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Abstract

Martin Lof’s Type Theory is a constructive formal system that can serve as the founda-
tion of mathematics, offering an alternative to Zermelo—Fraenkel set theory. This thesis
intends to be a tour of Martin Lof’s Type Theory, aimed at people without a background
in the topic. We present the core inference rules of the formal system, constructing a
series of important types, and offering a first definition of the integers. Attempting to
produce an alternative construction of the integers surfaces some missing pieces in our
system, leading to the exploration of core ideas from Homotopy Type Theory and uni-
valent mathematics. Finally, we use these tools to produce a second construction of the
integers, and show that our definitions are homotopically equivalent.
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1 Introduction

Martin Lof’s Type Theory is a formal system built around collections called types.
Said formal system can be used as the foundation of mathematics, offering an alternative
to Zermelo-Fraenkel set theory. While one can think of types in a somewhat similar way
to sets (as collections of various elements), the concepts do differ. For one, a value x in
type theory always come bundled up with an associated type 7', which we denote by x : T’
(for example, 0 : N). Unlike set theory, where everything is conceptualised as a set, types
and their elements live in somewhat separate worlds, although types themselves can be
treated as values as part of so-called universes.

Set theory is usually formalized in the language of first order logic, while Martin
Lof’s Type Theory acts as its own stand-alone formal system. In particular, propositions
are represented by a given kind of types, inhabited by the proofs of said propositions.
Moreover, the fact proofs are represented by values means they can be passed around by
functions like any other element. For example, we can represent proofs of the fact that
d|n (for d,n : N) as a pair containing a natural m : N and a proof that m - d = n.

The differences don’t end here. Sets are characterised by nothing but the € relation.
On the other hand, we introduce types by providing a series of ways to construct elements
of said type, and a way to use up said elements (often referred to as the “induction
principle” for the type).

The presence of equality types (i.e. the types of proofs that a = b for a,b: T) is an
important feature of Martin Lof’s Type Theory. The natural question is how equality
between types behaves. The univalence principle gives us an identification between two
types being equal (in some sense), and them being equivalent. As an example, since
we can construct a trivial equivalence between any two types containing precisely one
element, the two types can be identified. This stands in stark contrast with set theory,
where there exists a myriad of unique singleton sets (i.e. sets with a single element).

This thesis is intended to be a tour of Martin Lof’s Type Theory, aimed at people
without a background in the topic. We begin with section 2, where we introduce the
formal system and its various inference rules, and define the so-called dependent function
types, which are a more general kind of functions, where the codomain is allowed to vary
based on the argument.

Then, section 3 introduces the natural numbers, together with their familiar induction
principle, and operations like addition and multiplication. Section 4 then applies the
same procedure we used to define the naturals, in order to define a myriad of other types,
culminating in the definition of dependent pairs (a more general form of tuples, where
the second element’s domain is allowed to vary over the value of the first element), and
finally, the integers.

Finally, we touch upon identity types (in some sense, the type of proofs that two
elements are equal), and their homotopical interpretation. Indeed, it turns out one can
think of identity types as paths on a space, carrying over many concepts from homotopy
theory. We use this idea to provide a path-based definition of the integers, and construct a
proof that our two definitions are homotopically equivalent. We will use the construction
of the integers as our main through line into the theory, elucidating which kinds of
constructions require the stronger machinery offered by the homotopical interpretation.



2 Martin Lof’s Type Theory

This section attempts to outline the rules governing the formal system we’ll be using
throughout this thesis. Our system will be similar to the one described in [5, Appendix
A.2]. We proceed by introducing a series of inference rules — distinct steps we are
allowed to take while constructing a proof. When writing out such inference rules, the
required hypotheses are written above the so-called judgment line, with the conclusion
written underneath, and an optional rule name on the right:

Hypothesis 1 Hypothesis 2
Conclusion

— example-rule

The individual hypotheses & conclusions take the form of various kinds of judgments.
For example, a judgment might affirm that some 7T is a type, or that some variable a has
a given type a : T'. Such judgments do not live in a vacuum — they always exist within
a context, which we often denote by I' or A. A context is an ordered list of bindings

r1: A, Ay, s Az, oy, L Al

The names x; must be unique, and each type A; is allowed to reference the variables
defined before it. The context contains every variable we have access to throughout
a proof, and gets tweaked by every inference rule we apply. Most of the time when
doing mathematics, the context itself remains implicit, and although that’s also the case
throughout most of this thesis, we will explicitly carry around contexts when specifying
the inference rules of the system.

Our theory has three kinds of judgments:

1. The judgment
'Fa:A

states that a has type A (in the context I'). Intuitively, this corresponds to the €
relation in set theory. Unlike said € relation, this judgment is not internal to the
language of type theory. That is, although a statement like “If 2 € P then 2 € Q”
would make sense when talking about sets, one cannot state the direct analogue
within our theory!.

Unlike set theory, where everything is a set, not everything is a type in our theory.
For example, the natural numbers N form a type (which we will look at in section
3), yet the individual naturals (0, 1, and so on) are themselves not types.

We thus need a judgment that affirms that some given A is a type. One solution
would be to introduce some “type of all types” U, with U : U. Doing so would
introduce Girad’s paradox (originally proven in [2]) — a type theoretic equivalent
of Russel’s paradoz. Intuitively, this is reminiscent of there being no such thing as
a “set of all sets” in ZFC.

Instead, we postulate an infinite hierarchy of universes. That is, instead of a single
“type of all types” U, we introduce universes Uy, U, - - - with

m U-intro

LOf course, one can express the same statement in Martin Lof’s Type Theory, but in a different
looking form (i.e. not in terms of the : judgment). For instance, the statement “If 2 € P then 2 € Q”
could get encoded as P(2) — Q(2), which we will see in action a bit further below.
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This hierarchy is cumulative, in the sense that every type in U is also a type in the
following universe, i.e. Uj41:

Fl—A:Lll U ]
TEA: U, o

As an example, section 4.1 will introduce the type list(7") of ordered lists with
elements of type T. One would begin doing so via the following rule:

T : U,
T F list(7T) : U,

list-form

Intuitively, this rule can be read as saying that, given a type T that is well-formed
in some universe U;, then the type list(7") is also well-formed in the same universe.
Note, on the other hand, that this doesn’t offer us any way to conclude that “list”
itself is a type — it is not, unless given an argument.

. Next, the judgment
'Fa=b:A

denotes a : A and b : A as being judgmentally equal (also known as definitionally
equal) within the context I". Judgmental equality formalizes the idea of things being
equal “by definition”.

Definitional equality encodes the fundamental mechanics of the underlying theory.
For example, let idy be the identity function on the naturals. Intuitively, one might
say that idy(5) evaluates to 5. Within our theory, this would be stated as

I'Fidy(5) =5 : N.

Note that this judgment is, again, external to our theory. That is, it makes no sense
for us to state “if @ = b then ...” within the language of Martin Lof’s Type Theory.
For this reason, Martin Lof’s Type Theory does not provide us with any tools for
proving non-trivial definitional equalities. That is, something like 2 + 3 = 3 + 2
would hold by the definition of 2, 3, and +, yet one wouldn’t be able to prove that
a+b=">b+ a for all a,b: N. In section 5, we will introduce a new form of equality
(identity types), which is provable within the language itself.

We postulate that = is an equivalence relation:

N'ta:A - efl 'Fa=b:A
'ra=a:A 'Fb=a:A

-sym

'Fa=b:A I'Fb=c: A
I'Fa=c: A

—-trans

Next, if A and B are judgmentally equal and a : A, then a : B:

'Fa:A I'FA=B:UY
'Fa:B

We introduce an analogous rule for the = judgment:

'Fa=b:A I'-A=B:U
I'Fa=b:B

bt



3. The third (and final) kind of judgment we introduce states that some I is a valid
context, and is written
I' ctx.

We only introduce two rules for constructing contexts.

e First, we have the empty context (denoted by -):

ctx nil-ctx

e Next, we can append things at the end of a context:

xy Ay g A A U
X1 Ay Tpa s Apg ctx

cons-ctx

Throughout this thesis, we will implicitly assert that every context used is well
formed.

Having defined the underlying judgments, it is now time for us to go over the formal
rules of the system. First, we postulate that contexts do indeed hold variables that can
be referenced:

r1: A, x, A, ctX
T Al xy Ay by Ay

var

Note that we will use I'; A to denote the context obtained by concatenating the
bindings in I" and A. For example, our previous rule could be rewritten as:

I'zx: A A ctx var
x: A AFx: A

A question one might ask is what a “type” or “value” even is in the first place. Of
course, an unsatisfactory definition for a type 7" is “a value such that T" : {7, since this
simply begs the question of what a value is. Our values are formal expressions that fall
in one of a few categories, notably:

1. Variables bound in context, denoted by x, y, etc.

2. Constants referencing earlier derivations, examples of which include things like N,
id, etc.

3. Function introductions and applications, which we will introduce in section 2.2.

We will encounter the various kinds of values as we work our way to defining more
constructs.

2.1 Weakening & Substitution

Next, we will introduce the so-called weakening and substitution rules, which allow
us to expand/shrink the underlying context.



We postulate that we can introduce additional “unused” variables in the context while
preserving our other conclusions®. For instance, if b : B in some context I'; A and A is a
valid type in T, then b : B still holds in a context with z : A inserted® between I' and A.
We call this process weakening the context:

'+A:UY INAFDL: B '+A:Y AFa=b:B
-wkg

Ix: A AFb: B : Ir: A AFa=0b:B —wkg

We will denote the term produced by replacing every occurrence of x in e with a by

ela/z].

For instance, given that b : B in a context containing x : A (i.e. Iz : A, A), and we have
some a : A which holds in the same context, except with x : A removed (i.e. T',A), we
can conclude that b : B would hold in said smaller context as well, if we were to replace
every occurrence of x in b and B with a. Moreover, we also have to apply the substitution
to every binding in the context occurring after x : A (i.e. to every binding in A), since
bindings inside the context can depend on earlier bindings. Formally:

NAkFa:A Iz: A AFDb: B

T Ala/a] F blaja] : Blajz] WSt

We introduce an analogous rule for the case when, instead of b : B, we have b = ¢ : B:

NAFa: A Me:AJ/AFb=c:B
[ Ala/x]) F bla/x] = cla/z] : Bla/x]

=-subst
Finally, if a = ¢, then replacing every occurrence of x in b : B with a and ¢ respectively
should produce judgmentally equal values:

I'Ata=c: A Nx: A AFb: B
I, Ala/x] b bla/x] = blc/x] : Bla/x]

=-substs

2.2 Il-types

Having introduced the basic structure of the theory, it is now time for us to construct
some of its fundamental types. Defining types in Martin Lof’s Type Theory requires a
few kinds of rules:

1. Formation rules tell us when the type is well defined. For instance, we’ll see in the
first rule of (3) below that N is a well defined type in any context.

2. Introduction rules provide us with ways of creating concrete values of the types
formed by the formation rules. For example, one of the introduction rules of N
(namely the second rule of (3)) introduces the constant Oy : N into existence.

2As noted by [5, A.2.2], the weakening and substitution rules we introduce are not technically needed.
One could prove by induction on all the possible derivations that whenever these rules’ hypotheses are
derivable, then so is their conclusion, although this is outside our scope.

3 As stated above, the names of the bindings contained in a context need to be distinct. Type theory
papers often denote this requirement explicitly by z & T'; A or « ¢ dom(T", A), although we will always
implicitly assume this to be the case throughout our thesis.



3. Elimination rules provide us with ways of making use of the values of the types
introduced by the introduction rules. For example, the elimination rule for functions
(see rule (1)) allows us to evaluate said functions at a given argument.

4. Computation rules provide us with the ways the introduction and elimination rules
interact via judgmental equalities. We’ll see this in action towards the end of this
section for the aforementioned idea of function evaluation.

Martin Lof’s Type Theory is a dependent type theory. The word dependent alludes
to the fact types can refer (i.e. “depend on”) values. For example, one can construct a
type Vec (n,T) of n-tuples with elements of type T (that is, what we would traditionally
write out as 7). The n : N in this expression is a concrete natural number (i.e. it is not
a type), yet the type Vec (n,T) depends on it.

One important class of such dependent types are dependent functions, also known as
[I-types, dependent maps, or dependent products. Unlike maps A — B (as traditionally
defined in set theory), the codomain of a dependent function is not fixed, but can depend
on the concrete value of the argument. For example, one can define a function which,
given any natural n : N, produces an element of type is-even(2n) (the type of proofs that
2n is indeed even. See equation (5) for the proper definition of is-even).

To express this more formally, we need to introduce the idea of type families. Given
some type A : U (we will worry about universe levels later), a type family P can be
thought of as a map? P : A — U. That is, this map assigns every element in A to a
type. Given such a setup, we can construct the type of dependent functions from a : A
to P(a). We denote this by

[[P@).
T:A

The application of P at a given element a : A, i.e. P(a), is referred to as the fiber of P
at a. This naming will make more sense once we talk about the homotopical interpretation
of the construction in section 5.

If the family P(z) is constant for all  : A, then we recover the usual concept of
functions A — B. That is, given types A, B : U, we have

A-B:=]]B
z:A

A bit of care must be taken when encoding the idea as a formal inference rule. That
is, given a type A : U living in the universe of level [ and a type family P : A — Uy, we
will introduce the resulting dependent function type into the universe of level max(l, k):

HP(CL) . umax(l,k)-
a:A

Moreover, we don’t yet have access to the — notation for type families inside inference
rules, since we are yet to formally introduce any kind of function types. We will thus move
the argument a : A of P(a) into the context, and simply assert that P : Uy. Formally:

'=A: Y Ila: AP : U,
'+ Ha:AP : umax(l,k)

40Of course, we haven’t yet introduced any kind of maps formally. With non-dependent maps being a
special case of dependent maps, one might worry about the circularity of our explanation. Worry not,
for we shall introduce things properly once we get to the formal rules defining these constructions.

II-form




The slight of hand we performed by pulling the argument of P into the context might
look a bit confusing, so we will break it down:

1. First, we require some type A living in context I'.

2. Next, we require a type P living in context I', a : A. That is, P can not only reference

the existing bindings A is able to reference, but can reference an additional binding
a: A

3. Then, we conclude that [], , P is a well defined type in I'.

Every time we introduce a formation/introduction/elimination rule for a type, we will
also introduce a local congruence rule that asserts that our new rule preserves definitional
equalities. For example, for the rule above, we introduce the rule:

'-A:U Ia: AFP,Q : U, la: AP =Q : U
II-form-
FFH@AP HaAQ umaxlk

These rules are tedious to write down every time we introduce a new rule, and not
particularly interesting, therefore we will omit explicitly writing them down, although
know that they are indeed always there.

Next, we postulate an introduction rule that allows us to create values inhabiting the
function types we've just defined. Notation-wise, we will use® \a.p to denote a function
which, given the argument a, returns p (traditionally, one would write this as a — p).
Continuing our previous example with a : A and a family P(a), we note that the p in
Aa.p is able to make references to a, and is required to have type P(a). Formally,

cong

I'a:AFp: P
F'EXxap: T[4 P

II-intro

Reading the rule in reverse shows that one can construct maps [[,., P by defining
their return value once the argument has been moved into the context. This process is
often referred to as A-abstraction.

The elimination rule for dependent functions provides us with a way to evaluate said
functions at any input. Given a function f : [[,.4 P(a) and some argument z : A, we will
denote this function application by f(a). Formally:

'ef: I[P TFz:A
I'F f(x): Plz/d]
Intuitively, defining a function Aa.p by A-abstraction and then immediately applying
it to some argument x should produce precisely the result obtained by substituting every
occurrence of a in p with z. We encode this as a computation rule, expressing the result
as a judgmental equality:
la:AFp: P l'kFxz: A
I'F (Aa.p)(x) = plx/a] : Plx/a)

The above rule is often referred to as 5-equivalence, not to be confused with our final
rule for Il-types — n-equivalence. In particular, n-equivalence acts as a sort of uniqueness

II-elim (1)

[I-comp

5This notation is used because at the core of our theory, we have a very special language called the
A-calculus.



rule for A-abstraction. That is, any function f : [], , P is judgmentally equal to a function
defined via A-abstraction (intuitively, any function can be thought of as being defined by
A-abstraction, since that is the only introduction rule we’ve postulated for II-types). Seen
another way, if S-equivalence allows us to collapse abstractions followed by applications
into a judgmental equality, n-equivalence allows us to collapse applications followed by
abstractions into a judgmental equality. Formally:

LEf]laaP
'Ef=Xe.f(x) : 1[4 P

Non-dependent function correspond to functions in set theory. On the other hand,
dependent functions correspond to generalized products (with the domain being the in-
dexing set).

Moreover, non-dependent functions correspond to logical implications. That is, prov-
ing that some A implies B in type theory becomes a matter of constructing a map which,
given some element of A, produces an element of B. Being able to evaluate a function
A — B at an argument of type A in order to produce a value of type B then corresponds
to modus ponens.

More interestingly, dependent functions can act as the type-theoretic correspondent
of the universal quantifier V. That is, proving that Va € S.P(x) becomes a matter of
constructing a map [[,. ¢ P(z).

[T-uniq

2.3 The identity & function composition

We will put the rules introduced together in order to define a function

id : HT—>T.

T:U

The above type definition might seem a bit confusing. Indeed, we want our identity
function to work for every type (within a certain universe, at least). To achieve this, we
define a map which, given some type T', produces a new map 17" — T as a result. This
process of defining “maps that produce maps” is our way of defining functions that take
more than one argument. This process is called currying.

Although the proper notation for applying “id” would be, for example, id(N)(0Oy), we
allow shortening the above to id(N, Oy). In the case of type arguments, we will also often
write them as subscripts, i.e. idy(Oy).

We start by constructing the desired function using the formal rules introduced above.
We will do so by working backwards from the desired conclusion. That is, our goal is
constructing the following:

CF7:]pg, 1 — 1

Our only way of introducing new functions is by A-abstraction. We thus apply the
rule Tl-intro twice (once for each argument):

rTr:-U,xz:T+?:T
LT Uyt xe?:T—T
| R VA Ve HT:MZT% T

II-intro
II-intro
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Note how applying the inference rules repeatedly yields a derivation (also known as
a proof tree). We need to continue doing so until there’s no unproven hypotheses left.
Thankfully, we are one application of “var” away from this goal (since as stated earlier,
we omit explicitly showing that each context is well constructed, as doing so is not a
particularly interesting endeavour):

D,7T:U,z:TkFx:T V?Ir_ )
LTyt xex: T —T En‘rs
T'EXNT dAx.x: HT;ulT—>T -intro

Notation Remark. Constructing the formal derivation for every one of our definitions
would get tedious very quickly, thus throughout this thesis, we will often define things
using simpler syntax. That is, we would denote the definition above by

id: [[T -1,
T:U (2)
id(T,x) = x.

Formally, whenever we reference “id” at a latter point throughout the thesis, we are
referencing its full derivation as part of the derivation we are currently constructing.
Informally, we will simply reference “id” throughout our definitions as if it was a name
in our context.

Next, we will define function composition (for non-dependent maps, that is). Given
types A, B, C', we need to define a way to compose maps A — B and B — C into a map
A — C. Written as a type, we are defining an element

compose:HHH(A%B) —(B—=C)— (A—=C).

A:Uy B:U; C:UY,

Notation Remark. Writing out each type argument under a separate II gets out of hand
quickly, therefore we will allow defining more than one argument under a single II-symbol
(formally, this only acts as syntactic sugar over splitting the type into individual IT signs).

compose : H (A-B)—»(B—C)—=(A—=0).
A,B,C:Y,

The definition of this map looks like one would expect:

Throughout this thesis, we will denote function composition with the usual o notation,
omitting explicitly specifying the types A, B, and C.

One would expect that idz(z) = z. Is this the case for our definition? It turns out
this is indeed the case, although proving it using the formal inference rules is extremely
tedious (do not worry about trying to parse this entire tree):

DZ:Uz: 2T Ut Qea): T T T Z:lUhz:ZFz:Z . }
T.T: U,z ZF \Thaa)(Z) = v (Z — Z) Y T Z Uz Zv 2 Z Hihm_ww T.Z Uz Zw Zva:Z " T,Z:U,2 ZFz:2
UT:U,z: ZF (AT xx)(Z)(z) = (Mex)(2) - Z s TT:U,z:ZFMea)z)=2:Z

DT:U,z:ZF (N hxx)(Z2)(2)=2:Z

var
TI-comp

=-trans

11



An advantage of defining functions using the shorthand syntax demonstrated in (2) is
that one can read off the definitional equalities introduced by looking at the := symbols:

id(Z,2) =z — id(Z,2) =z

We will use this method to check whether the identity function is indeed the identity
of the composition operator with some map f: A — B:

idgof = Ax.idp(f(x))
= A\z.f(x)
= f.
Note that we're implicitly using II-intro-cong for the second equality, and n-equivalence

for the third, together with =-trans to tie everything together. The other direction follows
similarly, except we also implicitly use Il-elim-cong for the second equality:

f o) ldA = /\l’f(ldA(l‘))
= \z.f(x)
= f.

Last but not least, one could use a similar chain of judgmental equalities to show the
associativity of function composition:

(fog)ohi(mf( (x)))oh

Function types are very important to our theory, hence we will see them used in
various ways throughout this thesis. We are now ready to move on to defining more
concrete types, like the natural numbers.

12



3 The naturals

Compared to dependent maps, the rules for the natural numbers are quite tame. First,
we manifest the type of the naturals into existence via a formation rule. Then, we define
all the ways one can construct a natural number. To do so, we first introduce a constant
Oy (which, as the name suggests, represents the smallest natural number). Then, we
introduce a map succy which, given any natural number, produces its successor. Note
that said succy is synthetic in nature — there’s no way to evaluate succy(Oy) any further.
The important part is that it provides the necessary structure for the elimination rule
(namely, the familiar notion of natural induction) to work its magic. Formally, the
formation and introduction rules look as follows:

N-form

On-intro succy-intro (3)

FN:UY FOy:N Fsucey : N —- N

With those two elements in place, we can repeatedly apply succy in order to define
every natural. That is:

1y = sucey(Oy),
2y = sucey(1y),

3y = sucey(2y),

As for the induction principle (the elimination principle for the naturals, or our way of
“using up” the naturals we've constructed), we simply have the familiar notion of natural
induction:

I'P:N—=U TI'bpo:POy) TEps:[],.nP(n)— P(sucey(n))
I' Findy (P, po, ps) : [ L.y P(1)

Induction principles are a very fundamental concept, so let’s take a second to walk
through the definition above in more detail:

N-ind

1. ' = P : N — U, assigns a type to each natural, and represents the goal we are
trying to prove. Under the classical idea of natural induction, it is the proposition
we are trying to prove for every natural number. Since in type theory “proving” a
proposition requires us to build out an element of its type, the type P(n) describes
what we are trying to construct in order for our proposition to hold at a certain n.

2. I'F po : P(Oy) is the base case. It proves that our goal holds at Oy.

3. ' ps : [,y P(n) = P(sucey(n)) is the inductive step. Traditionally, we would
write this out as Vn : N, P(n) — P(n + 1). The Il-type encodes the V-quantifier,
thus the type requires us to construct a map which, when given a natural n : N and
an element of type P(n), produces a new element of type P(n + 1).

4. Finally, I' & indy (po, ps, :) [ L.y P(n) is the conclusion of our induction. The type
[L,.5 P(n) is equivalent to what we would traditionally write as Vn : N, P(n). That
is, our reward for proving P(0) and that P(k) — P(k + 1) is concluding that P
holds for every natural. We can evaluate an element of type [[,,  P(n) at any n: N
to produce the proof that P holds at said n.

13



The expression on the left hand side, namely indy (P, pg, ps), signals that we're
evaluating the induction procedure with our two steps (the base case, and the
inductive case) as arguments. Indeed, we could extract out P, py and ps as function
arguments and introduce induction like this

[ Findy @ [[pnoy, POn) = (1w P(n) = P(sucen(n))) = [,n P(n) N-ind,

although we avoided doing so for clarity’s sake. Note that indy acts like any other
function in our theory (unlike function elimination, which required its own syntax),
although it is synthetic in nature (just like succy). That is, induction alone cannot
evaluate any further, although the computation rules for the naturals provide us
with judgmental equalities governing the interaction between our constructors (Oy
and succy) and induction principle.

Notation Remark. Throughout this thesis, we will often elide the first argument of

indy (i.e. P) when it can be inferred from context.

Finally, we need to provide the rules governing how our constructors interact with the
induction principle:

'FP:N=U T'kFpy:POy) TrFps:[],nPn)— P(sucey(n))
I' = indw (P, po, ps, 0) = po : P(On)

ON—il’ld

I'-P:N—=UY I'Fpo: P(Oy) I'Eps: 1,5 P(n) = P(sucey(n))
[',n: NFindy(P, po, ps, sucen(n)) = ps(P,indn(po, ps,n)) : P(sucen(n))

succy-ind

Intuitively, the rules above specify how we can evaluate indy, as long as we know which
constructor was used when constructing the natural passed to indy as an argument. In
particular, when indy is evaluated at Oy, the returned value is py. Similarly, when indy is
evaluated at succy(n), the returned value is ps(indy(P, po, ps, n)). One could repeatedly
apply the rules above to observe the behaviour of indy at any fixed natural.

While natural induction is often used to prove things about the naturals, it can do a
lot more. In fact, since natural induction is our only elimination rule for the naturals, it
turns out that any map defined on the naturals can be written in terms of induction. As
an example, we are now going to define natural addition.

3.1 Natural addition

Our goal for this section is to define the function
addy : N — N — N.

We intend to perform induction on the second argument, therefore we will move the
first argument into the context. Intuitively, we “fix” the first argument to some constant
bound in our context, and attempt to define addition based on what value the second
argument takes:

m : NF addy(m) : N — N.

14



We intend to apply the induction principle for P(n) := N. That is, the type we are
trying to construct, namely N, does not depend on the argument at all (since the addition
of two naturals always results in another natural, no matter the input). Formally:

['n:NFEP(n)=N:Y
'Findy(P):N— (N—-N) - (N—N)

The first argument of indy, which we will denote by add-Oy(m) : N, describes the
0-case, i.e. what happens when we add 0 to our fixed m. Similarly, the second argument
of indy, which we will denote by add-succy(m) : N — N, describes the n + 1 case, i.e.
what happens when we add n 4+ 1 to our m. We define the two arguments as follows:

I''m:NFE add-On(m) =m N
[',m:NF add-succy(m) =succy :N— N

We defined add-Oy(m), as m, because intuitively we have m + 0 = m (we will soon
show that this still holds for our definition). Similarly, we defined add-succy(m) as sucey
because m + (n + 1) = (m +n) + 1. Note that, by the computation rules for induction,
add-succy(m) is given the result of the n-case (i.e. m + n) as a parameter in order to
compute m + (n + 1), hence why we chose the definition above. We can now complete
our induction in order to define the final addition function:

m:NF add-Oy(m) =m:N  m:NF add-sucey(m) = sucey : N —- N
m : N F addy = indy (add-Oy(m), add-sucey(m),:) N — N

addN

Notation Remark. Note that we're using the = notation inside judgments as syntactic
sugar for writing out the expression the name is defined as.

When defining add-On(m) and add-succy(m), we claimed we did so in order to arrive
at some properties, namely m+0 =0 and m+ (n+1) = (m+n)+1 — do these actually
hold for the function we’ve just defined? We can check by applying the computation rules
for natural induction:

m : N F addy(m, Oy)

= indy(add-Oy(m), add-succy(m), Oy)
= add-Oy(m)
=m.

m,n : N F addy(m, sucey(n))
= indy(add-Oy(m), add-sucey(m), sucey(n))
= add-succy(m, indy(add-Oy(m), add-sucey(m), n))
= add-succy(m, addy(m, n))

= sucey(addy(m, n)).

Notice that both equalities hold judgmentally. Since this is the case, can we, for
example, also prove that 0 +n = n? The rules we’ve defined addition by are not enough
to arrive at this conclusion. In fact, Martin Lof’s Type Theory does not provide us with
a way to prove such judgmental equalities! In section 5, we will define identity types,
which allow us to prove such statements within the theory itself.
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3.2 Natural multiplication and pattern matching

The process we've used to define natural addition was quite verbose and cumbersome.
More succinctly, our definition would look something like this:

addy(m, Oy) == m,

addy(m, sucey(n)) == sucey(addy(m,n)).

Indeed, the above definition is enough to fully define the behaviour of our function.
More generally, we can define any function f : [[,  P(n) by specifying

J(On) = po,
f(sucen(n)) = ps(n, f(n)).

This is called pattern matching on n. In order to recover the definition by induction
(i.e. f == indn(po,ps)), we need to replace every occurrence of f(n) in ps(n, f(n)) with a
fresh variable x : P(n). This way of defining functions is available in many programming
languages (Haskell, Python, etc) and proof assistants (Lean, Agda, etc), and will make
our job a lot easier. For instance, we can define the multiplication function on the naturals
as follows:

muly(m, Oy) = Oy

muly(m, sucey(n)) == addy(m, muly(m, n)).

Similarly to the way we defined o, this syntax for defining maps has the advantage of
making the generated judgmental equalities trivial to read from the definition.
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4 Inductive types

Our definition of the naturals is one example of the so-called inductive types. Many
important types can be constructed this way, as we are going to see throughout this
section. We will start by adding some additional data to the inductive constructor in
order to arrive at the type of ordered lists list(7"). We will then remove said constructor,
leaving us with nothing but the base case, defining the unit type 1. We will then go
further by removing the base case as well, defining the empty type 0. Finally, we will
construct the type theoretic equivalents of disjoint unions and Cartesian products.

4.1 Ordered lists

Ordered list can be defined very similarly to the naturals. Unlike the naturals, ordered
lists do not form a single type, but an entire type family. Indeed, given a type T of the
contents of the list, we will define a new type list(7"). We do so by introducing a constant
empty list [ |7, and a function cons : T — list(T") — list(T") which adds its first argument
to the beginning of the list it’s given as the second argument. Formally:

I'ET:UY st f I'=T:UY Lint
TFList(T) 0 o o™ TF[ Jp: list(7) W
I'ET:UY .
cons-intro

I'F consy : T — list(T') — list(7)

For example, we can construct the list [1y, 2y, 3n] as follows:
[1N7 2N7 3N] = COHSN(lN, CODSN<2N, CODSN(BN, [ ]N))) . llSt(N)

Notation Remark. Note that “list” is just a mere function list : ¢4, — U;. Similarly, our
notation for [ | and consy is hiding away the fact that they are also just maps:

[ ]: ] tist(D),
T:U,
cons : H T — list(T) — list(T).

T:U

Recall how the second step in defining a type is describing a way to use values of
said type, usually referred to as the induction principle for the type. Induction on the
naturals is something most students will have been introduced to somewhat early in their
mathematical education, and our definition is nothing but a more formal restatement of
the same core idea. But what does it mean to apply induction on other types? Ordered
lists have intentionally been chosen for demonstrating this, as they are, at their core,
quite similar to the natural numbers. That is, they both consist of:

e Some “base value” (for the naturals, that is Oy; for ordered lists, it is [ |r).

e A way to construct “higher” values from existing ones (succy in the case of the
naturals, and consy in the case of ordered lists).
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The induction principles of the two should therefore look somewhat similar. The differ-
ence between the constructions is the fact that consy : T — list(7") — list(7") takes an
additional argument (the one of type T representing the value that is to be added at the
beginning of the list) compared to succy : N — N. Indeed, all we have to do in order to
adapt our prior idea of induction is to give the “inductive step” (the P(n) — P(n + 1)
case) access to the element being added to the list in addition to the induction hypothesis.

Putting it all together, in order to construct some element P(1) for all lists { : list(7),
we need to construct it for the empty list (i.e. P([ |r), the base case) and a way to
construct it for a list consy(z,!) given x : T" and an element P(l). Formally,

TEP:lst(T) = U Trkp,:P( ]r)
I'E Pc: Hx:T Hl:list(T) P(l) — P(COHST($’ l))
I' = indiise(r) (P, oy ) ey P(0)

The computation rules work as expected, although we will omit the hypotheses for
brevity’s sake:

list-ind

'+ indlist(T)(Papnapca[ ]T) = DPn: P([ ]T)

Lz 1,1 list(T) = indyge(7) (P, P, Pe, cons(z, 1)) = pe(z, indyigy (1) (Pnits Pe, 1)) = P(cons(x, 1))

Do not worry if the above looks complicated — the computation rules become a
lot clearer when used on functions defined by pattern matching. Pattern matching on
ordered lists works similarly to pattern matching for N. Indeed, we can define a function
on all the ordered lists by specifying its behaviour at both constructors. As an example,
we'll start off by constructing the concaty : list(7) — list(7) — list(7") function which
concatenates (glues) together two lists. In a sense, this is the ordered-list version of the
addy function. Unlike our definition of addy, we will perform pattern matching on the
first argument:

concatr([ |r,s) =s
concatr(consr(h, 1), s) == consy(h, concatr(l, s))

For a slightly more involved example, consider the append, : T — list(7") — list(7")
function which adds its first argument to the end of a list:

append,(z, [ |r) = consr(z,[ |r)

append(x, consy(h, 1)) = consy(h, append,(z, 1))
Let’s try and digest what the definition is saying:

1. The first branch specifies the behaviour of appending an element z : T" to the end of
the empty list [ ]r. The result of this computation is defined to be consr(z,[ |r),
i.e. the single-element list produced by adding = at the start of the empty list.

2. The second branch (the inductive step) specifies what happens when appending an
element x : T" at the end of the list consr(h, 1), a list produced by adding h : T' to
the start of [ : list(7"). We define the result of this branch as first appending z to
the end of [ (via append;(z,1)) and then adding h back at the beginning of this
newly created list. That is, we are essentially swapping the order of the “adding h
at the start” and “adding x at the end” steps around.
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4.2 The general procedure

Having constructed both N and list(7"), we are now ready to tackle the more general
procedure of defining inductive types. In particular, we can construct types inductively
by providing the following kinds of rules:

1. Formation rules work as in described in section 2.2, declaring the type into exis-
tence, possibly depending on some parameters. For example, in the case of N, the
formation rule was the first rule of equation (3).

2. Constructors are functions that allow creating values of our type. For example, in
the case of N, we introduced the constructors Oy and succy in (3). These represent
the introduction rules for the type.

3. The induction principle for a type defines the primary means of using up values of
said type. That is, without this principle the type would seem “opaque” from the
outside, i.e. there wouldn’t be any way to distinguish between its various values.
The induction principle represent the elimination rule for the type.

4. Finally, the computation rules explain what happens when we evaluate the induction
principle at the various constructors.

Notation Remark. In order to simplify definitions, we can then pattern match on the
declared type’s constructors. This has the advantage of making definitions more read-
able, and more readily showing the judgmental equalities our definition produces as a
consequence of the computation rules.

We will now construct a few more examples of such types.

4.3 The unit type

The unit type (also known as True or T in certain programming languages or proof
assistants), denoted by 1, is an inductive type produced by a single constructor

*x: 1.

Intuitively, the unit type is what one would traditionally think of as a singleton set,
i.e. a set with a single element. When it comes to logic, one can think of the unit type as
corresponding to the “true” proposition (that is, a proposition that is always true), since
it can always be constructed out of thin air.

So far, we’ve only defined induction on types that were “self-referential” in some way.
Indeed, induction on both N and list(7") involves an inductive step that constructs our
goal P at larger values from its values at smaller ones (for example, going from P(n) to
P(n + 1) in the case of the naturals). In the case of the unit type, there is no recursive
constructor for us to do the above with, so can we even extend the notion of induction
to it?

As a first step, we notice that x is quite similar to the other “base constructors”
defined earlier (namely Oy and [ |7). We can then define induction similarly to the way
it was defined for N or list(7"), but only taking in the arguments related to the base
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constructors of said types. Indeed, given some type family P : 1 — U, the induction
principle looks as folows:

indy . J[ P =[] Pw). (4)

P:1-U,

The computation rule then states what happens when evaluating functions con-
structed by induction at *. Unsurprisingly, the first (and only) argument is returned:

ind1 (p*a *) = D

Notation Remark. We treat both II and — as having the same precedence, and being
right-associative. That is, the above can be read as having the following parenthesis:

ind : [] (P(*) — (H P(u))) :

P:1-U

4.4 The empty type

The empty type (also known as Void, False, or L in certain programming languages or
proof assistants), denoted by 0, is an inductive type with no constructors. Intuitively, the
empty type is what one would traditionally think of as the empty set ). When it comes
to logic, one can think of the empty type as corresponding to the “false” proposition
(that is, a proposition that is always false), since there is no way for us to construct
(i.e. “prove”) it.

The unit type we’ve defined previously can be thought of as what remains when taking
away the succy constructor from N, or the consy constructor from list(7"). In a sense, the
empty type goes even further by taking away the remaining constructor as well, leaving
us with no way to construct the type.

The induction principle, given some type family P : 0 — U, might seem a bit tricky
to define. Normally, we would take one argument (case) for each constructor of the type
at hand. As there are no constructors, we will simply take no arguments, and conclude
that any proposition defined on 0 holds right out of the gate. That is:

indg : H HP(@).

P:0—U; e:0

Notice that there’s no computation rules! Indeed, we normally write out one com-
putation denoting what happens when evaluating functions constructed by induction at
each constructor of the underlying type, but as there’s no constructors, neither are there
any such rules for us to define.

When P(e) does not actually depend on e : 0, the induction principle produces the
special case

ex-falso: 0 — P.

Intuitively, this matches the fact that a false statement implies any other statement in
classical logic. We can use this to encode negations, since a proposition is false precisely
when it implies “false”:
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-P =P —=0.

While this technique of proving that a statement is false might seem familar, it is im-
portant for it not to be conflated with proof by contradiction. When proving a statement
P by contradiction, we assume —P is true and attempt to arrive at a falsehood. That is,
we attempt to prove =P — F, which we can write down using our newly defined empty
type as =P — 0, i.e. =—P. In classical logic, P and ——P are equivalent propositions.
One direction of the correspondence is easy to construct:

double-neg-intro : P — ——P
double-neg-intro(p) := A\f.f(p)

Let’s digest this definition a bit further. The type ——P is defined as (P — 0) — 0.
We thus have to construct a value of type (P — 0) — 0 given p : P. We do so by
introducing a function going from f : P — 0 to some value of type 0. Since we have no
way to construct said value of type 0 out of thin air, our only choice is to evaluate the
function f: P — 0 at p: P in order to produce the resulting f(p) : 0.

Proving by contradiction requires us to be able to reverse this map. That is, it
requires us to have a map =——P — P. This is called double negation elimination, and is
not something we can perform without knowing more about the underlying type. Note
that double negation elimination is equivalent to the law of the excluded middle, which
is also something we don’t generally have access to (it is something we could assume, but
it would not come packaged with any computation rules).

4.5 Coproducts

The coproduct of two types A and B, denoted by A + B, is the equivalent to what
we would traditionally think of as the disjoint union of two sets. That is, an element of
the coproduct must be either an element of the left hand side, or an element of the right
hand side. Formally, we have two constructors

left : A — A+ B,
right : B+ A+ B.

Coproducts are a bit different from the inductive types we’ve defined earlier. They are
neither self-referential, nor have a constant “base case”. Recall that induction principles
define the primary means of consumption for values of a given type. Intuitively, in order
to use up a value of type A + B, we need to be able to handle values of type A (we will
turn this into the first argument given to the induction principle) and a way to handle
values of type B (we will turn this into the second argument to said induction procedure).

Formally, given a type family P : A+ B — U, the induction principle requires us to
construct P for both the left and the right hand sides in order to construct P over any
element of the type. That is,

indarp s [] (H P(left(a))) — (HP(right(b))) = [[ Po.

P:A+B—U,; a:A c:A+B
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The computation rules specify what happens when evaluating functions constructed
by induction at either constructor:

Uya: AFindayg(pi, pr, left(a)) = pi(a),
I'b: B Findayg(pi, pr, right (b)) = p.(b).

Intuitively, the coproduct of two types corresponds to the V operator in logic. That
is, we can normally prove A V B by either proving A or proving B. Similarly, we can
construct an element of type A + B by constructing an element of type A and applying
left, or constructing an element of type B and applying right.

Unlike classical logic, we can then easily tell which constructor was used by pattern
matching. For example, the law of the excluded middle states that P V =P holds for
all propositions P. Just because we affirm that either P or =P must hold for some
complicated proposition does not immediately give us either a proof of P, nor a proof
of =P. On the other hand, we must first construct a value of type A or B in order to
construct a value of type A + B. Instead, coproducts correspond to the V operator in
intuitionistic logic. In order to translate the proper law of the excluded middle into our
theory, we need the concept of propositions, which we will introduce in section 5.3.

As an example for how we can pattern match on coproducts, consider the swap func-
tion swap,,p: A+ B = B+ A

swap 4, g(lefta) = righta
swap 4, g(right b) := left b.

4.6 The booleans

An immediate application of the types defined above is defining the type of booleans.
A boolean can either be the constant “false” or the constant “true”. That is, we define
the two constructors

false : 2, true : 2.

In a sense, booleans are reminiscent of the base constructors we defined for things
like the naturals or the unit type. The difference is the fact we have two such constant
constructors instead of one. Similarly to how we tackled the unit type, the induction
principle will take one argument for each such base constructor.

Given a type family P : 2 — U, the induction principle requires us to construct both
P(false) and P(true) in order to construct a map defined on all booleans. Formally:

inda(P) : H P(false) — P(true) — HP(b).

The computation rules work as expected:

ind2 (pf7 D¢, false) = pfa
inda(py, pr, true) = py.

Those familiar with programming might find the above familiar. Indeed, the induction
principle for booleans is essentially an “if, then, else” expression, with the arguments
in reverse order. The last argument is the condition; the function returns the second
argument when the condition is true, and the first one otherwise.
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As an example, we can define the negation function neg : 2 — 2 by pattern matching
as follows

neg(false) = false,

neg(true) == true.

Alternatively, we could define the booleans without introducing an additional in-
ductive type by combining our earlier constructions. We will denote this alternative
construction by 2':

2 =1+1 false’ := left(x) : 2’ true’ := right(x) : 2.

We can then construct an induction principle similar to indg by combining the induc-
tion principles for unit types and coproducts

indy (P, ps, pi, b) = indq41 (P, indq (py), indy (pt), ).

The above might look a bit intimidating. We could alternatively define induction by
pattern matching

indy (P, py, pi, false’) = py,
indy (P, py, pi, true’) = py.

While simple in nature, this detour demonstrates how we can combine our existing
types into new ones. This is a very powerful idea that is used all throughout mathematics
and programming. In section 5.1, we will show that our two constructions of the booleans
are indeed equivalent.

4.7 Dependent pairs

Having just defined coproducts, the natural follow up would be trying to define prod-
ucts. Indeed, we could easily define A x B with a single constructor A - B - Ax B. It
turns out we can define a more general family of types by making the first arrow depen-
dent. That is, for a type A and a family P : A — U;, we will define the type of dependent
pairs ), P(a) using the constructor

pairy p : H (P(a) — ZP(b)) :

Let’s step back for a second and walk through everything in more detail. The type
Y ua P(a) is written the way it is in order to clearly show that our second element of
the pair (the one of type P(a)) can depend on the first (the one of type A, bound to the
name a). The constructor “pair” takes two different arguments: one of type A, bound
here to the name a, and another of type P(a). Writing both function as II-types might
make the type a bit more clear:

pair 4 p : H H ZP(b).
) b:A

a:A p:P(a

23



The concept of dependent pairs is extremely important, and appears all throughout
mathematics. For instance, consider the type is-even(n) defined for n : N:

is-even(n Zh+h—n (5)

Intuitively, the type is-even(n) correponds to proofs that n is an even natural number.
We can prove that a number is even by finding another natural A (its “half”) such that
h 4+ h = n. In classical logic, we would write the above as

dh:N,h 4+ h =n.

Indeed, »-types correspond, in a sense, to the 3-qualifier in classical logic. Again,
this correspondence is not perfect — being able to prove that In : N, P(n) in classical
logic does not mean we have a way to compute such a natural. On the other hand, we
can always extract the individual elements of some dependent pair. As a consequence,
constructing an element of type ), B(a) is a much stronger requirement than proving
Jda : A, B(a). Instead, dependent pairs correspond to the 3-qualifier in intuitionistic logic.
Similarly to the earlier discussion regarding coproducts, we will come back to this topic
later when introducing the concept of propositions.

Having returned from our little detour, we now need to define the induction principle
for dependent pairs. Given some type family P(s) defined for s : ), B(a), the induction
principle only requires us to construct P for the one and only constructor in order to
construct it for any element of our type. Formally,

indy (P H H P(pair(a,b)) | — H P( )-

a’AbB SZaA

The computation rule shows that what we are essentially doing is distributing the two
arguments of the pair constructor to the first argument given to the induction principle,
a concept often referred to as uncurrying:

indy(p, pair(a, b)) = p(a,b).

Of course, when the type of the second element in the pair does not depend on the
value of the first, we recover our initial product type:

AxB:=> B,
a:A
pair: A — B — Ax B.

Notably, non-dependent products correspond to the A-operator in classical logic. Sim-
ilarly to how one needs to prove both A and B in order to prove A A B, one needs to
construct elements of both A and B in order to apply “pair” and construct an element
of type A x B. In particular, we also recall that A x B — A and A x B — B in classical
logic. Can we construct those same functions for our type?

Moreover, non-dependent products also correspond to the usual concept of the carte-
sian product in set theory. For a cartesian product A x B of two sets, we have the
projections pr; : Ax B — A and pr, : Ax B — B. Can we define those same projections
for our products?
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Indeed, the above can be defined by pattern matching. For the non-dependent case,
we have:

pr;: Ax B — A, pr,: Ax B — B,
pr,(pair(a, b)) = a. pr,(pair(a, b)) = b.

The general dependent case is a bit trickier. The first projection works the same way
as in the non-dependent case

pr; ZB(@) — A,
a:A

pr,(pair(a, b)) = a.

The second projection is where the trouble occurs. That is, we want to project
> u.a B(a) onto B(a), but the latter is not a valid term, as a is no longer bound to
anything. In order to get an element of type A to evaluate B at, we will make use of the
first projection we’ve just defined

pr, : H B(pr(s)),

51> ,.4 B(a)
pr,(pair(a, b)) = b.

4.8 The integers as an inductive type

The natural follow-up to defining the naturals is, of course, defining the integers Z.
There’s many ways to approach this, and we will try to present a few as we build out
the theory along this thesis. The most common way of approaching the situation is to
define the integers as quotients of natural differences, i.e. as pairs a —b for a,b € N under
some equivalence relation. Unfortunately, Martin Lof’s Type Theory does not offer us a
way to construct quotients. Indeed, we require so-called “higher inductive types” for that,
something we will touch upon later down the line. For now, we will go down the “boring”
path of defining the integers as two separate copies of the naturals glued together

7 =N+ N.

The first copy of the naturals represents the negative integers, starting at —1 and
going down towards —oo. The second copy represents the non-negative integers, starting
at 0 at going up towards oo:

—3z = left(2y)

—27 = left(1y)

—1z = left(Oy)
0z = right(Oy)
17 = right(1y)
2, = right(2y)
3z = right(3n)
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Intuitively, we've defined left(n) to represent —(n + 1) and right(n) to represent +n.
As we’ve simply combined existing types, we don’t need to introduce further rules into the
theory (like an induction principle) in order to make use of our definition of the integers.
Let’s define integer addition addy : Z — Z — Z by pattern matching:

addyz(right(x), right(y)) = addy(z,y),
addgz(left(x), left(y)) = left(addy(x,y) + 1),
addz(left(x),right(y)) =7,

addz(right(z), left(y)) ="7.

The mixed sign cases are indeed a bit difficult to define right out of the gate. To do
so, we'll introduce a helper function suby : N — N — 7Z for subtracting natural numbers:

subN(ON, ON) = right(ON),

suby(a+ 1,b4 1) = suby(a,b), (6)
suby(Oy, b+ 1) = left(b),

suby(a + 1, Oy) = right(a + 1).

We can now return to our definition of addition:

addy(right(z), right(y)) = right(addn(z,y)),
addz(left(z), left(y)) = left(addy(x,y) + 1),
addg(left(x),right(y)) = suby(y,z + 1),
addz(right(z), left(y)) = suby(x,y +1).

Pattern matching on our glued together copies of the naturals might feel a bit strange.
Let’s take a second to unpack what’s happening here:

1. The first branch handles the addition of two non-negative integers. The underlying
logic can be off-loaded to natural addition.

2. The second branch handles the addition of —(z 4+ 1) and —(y + 1). Intuitively, we
want the result to be —x — y — 2, which we can write as —((x +y + 1) + 1) to fit
our constructors.

3. The remaining two branches are mirrors of the same underlying case — adding a
positive and a negative integer together. Intuitively, computing z + (—(y + 1)) is
the same as computing = — (y + 1), which we do via our previously defined suby.

The definitions above pattern match on both arguments. This works by essentially
applying induction for each of the arguments provided. It might be worth taking a second
to think about how one would go about rewriting such definitions to use the underlying
induction principles.

While the definition above works perfectly well for practical purposes (indeed, it is
how integers are defined in Lean’s mathlib), it can feel a bit clunky to work with. We
have to manually handle the negative and positive cases each time, all while remembering
to constantly insert calls to succy in the right spots. On the other hand, this definition
has the advantage of simplicity and not requiring any more advanced theory. Indeed, the
quotient based definition we will arrive at later in this thesis comes with its own set of
practical annoyances (in particular, having to show that paths between elements of the
type are preserved by every function we define out of the type).
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As stated earlier, we don’t technically need an induction principle for the integers,
but constructing one might still be useful. If the induction principle for the naturals
requires us to be able to climb up the natural ladder (i.e. going from P(n) to P(n+ 1)),
it turns out we can prove statements for all the integers if we are able to climb both ways
(i.e. show that P(n) <» P(n+1)). We start by defining what n+ 1 means for the integers,
l.e. sucecy : Z — 7.

succy (right(a)) = right(a + 1),
succy (left(Oy)) = right(Oy),
sucez(left(a 4+ 1)) = left(a).
We then define the type of bidirectional maps:
A< B=(B—A)x(A— B).

Given some type P : Z — U, our induction principle will have the type

indz(P) : P(0z) — (H P(z) + P(succz(a:))> = [[P).

That is, constructing the type at 0 (the base case) and providing a way to go both up
and down the ladder should allow us to construct P for any integer. We can now prove
the induction principle by pattern matching

indz (pzvph rlght(ON)) = Dz

indz(p., p;, right(sucen(a))) = pr,(p;(right(a)))(indz(p., p;, right(a))),
indz(p-, pi, left(O)) = pry (pi(left(0n))) (p2),

indz(p., pi, left(sucen(a))) = pr;(pi(left(sucen(a))))(indz(p., p;, left(a))).

The above can look a bit intimidating. Let’s break it down:
1. The first branch is the simplest, as it simply returns the base case.

2. Every time we need to go from P(k) to P(k + 1) throughout our definition, we
will do so by pr,.(p;(k)). Indeed, p;(k) : P(k) <> P(succz(k)), thus taking the right
projection allows us to take the direction we’re interested in

pr,.(pi(k)) : P(k) — P(succz(k)).

We then evaluate this at right(a), since by definition succy(right(a)) = right(a+1).
This yields

pr,(pi(right(a))) : P(right(a)) — P(right(a + 1)).

Constructing P(right(a)) can be done inductively as indz(p., p;, right(a)). The de-
tails are obfuscated a bit since we’re pattern matching, but we’re essentially per-
forming natural induction starting at 0 and climbing up to the value we’re interested
in.
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3. In the previous branch, we used pr,(p:(k)) : P(k) — P(succz(k)) to access the
forwards direction of the bidirectional map. We can go the other way around by
taking the left projection

pr,(pi(k)) : P(succz(k)) — P(k).

The two remaining branches are essentially performing natural induction along the
other direction. For one, notice the judgmental equalities induced by our definition
of succy:

succy(left(Oy)) = right(Oy),
sucey (left(a + 1)) = left(a).

The remaining branches are thus applying the aforementioned first projection to
left(Oy) and left(sucey(a)) respectively:

pr;(p;(left(Oy))) : P(right(Oy)) — P(left(0y)),
pr;(p;(left(sucey(a)))) : P(left(a)) — P(left(sucen(a))).

Constructing the arguments required for evaluating the above works similarly to the
first two branches. That is, the third branch constructs P(right(Oy)) as p, (the base
case), and the fourth branch constructs P(left(a)) by induction as indz(p,, p;, left(a)).

Although the explanation might’ve been a bit verbose for the sake of explicitness,
the important highlight is that we’'ve constructed our own induction principle without
introducing new rules into the type theory! (Similarly to the second definition of the
booleans in section 4.6).
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5 Identity types

When talking about the naturals, one issue we stumbled upon is not being able to
prove that 0 +n = n holds judgmentally. Indeed, Martin Lof’s Type Theory does not
provide us with the tools to prove such judgmental equalities. Instead, this section will
introduce the type a =4 b which represents proofs that a,b : A are, in a sense, equal.
Together with the associated induction principle, this will let us prove equalities in the
language of type theory itself.

Given some type A and a,b : A, we introduce the identity type a =4 b generated by
the constructor refl,:

refl, : Ha =4 a.
a:A

Identity types are the heart and soul of Homotopy Type Theory. So far, we’ve been
making analogies to set theory and logic. Under the homotopical interpretation of type
theory, types can be thought of as (abstract) spaces, and values can be thought of as points
in those spaces. Type families can be thought of as fibrations, dependent functions can
be thought of as sections, and dependent sums can be thought of as total spaces of said
fibrations. Identity types then act as paths along those spaces, hence them also being
commonly referred to as path types.

Given a fixed starting point a : A and P(z,7) defined for all x : A and i : a =4 z, the
induction principle states that it suffices to prove P holds for the refl case in order for it
to hold for all paths starting at said point. This principle is called path induction, and
looks as follows

ind_(a, P) : P(a,refl,) — H H P(z,1). (7)

T:A i:a=px

At face value, this looks somewhat similar to the induction principle for the unit type,
as defined in (4) — both types seem to be generated by a single base constructor, after
all. The induction principle for identity types is a bit more subtle though! Note that,
while the starting point is fixed, the endpoint must vary freely in order for us to be
able to apply the induction principle. For example, assume we're defining a loop as a
point together with a path from said point to itself. We cannot then apply the induction
principle to attempt and prove that all loops can be identified with each other, since the
endpoint is by the definition of a loop constrained to staying constant (indeed, otherwise
we would be able to prove that a torus is contractible). Requiring an endpoint that is
free to wiggle around the space prevents this issue.

One important thing to note is that since identity types are just that — types — one
can construct the type of paths between paths on a given space, e.g. p =,—,, ¢. Under
the homotopy theory analogy, the type of paths corresponds to the path space of the
underlying type. Paths between paths can then be thought of as homotopies between
said paths. With this in mind, the limitations of induction outlined above make sense
— they parallel the way in which loops on a space can’t generally be smoothly deformed
into eachother (think of a loop around a torus not being contractible into a single point).

Since we've defined identity types as being generated by refl alone, it might seem
unclear how we could ever end up with non-trivial paths. We will later introduce the
concept of higher inductive types. These constructions are a more general kind of induc-
tive types — instead of constructors only defining ways to construct values of the type
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being defined, constructors for higher inductive types are allowed to also introduce paths
between the various elements of the type, paths between paths on the type, and so on
and so forth all the way up the metaphorical tower.

The computation rule for path-induction works as expected

ind_(P, p,a,refl,) = p: P(a,refl,).

Paths assemble into a structure known as a groupoid. In fact, they form an infinite
tower of such structures, known as an co-groupoid. We won’t go into details regarding
what that means, although we will define the basic operations of path inversion and
concatenation (the base groupoid operations). Those operations can be thought of as
analogous to symmetry and transitivity of equality in logic.

Lemma 1. Given a path a =4 b, we can construct a new path b =4 a. Formally, there
is a map:

inV::HHa:Ab—M):Aa.

AUy ab: A
We denote the inverse of a path p by p~.
Proof. We proceed by pattern matching on the given path,
inv_(A4, a,a,refl,) = refl, .
O

Lemma 2. Given paths a =4 b and b =4 ¢, we can construct a new path a =4 c.
Formally, there is a map:

trans::H H a=a2b—>b=jpc—a=4c
AU ab,c:A

We denote the concatenation of p and ¢ by p = ¢.

Proof. We proceed by pattern matching on the given paths,
trans—(A4, a, a, a,refl,, refl,) = refl, .
O

Moreover, the groupoid operations must satisfy certain laws. We will not prove that
every law holds for = here, although we will prove the ones we're going to use later down
the line.

Lemma 3. Given a path p:a = b, we have p = p~! = refl,.

Proof. We proceed by pattern matching on p. It suffices to show that refl, = refl, = refl,,
which holds judgmentally (by the definition of = ). ]

Lemma 4. Given a path p : a = b, we have (pfl)_l = p.
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Proof. We proceed by pattern matching on p. Indeed, this holds judgmentally
(reﬂ(;l)_1 = refl; ! = refl, .
O

Functions in Homotopy Type Theory act as functors on the underlying groupoids of
the types involved. Indeed, consider a function f : A — B. This function not only maps
the values in A to values in B, but also maps paths in A to paths in B and so on and so
forth. Indeed, we can define this action by pattern matching

ap: (A= B) = [[ [ fla)=sr0).

a,b:A p:a=ab
ap(f,a,a,refly) == refly(q) .

Before moving on, we will prove a lemma regarding the way “ap” interacts with
function composition.

Lemma 5. Applying “id” to a path preserves said path. Moreover, “ap” distributes over
function composition. Formally, there are maps

ap,: [[ ] aplg,ap(f,p)) =ap(go f,p).

[:A—=B ab:A
g:B—C p:a=b

ap,q ¢ | [ ap(ida,p) = p.
a,b:A
p:a=b

Proof. Both maps can be constructed by path-induction. Written as pattern matching:

apo(fa g,a,a, reﬂa) = reﬂreﬁg(f(a))’
D xelly) = rofhg,

Indeed, we are allowed to use refl,;g in both cases because the equalities hold judg-
mentally:

ap(g, ap(f,refly)) = ap(g, refly(a)) = reflys(a)),
ap(ida, refl,) = refl, .

]

The natural follow up to the above is trying to define a simmilar operation for depen-
dent functions. Unfortunately, we cannot do that directly — given a dependent function
f 11,4 B(a), the endpoints f(a), f(z) might have different types, disallowing us from
connecting them via a path (we cannot directly connect points in different spaces). To
get around this limitation, we must introduce the transport operation. This operation
corresponds to =-elimination in logic (the idea that, given P(a) and a = b, then P(b)).

Given a family of types P : A — U;, we have

trp H a=z— P(a) — P(x),
a,r:A

tI‘p(CL, a, reﬂavpa) = Da-
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Notation Remark. Note that we will omit explicit path endpoints for operations like tr
when they can be inferred from context. We will do the same when it comes to the
underlying type for paths (i.e. we might write a = z instead of a =4 x). Modern proof
assistants offer syntax for declaring dependent functions as implicit, which will make their
arguments get automatically inferred during usage.

One thing worth noting is that transporting along a constant type family does not
affect the input.

Lemma 6. Given types A, B with points =,y : A and b : B together with a path
p:x =4y, we have trg(p,b) = b. Formally, we have a mapping

tr-const 4 g : H H HtrB(p, b) = b.

z,y:Apx=y b:B

Proof. We construct this mapping by pattern matching. Note that we are able to use
refl, to construct trg(refl,, b) = b since, by the definition of transport, this equality holds
judgmentally, i.e. trp(refl,, b) = b:

tr-const 4 p(refl,, b) == refl, .

Another interesting case is that of transporting a path along another path:

Lemma 7. Given types A and B together with points z,y : A, maps f,g: A — B, and
paths p:x =y and ¢ : f(x) = g(x), we have

trp(p, q) = ap(f,p) "' o goap(g,p).

Proof. We proceed by pattern matching on p. Indeed, it remains for us to construct a
path

trp(refly, ) = ap(f,refl,) " o g o ap(g, refl,),
but the above is definitionally equal to
q= reﬂ;(lx) o qorefly,),
which is moreover judgmentally equal to
q=4q,
thus our proof can be finalized by refl,. O]

With the transport operation under our toolbelt, we can now define the dependent
action of functions on paths:

apd: TT T TT teste. fa)) = 700

fiI1,.4 B(a) a;b:A p:a=b

apd(f,a,a,refl,) = refly, .
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5.1 Homotopies and equivalences

An interesting question one can ponder is what it means for two functions to be equal.
The traditional approach to this question is identifying two functions precisely when they
produce the same outputs given the same input. It turns out that under our previously
introduced homotopical analogy, this concept of “functions providing the same outputs
given the same input” corresponds to the idea of homotopies between functions. Indeed,
given two functions f,g: [[,. 4 B(a), let

f~g=]1]r =9

Traditionally, one thinks of a homotopy between f,g : A — B as a continuous de-
formation between the maps, i.e. a map A x [0,1] — B that agrees with the original
functions on the boundaries of the interval. Indeed, by fixing some constant ¢ € [0, 1],
one gets back a specific instance of a map A — B. If instead of fixing ¢ one chooses to
fix a € A, then what is left is a map [0,1] — B, which by definition is just a path in
B. Indeed, homotopies can be thought of as (continuous) pointwise paths between two
maps, which is where our analogy comes from.

This relation can be proven to respect all the usual groupoid laws. We will not do so
here, as we aren’t planning to make use of said laws. The interested reader should check |3,
Chapter 9]. One can define a map f = g — f ~ g by path-induction. Unfortunately,
we don’t have a way to define the reverse direction, i.e. f ~ g — f = g. This can be
introduced into the system as an axiom, referred to as functional extensionality, which
turns out to be a downstream consequence of the more important univalence principle.
For the purpose of this thesis, we will leave things as-is and not worry about the paths
between functions, but those interested should feel free to consult [3, Chapter 13].

A map f: A — B is traditionally said to be a homotopy equivalence if there’s an
inverse g : B — A such that fog ~idy and go f ~ idg. We will refer to such maps as
bi-invertible maps®. On the other hand, one can define equivalences slightly differently,
by allowing the left and right inverses to differ. That is, we say a map f: A — B is an
equivalence when there exists:

1. A left-inverse [ : B — A such that [ o f ~ id4. This is also called a retraction of f.
2. A right-inverse r : B — A such that f or ~ idg. This is also called a section of f.
Formally, we define a type is-equiv(f) that witnesses the fact f is an equivalence by

is-equiv(f) = ( Z ZOfNidA> X ( Z forwid3>.

I:B—A r:B—A

We use A ~ B to denote the type of equivalences A — B. Formally,

A~ B = Z is-equiv(f).

f:A—B

6The naming around this can be a bit confusing. Indeed, [5] uses the name “bi-invertible map” to
refer to a specific definition of equivalences (namely, the one we are about to provide), yet [3] uses the
name like we just did.
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Given a proof that f is a bi-invertible map, one can construct a proof that f is an
equivalence, and vice versa. The reason we defined equivalences the way we did is a bit
technical for now, but the idea is that we want is-equiv(f) to be a proposition. That is,
we want proofs that is-equiv(f) to be unique (up to identification). We will touch upon
propositions for a bit in section 5.3.

As a first example, we will show that neg : 2 — 2 is an equivalence, with itself as
both inverses. To do so, we must construct a homotopy h : negoneg ~ idy. Recall that
homotopies are just pointwise-paths, thus the above can be defined by pattern matching:

h(false) = reflfage,
h(true) = refliye .

While the above might look a bit anti-climatic, we are able to use refl on both branches
because the equalities hold judgmentally, i.e.

(neg o neg)(false) = neg(neg(false))
= neg(true)
= false
= ida(false),

(neg o neg)(true) = neg(neg(true))
= neg(false)
= true
= ida(true).

Since neg is both its own left and its own right inverse, the homotopy defined above
is enough to conclude neg is an equivalence.

For a slightly more interesting example, we will show that 2 and 2’ are equivalent,
i.e. that 2 ~ 2. We start by defining a map C%l : 2 — 2’ by pattern matching;:

C2 (false) = false,
CZ (true) = true'.

Our goal is then to construct an element of is—equiv(C%l), showing that the function
we’'ve just defined is indeed an equivalence. To do so, we define a map C2 : 2’ — 2, which
acts as both a left and a right inverse for C3 :

C2 (false’) := false,
2 (true’) = true.

It now remains to construct homotopies

/ .
h2 : Cg/ ch ~ ldz,
/ .
h2/ . Cg OC%/ ~ ldzl .

Defining said homotopies is a bit of a routine operation, as all the equalities hold
judgmentally

ho(false) = reflgige,

ho(true) = refliye,
ho (false’) = reflgge,
hos(true’) = reflyye -



The examples above are not particularly interesting to write out. Defining equiv-
alences becomes a bit more involved when non-trivial paths enter the mix, as we will
see in theorem 1. For now, we will end things off by noting the existence of the trivial
equivalence induced by the identity function.

Lemma 8. Given a type A, the identity function induces an equivalence id-equiv : A ~ A.

Proof. We will prove that id4 is an equivalence (with itself as its own inverse). Note that
id4 oid 4 = id4 holds judgmentally, thus id4 oid4 ~ id4 finalizing our proof. O

5.2 The integers as a higher inductive type

In section 4.8, we defined the integers by glueing together two copies of the naturals.
We will now attempt to define the integers as pairs of naturals subject to an equivalence
relation. In set theoretic terms, we can describe any integer as a difference of two naturals,
i.,e. a —b for a,b € N. Since every integer can be described as an infinite number of such
differences, we define an equivalence relation

(a—b~c—d)=(a+d=b+c)

We can then define our final set by Z := (N x N)/ ~. Translating this definition to
Martin Lof’s Type Theory is not possible out of the box, as said type theory does not
offer us a way to take the quotients of types. On the other hand, set quotients are well
defined (see [3, Chapter 18]) in Homotopy Type Theory, although they require a fair bit
of additional machinery to set up. In this section, we will attempt to reconstruct the
integers in a way that is similar in spirit to the quotient-based definition. By the end of
this section, we will have constructed an equivalence between the new, and old definitions
of Z.

In order to prevent confusion, we will refer to the redefined type of integers as Zp;; (here
“hit” stands for higher inductive type). We start off by introducing a single constructor
taking in a pair of naturals

int : N —- N — Zpi

N .

41 - [} . .

34 ° o L4 .

21+ [ . [ ] [ ]

14 . . . P
L 1 1

Figure 1: The type generated by int — essentially just N x N.
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Of course, this definition is incomplete. The elements int(0,0) and int(1,1) should
be equivalent: intuitively, they represent the differences 0 — 0 = 1 — 1. To achieve this,
we will construct Zy;; as a higher inductive type. Higher inductive types work similarly
to inductive types. The main difference is that, in addition to providing constructors
for their values, such types can also introduce additional non-trivial path constructors
between said values, or between paths on said values, and so on up the infinite tower.
We will thus introduce an additional constructor

step : H int(a,b) = int(a + 1,0+ 1).

a,b:N

(@+1,b+1)

(a. b)
step(a, b)

Figure 2: The step constructor connects equivalent pairs together.

It might seem like the path constructor we’ve just introduced is “too weak” — does it
even capture the equivalence relation we started with? The answer is a resounding yes!
We can concatenate invocations of “step” together to prove that pairs further away from
eachother are equivalent.

N

| Iy 5 N
L/

Figure 3: The type generated by int and step — each diagonal line represents one integer.

Intuitively, the paths we’ve added to our type constrain functions consuming values
of said type to not being able to distinguish between different values on each “diagonal”.
This will become more apparent in the induction principle for Zy;. That is, given some
type family P : Zy;, — U;, what does it take to define a map HZ:Zhit P(z)? Such a function
needs to both:

1. ...be defined on the “int” constructor. We achieve this by taking an argument of
type p : [,y P(int(a, b)). This is reminiscent of induction for pair types.
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2. ...preserve the paths generated by “step”. That is, for all a,b: N, we need to have
some path between p(a,b) and p(a + 1,b + 1). Since the two could have different
types (P varies based on the input), we need to make use of the transport operation
to formulate the path we are looking for, i.e.

trp(step(a, b), p(a,b)) = pla+1,b+1).

Putting it all together, the induction principle for our type looks as follows

indz,  (P) : 11 (H trp(step(a, b), p(a, b)) = p(a +1,b+ 1)) - [[ P2

pI]q o Plint(a,b)) \a,b:N 2:Lnit

This might look a bit intimidating. In practice, we can define such functions by
pattern matching instead, as we will see once we introduce the computation rules into
the mix.

For now, let’s see what happens in the non-dependent case, i.e. when P(z) = A is a
constant family. We no longer need to make use of the transport operation (as seen by
tr-const, transporting along a constant family yields a point that can be identified with
the starting position).

recz,,, : H (H pla,b) =pla+ 1,0+ 1)) = (L, — A).
p:N—=N—A \a,b:N

Notation Remark. Here “rec” stands for the recursion principle (also known as non-

dependent elimination) of the type.

Since Zy;; is a higher inductive type, the computation rules will not only involve
evaluating the resulting function at points inside Zy;;, but also involve the (dependent)
action of said function on the paths generated by “step”. The computation rule for “int”
works as expected

inthit (p7 pstep7 int<a/7 b)) = p<a7 b)

On the other hand, the computation rule for “step” provides us with an identification
(not a judgmental equality!) of the action indg, ., has on step:

apd<inthit (pvpstep)a Step(aa b)) = pstep(av b)

Having constructed Zy;; together with its induction principle, we are now ready to
attempt to define an equivalence between the two definitions of the integers.

Theorem 1. There exists an equivalence Z ~ Zy;;.

Proof. We will denote this equivalence by C%h“ : 7 — 7. Moreover, we will denote the
(both left, and right) inverse by C%m : Lyt — 2.
The Z — Zy; direction is not complicated. In particular, we have

C2r (right(n)) = int(n,0),
Clit(left(n)) = int(0,n + 1).
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The Zyn;y — 7Z direction is a bit trickier, since we need to keep track of the paths in
Zyit. On values, the definition follows from our prior definition of suby in equation (6):

C7,. (int(a, b)) = suby(a, b).
Since we are in the non-dependent case, it remains for us to provide paths
apd(C7,_,step(a,b)) : CZ_(a,b) =CZ (a+1,b+1).

Notation Remark. Note that we're making a slight abuse of notation here. Of course, apd
is a function we’ve already defined in section 5. We’re using this notation to mask the
fact we're introducing an implicit pgiep used for induction when defining C%hit’ similarly to
how pattern matching on constructors for standard inductive types works. Similarly to
the aforementioned pattern matching for inductive types, we use this notation because it
makes the computation rules for our function easily readable directly from the definition.

In this case, notice that the equality we are looking for holds judgmentally
C7. (a+1,b+1)=suby(a+1,b+1)
= suby(a, b)
= C%hit(a, b).
We can thus complete our definition by specifying

apd(CZ,_,step(a,b)) = refl. (8)

Of course, defining the two directions of the map is not enough to prove that C%h“ is
an equivalence. We still have to provide the two homotopies, i.e.

hy  :Ch oCHM ~idg,
hZhit : C%hit © C%hit ~ ithit :
We'll start with hz, as it doesn’t require us to track any paths. In particular, we can
simply fill in the required definition by pattern matching. Recall that in order to construct

the required homotopy hz, we need to construct pointwise paths between C%hit o C%h“ and
idz. We will proceed by pattern matching:

hyz(left(n)) = refl,
hz(right(n)) = refl.

Although a bit anti-climatic, we can use refl in both branches, as the required equalities
hold judgmentally:

(C%mt ° C?“) (left(n)) = CZ  (C7"*(left(n)))
=7 _(int(0,n +1))
= subn(0,n + 1)
= left(n)
= idz(left(n)),
(¢5,, 0C2") (right(n)) = C%,, (€2 (right(n)
= C%hit (int(n,0))
= suby(n, 0)
= right(n)
= idz(right(n)).
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It remains for us to construct the other homotopy, namely Az, . . Similarly to the other
direction, we proceed by pattern matching on the “int” constructor:

hyz,, (int(a, b)) = 7.

The required equality does not hold judgmentally in the general int(a,b) case, thus
we have to do a bit more manual work by pattern matching on a and b:

h’Zhit (int(ON, ON)) = reﬂ,
hz,,, (int(a + 1,0y)) = refl,
hz,.. (int(On, a + 1)) = refl,
hz,. (int(a+1,b4+ 1)) = 7.

One can, with a bit of pondering, convince themselves that the first three branches
hold judgmentally by unwrapping the definition of suby, as we did in equation (9). As
for the last branch, that is where our path constructor “step” comes into play. Indeed,
being able to identify int(a,b) with int(a 4+ 1,b + 1) is precisely why we introduced this
constructor in the first place. In particular, we will construct this path by concatenating
three smaller paths

1. First, we go from CZb (€%, (int(a + 1,b + 1))) to com (C%. . (int(a,b))) using refl,
since the equality holds judgmentally
C7(CZ, (int(a+1,b+ 1)) = Cz* (suby(a+ 1,0+ 1))
= C2v (suby(a, b))
= Comit (C%hit (int(a, b))).

2. Then, we use the induction hypothesis hz, ., (int(a, b)) to arrive at int(a, b).

3. Finally, we go from int(a, b) to int(a 4+ 1,b+ 1) by using step(a, b).

Figure 4: Commutative diagram depicting the way we constructed the path

C(CE (int(a+ 1,b+1))) === C7*(C% (int(a,b)))

hz, ., (int(a,b)) = step(a,b) ii hzy,;, (int(a,b))

int(a+1,0+1) int(a, b)

step(a,b)

Adding this to our definition yields the following map

hy,,, (int (O, Oy)) = refl,
hyz,, (int(a + 1, 0y)) = refl,
hz,. (int(Oy, a + 1)) = refl,
hz,. (int(a+ 1,0+ 1)) = hg, (int(a,bd)) = step(a,b).
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Although it might seem like we are very close to the finish line, what remains is
constructing

apd(hz,,,,step(a, b)) : tr(step(a, b), hz,, (int(a,b))) = hy,, (int(a + 1,b 4 1)).
We recall from lemma 7 that
tr(step(a, b), hz, ., (int(a, b)) = ap(C5** o C%hit, step(a, b))~!
- hZhit (int(a7 b)) (10)
« ap(idg,,,step(a, b)).
Moreover, we recall from lemma 5 that ap(idg,,step(a, b)) = step(a, b) and
Ly, Z _ Znit Z
ap<CZ © CZhit’ St@p(@, b)) - ap(CZ ) ap(CZhi“ Step(au b)))

Next, we notice by (8) that ap(C7,_,step(a,b)) = refl, thus

ap(Co"* o C7.. .step(a,b)) = ap(Co™, ap(C7, . step(a,b)))
— ap(Co, refl)
=refl.

Substituting this into (10) yields

tr(step(a, b), hg,, (int(a,b))) = refi™! = hy,  (int(a,b)) = step(a,b)
— oy (int(a, 1)) = step(a, )
= hg,, (int(a + 1,0+ 1)),

where the last equality holds judgmentally. This finalizes our construction!

5.3 Contractible types, propositions, and sets

A type A is said to be contractible if we can construct an element of type

is-contry = Z H a=h.

a:A b:A

Traditionally, a space A is said to be contractible if id4 is homotopically equivalent
to const, (the constant map) for some point a : A. The two definitions are definitionally
equal, i.e.

Z const, ~ idg = Z Hconsta(b) =1ida(b) = Z H a = b = is-contry .

a:A a:A b:A a:A b:A

The first element of the pair (the point a : A) is called the center of contraction, with the
second element being the contraction of A. Intuitively, contractible types have a single
distinguishable value.

We'll show that contractible types have contractible path types, and are only equiva-
lent to other contractible types.
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Lemma 9. Path spaces of contractible types are themselves contractible. Formally, we
can construct a map

contr-path-space 4 : is-contry — H 1s-contry,—,, .
z,y:A

Proof. Let (a,c) : is-contr4. We'll define the two components of is-contr,_, separately:

1. The center of contraction needs to have type z = y. We can construct this by
c(x)™! = ¢(y), as can be shown in the following diagram

c(x) ! c(y)
a

Yy .

2. The contraction on x = y requires us to show that, for a path p : + = y, we have
c(x)™! = ¢(y) = p. We proceed by path induction on p. Indeed, when p is refl,, we
are left to prove refl, = ¢(x)™" « ¢(x), which follows by the groupoid laws.

]

Lemma 10. Contractible types are only equivalent to other contractible types. Formally,
there is a map

contr-equivy p H is-equiv(f) — is-contry — is-contrg .
ftA—B

Proof. Let f: A — B be an equivalence, and (a, c) : is-contr,. We have to construct an
element of type is-contrg. For the center of contraction, we can take f(a). It remains to
construct paths f(a) =0 for all b : B.

Let g be the right-inverse of f. That is, we have a homotopy h : f o g ~ idg. Since
we can identify a with g(b) via ¢(g(b)), and this path can be lifted into B via ap(f), we
can use this together with the aforementioned homotopy to complete our path:

h(b)

f(a) 22O o))
]

A simple example of a contractible type is the unit type 1 we’ve defined in section 4.3.
To construct a proof that is-contr;, we can pick x as the center of contraction. It then
remains to show that for any v : x, we have some path x = v. Of course, we can proceed
by induction on v. This requires us to construct * = x, which we can do by reflexivity,
ie.

(%,1indy (refly)) : is-contr, .

We've seen that contractible types have contractible path types, but is the converse
also the case? A simple counterexample arises in the 0 type. Indeed, we can prove by
induction, without providing any additional arguments, that given any two points a,b : 0,
we have is-contr,—; (of course, one cannot actually provide any points a, b : 0, thus any
statement about them will hold), yet O itself is not contractible, as there’s no point to
take as the center of contraction.
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We call such types propositions, and denote the type of such proofs by is-prop:

1S-propy : H is-contry—p -
a,b:A

The name comes from the idea that propositions in Homotopy Type Theory act
similarly to propositions in classical logic. In a sense, propositions have at most 1 distin-
guishable value. If such a value is given, we can conclude the type is also contractible.
The converse turns out to also be true.

Lemma 11. A type A is a proposition precisely when there is a map A — is-contr 4.
Proof. We'll prove the statement in both directions:

— If A is a proposition, then we can construct the map as follows. We are given some
a @ A, and must show that is-contry. Let a be the center of contraction. We are
left to construct paths [[,., @ = b, but recall that is-contr,—,, hence we can simply
take the center of contraction:

P :is-prop, — A — is-contry,
P(p,a) = (a,\b.pr,(p(a,b))).

<+ We are given p : A — is-contry and a,b : A, and have to construct a proof that
is-contr,—p. By p(a) we have a proof that A is contractible. We've already seen a
bit earlier that contractible types have contractible path types, thus the rest follows
immediately:

P : (A — is-contry) — is-propy,
P(p,a,b) = contr-path-space 4(p(a), a,b).

]

As a corollary of the above, all contractible types are also propositions, since given
p @ is-contra, we can construct the map Az.p : A — is-contryu, proving that is-prop, as
well.

As hinted at throughout section 4.5, propositions in Homotopy Type Theory corre-
spond to the classical logic idea of propositions, since we cannot distinguish between their
various values. One can define a so-called propositional truncation operator in order to
turn arbitrary types into propositions. The interested reader is recommended to check
out [3, Chapter 14].

An important instance of propositions is “is-equiv”, although we will not prove that
here (doing so would not be particularly complicated, had we taken the time to charac-
terise paths on Y-types properly).

Before moving on, it is important to note that, similarly to contractible types, propo-
sitions are only equivalent to other propositions.

Lemma 12. There is a map

prop-equivy p : H is-equiv(f) — is-prop, — is-propg .
f:A—B
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Proof. We are given an equivalence f : A — B together with a proof that is-prop,. Let
b: B. By lemma 11, it suffices for us to construct an element is-contrg to conclude our
proof. Moreover, by the same lemma, we must have a map p, : A — is-contry. Let
[ : B — A be the left-inverse of f. By p,(l(b)) we have en element of type is-contr,, but
by lemma 10 this (together with f being an equivalence) induces an element is-contrp,
finalizing our proof. O]

We can keep adding more levels to our metaphorical tower. In particular, most of the
types we've defined earlier (the naturals, integers, etc) have propositions as their path
types. We call a type for which the types of paths are always propositions a set, and
denote proofs of said fact by is-set4. This is in reference to sets (in set theory) having
element equality be a proposition. Formally,

is-set4 = H 1s-prop,_ -
a,b:A

One thing to note is that all propositions are sets (and as a consequence, all con-
tractible types are sets as well). In particular, both 1 and 0 are sets. In fact, most of
the types we’ve introduced in section 4 are examples of sets (when given sets as type
arguments, that is). We’ll set out to prove that Z is a set, which will require us to do so
for both N and A + B (given that A and B are themselves sets).

Lemma 13. When A and B are sets, so is A + B. Formally, there is a map
coprod-set 4 p : is-set4 — is-setp — is-set4yp .

Proof. Before constructing the map, we will show that given points a : A and b : B, the
existence of a path left(a) = right(b) is a contradiction. That is, we will define a map

coprod-disj, p : H H left(a) = right(b) — 0.

a:A b:B
To construct such a map, we define a type family P(t) defined for all ¢ : A+ B:

P(left(a)) =1,
P(right(b)) = 0.

The important thing to note here is that we can trivially construct an element
P(left(a)) by x, yet having such a value and a path left(a) = right(b) would allow us
to construct 0 by transport, which is exactly what we’re looking for:

coprod-disj 4 g(a,b,p) = trp(p,x) : 0.
We can now construct coprod-set by pattern matching:
coprod-set(pa, pg, left(a), left(b)) = ap(left, pa(a, b)),
coprod-set(pa, pg, right(a), right(b)) = ap(right, pg(a,b)),
coprod-set(pa, ps, left(a), right(b)) = Aq. ex-falso(coprod-disj, p(a, b, q)),
coprod-set(pa, pp, right(a),left(b)) = Aq. ex-falso(coprod-disj 4 (b, a,q")).

Let’s break the above apart:
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1. Every branch is given proofs p, : is-set 4 and pp : is-setg together with two points
in A+ B. In the case of the first branch, both points are constructed using “left”.
We can thus simply apply pa at a and b to produce a proof is-prop,_;,, which can
be lifted into a proof is-propjes(g)—ierey) Py using “ap”. The second branch works
similarly.

2. On the third branch, we’re given points constructed using different constructors (left
and right respectively). We have to produce an element of type 1S-PTODieft(q) =right(b)
but by definition, that is in fact just

1S-PrODjeft(a)right(h) — H 1s-contry—,,
q,r:left(a)=right(b)

thus we construct a mapping from the first path given (q : left(a) = right(b)), and
use the coprod-disj, p we’ve defined earlier to yield a contradiction, which can then
be exploited using ex-falso to produce the desired result. The fourth branch works
similarly.

O]
Lemma 14. N is a set.

With a bit of work, we could approach this by following the same procedure we applied
for coproducts. Nevertheless, we will try to be a bit more systematic. In particular, we
will introduce the so-called observational equality on the naturals — a type Eqy(a,b)
defined for a,b : N that describes the intuitive idea of natural equality, defined by looking
at the individual values:

Eqy(0,0) =1,
EqN<a+ 1L,b+ 1) = EqN(a7b)7
EqN(07b+ 1) = 07
Eqy(a +1,0) = 0.

Does this notion of equality agree with the existence of paths between the naturals?
It turns out that indeed, this is the case! The above relation fully characterizes paths on
N, and its type is equivalent to that of paths on the naturals.

A significant chunk of this subsection will focus on constructing the aforementioned
equivalence. Since introducing easier criterions for constructing equivalences is outside
the scope of this thesis’, we will construct the proof from first principles. Said proof will
not make use of any foreign concepts, although it can be easy to get lost in the details.
The first time reader is recommended to skip over this proof.

Lemma 15. There exists an equivalence
observey : H (a = b) ~ Eqy(a,b).
a,b:N

Proof. We start by constructing the direction observey : a = b — Eqy(a,b) by natural
induction on the first argument, and path induction on the rest. Written using pattern
matching,

observey (0, 0, refly) = x,
observey (a + 1,a 4 1,refl,41) = observey (a, a,refl,).

"For a different approach, see [3, Theorem 11.3.1]
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We will now construct the other direction, namely observey : Eqy(a,b) — a = b by
pattern matching yet again:

observey (0,0, p) = refly,

observey (a + 1,b+ 1,p) = ap(succy, observey (a, b, p)),
observey (0,b+ 1,p) = ex-falso(p),

observey (a + 1,0,p) = ex-falso(p).

Let’s break this down:
1. The first branch constructs the result by path reflexivity.

2. The second branch is given p : Eqy(a + 1,b+ 1), but by definition we have
EqN(a’ + 17 b+ 1) = EqN(a7 b)a

thus we can simply lift observeg (a,b,p) : a = b into a+1 = b+ 1 by applying succy
to both sides using “ap”.

3. The last two branches make use of the fact that p : 0 to produce the required results
out of “thin air” (of course, this branch can never be reached in practice).

We now claim this map is an equivalence. In particular, we will show (for all a,b : N)
that

is-equiv(observey (a, b)).

We already have observey (a,b) as both a left and a right inverse, so it remains to
construct homotopies

h—(a,b) : observey (a,b) o observey (a,b) ~ id,—p,

g, (@, b) = observey (a, b) o observey (a, b) ~ idgq,(a,p) -
We will start with h—, which we define by pattern matching:

h—(0,0,refly) = reflyeq,,
h—(a+1,a+ 1,refl,11) =7

The second branch is a bit tricky to fill in. We need to construct a path
observey (a + 1,a + 1,0bservey (a + 1,a + 1,refl, 1)) = refl,, 1 .
Unfolding the underlying functions yields the following (judgmentally equal) type
ap(succy, observey (a, a, observey (a, a,refl,))) = refl,4 1 .
We can transport along
h—(a,a,refl,) ™" : refl, = observeS (a, a, observey (a, a, refl,)),
which means we only have to produce an element of type

ap(sucey, refl,) = refl, 1,
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which holds judgmentally. The path we’ve just constructed can be illustrated using the
following diagram

refl

observey (observey (refl, ;1)) ap(succy, observey (observey (refl,)))

tr(h=(a,a,reflg))

— ap(succy, refl,)

Putting the above together completes the homotopy:

h—(0,0, refly) = refleq, s
h—(a+1,a+ 1,refl,11) = tr(h=(a,a,refl,), refl.en

a+1)'

Next, we construct hgy, by pattern matching on the two naturals:

g, (0,0, p) = refl,,
hgg,(a + 1,0+ 1,p) =7,

hiq, (0,0 + 1,p) = ex-falso(p),
hEq,(a+1,0,p) = ex-falso(p).

Again, the second branch is the tricky bit. We need to construct a path
observey (a + 1,b+ 1, observey (a + 1,0+ 1,p)) = p.
Unfolding the underlying functions yields the following (judgmentally equal) type
observey (a + 1,b 4+ 1, ap(succy, observey (a,b,p))) = p.

Notice that we can collapse the first two function applications. Indeed, we have

P H H observey (a + 1,b+ 1, ap(succy, p)) = observey (a, b, p),
a,b:N p:a=b

P((Z, a, reﬂa) = I‘eﬂobserveg’(a,a,refla) .

Together with hgq,(a,b,p), this is enough to complete the path, as can be seen in the
following diagram

observey (a + 1,b 4 1, ap(succy, observey (a, b, p))) s

P(a,bobservef (a,b,p)) “ )

observey (a, b, observey (a, b, p)) B (4,b,p)
Eqy (40,

Substituting this into our original definition finalizes the homotopy

hgq, (0,0, %) = refl,,
hgq,(a+1,b+1,p) = P(a,b,observey (a,b,p)) = hgq,(a,b,p),
hEq, (0,04 1,p) = ex-falso(p),
hiq,(a+1,0,p) = ex-falso(p).
We can now conclude that a = b and Eqy(a,b) are indeed equivalent types! O
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We now have all the pieces required to conclude that N is a set. Together with lemma
13, this is enough to conclude that Z is a set as well.

Proof of lemma 14. Recall from the definition of is-sety that all we have to do is construct
elements is-prop,_, for all a,b: N. By lemma 15, a = b is equivalent to Eqy(a,b). Since
the latter is always a proposition (this can be proven explicitly by pattern matching,
referencing the fact both 0 and 1 are propositions), it follows by lemma 12 that is-prop,_,
as well, finalizing our proof. O

As a last result regarding sets, it is indeed the case that sets (similarly to propositions
and contractible types) can only be equivalent to other sets

Lemma 16. There is a map

set-equivy p H is-equiv(f) — is-setq — is-setp .
f:A—>B
To prove this lemma, we will make use of a very useful observation regarding equiva-
lences of propositions. Notably, since propositions have no interesting higher path struc-
ture, bidirectional maps between propositions can in fact be turned into equivalences of
propositions.

Lemma 17. Given propositions A and B and a bidirectional map (f,g) : A <» B, then
is-equiv(f) (and by symmetry, is-equiv(g)).

Proof. We will only prove that is-equiv( f) (since the other direction follows by symmetry).
First, let g be both the left and right inverse for f. In order to finalize the proof, we must
construct homotopies

hA tgo f ~ idAa

hg: fog~idg.
Given a : A, by p : is-prop,, we have a path p(g(f(a)),a) : g(f(a)) = a. This is
enough to construct the homotopy h4 (with hp following by symmetry). O]

Proof of lemma 16. Let f : A — B be an equivalence, and p : is-set 4. By the definition
of is-set g, we have to construct proofs prop,_, for all z,y : B. Let g be the right inverse
of f. We will construct a bidirectional map

(l,r): (9(x) = g(y)) < (z =y).

For the (z = y) — (g(x) = ¢g(y)) direction, we can simply take [ := ap(g). The
remaining direction is a tad trickier. In particular, given a path ¢ : g(z) = g(y), we can
apply f to get an element ap(f,q) : f(g(x)) = f(g(y)). Since g is the right-inverse for f,
we have a homotopy h : fog ~ idg. We can concatenate paths induced by this homotopy
to both ends of ap(f,q) to get it to have the correct type:

r(g) = h(x)"" = ap(f,q) * h(y).
This can more clearly be seen in the following diagram:

v M0 flgla)) 2 fgly) -y

By lemma 17, the bidirectional map we’ve just defined induces an equivalence between
g(x) = g(y) and = = y. Moreover, by p(g(x), g(y)) and lemma 12, it then follows that
is-prop,_,,, finalizing the proof. O
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The metaphorical tower we’ve been investigating does keep going indefinitely. The
levels of said tower are called truncation levels, and the types therein are labeled using
indices starting at —2. That is, contractible types can also be referred to as —2-types,
propositions can be referred to as —1-types, sets can be referred to as O-types, and so
on. Many properties generalize to arbitrary levels along the hierarchy. For instance,
it is indeed the case that if A is a k-type, and we have an equivalence between A and
B, then B is also a k-type. This is not difficult to prove once one establishes that
equivalent types have equivalent path types (i.e. [3, Theorem 11.4.2]), although doing so
without characterising equivalences further is an arduous task. The interested reader is
recommended to check out [3, Chapter 12.4] for an introduction to general truncation
levels, and [5, Chapter 4] for a more in-depth treatment of equivalences.
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6 The univalence principle

Having briefly explored the idea of identity types, one might wonder — is there a way
for us to identify types together? This is what the univalence principle (also known as
the univalence axiom) offers us.

To set the stage, note that paths induce equivalences.

Lemma 18. Given a path A =, B, we have an equivalence A ~ B. Formally, there is
a map

path-equivy p: A=y B— A~ B.

Proof. We proceed by path induction. We have to construct an equivalence A ~ A, which
we have already constructed in lemma 8. O

We are now ready to state the univalence axiom:

Axiom (The univalence principle). The map path-equiv is itself an equivalence. For-
mally, there exists an element

univalence, g : is-equiv(path-equivy ).

While in Homotopy Type Theory as presented by [5] the univalence principle is an
axiom (and thus cannot be computed with), [1] presents a specific flavour of Homotopy
Type Theory named Cubical Type Theory, in which the univalence principle is no longer
an axiom, and thus constructive. The interested reader is also recommended to check
out [1], which formalizes some mathematics in cubical type theory via the Agda theorem
prover.

An example consequence of univalence, as constructed by [/, 1Lab.Univalence], is
equivalence induction. Using the univalence principle, we can make the powerful idea of
path induction work for equivalences.

Lemma 19 (Equivalence induction). Given a base point A : i, and a type family

P:[[A~B-u,

B:U;

it suffices to construct P(A,id-equiv) to conclude that P(B,e) holds for any equivalence
e : A~ B. Formally, there is a map

ind~(A, P) : P(A,id-equiv) — H P(B,e).
e:A~B

Equivalence induction makes proving things like the fact that equivalent types have
equivalent path types (which we briefly mentioned at the end of section 5.3) trivial.

Univalence also unlocks a third way to arrive at the integers — taking the loop space
of the circle type. Intuitively, the circle is the higher inductive type generated by a single
point “base”, and a path loop : base = base. This mirrors the classical notion that Z
is the homotopy group of the circle. A more in depth introduction to the circle type is
available in [3, Part III].

For a more detailed introduction to univalence, the interested reader is recommended
to check out [3, Chapter 17] and [5, Chapter 2.10].
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7 Conclusion

Having taken a brief tour through the world of type theory, from the rules of the
formal system, to inductive & identity types and the integration of ideas from homotopy,
our adventure comes to an end. We hope we’ve offered a glimpse into what Martin Lof’s
Type Theory and Homotopy Type Theory have to offer, and how the paradigm of proving
things by construction works in practice.

Our through line of constructing the integers in two different ways stands to highlight
some of the complexities one must take care of when defining non-trivial equivalences (al-
though of course, there are tools one can use to standardize the process). Finally, our brief
overview of univalence is meant to highlight the important role played by equivalences in
the theory, as the primary characterization for paths between types.

While this thesis has hardly scratched the surface of the topic, the interested reader
is encouraged to delve deeper into the subject by taking a look at both [3] and [5], as
they both cover the material a lot more extensively.
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