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Abstract: In this thesis the relativistic Kepler problem is discussed.
The effective Hamiltonian of the Kepler problem is written in a post-
Newtonian expansion. The transformations to get to the isotropic LRL,
amplitude and PMOOSH gauges at first post-Newtonian order are given.
It is shown that one can get to those isotropic gauges up to any arbitrary
post-Newtonian order by using a canonical transformation.
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1 Introduction

The Kepler problem is one of the classical problems of physics. In the Kepler
problem (also known as the two-body problem) there are two bodies orbiting
each other due to an attractive (gravitational) force. In classical Newtonian
mechanics, gravity is seen as an attractive central force that is inversely pro-
portional to the square distance between the two bodies and proportional to
the masses of the bodies. In this theory the force of gravity is transmitted in-
stantly: changes in the position of one body immediately affect the gravitational
force experienced by the other body. This is not compatible with the concept of
causality in (special) relativity. In order to fix this several relativistic theories of
gravity have been proposed, such as the dilaton and general relativity. Another
problem with Newton’s law of gravitation is that it could not explain the anoma-
lous precession of Mercury. The relativistic corrections of general relativity are
able to explain this anomaly[4].

In general relativity massive bodies curve spacetime according to the Ein-
stein field equations. These equations both describe the curvature of spacetime
created by matter and the geodesic trajectories followed by bodies. Another
option for a relativistic theory of gravity is to have gravity being carried by a
scalar field ¢. In order to preserve causality, the scalar field can only couple
to the metric in two ways: conformally (i.e. g, = nu.e?) and disformally (i.e.
Gy = N + 0,90, ). Combining these two coupling into one effective metric
results in the so-called Bekenstein metric [1, 6]. The disformal coupling results
in a faster fall-off of the gravitational force than 1/r2. If the bodies are orbiting
at a speed significantly lower than the speed of light, then the conformal cou-
pling gives the same gravitational force as Newtonian gravity. The relativistic
corrections given by these theories results in the orbits precessing. Conformal
coupling and general relativity predict different directions for the precession[10].
The empirical observations of the precession of mercury are better described by
GR than by conformal coupling: the precession predicted by conformal coupling
has the opposite sign as the observed anomalous precession. Although general
relativity is able to predict the precession of Mercury[4], at larger scales GR
needs dark matter to explain the rotation curves of galaxies. The dilaton can
be combined with GR to potentially explain the behaviour of the expansion of
the universe [2].

For these theories of gravity an effective hamiltonian can be created. Due to
the SO(3) symmetry of the Kepler problem the Hamiltonian can only depend
on p?, p?2 = (§-4)? and 1/r = 1/|q]. In this research project it will be shown that
under certain conditions a canonical transformation can be applied to remove
the p? dependence of the Hamiltonian, this transformation is referred to as
‘changing gauge’.

This will be done using post-Newtonian expansions (which are expansion
in terms of the small parameter 1/c?) of the Hamiltonian and the generator
of the canonical transformation. Removing the p? dependence can simplify the
Hamiltonian. The canonical transformations discussed in this research can also
be used to check whether seemingly different Hamiltonians actually result in the
same dynamics. Specifying that the Hamiltonian does not have a dependence on
p? does not fully specify the gauge. Two gauges that will be considered in this
thesis in particular are the LRL gauge and the amplitude gauge. In the LRL
gauge the Hamiltonian is written in a form that makes it easier to determine



how quickly the LRL vector changes. The LRL vector, named after Laplace,
Runge and Lenz is a vector that is preserved in the classical nonrelativistic
Kepler problem. The transformations required to get to the LRL, amplitude
and PMOOSH gauges will be explicitly determined for the first post-Newtonian
order. It will also be shown that there are canonical transformations to get to
these isotropic gauges up to any specified post-Newtonian order, which answer
the research question of whether there is a canonical transformation to get to
these isotropic gauges.



2 Hamiltonian Formalism

We will be describing the Kepler problem using the framework of Hamiltonian
mechanics, however we will first introduce Lagrangian mechanics. This section
is mainly based upon the discussion of Hamiltonian and Lagrangian mechanics
in [7, 10, 11]. One formulation of classical mechanics is Lagrangian mechanics.
Unlike Newtonian mechanics, which deals with forces, Lagrangian mechanics
works with a Lagrangian. The Lagrangian is given by

L=T-U,

where T is the kinetic energy and U the potential energy. The Lagrangian is
written in terms of generalized coordinates and their derivatives. One of the
advantages of Lagrangian mechanics over Newtonian mechanics is that the
Lagrangian can use generalized coordinates, while Newtonian mechanics only
works well with Cartesian coordinates in an inertial reference frame.

The equations of motion in the Lagrangian formalism can be derived from
the principle of least action, where the action is

5= [ cai

. The principle of least action states that the path followed by particles is a
critical point (typically a minimum) of the action.

Applying the calculus of variations to find such a critical point gives the
equations of motion:

doL oc
dt qu B aqi

(2.1)

Another formalism, the one that will be used to describe the Kepler problem,
is the Hamiltonian formalism, which works with coordinates and momenta. This
is different from the Lagrangian works with generalized coordinates and their
time derivates. For this we will first define the generalized momenta:

The generalized momenta are given by

0L
B 3611'.

pi
The Hamiltonian can be written in terms of the Lagrangian using the Leg-

endre transform [7]:
H=(Ypa)-£ (2.2)

In the Hamiltonian framework the equations of motion are given by

dqi - OH
s (23)
dpi 0H

=— 2.4
dt 8(]@ ( )



2.1 Symplectic Geometry

The phase space of the configuration of a physical system can mathematically
be described using symplectic manifold. A symplectic manifold is a manifold
equipped with a symplectic two-form, where a symplectic two-form is an anti-
symmetric two-form that is nondegenerate and closed[3].

By Darboux’s theorem the symplectic form w on a 2m-dimensional manifold
M (the nondegeneracy of w implies that M is even-dimensional) can locally be
described using coordinates p; and ¢; such that w = 27;1 dp; N\ dg;.

A Hamiltonian H : M — R is a function that induces dynamics on M
according to Hamilton’s equations. In terms of the local Darboux coordinates
these equation are given by equations 2.3 and 2.4.

For this thesis we will be considering the mechanics induced by the keplereian
hamiltonian on the phase space given by the manifold T*R3 = R? x R3.

2.2 Poisson Brackets

An important bilinear operator in classical mechanics is the Poisson bracket. It
plays a similar role in classical mechanics as the commutator does in quantum
mechanics. [11]

The Poisson bracket is given by

N

N~ 0f 09  Of 9y
tha} = ; dqi Opi  Op; 0qi (2:5)

Where the ¢;’s are (local) coordinates and the p;’s their respective generalized
momenta. The vale N is the number of degrees of freedom of the system (which
will be 3 for the Kepler problem).

The Poisson bracket satisfies various identities, namely:

linearity: {f +g,h} = {f,h} + {g,h} and {f, g+ h} = {f, 9} + {f. h}
antisymmetry: {f,g} = —{g, }

Leibniz rule: {fg,h} = f{g,h} + {f, h}g

Jacobi identity: {f,{g,h}} + {h,{f, g}} + {9,{h, f}} =0

Another important property of the Poisson bracket is that the canonical
Poisson bracket has the following value:

{ai,p;} = dij (2.6)

The Poisson bracket between two coordinates is zero and so is the Poisson
bracket between momenta:

{a6,9;} =0.{pi,p;} =0 (2.7)
Hamilton’s equations can also be written in terms of Poisson brackets:

dqi OH

T ={q;,H 2.8
i~ op; {a:, H} (2.8)
dpi OH

L = ={p;,H 2.9
7= 50 = b H) (29)



The time evolution of a function f of p, ¢ and ¢ is given as follows:

df 0f of dqz of dp;

at Z dq; dt 6p¢ dt (2.10)
B of 0H  0f 0H
B Z 0q; Op; 8pi 0q; (2'11)
:aJr{f,H} (2.12)

Therefore, if a function of p and ¢ has no explicit time dependence, then its
time evolution is given by % ={f, H}.

From equation 2.10 we can see that if some quantity f has no explicit time
dependence and Poisson commutes with the Hamiltonian, that is {f, H} = 0,
then the time derivative of that quantity is zero, hence that quantity is con-
served. This is the statement of Noether’s theorem in Hamiltonian mechanics.

2.3 Canonical Transformations

A canonical transformation is a invertible transformation of the phase space
coordinates p; and ¢; that leaves the form of Hamilton’s equations invariant
(although the Hamiltonian might change).

That is, for the transformed coordinates () and P, which are both functions
of ¢, p and possibly time we want to have some new Hamiltonian K (P, Q,t)
such that the following set of equations hold

dQ; 0K

dt P, (2.13)
dP, 0K

% = 50, (2.14)

We will be considering restricted canonical transformations, which only de-
pend on the phase space coordinates, and not on time.

The demand of that Hamilton’s equations remain invariant can also be for-
mulated in a different way using Poisson brackets: the canonical Poisson brackets
(equations 2.6 and 2.7) should remain invariant. That is

{Qi, Pj} = 0i,{Qi,Q;} = 0,{F;, P;} =0 (2.15)

where the Poisson brackets are evaluated with respect to the untransformed
coordinates.

We will first consider an infinitesimal canonical transformation and then
derive the non-infinitesimal version of it.

Suppose we have some infinitesimal transformation, with € infinitesimal given
by

¢ — Qi =q; + e (2.16)
pi = P =p;, +€B; (217)



For this transformation to be canonical we need that {Q;, P;} = d;;. Hence

{¢; + €Ai + pjeB;} ={¢ip;} + {ai, B} + €{Ai, p;} (2.18)
bij = 6ij + €{qi, Bj} + e{Ai, p;} (2.19)
{ai, B;} = {pj, Ai} (2.20)
oB;  0A;
=— 2.21
Op; dq; (221)

This can be solved by the ansatz A; = {X,¢;} and B; = {X,p;} for any X.
This yields the following transformations:

¢ = Qi =qi + e{X, q;} (2.22)
pi = P =p; +e{X,p;}, (2.23)

where X is called the generating function of the infinitesimal transforma-
tion[7]. Besides the fact that {Q;, P;} = 0;;, which is solved by the ansatz, it is
also needed that {Q;,Q;} = {P;, P;} = 0 in order for the transformation to be
canonical. Indeed,

{Qi, Q5 ={ai +e{X,qi} g + e{X, q;}} (2.24)
=1{¢, ¢} + e{ai. {X, ¢;}} + {{X, ai}, 45} (2.25)
=0+ 6(_{X7 {qj7 ql}} + {X’ {qjv QI}} + {Qia {Xv qj}} + {{X7 QZ}(’ZQJ2}6))
= —e{X, {g;,qi}} (2.27)
=0. (2.28)

A similar argument can be used to show that {P;, P;} = 0. Hence this infinites-
imal transformation is canonical.

We will define {X,-} to be a linear operator given by {X,-}f = {X, f}.
From the infinitesimal transformation one could take an ansatz that the non-
infinitesimal version is given by

1 .
¢ — ¢ +{X, ¢} + 5{){’ {(X,q:}} +...=etF g

pi = it (Xopi) + o (X (X p}} 4 = e
To show that it is in fact a canonical transformation we can parametrize it
by the parameter a € [0, 1], which gives
ai(t) = Qi(t,a) = e X g
pi(t) = Pi(t,a) = e Xty
Differentiating with respect to o (while keeping ¢, p and ¢ constant) yields

(%%)tz{X»Qi}

and




X map name
—TH ¢i(t) = @t +7),pi = pi(t+7) time translation
ap; ¢ — ¢ — adij,pi — Pi space translation
(- q) Qi = €7 °qi, pi — €p; -
0L. = 0(gops — qup2) q1 — q1cosb —qo S?H 0,p1 — p1cosf — psy S?Il 0 rotation
q2 — qo2 cosf + g1 sin 6, po — ps cos @ + py sinb

Table 2.1: Examples for X and the canonical transformation generated by
them

These equations are very similar to Hamilton’s equations, therefore this trans-
formation can be seen as flowing from the original coordinates in phase space to
new coordinates following some Hamiltonian flow given by the Poisson bracket
with X up until @ = 1. Hamiltonian flow is known to be a canonical transfor-
mation[7], but we will also show it be considering the canonical Poisson bracket:

0 0Q; OP;
. (2 P} = 717P (2 —
804{62 i} {805 j}+{Q a}

={{X,Q:}, B} +{Qi, {X, P;}}

={F;,{Qi, X}} +{Q:i. {X. P;}}

= 7{X7 {Pjan}} + {X7 {Pjan}} + {Pja {QZaX}} + {le {Xﬂ PJ}}
_{Xv {Pj’ Ql}}

= {X.{Q:, P;}}
We obtained a differential equation for {Q;, P;} with the initial condition {Q;, P;} =
{¢,pj} = d;; for o = 0. The unique solution to this equation is {Q;, P;} = d;;.
Using a similar argument it can be shown that {Q;,@,} = {P;, P;} = 0. Since
the Poisson bracket structure stays preserved the transformation is canonical.

In general any function depending on p and ¢ will transform in the same
way as the coordinates when transformed actively, namely:

Fo FH X T+ (XX ) (2.20)

The derivation of this identity is given in appendix A.l. Such an active trans-
formation amounts to replacing all instances of p’ with P and all instances of q
with Q

When the Hamiltonian is actively transformed it will transform in the fol-
lowing way:

H = K = H+ (X, H} + o (X, (X, H}} + . (2.30)

Taking the time evolution under the original Hamiltonian and then actively
transforming the coordinates is the same as first actively transforming the phase
space coordinates and then taking the time evolution under the transformed
Hamiltonian. In that sense the dynamics of this transformed Hamiltonian are
the same as the original Hamiltonian.

Another way to see this transformation is in a more passive way, here we
will consider the (transformed) Hamiltonian in terms of P and @ as the orig-
inal Hamiltonian. Rewriting this Hamiltonian in terms of p and ¢ is the same



as replacing all instances of P and @ with p and ¢ (i.e. doing the inverse ac-
tive transformation) and then performing this active transformation given by
equation 2.30.
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3 Kepler Problem

3.1 Classical Mechanics

In the Kepler problem there are two bodies orbiting each other due to the
attractive force of gravity. In classical mechanics the gravitational potential is

given by U = —%. Thus the Lagrangian is given by
1 1 Gmim
L= imlv% + §m2v§ + # (31)

Where m; and my are the masses of the bodies and vy and vo their respective
velocities. The distance between the two bodies is given by r.

This two body problem can be reduced to a problem of one body orbiting
some static point. To do this let 1 and r3 be the positions of the two masses.
Then let 7 = 75 — 7. We will work in the center of mass frame, that is R =

miri+mors — m —
7}ni+mz 2 = (0. Then 7 = —m +m2r and 75 = m1+1m2 .
1 1 Gmim
L= fmlrl + mg 2 + # (3.2)
2 2
. 2
1 mar Gmim
:ml< ) ( : >+ ma
2 mq —|— mo mi + mo r
_ 1 mym3 + m2m1’,:,2 n Gmimg (3.4)
2 (my + mg)? r
1 . G
L L T (3.5)
2mq1 +mo r
1 . Gmim
= i + %2 (3.6)

Where r is the distance between the two bodies, m; and my are the masses
of the two bodies and p = % is the reduced mass. The Lagrangian now
only depends of the distance (land its time derivative) between the bodies and
not the positions of both bodies. This Lagrangian is equivalent to the case where
we have one body of mass x in a static potential given by U = —&mm2 where
r is the distance from the body to the origin.

The Hamiltonian corresponding to this one body system is given by
p Gm1m2

H=——-——
2u T

where the canonical momentum p' = m%'.

The solutions to the equations of motion given by this Lagrangian/Hamiltonian
are conic sections [11]. The closed orbits are ellipses (which don’t precess). From
the rotational symmetry of the Hamiltonian it can be seen that the angular mo-
mentum is conserved. The energy is also conserved, as the Hamiltonian doesn’t
have explicit time dependence.

Another conserved quantity is the LRL vector, given by A= iU x L—7. It is
not immediately apparent from that Hamiltonian that this vector is conserved .
Due to this extra conserved quantity the Hamiltonian is superintegrable. The en-
ergy, combined with the angular momentum and LRL vector gives 1 +3+3 =7

11



Figure 3.1: An illustration of the LRL vector of a small body (blue) as it
orbits the origin (yellow)

conserved quantities. However these quantities are not fully independent: for
example the LRL vector is always perpendicular to the angular momentum. It
turns that there are a total of 5 independent conserved quantities in the Ke-
pler problem([7]. As 5 conserved quantities is the maximal number of conserved
quantities for a three dimensional system, the Kepler problem is maximally
superintegrable.

3.2 Post-Newtonian and Post-Minkowskian Expansion

For studying the relativistic corrections of the Kepler problem, an important
tool is the post-Newtonian expansion, which is a power series expansion in
terms of the small parameter 1/c?. The post-Newtonian expansion up to order
n, denoted by nPN, is an expansion with terms proportional to powers of (1/c?)
from (1/¢%)° up to (1/c¢*)". The OPN order accounts for the non-relativistic
terms, while higher orders account for the relativistic corrections. The post-
Newtonian expansion physically amounts to an expansion both in terms of low
velocity and a weak field.

Similar to the post-Newtonian expansion, the post-Minkowskian expansion
is also a power series expansion. However, instead of being in terms of 1/c? it
is in terms of the coupling parameter . For the Kepler problem this parameter
is given by k = Gmyma/c?. The post-Minkowskian expansion is an asymptotic
expansion for a weak field. Unlike the OPN order, the OPM order does contain
relativistic corrections pertaining to high velocities.

12



Figure 3.2: Relativistic precession of an elliptical orbit in the Kepler prob-
lem [9]

3.3 General Relativity

As was mentioned in the introduction, one of the problems with the classical
Newtonian description of gravity is that it is not compatible with special rela-
tivity. According to the classical description of gravity the force is transmitted
instantaneously. However, this transmission of information faster than the speed
of light violates causality.

In special relativity one uses spacetime coordinates z# = (ct,x,y, z). The
distance between two events z# and z* + dz* is given by ds? = Nuvdztdx”,
where 7, = diag(—1,+1,+1,+1) is the Minkowski metric.

In general relativity gravity is described using the geometry of spacetime.
One of the important principles of general relativity is the (weak) equivalence
principle, which states that gravitational and inertial mass are the same. Masses
curve spacetime according to the Einstein field equations[12]. The curvature of
spacetime is described by the metric g,,, the role of g,, in general relativity
is similar to the role of the Minkowski metric in special relativity. Sone of the
main differences between g,,, and 7,, are that g,, depends on the spacetime
coordinates and that g, is not necessarily diagonal. The distance is given by

ds® = g, datdz” (3.7)

One solution to the Einstein field equations is the Schwarschild metric, given

2GM 2GM\
ds? = — <1 _ 26 > dt® + (1 - 22 > dr® + r2(df? + sin® 0d¢?).  (3.8)

13



This metric has an asymptote at r = 2(52]‘/[ , which is called the Schwarzschild
radius. The Schwarschild metric describes the metric induced by a point particle
of mass M at the origin. The Schwarzschild radius is related to (the event
horizon of) black holes. When the distance between two masses is significantly
larger than the Schwarshild radius the gravitational attraction is typically well-
descrbied by Newtonian gravity. However, the closer the two bodies get to each
other and the faster they move the more important the relativistic corrections
become [12].

We will be using the metric signature (— 4 ++). In relativity the time is rel-
ative: different observers might not agree at which time an event occurs. There-
fore instead of parametrizing the trajectory of a particle by time, the worldline
(position and time) of the particle will be parametrized by some parameter o.
The dot indicates differentiation with respect to o. Using this we can write the
Lagrangian of the particle as

L= \/—gutHi"
and the action is given by
S = *MC/LdO’.

It turns out that the equations of motion for such a particle are precisely
the geodesic equations.

The effective Hamiltonian that describes the motion of two bodies of similar
mass orbiting each other has also been derived (equation (3.1) of [5]). Letting
v = ——t— = 2, the Hamiltonian is given as follows in the center of

1+ma2 (m1+mz2)
mass frame (up to 1PN order):

g2 f g gy (2 2—(3+ S A LY
2w o 2 v 241 VQ/M“ V2,ur 2ur? 7 ’

Unlike in the non-relativistic Newtonian theory of gravity, the LRL vector is
not conserved in GR due to these relativistic corrections. Hence the orbits can
precess, as shown in figure 3.2.

3.4 Dilaton
Another approach to get a theory of gravity that is compatible with relativity

is to have gravity being carried by a scalar field. In order to preserve causality,
the scalar field can only couple to the metric in two ways: conformally and
disformally[1]. Combining these two coupling into one effective metric yields
the Bekenstein metric:

g = )y 4D (90> upyp

— 3.10
My ) MEMZ (3.10)

Where g, is the effective metric and 7,, is the Minkowski metric. The
constants Mp and My define the mass scales. The functions C and D determine
the conformal and disformal coupling. For the dilaton we consider the conformal

coupling for a field ¢ that induces an effective metric of

2a¢p

Guv =€ "My (3.11)

14



The Lagrangian of the field itself is given by £ = —2(0¢)?, while the La-
grangian of a point mass is given by [10]

L= %me%“’nm@“i” - % (3.12)

To solve this we consider the situation where there is one heavy mass that
determines the metric and one light mass orbiting the heavy mass. The heavy
mass remains stationary.

The equation of motion for the field ¢ is given by 9,,0"¢ = 0 everywhere
except at the origin. The field ¢, which solves this equation of motion is given
by

Y= s (3.13)
where M is the mass of the heavy particle located at the origin.

We will parametrize the worldline of the small massed particle using it’s
proper time, this gives ¢ = 1. The Lagrangian becomes

1 2a TN m
L= 5me Nt — 5
1
= 5meQ‘W(—l +atat + 2237 + i333) — 5

We can then approximate this Lagrangian up to some post-Newtonian order
and derive the corresponding Hamiltonian. A more general approach where the
effective one body (EOB) Hamiltonian is derived for two orbiting bodies of a
potentially similar mass and a more general scalar-tensor theory of gravity is
given in [8].

Similar to the case of general relativity the orbits precess. Although the direc-
tion of precession given by the dilaton is opposite of the direction of precession
predicted by GR.

3.5 General form of Hamiltonian

If one of the masses in the Kepler problem is significantly larger than the other,
then the position of the larger mass can be considered to stationary at the
origin. The smaller mass will orbit the larger mass. In the centre of mass frame,
due to rotational symmetry|[6, 10], the Hamiltonian of the two-body system can
then be written in terms of p?, p? and 1/r, where p is the momentum, p, = ’%‘?
is the radial component of momentum and r is the distance between the two
bodies. The Hamiltonian of this system can thus be written as the following

post-Newtonian expansion:

2 a 2 b n
_ 2 Z b p Py K
H=ne s (2u262> (2u202> (ucm> ' (3149

a,b,n>0

The post-Newtonian order of each term is given by a+b+n—1. We will define
the quantity a+b+n to be the degree of each term. The post-Minkowskian order
of each term is given by n. Later on we will show that under certain conditions a
transformation can be applied to remove the p, dependence of the Hamiltonian.

For example for classical Newtonian gravity the coefficients are given by
Kk = Gmimg2, Hé’o =1, H?’O = —1 and all other coefficients of the Hamiltonian
are zero.

15



4 Isotropic Gauges

In an isotropic gauge the Hamiltonian does not depend on p?, i.e. H*®* = 0
for b > 0. The name ’isotropic gauge’ seems to be coined by [6]. One potential
reasoning why these gauges are called isotropic is that in an isotropic gauge the
Hamiltonian only depends on the norms of the vectors p and ¢, while the p,
dependence also depends on the relative orientation of p and ¢q. Thus there is no
dependence on the directions of p'and ¢. One of the major advantages of isotropic
gauges is that the number of terms in the PN expansion of the Hamiltonian is
significantly reduced. In a general non-isotropic gauge the number of terms of
the Hamiltonian up to PN is of order 23 while in an isotropic gauge the number
is of order x2. In general relativity the word gauge is often used to describe a
choice of coordinates, these choices of coordinates can be related to the original
coordinates via a canonical transformation.

As we have seen in section 3.5 the Hamiltonian has the following form when
written as a PN expansion:

H=p > HTY (4.1)
a,b,n>0

2u? 22 ur

It will be shown that a certain X can generate a transformation that Kkills
the terms depending on p? up to any specified order, thus creating a gauge
that is isotropic up to that order. This will be done by writing X as a power
series, going order by order, setting the coefficients of X to kill the terms of H
that have order that is one higher. It will turn out that there remains one free
parameter left at each order. This parameter can be varied to get to different
isotropic gauges, such as the amplitude and LRL gauges. But first, we will define
these specific isotropic gauges.

2\ Q@ 2\ b n
Where Tﬁ’b:<p ) (p"> (”) and we once again take ¢ = 1.

4.1 LRL gauge

In the LRL gauge the Hamiltonian is written in the following form:

oo ¥ ()

0<n#1,a>0

Where Hy = 2”—22 — % is the classical Newtonian Hamiltonian for the Kepler
problem and h{ are the coefficients of the LRL gauge. Note that the superscript
a in h$ is a label, it is not the ath power of h,,.

In the classical Kepler problem the LRL vector is conserved. Therefore the
Poisson bracket of the LRL vector with Hy is {A, Hy} = 0. By the Leibniz
rule we can derive that all higher powers of Hy also Poisson commute with the
LRL vector.

In this gauge the lowest order terms with which the LRL vector doesn’t Pois-
son commute have post-Minkowskian order 2 , unlike in the general case where
one could have order 1 terms that don’t Poisson commute with the LRL vec-
tor. This gauge is hence useful for analysing the conservation of the LRL vector,
since the rate of change in the LRL vector, which is given by the Poisson bracket

16



between the LRL vector and the Hamiltonian is of a larger post-Minkowskian
order than it would be in other isotropic gauges.

Because this Hamiltonian in LRL gauge is written in terms of powers of
Hy instead of powers of p? it is harder to compare to the general Hamiltonian
given by equation 4.1. When we remove the n # 1 restriction from the sum
we can write any isotropic gauge in such a form. For any PN order x — 1 we
pick A% = H2°, then h*~! is picked such that the coefficient of H*~! matches.
We repeat this process until we reach the coefficient h2. This way all of the
coeflicients of the LRL gauge can be derived from an isotropic Hamiltonian.

However in the LRL gauge there is no h{ ! coefficient, hence we need that
after setting hJ = % there should be no remaining H]1 % term. Expanding
hE(HpN)® we see that it is needed that the coefficient Hy ~"* = —zhg = —aHy"°.

This is the extra condition of the coefficients of H that is required for the LRL
gauge, besides H** =0 for b > 0.

4.2 Amplitude gauge

In the amplitude gauge the coefficients are chosen such that they correspond
to the results given by amplitude analysis. In amplitude analysis Feynman dia-
grams are used to determine scattering amplitudes, from which the coefficients
of the Hamiltonian can be deduced[6]. The terms involving only p?, hence corre-
sponding to the kinetic energy, should be the same as what is obtained through
special relativity and amplitude analysis, that is,

H= \/p +m2+\/p +mi+p Z v(“)( > (K>n (4.2)

n>1,a>0 mr
2 a K n
= <m1 +ma + = (1/m1 +1/my)p? g(l/m? +1/m3)p* + > +poy ol <;2> (>
n>1,a>0 K wr
(4.3)
2 2 2 a n
p- 1 1% P V(@ ( ) ( K )
= +m)+ E —cp(1-3—E ) (2 + —
<( 1 ? 2u 2:“( m +m2) <2H2> ) Mn>§>0 mr
(4.4)

Comparing this to equation 4.1, we see that for the amplitude gauge the extra
condition is that H 0 agrees with the power series expansion of the kinetic term.

4.3 PMOOSH gauge

Another possible choice of gauge is the PMOOSH (Post-Minkowskian Order
One Seperable Hamiltonian) gauge. In this gauge there are no (p*)"/r terms
for n > 0. For this gauge in the limit of low coupling, that is at 1PM order, the
Hamiltonian can be separated into a sum of a kinetic term T'(p?) only depending
on p? and a potential term depending on 1/r. This causes the time derivative
of momentum to only depend on position and the time derivative of position to
only depend on momentum. In equation form the Hamiltonian looks like

H=Tp)+ Y ne <2p;>a (;)n (4.5)

0<n#1,a>0
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Comparing this equation with the general Hamiltonian in section 3.5 we
see that the coefficients Hg’o are accounted for in the kinetic term T'(p?). The
coefficients of the form H®Y are given by he. All of the other coefficients of the
general Hamiltonian need to be zero when written in this gauge.

4.4 Transforming to Isotropic Gauges

We will assume that H v =0ifb> 0. Physically this corresponds to the Hamil-
tonian not depending on p? in the limit as 7 — oo or k — 0. This is necessary
to ensure that the Hamiltonian reduces to the special relativistic Hamiltonian
when there is no gravitational influence. Without this condition particles won’t
move in a straight path in the limit of no gravitational coupling. Moreover the
coefficients Hi? and HY° should be non-zero, just like in the classical Kepler
problem. Since the addition of a constant does not affect the dynamics induced
by the Hamiltonian we can take HJ° to be any value we want. Multiplying the
Hamiltonian by a constant also doesn’t change the nature of the dynamics, it
only affects the speed, therefore we can multiply the Hamiltonian by a constant
to set H}" = 1. The value of % can then be chosen to make sure that HY = —1.
Using these three transformations we can ensure that the Hamiltonian is the
same as the classical Hamiltonian up to 0PN order.

We will take X to be in a similar form as H, where in order to make the
following calculations easier we take e3° = 0. This gives:

X= Y etTep-q (4.6)
a,b,n>0

To determine the transformed Hamiltonian given by equation 2.30 we need
to evaluate {X, H}. Substituting the definition of X (equation 4.6) and the
expansion of H given by equation 4.1 into {X, H} and applying the linearity
of the Poisson bracket we get that we need to evaluate the following family of
Poisson brackets:

2 a 2 b n 2 d 2 e m
€ah s Pr RA S q, H%e P Pr il b=
2u? 2u? pr 2u? 2u? pr

p2 a+d p2 bte K ntm
=ei P HL((2b +1)(2d + 26 + m) — 2e(2a + 2b + n)) <> ( ) (>
ur

22 22

2\ atd—1 2 \ btetl n+m
— 26V HE((2b + n)d — a(2 L. Dr =
(2 + n)d — atze +m) (£ - -

=en H (A T i e 4 B be e
Where AZY®e = ((2b + 1)(2d + 2e + m) — 2¢(2a + 2b + n)) and Bgbde =
—2((2b + n)d — a(2e +m))

Note that the post-Minskowian order of this Poisson bracket is n+ m, which
is the sum of the post-Minskowskian orders of the two terms. The degree of the
result of the Poisson bracket is equal to the sum of the degrees of the two degrees.
This power counting property will become important later on, since it can be
used to determine which terms could occur at each order in the transformed
Hamiltonian.
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4.5 Transformations at 1PN

In this subsection the transformation of the coefficients of H up to first post-
Newtonian order will be considered. We will then use these transformations to
transform the Hamiltonian into an isotropic form.

Since X only has terms of degree at least one and the degree of the result of
the Poisson bracket of two terms described in equation 4.7 is the sum of the two
degrees, it can be deduced that taking the Poisson bracket with X increasing the
degree by (at least) one. Moreover since HJ°T{° Poisson commutes with X, we
have that the degree of the term of smallest degree of {X, H} is 2, {X,{X,H}}
only has terms of degree at least 3, {X,{X,{X, H}}} has degree at least 4.

Because of these reasons, we have that to first order, which includes terms
up to second degree, we only have to consider the first two terms of the trans-
formation of the Hamiltonian, that is H — H + {X, H}.

We can write the transformed Hamiltonian in a similar form as the original
Hamiltonian, but with different coefficients that depend on the coefficients of
the original Hamiltonian and X, which the generator of the transformation.
Thus we are effectively redefining the coefficients of the Hamiltonian. These new
(redefined) coefficients are the coefficients in the expansion of the transformed
Hamiltonian.

Expanding the Hamiltonian to first order and X up to first degree and
then evaluating the Poisson bracket using equation 4.7 we find the following
transformations of the coefficients of the Hamiltonian, where the last 6 equations
are the transformations of the 1PN coefficients:

HY? — HY?
HY - g)?
HY' — HY'
O (
HEO 5 HYO 4 B0 (
HY' = HYY = 2H Q0 1 3H) 0t + 2H) e ” (
HY? = Hy? +2H) et — 4H) )t + 4H) e ° (
H? = H 4+ 2H 90 + HY ¢ ° (4.14
HY' = HY' +6HY et —2H 0 (

(

(

2,0 2,0 1,0 1,0
Hy" — Hy" +2Hy e,

It can be seen that the terms of the Hamiltonian up to OPN order remain
invariant under this transformation. By taking into account the assumption
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that Hy Y= 0ifb> 0 we can simplify the other redefinitions to the following:

H00—>H00+H0000 ( )
HY = HY —2H 00 4 3HY ) + 2H € ° (4.19)
HO 2 N 4H1 ,0 O 1 ( )
H"Y — H + QHS’OE%O + HY ep? (4.21)
Hy'' — +6H) ! (4.22)
H? — H® 4+ 2H) €)° (4.23)

(4.24)

In order to not regenerate any p, dependence, that is to make sure that the
terms of the Hamiltonian that we assumed were zero remain zero, we need that
€l = 0, leaving us with the following redefinitions:

1Y 5 B 4+ 000 (
HY' = B —2H 00 L o0 0 (4.26
HYO 5 HYO 4 9HIOD0 - HO0KL0 (
H® — H + 2Hy %y (
To remove the p, dependence the HY! coefficient should become 0, thus we need
H?’l — 2H3’Oe(1)’0 + 2H10 Oeé ¥ %o be zero.
Since there are two free variables (e} and €}°) and only one equation there

is still some residual freedom; this freedom can be used to get to the specific
isotropic gauges we discussed earlier.

4.5.1 LRL Gauge
At first order the Hamiltonian in the LRL gauge should be of the form

2
H/u=hiHyx +h3(Hy)? + h9 (:;) (4.29)
(Y g (Y e (2 () (~ +(R2+hY) (= i
— 0 2,“4 0 ur 0 2,[14 0 2/1/ /I/r 0 2 ,L“n
(4.30)

To get to this form We need H10 = —H00 —2H20 H10 nd H01 = 0.
The first equation H 0= —H0 0" is satlsﬁed because in section 3.5 we took
the Hamiltonian to be the same as the classical Kepler Hamiltonian up to 0PN
order. The other two equations can be satisfied by setting the parameters of X
accordingly.

To get to this form in first order H{® + 2H3? needs to be to zero by using
the residual freedom. Explicitly this means that

HY! N ot N —2H,"° 2HYO] [€)°
H}? +2H" H® +2H2° 2H)? +2HY  HYO | |&)°
o
~ o
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The solution to this linear system of equations gives the values of the parameters
0,0

€, and 6(1)’0 that are required to get to the LRL gauge
2o Y [ R Y
e’ T [2H)? +2H)?  HY H® 4+ 2H}

~ [-2 217" B
T lo =1 |H4+2H2C

1[H) —2H] " —4H}®
2| 2H!®+4H}®

4.5.2 Amplitude Gauge

To get to this gauge in 1PN, we need to set 6(1)’0 to the value such that the
Hy coefficient attains the correct value of —3(1 = 3—£—). Then the other
1+m2
10 _ —HOlp2H10L00
Uy

. 1
parameter needs to be € in order to set H\"' to zero.

4.5.3 PMOOSH Gauge
Therefore to get to this gauge at first order it is needed that H 11 0 0. Hence,

0,1 1,0
0,0 _ H," —2H,

€ : 4.31
1 6HIO (4.31)
O +H1,0
1,0 1 1
=1 1 4.32
0 SH00 (4.32)
FOO (01 _ oprl0
HS’O . HS,O + 1 ( 1 - 1 )) (433)
6H,
HY'' =0, (4.34)
H'Y =0, (4.35)
o( OV & L0y g 10
HY - H® - (Hy + - )Hq . (4.36)
3HY

4.6 Higher orders

In this subsection it will be shown that there exists a transformation given by
X that can be used to go to an isotropic gauge at every order. In particular we
will first consider how to get to the amplitude gauge at every PN order.

The approach we will take to remove the p? dependence is to work order
by order. We will use terms of X of degree z to remove the p? terms of H
that have degree x + 1. Therefore for each degree we are only interested in the
coefficients €% with a + b +n = =, this is because we have already used the
epsilons corresponding to terms of lower degree to cancel the lower order terms
of the Hamiltonian. The terms of X of degree x + 1 ar higher do not affect
the transformation of the degree x terms of the Hamiltonian due to the degree
summing property of equation 4.7.

The transformed Hamiltonian, given by equation 2.30 contains infinitely
many terms, starting with H + {X, H} + 3;{X,{X, H}} + .... For each order we
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only care about the {X, H} term, because it contains terms of X with param-
eters €2 of the highest order. The other nested Poisson brackets will contain
terms that are products of multiple €’s, whose sum is limited to the same value
as the single € occurring in terms of { X, H}, therefore the order of each epsilon
is lower and thus already used to cancel terms of lower order. We can see the
more nested Poisson brackets as a constant, since the parameters defining it
have already been defined when working order by order.

By linearity of the Poisson bracket we can determine the {X, H} term of the
transformed Hamiltonian as follows

{X, H}

Z G:zl,bT;Lz,bﬁ_ ‘j; Z Hﬁlﬂ,enge

a,b,n>0 d,e,m>0

S etHE T TE )

a,b,n>0d,e,m>0

It is now possible to apply equation 4.7 to this equation. Then we can rearrange
the sum. To decrease the amount of edge cases we will be defining e* = H? =
0 for negative indices, i.e. a <0V b <0V n < 0. This gives the following:

_ E E a,b rrd,e pa,b,d,eqa+d,b+e
{X7H}* €n Hm An,m Tn+nl

a,b,n>0d,e,m>0

E E a,b rrd,e pa,b,d,eqa+d—1,b+e+1
+ €n Hm Bn,m Tn+m
a,b,n>0d,e,m>0

_ a,b ryg—a,h—b qa,b,g—a,h—brng,h
- § : E : €n Hl—n An,l—n Tl
9,h,1>0a,b,n>0

a,b rrg—a+1,h—b—1 pa,b,g—a+1,h—b—1pg,h
Y atHr B T,

n,l—n
g,h,0>0a,b,n>0

— Tylg,h Ga’b (ng—a,h—bAa,b,g—a,h—b + ng—a—o—l,h—b—1Ba,b,g—a+1,h—b—l
z : § : n —-n —-n

n,l—n n,d—n
g,h,1>0 a,b,n>0
g,h 70,0 49,h,0,0 g—1,h r71,0 4 9g—1,h,0,0
Z g € AT e H T AL
: B ~ B ~ .
g+1,h—1 770,0 pg+1,k—1,0,0 , g,h—1771,0 pg,h—1,1,0
g,h1>0 te Hy" B’y +e" Hy By +..)

For the last equality the highest order terms of € were singled out. This
€2 of high order occurs when the Hamiltonian constant corresponds to the
term of the lowest order, i.e. Hy" and H{"°. There is no HJ"' term, because
we assumed Hg "1 — (. The reason for this is that when working order by order
we will always use these high order epsilons to fix the coefficients of H, as we
have already used the lower order terms of X to fix the lower order terms of H.
Applying this equation to the equation of the transformed Hamiltonian we get
that the coefficients of the Hamiltonian transform as follows:
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H®" — H®" +lower order terms of X

+ Ai,b,l()l(J ;LLblHO ,0 + Aa—l,b,l,O afl,le,O (437)
a+1,b—1,0,0 a+1b 1 ab 1,1,0 ab 1y771,0
B, 11 H + B, H,

= H®" + lower order terms of X
+ (26 + 1)’ HPO 4 2(20 4 1)ea 1 P (4.38)
+2(a+ 1) HYY —2(2(b — 1) 4+ n)e@t 1 HYO

To not regenerate p, dependence that doesn’t decay with 1/r it suffices to
set eg’b = 0 for b > 0. To see this we must once again consider equation 4.7.
For this Poisson bracket to give rise to a term Ty " with k> 0 we need that
n 4+ m = 0, hence n and m are both zero. By assumption we also have that
Hd “=0fore>0and e = 0 for b > 0. Hence to have a non-zero coefficient
we also need both b and e to be 0. If b and e are both zero then the T4 %0T¢

n+m
term of equation 4.7 will not regenerate terms of the form T " with h > 0. The
only possibility for such a term to arise would be due to the Tﬁiﬁl Lotet] torm.

However its associated coefficient Bz;i’ﬁd’e =0 when b =n =e =m = 0. Thus
when €5 = 0 for b > 0 and H® = 0 for e > 0, the Poisson bracket between X
and H, given by {X, H} will not contain terms of the form Tg’h with h > 0.

We have made no specific assumptions about H, except that it can be written
like equation 4.1 with Hg’e = 0 for e > 0, that is, it has no terms of the form

¢ for e > 0. Thus that argument will also work for anything of such a form,
for example take O = Za,b,n>0 0270 with Og’b =0 for b > 0. We can apply
the same argument as in the previous paragraph to show that {X, O} also does
not contain terms of the form Tg’e for e > 0.

We can use induction to show that the nth Poisson bracket of X with H
does not contain terms of the form Tg’e for e > 0. The base case (n = 0) is true
by the assumption that Hg " = 0 for e > 0. For the induction step we can let O
be the nth Poisson bracket with X of H, that is O = {X,-}"H and we assume
that O does not contain terms of the form Tg “ for e > 0. By the previous
paragraph we see that {X,0} = {X,-}""1H also does not contain terms of the
form Tod ' for e > 0. Thus by induction all nested Poisson brackets of X with
H do not contain such terms. Hence the transformed Hamiltonian also doesn’t
have those terms. This completes the proof that it suffices to have eg’b =0 to
not regenerate p, dependence.

4.6.1 Number of coefficients and parameters

We will now compare the number of available coefficients of X to the number
of terms in the Hamiltonian that need to be killed.

The number of terms in H of order z is (’C;Z); the number of ways to put x
indistinguishable ball into 3 distinguishable bins, with each bin having a non-
negative integer number of balls. This can be derived using a stars and bars
argument.

There are = + 1 terms with n = 0, one of those only has p? dependence and

the other terms all have p? dependence therefore there are  terms of H that are
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excluded due to having p2 but not 1/r. There are also = + 1 terms with b = 0.

There are hence (’”;‘2) —x—(r+1)=(z+2)(x+1)/2—-20—-1=2%/2—2/2
terms in H that are relevant.

The number of terms X of order x — 1 is (I;rl), and number of terms that
are excluded (to not regenerate p? dependence) is z — 1.

We have z(zx +1)/2 — 2+ 1 = 2?/2 — 2/2 + 1 available terms in X and
(P —z-(@+1) =(+2)(z+1)/2-22—1=2%/2— /2 terms to kill.
There is one more available term in X than the number of terms to kill, thus at
each order we have one residual degree of freedom assuming that the available
terms in X are independent. This one residual degree of freedom at each order
is precisely what is needed to get to the specific isotropic gauges. However, it
still needs to be shown that the available parameters act independently, which
we will do next.

4.6.2 Amplitude Gauge

We can write the linear part of the transformation as a matrix. The claim we
want to prove is that if we order the coefficients of H that need to become zero
in increasing order b primarily (and increasing order a is b-values are the same)
and add the coefficient that needs to be set for the amplitude gauge (Hj ’0) at
the transition from b =1 to b = 2 (since this coefficient is quite different from
the other ones it is marked blue) then the resulting matrix becomes upper-

triangular.
For example for the first few post-Newtonian orders we have that
1PN:
H! H)? —2Hy° 2H)O] [0
— 4.39
[Hg,o H2O + 0 210 [l (4.39)
2PN:
Hy' Hy'
1,1 1,1
g:?,o — g(};,,o + lower order terms X (4.40)
HEQ H?Q
—4Hy?  2H)? 0 3H?] [&°
Lo —2H" 4HY?  6H,C | | (4.41)
0 0 2H,° 0 e’ '
0 0 0 —6Hy?] [)7
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3PN:

(H' ] [H]
H21,1 H21’1
H>' H!
Hg’o — Hg’o + lower order terms X (4.42)
HS’Q HS’2
H}? H}?
i R Pt
[—6H," 2H)" 0 0  3H)? 0 0 ]
0 —4Hy?  4H?® 0 6Hy®  3HY? 0
0 0 —2H," 6H)? 0 6H," 0
+1 0 0 0 2H," 0 0 0
0 0 0 0 —8Hy® 2HY"  5H)?
0 0 0 0 0  —6H," 10H,"
| 0 0 0 0 0 0 —10Hy"|
(4.43)
. L . {1 if P
We will define the indicator function 1(P) = . for any propo-
0 otherwise

sition P. The coefficients of the Hamiltonian H®® (except Hff"o) in the column

vector satisfy a + b+ n = x, where x — 1 is the post-Newtonian order,

b >0,

and n > 0. The position of each coefficient H®? (except Hy) in the column

vector is given by the following function:

f{(a,b,n) | (a,b,n) € Z8g,a+b+n=1x,b>0,n>0} = Zxg
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fla,b,n) : = 1(HT® comes before H?)
+ Z 1(Hz,/’bl needs to be set to zero and comes before H)

a’+b'+n'=x

1(b > 1) +Z S MY >0AR >0AW <bV (Y =bAd <a))

=0a’'+n'=xz—b’
b xz—b—1
1(b>1) +Z Z bV <bv (b =bAd <a))
=1 a'=
b x— b'—l
1(b>1) +Z Z +1(t' =bAnd <a)
=1 a’
b xz—b -1 b x—b—1
1b>1)+ > Z +3° > 1 =brd <a)
b=1 o b=1 a’'=0
b—1z—b'—1 x—
=1b>1)+ Z 1+Z (d' < a)
b'=1 a'=
— at+n—1
:1(b>1)+2(m—b’)+ > 1 <a)
b'=1 a’=0
b—1
1(b> 1) +Zx—Zb’+Zl
b=1 b=1 a’=0
:(b—l)x—b(b27_1)+a+1(b>1)

The position of Hg’o is after Hf_2’1, hence given by f(xr—2,1,1)+1=2—1.
The coefficients €2® satisfy a +b+n =z — 1, and (b= 0 or n > 0). For the
position of €2? we have that it is given by the function g:

g:{(a,b,n)|(a,b,n)EZ?’EO/\a—&—b—Fn:x—l/\(b:O\/n>O)}—>Zzo

’ b/
g(a,b,n) := E 1(e%,” comes before %)
a’+b'4+n'=x—1

_Z oo W' =0va' >0)AW <bV( =bAd <a))

=0a’4+n'=z—b'—1
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We will first consider the case b = 0, in this case we have that

g(a, Z S W =0va' >0 AW <0V =0Ad <a))

=0a’+n'=z—b'—1

_Z Z 1V =0A(n" >0Vd <a))

=0a’'4+n'=x—b'—1

Z 1(n'>0Vvad <a)

a’'+n'=z—1

r—1
d lz—1-a'>0Vvd <a)

a’=0

a—1

= Z Iz —1>ad)
e

= Z 1
a’=0

=a

For the b > 0 case we have that

! b/
gla,b,n) := E 1(€2” comes before €?)
a’+b/4+n'=x—1

—Z oo W' =0va' >0)AW <bV(l =bAd <a))

=0a’4+n'=z—b'—1

:Z oUW AW <bV( =brd <a))

b/'=1a’+n'=z—b'—1
+ Z 1(0<bV(0=bAd <a))

a’+n'=x—1
r xz—b -2

=> Z V<bv(t =bAd <a)+ Y 1
b'=1 a’ a’+n'=x—1
b—1 b’ —2 b—2

Yy sz (@ <a)
b'=1 a’=0

:ixfb'fl a§21(a/<a)+x
b'=1 a’=0

=0b-1)(z-1) Zb'—i—a—f—x

b=1
::c—I—(b—l)(:r—l)—b(b;l)—i—a
+(b71)(x—1)fb(b;1)+a71+1(b>0)
:b(m—l)—b(b;1)+a+l(b>0)
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Combining these two cases we get that for any b the function g is given by

g(ab,n) = bz — 1) - =)

+a+1(b>0) (4.44)

We want to show that the matrix is upper-triangular, for this we need that
for all non-zero entries in the matrix the index of the column should be greater or
equal to the index of the row. We will first show this for the rows corresponding
to the ’anisotropic coefficients’. Considering equation 4.38 we see that we want
the following four inequalities to hold whenever the arguments of the functions
are in their domain:

fla,b,n) < g(a,by,n—1) (4.45)
fla,b,n) < g(a,b—1,n) (4.46)
fla,b,n) <gla+1,b—1,n—1) (4.47)
f(avbv n) < g(a - 17b7 n) (448)

We will now prove that those four inequalities hold:
f(a,b,n):bx—x—b(b_l)+a+1(b>1) (4.49)
gbx—(b—2)fb(b;1)+a+1(b>1) (4.50)
<br—b— b(b;I) +a (4.51)
<gla,b,n—1) (4.52)
f(a,b,n):bx—x—b(b_l)—|—a+1(b>1) (4.53)
:(b—1)x—(b_Z)(b_;)”(b_l)+a+1(b>1) (4.54)
:(b—1)x—(b—1)—%2(b_l)+a+1(b—1>0) (4.55)
=g(a,b—1,n) (4.56)
<gla+1,b—1,n—1) (4.57)
f(a,b,n):bx—x—b(b_l)+a+1(b>1) (4.58)
:bxf(zq)—b(b*l)+a71+1(b>1) (4.59)
:bx—(a+b+n—1)—@+a—1+1(b>1) (4.60)
:bx—b—b<b2_1)+a—1+(1(b>1)—a—n—1) (4.61)
S L Chult) B VA (4.62)
=g(la—1,b,n) (4.63)



The row corresponding to Hy 0 can be derived from its transformation given
by equation 4.38:

Hg’o — Hg’o + lower order terms of X + 263_1701{01’0.

The non-zero entry on this row will have position g(x — 1,0,0) = x — 1 which
is the same as the position of the row of Hy 0 Thus this row also follows the
upper-triangular structure of the matrix.

The other entries along the diagonal, that are on the rows corresponding to
the anisotropic coefficients, are also non-zero. Since f(a,b,n) = g(a,b—1,n), the
entries along the diagonal that are on the row of H%? are at the position cor-
responding to the column of €2*~1. The value of these diagonal coefficients are
given by 2(2(b— 1) +n)H}Y, which is non-zero, because b and n are positive and
H}Y is non-zero. This completes the proof that the matrix is upper-triangular
with non-zero diagonal entries. Therefore the matrix has full rank. Thus the
parameters of X can be tuned to set the non-isotropic coefficients of the Hamil-
tonian to zero and get to the amplitude gauge.

4.6.3 LRL and PMOOSH gauges

A similar technique as what was used for the amplitude gauge can be used
to show the existence of the LRL and PMOOSH gauges at higher orders. For
the PMOOSH gauge we want to set Hffl’o to zero, while for the LRL gauge
the linear combination Hffl’o + ng’O needs to be set to zero. Replacing the
coefficient Hjy ¥ with one of these linear combinations of coefficients will result
in a matrix that is almost upper-triangular: on the row corresponding to Hy -L.0
or Hi 7Y 4 2HY there is one entry one position to the left of the diagonal.
By applying a row operation (adding a multiple of another row to this row)
the matrix can be brought into upper-triangular form without affecting it’s
invertibility. If all of the entries on the diagonal are non-zero after this row
addition (this will be shown later on), then the matrix is invertible and hence
the LRL and PMOOSH gauges exist.

To be a bit more concrete for the 3PN PMOOSH gauge the following trans-
formation is of importance:

(a2 [H]
Hy' Hy'
H>! H>!
HY'| — | H}Y| + lower order terms X (4.64)
HY? HY?
H}? H}?
_H(1)’3_ _Hi),g_
[—6H,  2H)’ 0 0 3HM 0 0
0 —4Hy?  4HY® 0 6Hy®  3HY? 0
0 0 —2H,° 6H? 0 6H," 0
+1 0 0 2H"  1H? 0 0 0
0 0 0 0 —8H)® 2HY®  5H
0 0 0 0 0  —6H," 10H,"°
| 0 0 0 0 0 0  —10H,"]




The entry that prevents the matrix from being upper-triangular is coloured red.
By adding the third row to the fourth row the matrix can be made upper-
triangular with a non-zero diagonal.

For the PMOOSH and LRL gauges we want to set some linear combination
of HY® and HY™"? to zero at every PN order # — 1. We have already shown
that this possible up to 1PN order, now will will show it for 2PN and above,
hence we consider z > 3. In general the rows corresponding to HY 2! and
MHT? + MHE " are given by the transformations

H{ " = HY " 4 lower order terms of X + 6¢]~ > Hy* + 2(x — 1)l " H)® — 2677201, °
HY? — HY° + lower order terms of X + 2¢5~ " Hy”
HI Y0 o HPYO 4 lower order terms of X + ef " HYY 4 2720,

This results in to following two rows corresponding to Hf72’1 and Ang’O +

r—1,1,
A HEHY,

r—2,1 r—2,1
0 ] [ \ 0 + lower order terms X

MHP? + N HY M VHE? 4 N HY !

R _QHé’O g(x_l)H?’O 6Hé’0 U I
W H Y 22X HY  + N HY? -0

By adding a multiple of Ay of the row corresponding to Hf_Q’l to the row
corresponding to A\; Hy'" + Ao Hy "' the matrix (with all the rows, like in the
proof for the amplitude gauge) can be brought to upper-triangular form. The
diagonal element of the row corresponding to A Hy® + Ao Hy "' then becomes
IMHYO 4 (22 — 1)AHYP.

For the PMOOSH gauge we have Ay = 0 and Ay = 1. This results in the
diagonal element (2z —1)H ? 0 which is non-zero for integer values of z. For the
LRL gauge we have \; = 1, Ay = z, Hé’o =1, and H?’O = —1. This results in
a value of 2 — (2z — 1)z = —222 + x + 2 on the diagonal. For integer values of
x this is also non-zero. Thus for the LRL and PMOOSH gauges the matrix is
also invertible at every order. Hence the parameters of X can be chosen to go
to those gauges.
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5 Conclusions

The Kepler problem can have relativistic corrections according to several theo-
ries, such as general relativity, but also via conformal coupling of a scalar field.
The effective Hamiltonian for these theories can be written as a post-Newtonian
expansion in terms of the parameters p?, p2 and 1/r. A canonical transforma-
tion can then be used to transform this Hamiltonian into a form that does not
depend on p?.

There are several possibilities for these so-called isotropic gauges, where the
Hamiltonian doesn’t depend on p2: for example one can take the amplitude
gauge, the LRL gauge or the PMOOSH gauge. In the amplitude gauge the
terms in the expansion of the Hamiltonian that only depend on p? correspond
with the expression for kinetic energy in special relativity. When a Hamiltonian
is written in this gauge it can easily be compared to a Hamiltonian derived
using scattering amplitudes. In the LRL gauge the terms that cause the non-
conservation of the LRL vector have a post-Minkowskian order of at least 2.
This makes this gauge useful for analysing precession of orbits. When an orbit
precesses the LRL vector also changes direction. If the coefficients in front of all
those terms are then the LRL vector stays conserved. In the PMOOSH gauge
at 1PM order the Hamiltonian is separable, that is, it can be written as a sum
of a kinetic term depending on momentum and a potential terms depending of
position.

The transformations to get to these gauges up to any post-Newtonian order
have been shown to exist for the amplitude, LRL, and PMOOSH gauges. This
was done by working order by order and showing that the coefficients of X
affect the coefficients of H that need to be set to a specific value in a linearly
independent way.

These isotropic gauges can be used to reduce the number of terms in the post-
Newtonian expansion of the Hamiltonian. They can also be used to compare two
seemingly different Hamiltonians by writing them in the same gauge. Further
research could be done to come up with a more insightful reasoning behind the
existence of these gauges and provide necessary conditions for the existence of
certain isotropic gauges.
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A Appendix

A.1 Active Transformation of Function

This is a derivation of equation 2.29 using the chain rule

of _[of of oQ af oP
(&)m@—legp+@wlﬁpﬂm)+ﬂwl@Qﬁm) (A1)

=0+ (gg;>t,o¢,P {X,Q}+ (glji) oo {X, P} (A.2)

([ Of 0X 0Q 90X 0Q af 0X oP 0XJP

—<mﬁmf(@aq‘mum>+ﬁwl%Q@mmfwﬁaJ
(A.3)

X ((01) 00 (26y 0P) oX (o) 0a(or)
g oQ tap dq oP tonQ Op Op oQ top Jq oP ¢,

(A.4)
_oxop axos
~ dq Op  9p Oq (A.5)
={X, f} (A.6)

Thus f — elX}f
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B Appendix 2
B.1 Derivation of Equation 4.7

We will first consider the following Poisson bracket:
{")* (- 0)"(@*)°, ") (- a)°(¢*)}

_ - 9 2\a br 2\c 9 2\d e( 2\f
=2 5, () - 0" @) 5 () - ) (*))

ai{((pz)“(p 0)"(¢*)%) = ") (bpi(p - )" )(@®) + ) (- 0)* (2cqi(¢*))
(B.1)
_ bpi(pQ)a(p . q)bfl(q2)c + Qqu(p2)a(p . q)b(q2)c 1
(B.2)
Similarily
6(?72’ () a)"(*)°) = 2ap; P*)* (- 0)"(¢*)° + bas () (- @)* (¢?)°
(B.3)
32} (P - (@) =epi@®) (0 ) () +2fa()(p-9)(¢*)
(B.4)
ai‘((pz)d(p Q)°(¢*)) = 2dp;i(p*)* (0 () + ea: P (p- )M (¢*)
(B.5)
(B.6)
Now,
O (%) 0"(@)) (0?0 0 (a*)) (B.7)
3q, ()" (- 0" (6)) 5 - (") (- 0)(a :
= (bpi(P*)* (0~ @) (@) + 2cq:(p*)* (0 - 9)"(¢*) ™) (2dp:i(P*)* (p - Q)e(q(Q)f )+ eqi(p*)' (- )" (%))
B.8

= 2bdp? (p*)* T (p - @) M) + bepiqi(p?) T p - @) T2 (¢*) T (B.9)
+ dedgipi (P*)* T Hp - @) ()T T + 2ceqd (p*) T (p - )T ()T !

(B.10)
Summing over i yields
ANy’ 2\a by 2y O 2\d e/ 2\f
;aqi((p )*(p-a)°(q) )api((p ) (p-a)(a°)") (B.11)
= 20d(p*)*“*(p- @)* (@) + be(p®) T p - )TN ()N (B.12)
+4Cd(p2)a+d71(p . q)b+e+1(q2)c+_f*1 + 20€(p2)a+d(p . q)b+efl(q2)c+f
(B.13)
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Thus the poisson bracket is given by

{9 () (- 0)°(@*)} (B.14)
— 2bd(p2)a+d(p . q)b+efl(q2)c+f + be(pQ)aer(p . q)b+efl(q2)c+f (B.15)
+ 4cd(p2)a+d71(p . q)b+e+1(q2)c+f71 + 266(p2)a+d(p . q)b+efl(q2)c+f
(B.16)
—2ae(p?) T p- )" () = be(p?) T (p- @)t (P (B.17)
—daf(P) T )T T =20 f () T (- )" ()
(B.18)
=2(bd + ce —ae = bf)(P*)"*(p- )" () T + 4(ed — af)(PP) T (- )" ()
(B.19)

Using the fact that p, = ﬁ we can derive that

BB @ @
= <2;2> T (Z)nm {0 )" (@) 2, 0" - 9> (¢*) %)
(B.21)

Combining this with the previous result equation 4.7 can be found.
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B.2 Transformation of Hamiltonian up to 2PN

HY? — HY?
HY — g
Hy? — HY°
HY? — HY® + H) )P
HY = HY' —2H 000 4 20060
H11’0 —>H1’0+2H1’0 0,0 Hf’oeé’o
H3’0—>H20+2H10 1,0
H§’0—>H +2H0000+H0000
1
+ 2'(2HOO 00600)
H;),l —)H +H01 00—2H10 00+4H00 10_4H10 00+3H00 01+2H00 10
( 6Hy el el + 4H) 0060 ?)
HY? %HfQJrGH?le(l)’O—GHlO Oy
1
+ 5= 12H %00 + 12H %6y )
Hy® — Hy® +3H] 20 4+ 2HI el ® + 2H; 000 + HY Ol 04
1
n 2'(6H1 00,0 00 n 5H?,06(1),0€(1),0)
H' = HP = 4HPE0 — HY e 4 2H e + 6HY )t — 2H O + 4H) 020+
+ 2'( 2H10 00 10+0H00 1,0 (1)0)
H20—>H20+4H20 OO—|—3H10 10+2H10 10+H00 20_|_
—(14H§ 0000 + 3H? ) %ep )

HS),O H30+4H20 10+2H1020—|—

(8H10 1,0 (1)0)
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