods named Method A and Method B. The second
order derivative for both methods will be approximated in exactly the same manner. That
said, for each method, we approximate the first order derivative in a different way. This, as we
will see in this section, will be enough to impact the results of the discretization drastically.
The construction of the discretization methods follows the ones introduced in [2, Section 1.5.1].

As with any finite difference method, we begin this section with the Taylor series.

4.1 Taylor Series and the Approximation of ¢,

Consider any triplet of grid points x_,zy and x, with corresponding function values ¢_, ¢g

and ¢, as defined in the following picture:

Qb* h_ ¢0 h+ (bJr
— e e
T T Ty

Here, h_ = o —x_ and h, = x, — xy denote the differences of respective adjacent grid points.
In a non-uniform grid setting, these values are generally not equal.

The idea of our chosen finite difference approximation, central differences, is to make approxi-
mations of the derivative of ¢ on all such triplet of points. We will use combinations of Taylor
series at adjacent grid points to approximate both the first and the second order derivative of
¢o. For a better approximation, one can involve more neighbors of ¢y, however in this paper,

we will only be using the adjacent function values.

We start by writing out the Taylor expansion of both ¢, and ¢_ :

1 1

11



One can now combine these series in an arbitrary manner to approximate the values of deriva-
tives. By simply subtracting from we get:
Approximation of ¢, (Method A):

B =6 = (e h)be 5 (W = W)+ (W + )+ )

<~
(40 = (04— &)+ (B~ W) SO+ K )b +
<
or—¢ 1 1h3 +h?

Oo = hy + h_ ~ o = h )6 - 6hy + h_ B g h Qe e (10)
—

e ay

Method B, however, will require a more involved derivation. By combining h? x (7)) — h% x ,
the first-order derivative for Method B is computed in the following way:
Approximation of ¢, (Method B):

1
h2¢y — hid- = (h2 = h3)do + hih-(hy +ho)o, + éhihg(m + ho)bzae +
—

1
hoho(hy + ho)de = W264 — Db + (W = h2)go — chARZ (hy + ho)fraw +

<~
B h2_¢+ + (hi — h2_)¢0 - h%—(b— 1
Gp = b e ) = ShihGran + (12)
=
_h2gy + (W2 = h2)do — Ko
bo hyh_(hy +h_) (13)

The approximations for the first derivative, ¢,, in Method A and Method B are therefore the
first terms on the right-hand side of equations and , respectively. The rest of the terms
are omitted, creating an error in our approximations, called the local truncation error, denoted

by 7.

4.2 First-Glance Comparison

From the derived first derivative approximation formulas of Method A and Method B ([13))
we can already draw several insights. We first note that both methods are, in fact, identical in

an equidistant grid setting. With h denoting the grid cell size for a uniform grid, h_ = h, = h.

12



Therefore, for Method B we get the following:

2o, + (W2 — h2)ég — h2 o

bo hoh_(hy +h_)
I e e L e
B h2(h + h)
¢+ — ¢

2h

which would equal Method A in a uniform grid setting. This already highlights the introduced
complexity if one were to use non-uniform grids. On a uniform grid, since the methods are

identical, no comparison would be necessary.

The geometric interpretation of both methods is given in Figure [2, below. We can see that
Method B approximates the first order derivative evaluating the slope of the function at the
point ¢y, whereas Method A approximates the derivatives just by estimating the slope from
interpolating between adjacent points ¢_ and ¢,.. With this geometrical interpretation in

mind, one could speculate that Method B approximates the derivative better.

METHOD B

b0
P+

P METHOD A
f— b ———— hy —
Tr— iy T4

Figure 2: The geometrical interpretation of the first order derivative approximations of Method
A and Method B. Source: [2 Section 1.5.1].

A standard way of comparing discretization methods is to use the local truncation error 7,
which represents the error introduced by our approximations. We write out the corresponding

local truncation error for both methods:

1 1h3 + h¥ 3
Method A: TA = —E(h_;,_ — h—)(,bacm — émquxx + O(h ),

1
Method B: 75 = — chh-ues + O(°).

One can notice that for 74 there exists a term containing the coefficient proportional to the
second order derivative. However, by construction, the term containing ¢, cancels out for 7,
for Method B. Therefore, Method A contains an additional O(h, — h_) term proportional to
¢z, Which implies the error is worse for Method A. Furthermore, for Method A the coefficient

13



for ¢, is never smaller than the corresponding coefficient for Method B:

1h% +h* 1 1

h2 —hih_ +h%) > —hih_.
6h 1 h. 6 et hZ) 2 Ghy
We can also estimate the order of accuracy for each method. On a non-uniform grid, this
depends on the underlying grid construction. It has been shown that on grids obtained from
a coordinate transformation (which applies to the abrupt grid), both methods have a second-
order local truncation error [2, Section 1.5.1]. The second-order accuracy of Method B is

straightforward as it can be noted by the h h_ term in its local truncation error.

For Method A, we provide a brief justification here, showing that indeed if the non-uniform
grid originates from a coordinate transform z = x(§) then the truncation error of Method
A is also second order accurate despite the term —%(h+ — h_) in 74. The proof follows a
similar approach as in [2, Section 1.7], where fourth-order accuracy was shown for another
discretization method. A more precise proof is given in [5], where grid conditions for second-
order accuracy are specified. We have the following, when one uses the chain rule on the first
order derivative:

de

== (G
We take a uniform grid ¢ with grid cell size A, then

o _ ¢ =0

de 2N o(a%),

dv  xy— 1w

€= ;s + O(A?)
_

@: ¢+_¢— —I—O(AZ)

dr  x, —x_
which implies second-order accuracy.

On the exponential grid however, with the stretching factor hy /h_ = const. # 1, the local
truncation error of Method A is only first-order accurate. This is worse than it is for Method

B, for which the error remains second-order accurate [4, Section 2].

At first glance, the analysis appears to favor Method B. Later sections will highlight that this
can be misleading. The local truncation error is not the only element governing the global error
of discretizations. To compare both methods, we must find an approximation for the second

order derivative, which will allow us to obtain the resulting discretized systems.

4.3 The Approximation of ¢,, and the Resulting Systems

As stated before, for both finite difference approximations, the second order derivative ¢, will

be approximated in the same way using the central-difference approximation.

14



Combining h_ x + hy % we get:
Approximation of ¢,,:
1 1 9 9
ho¢y +hid = (hy +h )po+ §h+h—(h+ +h ) e + 6h+h7(h+ — h%)Prae + -
<~

1 1
(s + h)owe = hedi +hid — (et h)do = chho (W = 12 ) + ..

<~
_hegy —(hy +h)po+hig- 1.
(bxz = %h+h_(h+ n h_) 3(h+ h_)¢xxx + ...
=

h-¢y — (hy +h_)go + hid

Paz & Ihih (hy +h_)

(14)

As we have the approximations for ¢, and ¢,,, we discretize the convection-diffusion equation
. The governing discretized equations for both methods will be given by:
Resulting system (Method A):

oy — - kh—¢+ — (hy +h)go + hip —0
hy+h_ shih_(hy+h_)
<
1 1 1
¢- <h+ T T +h_)> + o (k;hm_) *
1 1
- <h++h_ _k;h+(h++h_)> =0 (15)

Resulting system (Method B):

R2g. + (B2 —h2)dg—h26- oy —(hi+h )go+hid

—k — 0

hih_(hy+h_) shih_(hy +h_)

e
hy 1 hye —h_ 1
. iy :
¢ (h_(h+ ) T+ h_)) + %o < hoho ;mh_) *
he 1

+ —k —0 16
O+ <h+(h++h) ;h+(h++h_)> (16)

From these expressions we have derived two solvable linear systems representing both methods,
where the coefficient matrix is tridiagonal. The full derivation of each system is given in the
Appendix which also emphasizes the careful consideration of both boundary conditions.
From the boundary conditions it can be seen that the last element of the right-hand-side vector

in the resulting linear system will be non-zero.

For both of these methods, the authors of [6] have theoretically proven second-order convergence

15



on grids where the ratio between the smallest and the largest grid cell size is bounded.

With the resulting systems in mind, we turn to the numerical results of both methods, where

we start by verifying the second-order convergence of both methods.

4.4 Numerical Results

In the numerical results section, we present various plots that illustrate how well do the dis-
cretization methods approximate the analytical solution (3). The notion of the global error
is also introduced, which describes how much the analytical solution differs from the discrete

solution. Numerically, this has been obtained using:

||¢exact - ¢||27 (17)

computed with the trapezoidal rule because of the non-uniform grid structure [4, Section 3.3].

4.4.1 Second Order Convergence

As noted before, on grids where the ratio between the smallest and the largest grid cell size is
bounded, which is true for both the introduced abrupt and the exponential grid, both methods
show second-order convergence. In simple terms, on fine grids this implies that when we
increase the number of grid cells by a factor of 2, we decrease the global error by a factor of 4.
This we can indeed demonstrate with the following log-log plot, on which the underlying grid

for discretizations is the abrupt grid.

Abrupt grid: Error against average grid cell size (k= 1072)

— A
10y — g
—— 2nd order

10714

10-2 4

Error

1073 4

1074 4

1075 A

T T
1072 1071
Average grid cell size

Figure 3: Demonstrating the second order convergence on the abrupt grid.

The plots show the discretization error on the y-axis versus the average grid cell size on

the x-axis. Meaning, on the left side of this graph we have errors on fine grids and on the right

16



- coarser grids. The number of used grid cells varies from 10 to 300.

When the grids are fine both error lines are indeed parallel to the second order line in black
which showcases the second-order convergence mentioned before. However, as the grid gets

coarser we can see that the red line representing error of Method B starts to increase.

We can also note the position of the error lines for both methods. The error of Method B
is always higher than the error for Method A in blue. A similar result can be noted on the

exponential grid [I, Section 3.1].

Exponential grid: Error against average grid cell size (k=1072)

— A
— B
10 § —— 2nd order

1071 4

10-2 4

Error

1073 4

1074 4

1075 5

T T
102 101
Average grid cell size

Figure 4: Demonstrating the second order convergence on the exponential grid.

On the exponential grid, the errors for both methods are lower, likely because of the smoother
change in grid cell size. However, we again see Method B breaking second-order convergence
as the grid gets coarser. For grids with less than 30 grid cells, the error for Method B starts

to rapidly increase.

This is consistent behavior for method B [2) Section 1.5.3]. On finely constructed grids the
method exhibits the correct convergence rate (although always worse than Method A). Never-

theless, when the grid gets coarser Method B breaks down.

Remark. The black line representing the second-order line, has been plotted using Error(hgy,) =
QOh?wg on the log-log scale, where hq,g denotes the average grid cell size. The coefficient 20 has
been chosen arbitrarily, for visual clarity. Mainly, to demonstrate that the error line of Method
B indeed increases, as it goes over the black line. It does not prove anything related to the

second-order convergence as that can be shown using only the slope of the function.

Remark. One can notice wiggles in Figure[3 plotting the 2nd order convergence on the abrupt

grid. This can be explained by the phenomena called even-odd decoupling. FEssentially, on

17



the abrupt grid, it matters whether the grid point corresponding to the boundary of the two
uniform parts is an even-numbered point. Fven-numbered grid points are better coupled to the
first boundary condition [4), Section 3.2]. It is possible to construct abrupt grids that do not

experience bad coupling, yet that is outside the scope of this project.

4.4.2 Coarse Grid Approximations

To understand characteristics of each discretization method, we now examine the computed
approximations. We specifically test how well the approximations of both methods match the
analytical solution when the grid is coarse. The following figures show results on both grids
with 10 grid cells.

The abrupt grid (10 grid cells, k= 10-2) The exponential grid (10 grid cells, k = 10~?)
1.0{ — A, error: 0.005 1.0  — A, error: 0.004
—— B, error: 1.124 — B, error: 0.33
=== Analytical —=-- Analytical
0.5 4 /\ j 0.8
0.0 4 //\
0.6 1
@
¢70‘5
0.4 1
_10 -
0.2 1
15
504 0.0 1
0.0 02 04 06 08 10 0.0 02 0.4 06 08 10
x X
(a) Methods applied on the abrupt grid (b) Methods applied on the exponential grid

Figure 5: Resulting approximations from finite difference methods on a coarse grid.

In the given plots, the blue line representing the approximation of Method A closely matches
the analytical solution given with the black, dashed line. However, Method B showcases poor
results, exhibiting oscillations. On the abrupt grid, the resulting global error of Method B even

exceeds 1.

The results are quite counterintuitive. The local truncation error, which is usually a decent
estimator of a method’s behavior is larger for Method A yet it gives better approximations.
This unexpected outcome calls for further investigation, specifically an investigation concerning

the equations governing the global error of discretizations.

4.5 Global Error Analysis

Following derivations in [4, Section 4], we will derive the equation that relates the local trun-

cation error to the global error.

The discrete solution ¢ satisfies the following linear system:

Lo = f, (18)



where the matrix L denotes the coefficient matrix of the discretization and f denotes a vector

originating from boundary conditions.
The exact solution et satisfies a similar linear system. However, this system includes the

local truncation error 7, which arises from the approximation of each derivative:

L(bexact = f + 7. (19)

Subtracting equation from equation yields the expression for the global error:
¢exact - ¢ = L_IT- (20)
The global error depends not only on the local truncation error but also on the inverse of the

coefficient matrix. This provides a clear explanation of the poor results shown by Method B.

Roughly speaking, when the diagonal of L is weakened the smallest eigenvalues may move
towards 0. This increases L1, therefore increasing the global error. We can hypothesize that
for Method B the increase of the inverse of the coefficient matrix outweighs the decreased

truncation error 75 [I, Section 3.2].

To demonstrate this formally, we investigate both the coefficient matrix of Method A and

Method B in the following section.

4.6 Coefficient Matrix Analysis
4.6.1 Coefficient Matrix of Method A

The coefficient matrix of Method A, which we denote by L4, is a tridiagonal matrix, whose

form we get from the discretized equation given in (|15)):

1 1 1
_ —k A
¢ <h++h ;h_(h++h_)> +¢0< ;mh_) *

1 !
s
o+ (h+ F S VA h))

We will show that such a matrix has some valuable properties for a discretization method:
specifically the coefficient matrix of Method A has only eigenvalues with positive real parts. In
the proof we will use Bendixson’s Theorem [A.5] lemma about scaling matrices with a positive
definite matrix Lemma and standard linear algebra fundamentals, which can be found in
the Appendix [A]

We now turn to the main theorem of the report, which will note many beneficial properties of

Method A.
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Theorem 4.1 (L4 - positive-stable). The coefficient matriz of Method A, L is positive-stable

(i.e. all eigenvalues have a positive real part) for any underlying grid construction.

We follow and extend the proof given in [2, Section 1.5.3].

Proof. We start by scaling the coefficient matrix L, with the following diagonal matrix, which

incorporates the local grid cell sizes:
H = diag(h_ + hy).

Note, for each diagonal entry of this matrix the respective h_ and h, values will differ. The
matrix H is a positive definite matrix, as its values on the diagonal are always positive. The

resulting scaled matrix will have the following form:

1 1
HLA: —1—15%7 k%h+h7 1—km

The matrix will have such a structure throughout all of its rows with different h_ and h.

values.

We further show that the scaled coefficient matrix H L, is positive-stable, by noticing the

following decomposition:

1 - k T 1 _k i 1
Th_ Th_
hy+h_ 1 1 hoth_ 1
—1— ko k$E 1—k = — —k kT —k
Th- Thih Thy 1 0 1 + The NThihs Thy
—1— kg -1 ~k,
3h sh+
skew-symmetric -
HL4 symmetric

With such a decomposition, we note that the scaled coefficient matrix is a sum of a skew-

symmetric matrix and a symmetric matrix.

The symmetric matrix is also weakly diagonally dominant which is shown using the

following inequality, which holds true for each row:

1

=k
2he

1
|_k1h

h+4—h|
2

+ -k
| | shihe

hothe _|,
Thih —
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As the symmetric matrix is weakly diagonally dominant it is in fact positive definite.

We apply Bendixson’s Theorem [A.5] The theorem states that all eigenvalues of a matrix lie
in the rectangle formed by the eigenvalues of the symmetric part and the eigenvalues of the

skew-symmetric part.

The skew-symmetric matrix will only have purely imaginary eigenvalues. The symmetric ma-
trix, as it is positive definite, will only have positive real eigenvalues. Bendixson’s theorem
then implies that all eigenvalues of the resulting matrix H L4 will be situated in a rectangle on
the right half of the complex plane. This proves that indeed all eigenvalues of HL 4 will have

a positive real part, therefore the matrix is positive-stable.

One can illustrate this with the following example, where in the picture bellow we have plotted
the eigenvalues of the skew-symmetric and the symmetric part together with the rectangle

enclosing the eigenvalues of the resulting matrix.

% Skew-symmetric EVs Im
% Symmetric EVs

Figure 6: Bendixson’s theorem applied to the eigenvalues of the skew-symmetric and the
symmetric parts of HL 4.

As H is a positive definite matrix, its inverse H~! will also be positive definite. We now use

the lemma on positive scaling shown in Appendix [A.4]

The matrix H L, is positive-stable and H ! is positive definite. Therefore, the matrix product
H'HL, = L, is positive-stable, meaning its eigenvalues have a positive real part.
m

There are several benefits of having such a coefficient matrix. For one, the matrix is always
non-singular, implying that the linear system in has a unique solution and its global error

can never become infinite.
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4.6.2 Coefficient Matrix of Method B

In contrast to Method A, the coefficient matrix of Method B, denoted by Lg, lacks certain

properties. The reader is reminded of its structure, introduced in ({16]):

hy 1 he —he 1
_ iy K
¢ (h_(h+ Th)  "Tho(hs + h_)> + %0 < h ;mh_) *

h 1
o+ <h+(h+ R T h_)> |

It suffices to examine the diagonal element of this matrix, to understand why the method
performs poorly when the grid becomes too coarse [2, Section 1.5.3]. The diagonal elements of

Lp have the following structure:

h__h++k 1 (ho—hy)+2k

hyh_ Shiho hyh_ ‘
With the fact that h_,h, and k are positive values, one can note that when the grid gets
coarser (implying h_ and h, increase) or k gets smaller, such a term, and therefore the diago-

nal entries of Lp will decrease. It is even possible for the diagonal entries to become negative

as h_ > hy is a standard occurrence on our constructed grids introduced in section [3.2]

Ezxample:

(h: —h-)+ 2k

Figure 7: The diagonal element for the abrupt grid at the transition between the two uniform
parts.

For the coefficient matrix of Method B on the abrupt grid, the diagonal entries for all except

2k
hyh_

That said, the middle diagonal entry, when the two uniform parts swap (shown in Figure [7)

one entry will be equal to as then h_ = h, because of the grids semi-uniform structure.

will have that h_ is significantly larger than h,. Therefore, h_ — hy is negative and if 2k

cannot compensate for it, the term remains negative.

For the exponential grid we will have that for all diagonal entries h_ > h,. However here,
the difference between h_ and h, is not that drastic as in the abrupt grid scenario. For the

exponential grid, the grid size changes smoothly throughout the grid.

In conclusion, the diagonal entries weaken as the underlying grid gets coarser or as k gets
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smaller. With decreasing diagonal entries, the smallest eigenvalues of Lp can approach 0.
While for non-symmetric matrices we cannot simply state that ||Lz"| is inversely proportional
to the smallest eigenvalue of L, the underlying principle still holds. Eigenvalues approaching
zero indicate that the matrix is becoming ill-conditioned and that the norm of its inverse
grows. This in turn increases the global error as noted by the equation describing it .
With further decrease in the diagonal the matrix can even obtain eigenvalues with a negative
real part. Furthermore, the eigenvalues of Lp with some select parameters can even become
zero. This causes the matrix to become singular, because of which the global error can become

unbounded.

4.6.3 Consequences

By reintroducing the time derivative in our convection-diffusion equation, as in the partial
differential equation ({1)), one can note more problems with having a poor coefficient matrix. If
one were to apply the discretization in space of Method B, the discretized partial differential
equation would form a linear system of ODEs:
0 0 0?
a(f + Us o~ k(‘)xf =
=

do
— +Lgdp =0
gt + Lp¢

<~

dp
= = —Lso.

0

As noted in the previous section, the coefficient matrix of Method B can have eigenvalues
with negative real parts. Hence, if Lg has eigenvalues with negative real parts, the matrix
—Lp has eigenvalues with a positive real part. From linear system theory, we know that then
the linear system of ODEs is unstable. Such results do not match real-life properties as the
underlying convection-diffusion PDE is inherently stable. We further show examples in which

time integration is not stable.

Imagine a scenario, in which we have to discretize the convection-diffusion equation (1)) with
a diffusive coefficient equal to k = 1072. The poor properties of Method B restrict us to use
a grid that is too coarse, as we might end up with an unstable system when time integration
is introduced. Note the following two plots, where on the complex plane we have plotted the
eigenvalues of the coefficient matrices of Method A and Method B.
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Eigenvalues (Abrupt grid, 9 grid cells, k =1072) Eigenvalues (Exponential grid, 8 grid cells, k =1072)
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(a) Methods applied on the abrupt grid (b) Methods applied on the exponential grid

Figure 8: Eigenvalues of Method A and Method B for a fixed k.

For a fixed k = 1072, when one uses Method B on the abrupt grid with 9 grid cells, we can
note that the eigenvalues of Lg do in fact cross into the left half of the complex plane. For
the exponential grid, the same happens with the grid cell number being reduced to 8. Hence,
Method B would give unrealistic results if one were to investigate the evolution in time of ¢
with such parameters. However, the eigenvalues of the coefficient matrix of Method A stay
always in the right half of the plane (as also shown in Theorem . No matter what the
parameters for Method A are, the resulting linear system of ODEs will be stable.

One could also imagine a scenario where for all discretization research, we have been given a
computer whose CPU limits only support grids with 20 grid cells. Then the use of Method B

is restricted by the value of k we take as our diffusive coefficient.

Eigenvalues (Abrupt grid, 20 grid cells, k = 0.004 Eigenvalues (Exponential grid, 20 grid cells, k= 0.0011)
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-10° -10* -10% -102 —10! -1070 10?

Re

10! 10?7 10° 10* 10°
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Figure 9: Eigenvalues of Method A and Method B for a fixed number of grid cells.

The figures illustrate that if we were to take a diffusive coefficient k equal to or lower than
0.004 on the abrupt grid, using Method B would result in an unstable time integration. Sim-
ilarly, on the exponential grid, Method B would produce an unstable system for £ < 0.0011.

Nevertheless, one cannot change what diffusive coefficient real life scenarios might have. For
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example, having v = 1 and k£ = 0.001 can still model real-life problems. Therefore, having such

restrictions continues to show the poor qualities of Method B.

4.7 Conclusion in the Framework

Based on numerical results and coefficient matrix analysis we can conclude that Method A
outperforms Method B. Although Method B has a better local truncation error, it introduces
a larger global error and fails to approximate the analytical solution properly. Moreover, the
coefficient matrix of Method B exhibits several problematic properties. Its diagonal entries
weaken with the grid getting coarser, its eigenvalues can have negative real parts, and it can
even become singular. Method A on the other hand has a coefficient matrix that can never
become singular and is positive-stable. As noted in the previous section, Section [4.6.3] with
select k values or with select computational restraints Method A is the only one that produces

physical results.

Remark. [t is interesting to note that the superior method, Method A has been overlooked.
Because of its smaller local truncation error, Method B used to be crowned as the better method.
Note reference [1], in which the authors state how Method B gives poor results on abrupt
grids. However, instead of recommending discretization with Method A, the paper concludes
that smoother grids should be implemented to improve Method B. As we have shown in this

section, Method A produces better results no matter if the grid is abrupt or smooth.

5 Finite Volume Methods

We now enter the finite volume framework. The structure of the following section will closely
follow the one concerning finite difference methods. We will examine several finite volume
methods, noting that, as before some methods obtain a worse local truncation error than others
yet globally perform better. We conclude the section by analyzing the coefficient matrices,

which again explains the numerical results.

For finite volume methods (FVM), we divide the domain into a set of non-overlapping control
volumes. Control volumes enforce conservation of the total flux. By putting our convection-
diffusion ODE into the conservation form, we get the corresponding equation describing the

Hux:

-

d
% (¢— k¢x> - 07
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therefore, the flux on each cell-face is given by

9(¢) = ¢ — k. (21)

With the resulting flux, the discretization is generated using the fact that the net flux into each
control volume is zero. This yields the discrete conservation law, with g; 1 and i1 denoting

the fluxes on the right and left cell-face respectively:
Giyr — i1 = 0. (22)

For future reference, the flux can be decomposed into a sum of the convective and the

diffusive flux:

q(6) = ¢ + ¢,
where ¢ (¢) = ¢, ¢(¢) = — ko

This decomposition allows us to approximate the convective and diffusive flux derivatives sep-
arately using finite volume methods. It is useful, as the main difficulty lies in approximating

the convective operator, as noted in the finite difference framework.

A noteworthy challenge for finite volume methods, specifically on non-uniform grids, is how to
define the placement of each control volume. We introduce two methods: the vertex-centered
method and the cell-centered method.

The vertex-centered method will have its cell-faces defined to lie in the middle of each grid cell.
However, for the cell-centered method, the grid points will lie in the middle of each control
volume. Note, for uniform grids the following comparisons would not be made. On uniform

grids both control volume constructions are equivalent.

The finite volume derivations follow the construction shown in [2, Section 1.6.1]

5.1 Vertex-Centered Method

We start with the vertex-centered method with each cell-face lying in the middle of adjacent
grid points. The underlying cell-face placement is given in the drawing below. The orange

dashed lines represent the control volumes, where each control volume is of length %
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Figure 10: Control volume grid for the vertex-centered FVM.

The convective flux is derived as the average of function values on adjacent grid points, as
the cell-face lies in the middle of subsequent grid points. This process describes linear in-
terpolation. For the diffusive flux we use the difference of adjacent function values divided
by their corresponding grid point difference. Both the convective and diffusive flux will have

second-order accuracy with such an approach.

The flux for each grid point at the right and left cell-face respectively are given by:

_¢++¢0_k¢+—¢0

Qi+%_ 2 h+
T X e
i3 2 ho

Using the discrete conservation law with the calculated fluxes we get the following dis-
cretiztion:

Resulting system (Vertex-centered FVM):

4+l — -1 = 0

_—
¢+ + o Oy — o Qo+ P Go— -
5 —k 2 +k = =0

<
1 1 1 1 1 1

It turns out that the resulting system of the vertex-centered FVM fully matches Method A from

the finite difference framework. Again, full system derivation can be found in the appendix

B.21

The fact that the vertex-centered FVM equals the FDM of Method A might indicate that finite
volume methods will give adequate results. However, as pointed out before, many control

volume construction approaches can be made. In the following section we turn to the cell-
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centered grid definition. On it, we will construct two finite volume methods one seemingly
better than the other in its truncation error. Interestingly, we get similar results as we displayed
when comparing Method A and Method B. Also in a finite volume framework the discretization

with a larger local truncation error yields better approximations.

5.2 Cell-Centered Methods

In the vertex-centered layout, no face coincides with the given boundaries x+ =0 or x = 1. In
this section, we introduce the cell-centered approach, for which each grid point will lie in the
middle of the control volume. A key consequence of such an approach is that cell-faces now lie
on the boundaries. However, because of this, we need to redefine where the grid points for our

non-uniform grids will be situated.

To accurately construct the grid points, we use the previous grid definitions from to define
where the cell-faces will lie. We then force the grid points to lie in the middle of each control

volume.

Ultimately, this implies that we have one more grid point we need to solve for. The cell-centered

grid structure gets formed from:

1
xiCH ::ci—i—i(:ciﬂ—xi), fori=0,....,N —1, (24)

with 2§ =0, 25, =1,

where 2¢ denote the new grid points for the cell-centered grid and x; denote the grid points
on the original grid as well where the cell-faces lie. On such a grid, we are solving for values
lying on the grid points ¢ for i = 1,..., N. At the function values ¢(0) = ¢y = 0 and
#(1) = ¢ni1 = 1 we will have the boundaries. We define h¢ and A to denote cell sizes for

this cell-centered finite volume method. They follow the same logic as on the grids before:

c_ cC c c_ C c
hZ =xy —xy, hi=x7,—x .

Ezxample (Cell-centered abrupt grid):

Figure 11: Cell-centered cell-face placement.

For both methods introduced in this section, just like in the finite difference framework, the
approximation of the second order derivative (resulting from the same diffusive fluxes) will
match. We will again note that just the change in the approximation of the convective flux

has a large impact on the global error of the method.
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5.2.1 Precise Cell-Centered Construction

We first define the method for which the convective flux is calculated using a precise linear
interpolation between grid points. The idea is to use this interpolation to accurately compute
the value of ¢ at each cell-face. We introduce notation to define the length for the control

volumes, which we denote by Hj (see figure below):

qi-z Qi +z
/! Py
# Fa
rd rd
// ’J'
& €
hC_ _hS
] ] gl | L
I I | |
C C
X1 X X1
e
Hy

Figure 12: Control volume grid for the cell-centered FVM.

With the notation as shown in the figure, we can compute the fluxes at both cell-faces. The
computation of the diffusive flux does not differ from the vertex-centered method. For the
convective flux we use precise linear interpolation. That said, the formula is now more involved

than linear interpolation in the vertex-centered method. The resulting fluxes are given by:

H _

Gyl = $o + ﬁ(@r — ¢o) — k’¢+hg¢oa (25)
H —

qz;% = Qo — ﬁ(% - ¢7) - k(bo hC¢ . (26)

This seems like a natural choice of defining the convective flux, as we precisely describe where

the cell-faces lie.

Therefore, by the conservation law (22)), we derive the following cell-centered discretization,
when convective fluxes are defined by linear interpolation:

Resulting system (Precise cell-centered FVM):

iyl — 41 = 0

_—
H _ H — ¢
¢0+2h§5(¢+_¢0)_kw_¢0+2h%(¢0_¢)+k¢0h€:0
<

HO 1 Ho H() 1 1 H() 1
Y Ry 70 0 (o g ) =
¢ ( 2hC h€>+¢0<2h9 ong * (h$+h9)>+¢+ <2h$ hf[) 0
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With the grid point placement redefined, careful consideration of the boundary values is needed

which is given in the Appendix [B.2.2]

As exemplified in the finite difference section, the discretization of the first order derivative
alone can make noticeable differences in the resulting approximation. We get the convective
fluxes ¢°°™ for each cell-face from and :

Hy,
ffiv = ¢p + 2h0(¢+ — ),
ffn,v $o — 2h0 2 (po — o).

Using the conservation law, we get the following approximation of the first order derivative in

the precise cell-centered method:

i1 —¢°1 =0
<
H 0
th (¢ CbO) hg (¢O - ¢—) = 0. (27)

By dividing both sides with Hj this result then gives the following approximation for the

first-order derivative:

¢$N1¢+_¢0 1 go — ¢

2 he 2 nC (28)

An interesting result that can be noted is that this expression, on the original grid setting,
equals the average of the first derivative approximations of Method A and Method B. The

relevance of such a discretized convective operator will be pointed out in later sections.

5.2.2 Jameson’s Method

A noteworthy and yet counterintuitive approach was suggested by Antony Jameson [8, Section
2], who suggested that on a cell-centered finite volume grid, we also approximate the convective

flux with the average of two subsequent nodes:

conv __ §b+ + ¢0

ity 2 (29)

Such an approach is counterintuitive as now we approximate the convective flux at the middle
of two grid points, rather than at the actual location of the cell-face. This is illustrated
in the following figure. The dashed green line represents where our convective flux lies in
the Jameson’s approach. However, this position does not match the orange line to its right

representing the cell faces adjacent to the grid point x¢.
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Figure 13: Jameson’s approach.

Such an approach in fact aligns with the vertex-centered finite volume method, but as here
the cell-faces are not centered between subsequent grid points this introduces a larger local

truncation error.

The computation for the coefficient matrix does not differ from the vertex-centered method
, however, we need to use the newly constructed cell-centered grid. Moreover, the boundary
conditions differ from the vertex-centered method as the cell-faces here lie on the boundaries.
The full coefficient matrix derivations are given in the Appendix[B.2.3] yet the resulting system
is given here:

Resulting system (Jameson’s cell-centered FVM):
1 1 1 1 1 1
N e (4 — S k)=
o-(~3kie) +o (bag + ) + o (5 4y ) =0

To see how the Jameson’s method approximates the first order derivative, one has to reintro-
duce the cell width Hy as we calculate the fluxes in respective control volumes. With such a
convective flux the resulting approximation of the first order derivative will be given by
the following:

O+ — 0

br & oH, (30)

5.3 Local Truncation Error Comparison

Just as for the finite difference section, we compare the local truncation error of the first order

derivative approximation for the precise cell-centered and Jameson’s method.

We can express the first order derivative of the precise cell-centered construction (27)) using the
complete Taylor series derivation of Method A and Method B ((12). The truncation error

7o of the precise cell-centered method will be the average of the truncation error of Method A
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and Method B adapted for the cell-centered grid:

1
TC — iHO(TA +TB)

1

1

SH((HE)? + (h ) + .
The control volume width Hy makes the term involving ¢,, proportional to h? which implies

the approximation is second-order accurate.

For the truncation error 7; of the first order derivative of Jameson’s method we have the

following:
e

o o,

TJ-

We use the Taylor expansion combination @D from the construction of the first order derivative
for Method A combined with the cell-centered grid:

Oy — Q- = (hf + hg)% + ;((hE)Q _ <h€)2)¢m 4 é((hi)g n (hg)g)%m L
<~
br — 0 _hGHRC (P - (hOP (h9)P + (hO)
2H0 B +2H0 (bfﬂ * . 4.H0 (bxz + + 12H0 ¢xxm + ...
—
_ (P (hS)2 = (hSP | (h)® + (hCY?
Ty = <+2HO — 1) by + —F i Brw + —F o bons + .

We can note that the local truncation error 7; contains an additional term proportional to the
first order derivative, which is not included in the local truncation error 7. As 2H, # hg +hC,
on completely irregular grids, this term can even make the truncation error 7; zeroth-order
accurate, as has been noted in [2 Section 1.6.1]. The local truncation error for Jameson’s
method will be indeed larger than for the precise cell-centered construction. However, just as
in the finite difference framework, the method with the larger local truncation error will be the

one performing better as will be shown in the following results sections.

5.4 Numerical Results
5.4.1 Second-order convergence

For both the precise cell-centered and Jameson’s methods, the authors of [6] have proven
second order convergence, on grids where the ratio between the smallest and the largest cell
is bounded. We begin the numerical analysis of finite volume methods by noting this in the

following plots on both the abrupt and the exponential grid for k = 1072,
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Abrupt grid: Error against average grid cell size (k =1072) Exponential grid: Error against average grid cell size (k=1072)
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(a) Methods applied on the abrupt grid (b) Methods applied on the exponential grid.

Figure 14: Demonstrating the second order convergence for finite volume methods

The same scenario as for the finite difference method results in Section £.4.1] can be noticed.
The green line representing the precise cell-centered method is always above the orange line
representing the error for Jameson’s method. The lines representing the error of both methods
are parallel to the second order line when the grid is fine, yet when the grid gets coarser the

error of the precise cell-centered method increases.

5.4.2 Coarse Grid Approximations

As one might have noted in the plots representing the second order convergence in Figure
[14], the gap between the errors of the two finite volume methods is notably smaller than the
large gap seen between the methods in the finite difference framework. This is also evident
when plotting the approximation of the analytical solution of both the precise cell-centered

and Jameson’s method in Figure [15]

Although the error and the approximation of the precise cell-centered method give admirable
results, the coefficient matrix still experiences the same drawbacks as Method B when time

integration is reintroduced.
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The abrupt grid (10 grid cells, k= 1072) The exponential grid (10 grid cells, k= 10"2)
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(a) Methods applied on the abrupt grid (b) Methods applied on the exponential grid

Figure 15: Resulting approximations of finite volume methods on a coarse grid.

Moreover, one can note that indeed Jameson’s method gives significantly better approximations
when we decrease the diffusive coefficient to k = 1073, Extremely poor results can be observed

from the precise cell-centered method represented by the green line.

The abrupt grid (10 grid cells, k= 10~%) The exponential grid (10 grid cells, k = 10~7)
1.0 1 Jameson's, error: 0.007 Jameson's, error: 0.006
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(a) Methods applied on the abrupt grid (b) Methods applied on the exponential grid

Figure 16: Resulting approximations of finite volume methods on a coarse grid with k = 1073.

5.5 Coefficient Matrix Analysis
5.5.1 Coefficient Matrix of Jameson’s Method

The coefficient matrix of Jameson’s method follows the same construction as the coefficient

matrix for Method A. The coefficient matrix of Jameson’s method, further denoted by L is
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obtained from the following equation:

1 1 1 1 1 1
o <—2 khc> +¢o< (h$+lzc)> + o4 (2_kh$>'

One can note the following decomposition of the matrix:

1 1 1

2~ kg ! g

2

1 _ 1 1o, 1y 1 g1 _ 1 1 S 1o 1y 1
2~ ko k(hg +i0) 2 khg =] -3 0 3 + ko k(hg +50) khg

1 1 1 1

—2 ~ e 2 ~Kie

, skew-symmetric symmetric

Just as in the proof concerning the coefficient matrix of Method A being always positive stable,
for Theorem [4.1] the matrix L; can be split into a skew-symmetric and a weakly diagonally
dominant symmetric matrix. Therefore, we can conclude that also the coefficient matrix of
Jameson’s method will be positive-stable, having for all eigenvalues a positive real part and

never becoming singular.

5.5.2 Coefficient Matrix of the Precise Cell-Centered Method

The coefficient matrix of the precise cell-centered method, further denoted as L¢ is given by

the expression:

HO 1 Ho Ho 1 Ho 1
N == —k— — k — —k— .
¢ ( 2hC h9>+¢0<2h9 e " (h0+h0)>+¢+ <2h$ hﬁ)
The diagonal term of such a matrix, is then given by:

Mo Ho L1 1y Ho(hS — h) + 2k(hC + hY)
2n¢  2h¢ hS  RCT 2hhY :

(31)

which has the same problem as the coefficient matrix of Method B. When the grid gets coarser
or we decrease k, the diagonal weakens, which can lead to smaller eigenvalues. Hence, the

global error for the discretization increases.

Similar to the coefficient matrix of Method B, also the coefficient matrix of the precise cell-
centered method can have negative eigenvalues. We note this in the following two figures,
where we plot the eigenvalues of both the matrix L; and Lo on the complex plane with &

being kept constant at 1072,
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Eigenvalues (Abrupt grid, 6 grid cells, k =1072)

Eigenvalues (Exponential grid, 11 grid cells, k= 1072)
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(a) Methods applied on the abrupt grid (b) Methods applied on the exponential grid

Figure 17: Eigenvalues of precise cell-centered method and Jameson’s method for a fixed k.

The plots illustrate that if we were to discretize the convection-diffusion equation, where the
diffusive coefficient k& = 1072, we would get an unstable system if we were to use 6 grid cells

on the abrupt grid or 11 on the exponential grid.

Similar to Section 4.6.3 we note in the following two figures, that if we had to discretize with
a computer capable of maintaining only 20 grid cells, time integration would be unstable if we

were to drop k to 1073,

Eigenvalues (Abrupt grid, 20 grid cells, k= 0.001) Eigenvalues (Exponential grid, 20 grid cells, k= 0.006)
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(a) Methods applied on the abrupt grid (b) Methods applied on the exponential grid

Figure 18: Eigenvalues of precise cell-centered method and Jameson’s method a fixed grid cell
number.

5.6 Conclusions in the Framework

Once again, the method with the worse local truncation error, Jameson’s method is the dis-
cretization method worth recommending in the cell-centered finite volume framework. The
local truncation error is even larger for Jameson’s method than it was for Method A. However,
the global results are accurate and the structure of the coefficient matrix has better properties
than the matrix for the precise cell-centered method. If one were to compare also Method
B against the precise cell-centered method, the latter should be preferred as it has a smaller

global error. Nevertheless, the fact remains the same, the precise cell-centered method should

36



be avoided because of the unstable time integration problem.

The following section explains why both Method A and Jameson’s method inherit such good
coefficient matrices and better numerical results. This will show why Method A and Jameson’s

method are the right ones to recommend.

6 Conservation of Physical Properties

Until now, the analysis has focused on the theoretical properties of the discretization methods,
such as the convergence measured by the global error and the characteristics of the coeffi-
cient matrix. However, as we are modeling real-life quantities, one can also evaluate if our

discretization methods behave as their continuous counterpart would.

For the compared methods: Method A and Method B, the only underlying difference between
them was how the first order derivative was approximated. The same holds true for the finite
volume methods, where only the construction of the convective flux differed. We therefore
take a look at what only the first order derivative would describe, by introducing the partial

differential equation modeling convection in time:

o6 b
ot Tor

With any first order derivative discretization in space one would end up with the following

0.

linear system of ODEs, where L°" denotes the coefficient matrix stemming from discretizing

the first order derivative in space:

d¢
vy L — ()
dt + ¢ )
d¢
— _[rconv 32
g (32

One can talk about conserving certain physical properties when it comes to differential equa-
tions describing physical behavior. In [2, Section 1.5.4], the author defines the energy of the
solution, which is equal to the weighted L2 norm of ¢, incorporating the local grid cell size
with the matrix H = diag(h_ + h.):

o1z = ¢*Ho. (33)

With H being a positive-definite matrix, this is a genuine vector norm.

Since convection only moves the quantity ¢ along the flow, without removing or adding more
of it, the energy in a convection based system should remain constant. This implies that the

time derivative of energy should be equal to O:
d 2
pr— 0.
19l
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The following theorem will show that from our four discretization methods, this is only possible
for Method A and Jameson’s method.

Theorem 6.1 (Conservation of energy). The solution of conserves energy if and

only if the scaled coefficient matrix H L™ is skew-symmetric.

Proof. We derive the evolution of energy in time, by using the product rule for the derivative
of energy and substituting the derived discretized system :

d 2 ji, *
2ol = 2 (6" Ho)
g o do
= g ooy
— —(LCOHV¢)*H¢—¢HLCOHV¢

— _¢*(HLCOIIV + (HLCOI’IV)*)¢.

dg

For ¢ # 0, the right hand side vanishes if and only if HL®™ + (HL®™)* = 0. This occurs if
and only if HL®" is a skew-symmetric matrix.
O

One can note the following structure of the discretized convective operator (first derivative

approximation) of Method A, L¢™:

oy — O
Method A: ¢, ~ ———
eHho o N T h
—
1
Ty +h
conv 1 1
1 -1
hy+h_

The scaled coefficient matrix HLG"™ is in fact skew-symmetric as the diagonal entries are all
zero and the off-diagonal elements are the negatives of each other. Hence, the discretization

method of Method A preserves analytical properties as it conserves energy.

The convective operator of Method B, L%™ however, does not have the same structure as the

approximation includes a non-zero diagonal element:
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2 2 12 2
Method B: ¢, ~ h2gy + (b —h2)go — hig-

hih_(hy +h_)
—
_ ho h—
hy(hyth-) hy
conv __ _ h (hy—h_) h— — h (hi=h2)  h_
HLg™ =H h—(h+++h—) f;:'h— hy(hytho) o _i h++h— hi
o hy _ hy
h_ (h++h7) h_

As generally hy # h_ on non-uniform grids, the scaled coefficient matrix HL%™ will not be
skew-symmetric. This implies that with approximating the first order derivative as in Method
B, one would end up with an operator that does not follow physical properties. Discretiz-
ing convection with Method B does not keep true to the analytical properties of convection

conserving energy.

A similar statement can be noted for the finite volume framework. Approximating the first
order derivative with Jameson’s method conserves energy yet discretizing with the the precise
cell-centered method does not. This can be noted in the following approximations of the first
order derivative of each method. Only the scaled coefficient matrix of Jameson’s method will
be skew-symmetric:

O+ — o

J ’ thod: ¢, ~ ———,
ameson’s metho 10) ST,

Precise cell-centered method: ¢, =~ i%((m — ¢o) + ig(qﬁo —¢_).

2hY 2ht

In summary, in this section we established the possibility to conserve physical properties also in
the structure of a discretization method. We have noted that convection is discretized with em-
bedded energy conserving if and only if the scaled coefficient matrix H L is skew-symmetric.
This however only holds for the methods that on first glance seem worse because of their local
truncation error - Method A and Jameson’s method. This further exemplifies that both Method
A and Jameson’s method should be the preferred methods in their corresponding discretization
frameworks. More relevant information about energy preserving discretized operators can be
found in [9).

Remark. Such an approach to conserve properties of analytical equations in the discrete op-
erator is called mimetic discretization [2, Section 1.5.8]. Interestingly, when Antony Jameson
constructed Jameson’s method [8, Section 2/, he had not noticed how such an approach would

lead to a skew-symmetric discretized convective operator.
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7 Other Noteworthy Results

7.1 Random Grids

Till now we have only looked at two grid constructions- the abrupt and the exponential.
Moreover, not always, when modeling real-life events, do we have the freedom of choice to pick
underlying grid constructions. Therefore, to get a complete scientific outlook, in this section
we generate discretization results using random grids. Understanding if discretization methods

can work with any grid can give further reasons to recommend using a select method.

Moreover, the second order-convergence for both the finite difference and finite volume frame-
work, have been proven on grids where the ratio between the smallest and largest grid cell is
bounded. Such a property may no hold true on random grids. Therefore, it is important to

test such grids.

We first show second-order convergence results for the random abrupt and the random expo-
nential grid. In these, we still keep some underlying grid structures from before. We will look
at the results both for the finite difference methods- Method A and Method B and for finite
volume methods - precise cell-centered method and Jameson’s method. We then limit-test our

methods using a fully random grid only with boundary values staying intact.

We further give the formal definition of each random grid, followed by results. The results
are generated using a select Python np.random.seed. Remarks concerning results about all
randomly generated grids can be found later in the section [7.1.4]

7.1.1 Random Abrupt Grid

Just like with the uniform abrupt grid, half of the random generated grid cells will be placed
in the interval from 0 to Tk and the other half in the boundary interval from Tk to 1. If the
number of grid cells is odd, we again allocate an extra cell to the boundary layer. With this,
the definition of the random abrupt grid becomes:

Definition (Random Abrupt Grid):

x; =Unif(0,Tk), fori=1,.... M,
x; =Unif(Tk,1), fori=M+1,...,N —1,

with 2o =0, oy =1,

and x; < x;y; for all 4.
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Results:

Random abrupt grid: FOM (k=10"2) Random abrupt grid: FVM (k=10"2)
101{ — A 10° 4 Jameson's
— B — Precise CC
— 2nd order — 2nd order
10° 3
107! 4
107
1072 4
E 1072 4 E
1073 4
1073
1074
1074 4
1075 4
10|-2 ml-l 1(;-1 1(;-1
Average grid cell size Average grid cell size
(a) Finite difference framework (b) Finite volume framework

Figure 19: Second order convergence on the random abrupt grid.

7.1.2 Random Exponential Grid

We use the definition for the uniform exponential grid (@, however now o; gets produced from
a random uniform distribution. Again enforcing half of the grid cells to lie in the boundary
layer with s = 21In[(1 — Tk)/Tk] we get the following:

Definition (Random Exponential Grid):

1 _ e*SO’i
T =T where o; = Unif(0,1), fori=1...,N —1,
— e_
with 0g = 0,0y =1,
and 0; < 0,41 for all 4.
Results:
Random exponential grid: FDM (k = 1072) Random exponential grid: FVM (k = 1072)
— A Jameson's
— B — Precise CC
10! — 2nd order — 2nd order
107! 4
lUD'
1072 4
1071
g g
¥ 10724 103
1073 3
1074 4
1074 3
107° 4
1075 3
1072 107! 1072 107t
Average grid cell size Average grid cell size
(a) Finite difference framework (b) Finite volume framework

Figure 20: Second order convergence on the random exponential grid.
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7.1.3 The Random Grid

Lastly, for limit-testing, we introduce the random grid. This will be a fully random grid with
no boundary layer separation:
Definition (Random grid):

x; =Unif(0,1), fori=1,..,N —1,
with 2o =0, oy =1,

and x; < x4 for all 4.

Results:

Random grid: FDM (k = 1072) Random grid: FYM (k = 1072)

— A Jameson's
1014 — B — Precise CC
— 2nd order — 2nd order

1074 4

1074 4

1072 1071 1072 1071
Average grid cell size Average grid cell size

(a) Finite difference framework (b) Finite volume framework

Figure 21: Second order convergence on the random grid.

7.1.4 Remarks About Random Grids

In general, concerning the random abrupt and the random exponential grid, we see similar
behavior as we saw when using non-random grids. We both see that Method A outperforms
Method B and that the Jameson’s method a gives better error than the precise cell-centered
method. The wiggles of the error, when the grid gets finer, calm down, introducing again
two lines parallel to the second-order line. As the grid gets coarser we again see more rapid

increases in the error for both Method B and the precise cell-centered method.

One might notice that there are some select grid constructions on which the "worse” method
either Method B or the precise cell-centered method performs better. Further research might be
recommended on this, yet the fact remains the same - both Method A and Jameson’s method
preserve energy in their discretized convective operator. Moreover, when time is introduced,
time integration for Method B and the precise cell-centered method can become unstable.

Which continues to discourage the use of such methods.

For the fully random grid, we had to decrease for what average grid cell size we plot the results.
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The grid cell number here runs from 10 grid cells to 500. We do this as it is harder to achieve
the second-order convergence because the boundary layer is discretized with no extra care. As
the grid gets finer and finer it starts to approach an extremely fine uniform grid for which we

have the desired convergence results.

7.2 Finite Element Methods

For completeness also the finite element framework was looked at. Although, not to the same

extent as the finite difference or finite volume methods.

We computed the discretized solution using the Galerkin approach, for which we took the

standard form of a basis function:

0, @#J,
1, i=j

Vi(z;) = bij =

The derivations in the finite element framework have been described in the Appendix [B.3|
Moreover, the code for the computed discretization method has been added in Appendix [C]
Turns out, the finite element method with such a basis function gives the same solution as
Method A did in the finite difference framework. Further research of this phenomenon is

recommended.

8 Conclusions

8.1 Summary

In this report, we have exemplified the need for coarse non-uniform grids as discussed in Section
[B.1 Such grids play a large role in numerical mathematics, specifically computational fluid
dynamics. In their applications it is common that functions both display smooth, constant
intervals and boundary layers, where the function experiences a sharp, sudden increase. Non-
uniform grids allow us to save computational time. By discretizing constant intervals with a
few large cells and by dividing the boundary layers with many fine grid cells, we reduce the

dimensions of the discretized linear system and at the same time maintain accuracy.

As the involvement of non-uniform grids makes method selection more advanced, we provided
the convection-diffusion equation as a test case for various discretization methods in Section
2l Highlighting, how the convection-diffusion equation plays a role in computational fluid

dynamics and why it serves as a good function for testing non-uniform grid theory.

As there are infinitely many ways one could define non-uniform grids, this paper, in Section
also introduces some specific grid layouts keeping in mind the underlying structure of discretiz-
ing the boundary layer with more care. We introduced the abrupt and the exponential grid,

which give accurate results, provided the applied discretization method is well-constructed.
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Both the finite difference and the finite volume framework, Section [4/and Section |5 respectively,
were analyzed with care. We gave the underlying construction of all discretization methods and
analyzed their respective local truncation errors. It was then exemplified by numerical results
that the local truncation error is not a sufficient indicator of estimating the performance of
discretization methods. In both frameworks, the method with a larger truncation error gave
better global results. We included an explanation of the numerical results through a thorough

analysis of the coefficient matrices.

Lastly, we investigated the physical properties of the partial differential equation modeling
convection in Section [6] We proved that it is possible to maintain analytical properties of
convection. The conservation of energy, an inherent characteristic of convection, can only be
preserved in the discrete operator if the operator is skew-symmetric. Such a structure was
embedded in Method A from the finite difference framework and Jameson’s method from the

finite volume framework.

8.2 Key findings

Comparison of Coarse and Fine Grids

Throughout this paper, we repeatedly exemplified that even though a discretization
might work well on fine grids, it may give poor results coarse grids. Because of this,
careful method selection is needed, as one might find methods that work well on
both fine and coarse grids. There is no need to waste computational power, if one
can discretize with a method that works with fewer grid cells. Such methods do in

fact exist as was noted repeatedly.
The Misleading Nature of Local Truncation Error

The numerical results concerning the global error revealed that the local truncation
error can be misleading when evaluating a discretization method. We saw that
even though Method B has a lower local truncation error, it introduced a larger
global error than Method A. Same can be noted in the finite volume framework.
Mathematicians working in the field of computational mathematics should pay close
attention to this. Spending resources on developing a worse discretization method

because it displayed better first glance properties should not be the norm.
Discretization Methods Should Maintain Physical Properties

The superior performance of Method A and Jameson’s method can be explained
because they inherit physical properties. When one models real-life quantities, close
attention should be paid to ensuring that the discretization methods also follow
properties of analytical events. In this report this was exemplified by the superior
methods of each respective framework, conserving energy in their discretized con-

vective operator. Hence modeling convection properly as it indeed conserves energy.
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This is the core finding of this report, as not only better global error is achieved
with mimetic discretization but also one can place trust in the discretized results

when employing them for practical applications.

8.3 Limitations and Further Research

The central limitation of this paper includes discretizing only the 1D convection-diffusion equa-
tion. Not only have we restricted the research to just one type of PDE, we have also further
simplified it by setting the convective coefficient © = 1. Moreover, the notion of the start of
the boundary layer should be better defined. For k values such as 1072 or 1072 the start of the
boundary layer is described properly with 1 — 5k, as stated by [4, Section 3.2], [1, Section 3].

However, this description becomes less accurate for smaller values of .

Even if we have limited our research with only the convection-diffusion equation, there is
still much more to explore that has not been covered in this report. One could discretize
the convection-diffusion equation in more dimensions. Moreover, one might implement and
compare discretization methods of higher order. For example, in [2, Section 1.7], a fourth-order

discretization method has been introduced which also maintains energy conserving properties.

For further research, the study of discretizing the Navier-Stokes equations should also be noted.
The close relationship between the convection-diffusion equation and the Navier-Stokes equa-
tions is undeniable. Both in some form, model convection and diffusion. Moreover, the dis-
tinct structure of constant and jump regions can be noted. This further illustrates why after
studying how non-uniform grids behave on the convection-diffusion a logical next step is to
implement non-uniform grids when discretizing the Navier-Stokes equations. As noted by [2]
Section 2.3], the energy conserving quality embedded in skew-symmetric operators is also heav-
ily used in Navier-Stokes discretization. Hence, even if the Navier-Stokes equations introduce

non-linearity, underlying ideas about conserving physical properties should remain the same.
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A Needed Linear Algebra Theory

In this appendix section, we note definitions, theorems and lemmas relevant for linear algebra

used in this report.

Definition A.1 (Skew-Symmetric Matrix). A real square matriz A is said to be skew-symmetric
if the following property holds:
AT = —A.

Such an expression can hold true if and only if the diagonal entries of A are 0 and
\V/’L,j Q5 = —ajl
Moreover, skew-symmetric matrices have purely imaginary eigenvalues.

Definition A.2 (Symmetric Matrix). A real square matriz A is said to be symmetric if the
following property holds:
AT = A

Such an expression can hold true if and only if
VZ,] Ay = CL]Z
Symmetric matrices have only real eigenvalues.

Definition A.3 (Weak Diagonal Dominance). A matriz is defined as weakly diagonally dom-

inant if the following inequality holds true for all rows of the matrix:

n| — 7

Lemma A.4 (Positive scaling). Let A be a positive-stable matriz (i.e. all eigenvalues have a
positive real part). Then for any positive definite matriz @, also the matriz QA is positive-
stable.

Proof. See [10]. O

Theorem A.5 (Bendixson’s Theorem). Let A = R+ S be a general real matriz, where R =
%(A—i—AT) is its symmetric part and S = %(A—AT) its skew-symmetric part. Let p,, and pys be
the smallest and largest eigenvalues of R, respectively; similarly o,, and oy with respect to S.
Then the eigenvalues of A are located in the rectangle defined by the lower-left and upper-right

corners (pm, om) and (par, opr).
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Proof. Let x be a normed eigenvector (i.e. z*x = 1) corresponding to an eigenvalue A = a + ib

of A. Then
a+ib=\= X x"r =2"Axr = 2*Rx + ix* Sz,

hence a = x*Rx and b = x*Sx. Since both R and S are Hermitian matrices their eigenvalues
are real and one has

Pm < "R < ppr;

a similar relation holds for S. This finishes the proof displayed in [IT].

B Resulting Numerical Systems

To not over-saturate the report with mathematical expressions, the derivations of all the dis-
cretization methods are given here. The resulting linear equations describing the coefficient

matrices and the right-hand side vector are then used in the code, Appendix [C]

B.1 Finite Difference Methods
B.1.1 Method A

As we have the approximations for both ¢, and ¢,,, given in and respectively,
we discretize the time-independent convection-diffusion equation in . We substitute the
generated approximations into the convection-diffusion equation to get a solvable linear system
for Method A:

fori=2,.... N —2:

oy — - khf(m — (hy +h)go + hyo- —0
hy+ h_ shih_(hy+h-)

<~
fori=2,...,. N —2:

1 1 1
. ! K
¢ <h++h_ ;h_(h++h_)> +¢°< ;mh_) *

1 1
+ —k =0
O+ <h++h ;h+(h++h_)>

For the elements in the first and last rows of the coefficient matrix, this formula is also valid
but it includes the boundary conditions. With ¢(0) = ¢y = 0 we have:
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fori=1:

1 1 1
bo <h+ T M h)) o <k5h+h> *
1
iy
02 <h+ the  Ihi(hy o+ h))

—

=0

fori=1:

1 1 1
k——— —k = 0.
¢1< ;mh_) + g2 <h++h ;h+(h++h_)>
And from the right boundary ¢(1) = ¢ = 1 we get contribution to the RHS:

fori=N—-1
—1 1 1
_ —k +on_1 | k=——— |+
¢N2(h++h_ ;h_(h++h_)) ale( )

%h+h_
1 1
+oN ( k )

he+h " Ihi(hi+hl))
<
forir=N—1
1 1 1
i s Y, P
-2 <h++h_ ;h_(h++h_)> on 1< ;mh_)
1 1

Thy(hy +h)  hy+h_
B.1.2 Method B

We get the following approximation for Method B:

fori=2,.... N —2:
B2y + (B2 — h2)do — h2_

B kh—¢+ — (hy +h)go + hi —0
hih_(hy+h_) thih_(hy 4+ h_)

—

fori=2,...,.N—2:

h, 1 hy — he 1
i —k k
¢ (h_(h+ Th) " Thi(h + h_)> + o ( b ;h+h_> *

he 1
o+ <h+(h+ ) M+ h_)> =0
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Just as before, we also calculate the equations for the first and the last rows of the coefficients

matrix:

fori=1:

hy —h_ 1 h_ 1
k —k =0
1 ( heh T ;mh_) 92 <h+(h+ +h) Ihi(hy + h_)>

fori=N-—-1:
_h, 1 hy —h_ |
. _; . ’ _
-2 (h(h++h) ;h(h++h)> +on 1( o ;h+h>
1 he

= k —
Ihi(hy +h_)  hy(hy +h_)

B.2 Finite Volume Methods
B.2.1 Vertex-Centered Method

After applying the conservation law , we get the following equations governing the coeffi-

cient matrix for the vertex-centered method without the terms containing boundary conditions:

fori=2,...N—2:

1 Oy — Qo Po— -\
2<¢+_¢—)_k< h,+ - h_ >_0
<~
fori=2,.... N —2:
1 1 1 1 1 1
(b_<_2_kh_>+¢O<k(}l++h_)>+¢+<2_kh+>:0 (34)

By having the cell-faces lie at the middle of grid cells everywhere, also for the boundaries this

formula is valid:
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B.2.2 Precise Cell-Centered Method

The equations governing the coefficient matrix for the precise cell-centered method are the

following:

fori=2,...,.N—1:

Oy — ¢

T 2h0(¢0 P-)+k
<

fori=2,...,.N—1:

0 1 0 0 1 Ho 1
Y LU IR U (I I VL o (2 —k—)=0
¢ ( 2h¢ hc> %0 <2h9 QhC (hc hc)> O+ <2h£ hc> (35)

Hy

— (¢ — o) — k
2h€(¢+ ¢0)

Po — ¢
hC

=0

Note that, for the boundaries, we will have that the cell sizes match half of the length of the

cell-volumes. Therefore:

1
fori=1: -Hy= h¢ (36)
and
1
fori=N: SHy= h¢ (37)

We can use the same expression for the boundaries, however here we use for the left

boundary:

fori=1":
Hy Hy 1 1 Hy 1
0 0 k(o 0 k) =0
¢1<2h0 ohG (h£+hc)>+¢2<2h$ hﬁ)
<
forve=1":

HO 1 Ho 1
1— % 4k ) =
o (1 gt g ) o (i g =0

For the right boundary we use (37):

fort =N :

H,y 1 Hy H, 11\ 1 H
oN-1 <_2h0 _kh0> +on <2h0  2h¢ +k(h0 e )> _khg 2h¢
<~
fort =N :

H, H, 1 1
Y 14k k1
bn 1( 2hC hC)“bN <2h0 * (hc+h )> ne
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B.2.3 Jameson’s Method

The construction of Jameson’s method follows the vertex-centered method. Using the vertex-
centered derivations with the cell-centered grid definitions , and with the fact that the

cell-centered methods solve for one extra variable, we get the following:
fort=2,..,.N—1:
1 1 1 1 1 1
|-z -k k(— + — ——k—1]=0

Here, however, the definitions for the first and the last row of the coefficient matrix differ as
we have the following. For the first grid point, as the left cell-face lies on the left boundary,
the flux there will be given by the formula:

¢1_¢0.

=000

for i =1:qq_

N[

The flux at the right cell-face of the first grid point does not differ from before, therefore with
¢o = 0 and the conservation law (22]), we get the following formula for the first row of the

coefficient matrix:

fori=1:
O1+ P2 G2 — P1 o1 — @0
—k — k =0
2 o TPt
<
fori=1:

1 1 1 1 1
e ) R R

Similarly, for the last grid point, we will have that the right cell-face differs. With ¢n.1 =1,

we will have that:

for i = N :
ONy1— @
Gy = 0N =k
+
=
for i = N :
a1 — k¢N+1; ON B ON + ON-1 n k¢N —ébN—l —0
he 2 hC
<
for i = N :
1 1 1 1 1 1
4| —=—-k—= ——tk(—=+ =) =k—= -1
¢N1< 2 h9>+¢N< 5" (h$+h€)> g
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B.3 Finite Element Methods

One can reduce our boundary value problem in to have two zero boundary conditions:

take ¢(z) = ¢(x) + ¢(),
choose a linear function ¢(x) =z s.t. ¢(0) = 0 and ¢(1) = 1,
¢(x) unknown function with ¢(0) = 0 and ¢(1) = 0.

This reduces the problem we solve for:

_—
Ao+ @) | Elatd@)
dx dz? B
_
ngc - kag:m: = _17

with boundary conditions ¢(0) = 0 and $(1) = 0. After finding ¢ we get the resulting solution
by

o(z) = o(x) + ¢(x) = Pp(z) +x (38)

We solve the problem

q;a: - kqgacx =—1 on W,
where W = {$ € C?[0,1]] ¢(0) =0, (1) =0}, V=W.

Galerkin approach then states:

Find ¢, s.t. (7(¢,),v) =0 Yo eV,

7 d&v d2§gv
where r(¢,) =1+ Pl k o
This results in the following:
(r(¢u),v) =0
=
Lo, do &,
1 —k dr = 0.
/0 v(1+ dx d:):z) v=0
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Such an expression then gives the following linear and bi-linear form:

P =~ / Cvdz, (39)

~ L dov dqbv
v) — k/ 4
a(v, &) / =2 (40)
With our chosen basis function
0, i#J7,
Vi(wy) = 0y = o
L, 1=y,

we construct the mass and the stiffness matrix:

a(vi,v;), b = F(1;).

With the linear and bi-linear form definitions given in [39] and [40] respectively, one gets the

following discretized equation describing the coefficient matrix and the right hand side:
1 ~ 1 1 ~ 1 1 h_+hy
k— —— E(— + — —k—+-|=——
4- ( h- 2>+¢0<<h—+h+)>+¢+< h++2> 2

The discretized solution ¢ then gives the solution with ¢(x) = ¢ + = as noted in (38). Such a
solution fully matches the solution of Method A, as stated in Section [7.2]

C Code

The numerical results where generated using the following code definitions. For coding im-
plications the programming language Pyhton was used. In this appendix one can find both
the code definitions of grids and methods. Moreover, other definitions that ease programming
exercises, like the function to compute the error of the discretization or the analytical solution

are included.

C.1 Arbitrary definitions

# Analyitical solution

def analytical_sol(k):
phi = lambda x: (np.exp(x/k - 1/k)-np.exp(-1/k)) / (1 - np.exp(-1/k))
return phi

# Calculating grid cell sizes h
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def grid_dif (grid):
K = len(grid) - 1
h_array = np.zeros(K)
for 1 in range(K):
h_array[l] = grid[l + 1] - grid[1]

return h_array

# Check if the grid is incorrecly structured

def grid_check(grid):

check_value = grid[0]
for i in range(len(grid) - 1):
if grid[i+1] <= check_value:
break
else:

check_value = grid[i+1]

if i !'= len(grid) - 2:

print ("Incorrect grid")
if grid[-1] !'= 1 or grid[0] != O:
print ("Incorrect endpoints")
# Check if the grid is coarse
def T_check(T, k):
if Txk > 0.5:
print ("Not a coarse grid")
print(£"T = {T}, k = {k}")

# Calculate error

def calculate_error(grid, sol, approx):
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e = approx - sol(grid)

error = np.sqrt(np.trapezoid(e ** 2, grid))

return error

# List of methods

def method list():
methods = ["A", "B", "FVM_CC", "Jameson", "FEM"]

return methods

# List of grids

def grid_list():

grids = ["abrupt", "exp", "random abrupt", "random exp", "random"]

return grids

# Constructing grid

def choose_grid(k, grid_points, grid_type, T=5):

if grid_type == "abrupt":

grid = grid_abrupt(grid_points, T, k)
elif grid_type == "exp":

grid = grid_exp(grid_points, T, k)
elif grid_type == "random abrupt":

grid = grid_rand_abrupt(grid_points, T, k)
elif grid_type == "random exp":

grid = grid_rand_exp(grid_points, T, k)
elif grid_type == "random":

grid = grid_random(grid_points)
else:

print ("Incorrect grid name")

return grid
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# Getting the underlying grid, approximation and error

def grid_method_error(k, grid_points, grid_type, method_type, T=b):

if grid_type == "abrupt":

grid = grid_abrupt(grid_points, T, k)
elif grid_type == "exp":

grid = grid_exp(grid_points, T, k)
elif grid_type == "random abrupt":

grid = grid_rand_abrupt(grid_points, T, k)
elif grid_type == "random exp":

grid = grid_rand_exp(grid_points, T, k)
elif grid_type == "random":

grid = grid_random(grid_points)
else:

print ("Incorrect grid name")

if method_type == "A":
method = method_A(grid, k)
elif method_type == "B":

method = method B(grid, k)
elif method_type == "Precise CC":

method, grid = method_FVM_CC(grid, k)
elif method_type == "Jameson’s":

method, grid = method_jameson(grid, k)
elif method_type == "FEM":

method = method FEM(grid, k)
else:

print ("Incorrect method name")

sol = analytical_sol(k)

error = calculate_error(grid, sol, method)

return grid, method, error

C.2 Grids

def grid_abrupt(nr_of points, T, k):
T_check(T, k)
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def

node_

half_
half _

array = np.zeros(nr_of points)

1
2

int ((nr_of points - 1)/2)

nr_of points - 1 - half 1

for i in range(half_1):

node_array[i] =1 * (1 - T * k) / half 1

for j in range(half 2 + 1):

grid_

node_array[- j - 1]

1-(j *T*%k) / half 2

check(node_array)

return node_array

grid_

rand_abrupt(nr_of points, T, k):

T _check(T, k)

boundary_threshold = 1 - T * k

half

node

al =
bl
a2
b2

rand
rand _

node_

rand _

+ a2

rand_

node_

node_

points = int((nr_of_points - 2) / 2)

array = np.zeros(1l)

0
boundary_threshold
boundary_threshold
1

array_1 (b1 - al) * np.random.random_sample((1, half points)) + al

array_1 = np.sort(rand_array_1)

array = np.append(node_array, rand_array_1)

array_2 = (b2 - a2) * np.random.random_sample((l, half points + 1)) \

array_2 = np.sort(rand_array_2)

array = np.append(node_array, rand_array_2)

array = np.append(node_array, 1)

return node_array
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def grid_rand_exp(nr_of_ points, T, k):
T _check(T, k)

s = 2 * np.log((1-Tx*k)/(T*k))

sigma = np.random.uniform(0, 1, size=(1, nr_of_points - 2))

sigma = np.sort(sigma)

sigma = np.append(0, sigma)
sigma = np.append(sigma, 1)

node_array = np.zeros(len(sigma))

for 1 in range(len(sigma)):

node_array[l] = (1 - np.exp(-sigma[l] * s)) / (1 - np.exp(-s))

return node_array

def grid_exp(nr_of_points, T, k):

T check(T, k)

s = 2 x np.log((1-Txk)/(T*k))

sigma = np.linspace(0, 1, nr_of points)

node_array = np.zeros(len(sigma))

for 1 in range(len(sigma)):
node_array[l] = (1 - np.exp(-sigma[l] * s)) / (1 - np.exp(-s))

return node_array

def grid_random(nr_of_ points):
node_array = np.random.random_sample((l, nr_of points-2))

node_array = np.sort(node_array)
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node_array = np.append(0, node_array)

node_array = np.append(node_array, 1)

return node_array

C.3 Methods

def method_A(grid, k):

h_array = grid_dif(grid)

N = len(grid) - 2

lower_diag = np.zeros(N - 1)
upper_diag = np.zeros(N - 1)

main_diag = np.zeros(N)

# Lower diag
for j in range(N - 1):

h_p
h m

h_array[j+2]

h_array[j+1]

sum_ h =h p+ hm
prod_h = h p * h m

lower_diag[j]l = (- 1) / sum_h - k * (h_p / (0.5 * prod_h * sum_h))

# Upper_diag
for m in range(N - 1):

h_p
h m

h_array [m+1]

h_array[m]

sum_ h =h p+ hm
prod_h = h p * h m

upper_diag[m] =1 / sum h - k¥ * (h_m / (0.5 * prod_h * sum_h))
# Main diag
for p in range(N):

h p = h_array[p + 1]

h m = h_array[p]
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prod_ h = h p *x hm

main_diag[p] = k / (0.5 * prod_h)

A = np.diag(main_diag) + np.diag(upper_diag, k=1) \
+ np.diag(lower_diag, k=-1)

# RHS

b = np.zeros(N)

sum_h = h_array[-1] + h_array[-2]
prod_h = h_array[-1] * h_array[-2]
h m = h_array[-2]

b[-1] = -1/ (sum_h) + (k * h m) / (0.5 * prod_h * sum_h)
approx = np.linalg.solve(A, b)
approx = np.append(approx, 1)
approx = np.append(0, approx)

return approx

def method B(grid, k):
h_array = grid_dif(grid)

N = len(grid) - 2

lower_diag = np.zeros(N - 1)

upper_diag = np.zeros(N - 1)

main_diag = np.zeros(N)

# Lower diag

for j in range(N - 1):
h_p
h m

h_array[j + 2]

h_array[j + 1]

sum_h = h p + hm
prod h = h p *x hm
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lower_diag[j] = (- h_p **x 2) / (prod_h * sum_h) \
-k *x (hp/ (0.5 % prod_h * sum_h))

# Upper_diag
for m in range(N - 1):

h_p
h m

h_array[m+1]

h_array[m]

sum_h =h p + hm
prod h = h p *x hm

upper_diag[m] = (h_m **x 2) / (prod_h * sum_h) \
-k *x (hm/ (0.5 * prod_h * sum_h))

# Main diag
for p in range(N):

h_p
h m

h_array[p + 1]

h_array[p]

sum_ h =h p+ hm
prod_ h = h p *x hm

main diag[p] = (h_p**2 - h_m**2)/ (prod_h * sum_h) \
+ k / (0.5 * prod_h)

A = np.diag(main_diag) + np.diag(upper_diag, k=1) \
+ np.diag(lower_diag, k=-1)

# RHS

b = np.zeros(N)

sum_h = h_array[-1] + h_array[-2]
prod_h = h_array[-1] * h_array[-2]
h m = h_array[-2]

b[-1] = - (h_m ** 2) / (prod_h * sum_h) \
+ (k * hm) / (0.5 % prod_h * sum_h)

approx = np.linalg.solve(A, b)

62



approx = np.append(approx, 1)

approx = np.append(0, approx)
return approx

def method FVM_CC(grid, k):
face_grid = grid
H_array = grid_dif(face_grid)

grid = np.zeros(len(grid) - 1)

for i in range(len(grid)):

grid[i] = 0.5 * (face_grid[i] + face_grid[i+1])

grid = np.append(grid, 1)

grid = np.append(0, grid)

h_array = grid_dif(grid)
N = len(grid) - 2
lower_diag = np.zeros(N - 1)
upper_diag = np.zeros(N - 1)
main_diag = np.zeros(N)
# Lower diag
for j in range(N - 1):
h m = h_array[j + 1]
H = H_array[j + 1]
lower_diag[jl = -H/ (2 * hm) -k / hm
# Upper diag
for 1 in range(N - 1):
h p = h_array[l + 1]

H = H_array[1]

upper_diag[l] =H / (2 * h.p) -k / h_p
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# Main diag

for m in range(N):
h p = h_array[m + 1]
h m = h_array[m]

H = H_array[m]

main diag[m] =H/ (2*x*hm) ~-H/ (2*hp) +k/hp+k/hn

A = np.diag(main_diag) + np.diag(upper_diag, k=1) \
+ np.diag(lower_diag, k=-1)

# RHS

b = np.zeros(N)

h p = h_array[-1]

H = H_array[-1]

b[-1] =k / hp-H/ (2 *x h_p)

approx = np.linalg.solve(A, b)
approx = np.append(approx, 1)
approx = np.append(0, approx)

return approx, grid

def method_jameson(grid, k):

face_grid = grid

grid = np.zeros(len(grid) - 1)

for i in range(len(grid)):

grid[i] = 0.5 * (face_grid[i] + face_grid[i+1])

grid = np.append(grid, 1)

grid = np.append(0, grid)

h_array = grid_dif(grid)

N = len(grid) - 2
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lower_diag = np.zeros(N - 1)
upper_diag = np.zeros(N - 1)

main_diag = np.zeros(N)

# Lower diag
for j in range(N - 1):
h m = h_array[j+1]

lower_diag[j] = - 0.5 -k / hm
# Upper_diag
for m in range(N - 1):
h_ p = h_array[m+1]
upper_diag[m] = 0.5 - k / h_p
# Main diag
for p in range(N):

h p = h_array[p + 1]
h m = h_array[p]

main_diag[p] =k * (1 / h_p + 1/ h_m)
if p == 0:
main_diag[0] += 0.5

elif p == N-1:
main_diag[-1] -= 0.5

A = np.diag(main_diag) + np.diag(upper_diag, k=1) \
+ np.diag(lower_diag, k=-1)

# RHS

b = np.zeros(N)

h p = h_array[-1]

b(-1] = -1 +k / h p

approx = np.linalg.solve(A, b)
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approx = np.append(approx, 1)

approx = np.append(0, approx)

return approx, grid, face_grid
def method_ FEM(grid, k):

# Calculate cell sizes

h_array = grid_dif(grid)

N = len(grid) - 2

lower_diag = np.zeros(N - 1)

upper_diag = np.zeros(N - 1)

main_diag = np.zeros(N)
# Main diag
for i in range(N):
h m = h_array[i]
h p = h_array[i+1]
main_diag[i] = k * (1/ h_p + 1/h_m)
# Lower diag
for j in range(N-1):
h p = h_array[j+1]
lower_diag[j] = -k / h.p - 0.5
# Upper diag
for m in range(N-1):
h p = h_array[m+1]

upper_diag[m] = -k / h_p + 0.5

A = np.diag(main_diag) + np.diag(upper_diag, k=1) \
+ np.diag(lower_diag, k=-1)

# RHS
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b = np.

zeros (N)

for 1 in range(N):

h m

= h_array[1]

h p = h_array[1+1]

b[l] = - (h_p + h_m) / 2
approx = np.linalg.solve(A, b)
# u(x) = \tilde{u} + x
approx = approx + grid[1:N+1]
approx = np.append(approx, 1)
approx = np.append(0, approx)
return approx
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