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Abstract

This thesis unifies two extensions of the Hamiltonian formalism: the extended phase space, treating
time as a dynamical variable, and Dirac’s theory of constrained systems. We first analyze the extended
phase space, showing that the Poincaré group forms a subgroup of the canonical group in Minkowski
spacetime and that the extended Hamiltonian is Lorentz-invariant. Next, Dirac’s formalism is applied
to phase space on curved surfaces, revealing an elegant relation between the hypersurface metric and
the Poisson structure via the Dirac bracket. Combining these, we develop a consistent phase space
description for relativistic systems on curved spacetimes. This framework is tested on de Sitter space-
time, which models our expanding universe’s asymptotic structure. We derive a Poisson structure
respecting curvature and time for a free massive particle, from which we demonstrate that the equa-
tions of motion reproduce geodesics and that de Sitter’s isometry group is a subgroup of its canonical
group. This work illustrates how the extended Dirac formalism provides, to a certain degree, a con-
sistent Hamiltonian framework for particles in curved spacetimes.
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6 Chapter I INTRODUCTION

1 Introduction

In many areas of physics, the central goal is to describe the state of a system at any given moment and
to predict how it evolves over time. For example, predicting the motion of celestial bodies has occu-
pied scientists for centuries, while understanding the behavior of particles after detection has become
especially important over the past century.

The idea of phase space, which provides the natural framework for this description, first appeared
implicitly in Boltzmann’s 1878 work on statistical mechanics and was later formalized by Gibbs and
others [1]. Since then, it has become a cornerstone of classical mechanics, statistical physics, and
even quantum theory. Phase space is defined as the space of all possible states of a system, where
each state is uniquely specified by a complete set of generalized coordinates (such as positions or
angles) and their conjugate momenta, which describe how the system responds to changes in those
coordinates [2]. Within this framework, Hamiltonian mechanics provides a systematic method to
derive the equations governing the system’s evolution and to study how physical quantities change
over time. However, the standard phase space formalism treats time merely as an external parameter,
which becomes inadequate for describing systems that are relativistic or constrained. In Einstein’s
1905 theory of special relativity, time and space are unified into a single spacetime framework [3],
suggesting that time should be treated on the same footing as the spatial coordinates, that is, as a
dynamical variable. This motivated the development of an extended phase space formalism, in which
time is promoted to a coordinate and a separate evolution parameter is introduced [4].

Meanwhile, many physical systems come with intrinsic constraints that the standard Hamiltonian
approach cannot handle consistently, for example curvature. To deal with these, Dirac developed a
generalized Hamiltonian formalism that systematically treats these constraints [S]. These two ex-
tensions, the extended phase space and Dirac’s constrained Hamiltonian mechanics, each address
different limitations of the standard formalism and are usually discussed separately. However, in
certain settings, such as relativistic particles in curved spacetimes like de Sitter space, both features
become essential: the dynamics involve constraints that naturally mix spatial and temporal compo-
nents, requiring a framework that combines both approaches.

We will discuss these formalism and their unification with our central focus towards the Poisson struc-
ture, which encodes the geometry of phase space and governs the evolution of observables through
the Poisson algebra. We will discuss promoting time to a coordinate extending the standard Poisson
brackets, while constraints modify this structure via the Dirac bracket. The main challenge in bring-
ing both ideas together is to construct a consistent Poisson bracket that incorporates the extended
geometry while remaining compatible with the constraints. The goal of this thesis is to motivate and
present these two extensions in Chapters 3 and 4, building on the foundations laid in Chapter 2, and
then to explore their unification in Chapter 5. Finally, in Chapter 6, the resulting framework is applied
to the phase space of de Sitter spacetime.
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2 Standard Lagrangian and Hamiltonian Formalism

In this chapter, the standard Lagrangian and Hamiltonian formalism will be discussed to establish
the basic tools for describing classical dynamical systems. This includes how phase space and the
Poisson bracket arise and why they are central to describing time evolution. Understanding these
ideas is necessary because they form the basis for the extensions and modifications that follow later
in this thesis.

2.1 Lagrangian Mechanics

Within Lagrangian mechanics, systems are described by a set of generalized coordinates (g1, 42, -,qn)-
The space spanned by the generalized coordinates is called the configuration space. As the system
evolves in time, it traces out a path in configuration space, which is referred to as the motion of the
system. For a given system, the Lagrangian L : TQ — R is generally defined as

L(q1,---,qn,q1y---sqnst) =T =V, (1)

where T and V are the kinetic and potential energy of the system, respectively [6]. The Lagrangian is
naturally defined on the tangent bundle of the configuration space 7'Q, as this provides the appropriate
framework for specifying positions and their corresponding velocities.

The fundamental principle of Lagrangian mechanics is Hamilton’s principle. It describes the mo-
tion of monogenic systems, which are physical systems in which the acting forces can be derived
from scalar potentials. It states that the motion of a system from time #; to time #, is such that the
action functional

sla] = | " L(g(e),q(r).1)di @)

is stationary with respect to variations of the path ¢(z) that leave the endpoints fixed. That is, of all
possible paths of motion that the system could take from its position at #; to its position at #,, it takes
the path for which

0S =0. 3)

Using methods from the calculus of variations , this condition leads to the Euler-Lagrange equations

oL d (oL
e (a) =0 @

= 9% The actual motion of the system satisfies these second-order differential equations.

where g; = .

2.2 Hamiltonian Mechanics

In the Lagrangian formalism, the motion of a system is determined by n independent generalized
coordinates with the governing n Euler—Lagrange equations. Specifying 2n initial conditions fully
determines the motion of the system for all times, because the Euler-Lagrange equations are second-
order differential equations. The Hamiltonian formalism seeks to recast the dynamics in terms of
2n first-order differential equations. Because the number of degrees of freedom remains the same,
the system must now be described by 2n independent variables. These variables form a new space
called phase space, where each point represents a complete state of the system. The evolution of the
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system corresponds to a trajectory in phase space, which are determined by the first-order differential
equations.

To start, it is natural to take the first n coordinates as the generalized positions ¢;. The remaining
n coordinates are defined as the generalized (or conjugate) momenta

oL
. E — 5
p l aql Y ( )
which together form the momentum space. The transition from Lagrangian to Hamiltonian mechanics
is made via the Legendre transformation. One defines an intermediate function to be

n

F(q,q,1) = Zq,pz 4,9) — L(q,4(q,p),1), (6)

where p; are still functions of the coordinates (¢,4). Then one does the Legendre transformation
by changing the variables from (g,q,t) to the new set of coordinates (g, p,t). Assuming that this
transformation is non-singular, i.e.

ap,-) ( 9’L )

det = det 0, 7
(qu 9G04 ; 7 @
JdL

the relation p; = 3g, can be inverted to express ¢; in terms of p;. In that case (g, p) forms an inde-

pendent coordlnate system on phase space. These variables (g;, p;) are called canonical coordinates,
since as we will see they give Hamilton’s equations and their Poisson brackets a canonical structure.
In this case, the Hamiltonian is obtained by expressing F in terms of the new variables (g, p)

H(g,p,t)= Z —L(q,4,t), 8)

where ¢; are now functions of the new coordinates (g, p). The action functional (2]) will take on the
form

Slg(2), p(t),1] = /: di (im" —H(q,p,t)> ©)

and Hamilton’s principle becomes that (9) is stationary under the independent variations of ¢(¢) and
p(t).

The Hamiltonian, defined in this way, has the differential

S
=
I
™=

I
—_

(d(gipi)) —dL

I
™=

oL oL oL
((szpl + pidq;i — aq —dqg;— @d%) — Edt

, oL oL

) oL
(gidpi — pidq;) — gdla

I
_

(10)

2
Ly
=

I

—

I
M:

—_
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where the last step follows from the fact that the Euler Lagrange equations % (g-;) = g—qLi imply

pi= aa_qL,» On the other hand, by the chain rule,

dH = Z( -dg; + agdpi>+%—i1dt. (11)

Comparing both expressions gives

OH . OH oL oH
:a_pi’ pl__a_q,- % o (12)

The first two expressions are the 2n first-order differential equations, which govern the time evolution
of the system and are called the canonical Hamilton’s equations of motion, which me mentioned
earlier.

2.3 Poisson Brackets and Canonical Transformations

In Hamiltonian mechanics, the Poisson bracket provides a fundamental tool for describing the time
evolution of observables, identifying conserved quantities and bridging classical and quantum me-
chanics through canonical quantization. The Poisson bracket originates from the language of differ-
ential geometry. Readers unfamiliar with the foundations of differential geometry are encouraged to
consult [[7] for the necessary definitions and background.

The dynamics involved in phase space can be described by the so-called Poisson bracket. The defini-
tion of a Poisson bracket is the following [8]:

Definition 2.1 (Poisson Bracket). A Poisson bracket on the space C*(M) of smooth functions is a Lie
bracket

{-}: (M) x C*(M) — (M),
satisfying the Leibniz identity
{f.eh} ={f,gth+g{f,h}  Vf.ghe (M) (13)
Because it is a Lie bracket, Poisson brackets satisfy Vf,g,h € C*(M) and a,b € R
1. R-bilinearity:
{af +bg,h} =a{f,h}+b{g,h}, and {h,af+bg}=a{h,f}+b{h g}

2. Skew-symmetry:

{fag} = _{gaf}

3. Jacobi identity:
{f {g:h}}+{s,{h. f}}+{n{f,g}} =0.
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Due to the Leibniz identity, the Poisson brackets can be restricted to local coordinate charts on the
smooth manifold M. In a local chart (U xl ,x") on an n-dimensional manifold the Poisson bracket
can be written as

i Of 98

{fighlo =L/ =55=, (14)

2y

where 7'/ are the Poisson brackets of the local coordinates and are called the structure functions with
respect to the chart
/= {x'",x'}u. (15)

This abstract definition of a Poisson bracket finds a concrete realization in Hamiltonian mechanics.
Mathematically, phase space is modeled as the cotangent bundle of the configuration space 7*Q,
which is a symplectic manifold[8]]. Without going into details, this means that it possesses the ge-
ometric structure necessary for formulating Hamiltonian dynamics. Namely, a symplectic manifold
has a symplectic form ® written as

o= dxAdy,

n
i=1
on the local chart (U,x!,...,x",y1,...,y,) of T*Q. The Poisson bracket is related to the symplectic
form  via the contraction formula

{fag}:w(vaxg)a (16)

where Xy, X, are the Hamiltonian vector fields generated by f and g. In local coordinates, this
symplectic form defines a Poisson bracket for which the bracket of two smooth functions f and g

takes the form [[7]]
_ vy (9f9s dgof
{f.8}= l_Zi (Ebci dy; oxi ayi) '

The necessity of differentiating between upper and lower indices arises when the manifold possesses
a metric tensor, as seen in geometric manifolds. Under coordinate frame transformations, upper and
lower indices exhibit contra-variant and covariant behaviors, respectively [7]].

7)

Now we can relate this to Hamiltonian mechanics by the property that the symplectic form on the
phase space T*Q is now written in terms of the canonical coordinates

n
o =Y dq' Ndp;. (18)
i=1

So we get a Poisson bracket on phase space for which the bracket of two smooth functions f,g :

T*Q — R takes the form
v afag_8g8f>
et = ,Z{ (aqi opi 0q'op;i)

This gives the canonical Poisson bracket relations

{¢.4’y=0,  {d'.p;} =8, {pip;}=0. (20)

and the canonical Poisson structure
n — Ol’l Xn In Xn , (2 1 )
_In><n On><n

19)
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where O, «, 1s a n X n matrix with entries zero and I,x, is the is a n X n identity matrix. So the
canonical coordinates, for which the Hamiltonian can be written in the form (81)), naturally define this
local Poisson structure. For a function on the local chart f: U C T*Q — R

df af Zaqu of dpi

dr " dq' dt apl dr
Z Jf oH 90H of (22)
10q' dpi  9q' Ip;
== H
al + {f? }?
where the Hamilton’s equations ¢; = 3113 pi = aH are used to obtain the final expression. From

this it becomes apparent that functions with no exphc1t time-dependence are conserved if { f,H} = 0.
Specifically, if the Hamiltonian has no time dependence then the energy is conserved since {H,H } =
0.

Now most of the times we are interested in keeping everything canonical. So when we do trans-
formations we are interested in the ones that keep the formalism canonical. To this extent we say a
canonical transformation is a coordinate transformations (¢, p) — (Q(p,q),P(q, p)) that satisfies the
Poisson bracket relations

{00} =0, {0\P}=38, {P,P}=0. (23)

This will be true when Hamilton’s principle is satisfied for the transformed action functional

S[O(1), P(t),1] = /[1 ® (f{ PO H/) , (24)

where H' = H'(Q, P,t) denotes the original Hamiltonian expressed in the new coordinates. Together
with the fact that Hamilton’s principle still holds for the original action functional (9)), the two inte-
grands differ at most by the time derivative of a function on phase space F' : T*Q — R with continuous
second-order derivatives [9]. So if the transformed set of variables (Q, P) is canonical, then we must
have that
Y pid—H=Y PO —H +—. (25)
i=1 i=1 dt
This relation helps us to establish a bridge between the new and old coordinates using F. When
working with two sets of canonical variables related by a canonical transformation, i.e. (g,p) and
(Q, P), only 2n variables out of the 4n {¢', p;, Q', P;} can be independent. This is because the canonical
transformation imposes 2n constraints. Now suppose we consider {¢’,Q'} to be the independent
variables. We can write the function F as F = Fj(q,Q,t), which is called a type 1 function. For such

functions we get

- = . 26
dt ot Z 8Ql (26)
Equation (23] then takes the form
1 - 1 . oF; aFl .
; 1 H — P[ r_ H/ -1 l l 27
;p q ; 0 +~ >3 a Q, 27)



12 Chapter 2 STANDARD LAGRANGIAN AND HAMILTONIAN FORMALISM

which can be rewritten into

1 8F1 i aF] aFl
Z( ) —H= Z(P+ Q)Q —H + T (28)

i=1

Now, since the set {g’, 0"} is taken to be independent and hence is linearly independent, the equation
can only hold if the coefficients vanish

_ 9F1(q,0:1) _ JFi(q,01)

pi=T T A= (29)

The remaining equation then is

aFl(QaQat)

H'(Q,P,t)=H(q,p,t)+ PR

(30)

where H' is obtained by substituting (g, p) with their expressions in terms of (Q,P). Given a certain
F1, one can now find the associated canonical transformation using the two expressions in (29). The
first expression defines p; as functions of g;,Q; and t. Assuming the Hessian matrix is nonsingular,
that is det ( 34307

one can find P; as functions of ¢, p; and 7. Putting together, one finds the full canonical transforma-
tion.

> # 0, then Q; can be solved for in terms g, p; and ¢. Using the second expression,

It is possible that we would encounter a transformation such that p; is a function of g;,P; and ¢
instead of g, pj and ¢, then Fi (g, Q,¢) would not be the most appropriate choice. In this case we write
F with type 2 functions, where we take g and P to be the independent coordinates. We can do this by
performing the Legendre transformation (¢, Q) — (g, P) such that

n
F =F(q,Pt)— Z 31)

Substituting this into equation (25]) we find that

! F; ; F: N\ I
Z(p, a_g) [~ H _Z<a2 ’)Pz—H’+%. (32)

By the same reasoning as before we get the expressions

aF2<CI7Q7t)
oP, '

OF:(¢,P.1) H(Q.P) = Higp.)+ 22EPD (a3

s — - i:
pl aql Y Q

. . . . . . 2
Again, using the first expression one can find P; written as a function of g, p; and ¢ if det ( azié;) #0.
J

Then the functions Q' in terms ¢ j»pj and t can be found by the second expression.

In a similar manner one can find the expression relating the coordinates for which the independent
variables are taken to be either Q and p or p and P. This can be summarized in the following table

To summarize, if one has a canonical coordinate system (g,p) and a coordinate transformation
(g,p) — (Q,P) for which the transformation equations are satisfied for some particular Fj 3 4, then
by reverse reasoning, equation holds and hence (Q, P) and the transformation are canonical. The
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Type | Generating Function | Independent Variables | Transformation Equations
| Fi(q,0.1) 0 o oF; p_ oF;
1\q,Y, 9, Pi= aqi7 i — an
oF, )2
2 F(q,Pt P = = "=
2 (q7 ) ) % pl aql Y Q aPl
. oF; oF;
3 F t 1 p=__-
3(paQ7 ) pvQ q apia i an
, oF; . OF,
4 Fy(p, Pt P = =
4 (pa ) ) p, q apz ) Q aPl

Table 1: Types of generating functions, their independent variables, and the resulting canonical trans-
formation equations.

converse, however, is not entirely true. It is possible that a transformation cannot be derived from one
of the generating functions Fj 3 3 4, but rather from a mixture of the four types. In such cases there is
another way to check if a transformation is canonical:

A transformation is canonical if it satifies the symplectic condition with respect to the Poisson struc-
ture

ATmA =m, (34)

9(0.P) )
3(q.p) of the transformation.

where A is the jacobian matrix

Indeed only for a canonical transformation we see that

q  Jq 0) I g dp
ATTCA _ nxn nxn
a_Q a_P _Inxn On><n oP B_P
dp dp g Ip
009P _ dQ 9P 9QJP _ 0QJP
dg dq  dq dg dqdp  dp dq (35)
000P JdQ9oP 0Q9dP 90 9P

dpdq dqdp dpdp dpdp
_ 0 {Q,P} _ On><n In><n -
_{va} 0 _In><n On><n
Finally, the phase space we are primarily interested in is the phase space of R”, as it serves as the
foundational setting for the theories discussed in this thesis. As we said, this is described by the
cotangent bundle 7*R”, which is isomorphic to R2” [8]. In this case, the canonical set of local

coordinates (¢',...,q", p1,...,pn) become global because of the flat structure of R?" is flat, and the
Poisson bracket retains the form

" /9f 9 dg o
{f,g}zz(—f-—gi——g.—f,) V(q.p) € T'R". (36)

Therefore, all results that follow will hold globally, without requiring restriction to local coordinate
charts. This will be useful when we consider manifolds embedded in a flat ambient space.
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3 Time as a Dynamical Variable: Extended Phase Space

In this chapter, we will discuss a phase space formulation in which time is treated as a dynamical
variable on equal footing with spatial coordinates. We first show that the standard Legendre trans-
form approach fails due to the extended Lagrangian’s homogeneity and the resulting constraints. To
overcome this, we introduce an alternative construction of an extended Hamiltonian defined directly
on an extended phase space including time and its conjugate momentum. We show the corresponding
extended Poisson brackets and extended canonical transformations. Finally, we apply this framework
to Minkowski spacetime, demonstrating that Lorentz transformations act as canonical transforma-
tions on the extended phase space and that the extended Hamiltonian is Lorentz-invariant. This sets
the stage for a fully covariant Hamiltonian formalism suitable for relativistic systems. This chapter is
based on [4]], [10] and [8]].

3.1 Failure of the Standard Legendre Procedure

As seen in the preceding chapter, the conventional way to obtain the Hamiltonian formalism is through
Lagrangian mechanics. Therefore it seems only natural to start by promoting time to a dynamical
variable and try to obtain the Legendre transform of the Lagrangian. To treat time as a dynamical
variable, we introduce a reparameterization of the trajectory by promoting the configuration space
coordinates and the time parameter to functions of a new parameter s. Consider the standard con-
figuration space Q of a dynamical system with local coordinates ¢' (i = 1,...,n). We construct the
extended configuration space Q, = Q x R, where the additional factor R corresponds to the time
t. The reparameterization is defined by introducing an arbitrary monotonically varying parameter s,
such that time becomes a function ¢ = #(s), and the configuration variables become ¢'(s) = ¢'(¢(s)).
A trajectory is then described by the map

ViR—= Qe s (4'(5),1(s)). 37)

The requirement of s to be monotonically varying is such that ng is always finite and nonzero and
hence trajectories become smooth.

Now to formulate the extended Lagrangian, we start by denoting derivatives with respect to the new
parameter as ¢'' = ”Z—f. By the chain rule we find that

. 0q' dt ,
/l___: -1,/
T =3¢ ds 7! (38)

such that ¢’* can be written as
2

q = " (39)
using the fact that ¢’ is always nonzero. After reparameterization, we have that dr = ¢'ds and so the
action functional (2)) becomes

sta(s)1)) = [ ast a9

0

qi(s)
1'(s)
Defining the extended Lagrangian where time is treated among the dynamical variables as
qi(s)
#'(s)

,t(s)] t'(s). (40)

L [a(0)d (90160, 6)] =L ). 5.009)| 60, @)
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results in the action functional becoming

Slalo).1(9)] = [ dsLe ql6)./(9)1(6).0 ()] @)

This action has the important property that it remains the same under any arbitrary monotonically
varying reparameterization of the trajectory. We call this reparameterization invariance. One can see
this by noting that for any nonzero scalar A,

Thus, the extended Lagrangian is homogeneous of degree one in the generalized velocities. It is pre-
cisely this property that implies that the choice of a monotonic parameterization is arbitrary. More
generally, it can be shown that any Lagrangian that is homogeneous of degree one in the velocities
generates dynamics that are invariant under reparameterizations of the curve parameter [4]. Although
the explicit form of the extended Lagrangian changes with different parameterizations, the resulting
action is form-invariant and yields equivalent equations of motion.

To continue, we notice that equation (42)) is analogous to the standard form and hence we extend
on this formalism by now defining the extended conjugate momenta as

dL,
= — 44
Pk o’ (44)
where k =0, 1,...,n and ¢° = r. For the original generalized coordinates the momenta become
oL, 9 g
pi=e=-L|g L]
aq""  dq" t
_i(aawy,
=Y (357 307
RO\ 04 45)
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which is exactly the same as the original conjugate momenta. The conjugate momenta for the time
variable is given by

I
h
+

1=

. < J q/j '
T

.
Il
R

I
h
|
=
Q.

~
S|
~

I

|
=

where H is the standard Hamiltonian. This means that pg is not an independent variable. It is alge-
braically constrained by g;, p; and ¢ through the Hamiltonian H. Besides the fact that this shows that
one cannot obtain a complete set of independent coordinates for phase space through the standard La-
grangian method, another problems arises. When we try to follow the procedure as shown in section
[2.2] we will get a Hamiltonian that is identically zero:

Defining the intermediate function from the extended Lagrangian, we get that this is

n

n n
F(q,4.1) =Y qipi(q,9) —Le(q,4.t) =1 ) gipi—t'H —{'L =1’ (Z qipi —L) —/H=0. (47)
k=0 i=1 =1

This function vanishes identically for all values of the variables involved. As a result, there is no
well-defined Legendre transformation that can be performed, and thus no nontrivial Hamiltonian can
be obtained through this method. It is clear that due to the relation there is no way to obtain
the standard Hamiltonian formalism through the Lagrangian formalism. Consequently, we must seek
an alternative approach to formulate a consistent Hamiltonian framework where time is a dynamical
variable.

3.2 Extended Hamiltonian

Our alternative approach starts similarly by extending the configuration space Q to the extended con-
figuration space Q, = Q x R by including the time coordinate ¢° = ¢. The extended phase space is the
phase space of Q,, namely 7*Q,, with local coordinates

(@°,q" - 4" Pos P15y D), (48)

called the extended phase space coordinates, where pg is the conjugate momentum associated with
time. Now it is important to emphasize that while (¢',...,¢", p1...,pn) are defined through the
standard phase space with equation (5)), we don’t know yet the expression for py. Now instead of
deriving the extended Hamiltonian from an extended Lagrangian, we define it directly through the
extended action functional. That is, we will rewrite the extended action in terms of extended phase
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space coordinates such that it is completely analogous to the standard action

Sla(0).p() = | " ar (; pids —H> . 49)

From there we will define the extended Hamiltonian as the expression in the extended action principle
which takes the same place of the H in the standard action. This goes as follows:

Again, we introduce a monotonically varying the evolution parameter s, and treat time ¢ = ¢°(s)
as a dynamical variable. The action functional can be written to form the extended action functional

n

Slg(s), p(s),(s)] = /n ® (Z pidi —H>

i=1

52 n
=/ dst'\ Y pigi—H
S1 i—1

(50)

_/ ds<2pkq H—l—po)>

where the prime still denotes differentiation with respect to s. Now we will define the extended
Hamiltonian H, : T*Q, — R as

dt

H.(¢", pr) = a(H (¢, pirt) + po), = (51)

We have written o0 = d’ to emphasize that it must not be considered as a function on the extended

phase space. Mathematlcally, o= jf is a function on the tangent bundle TQ, and hence merely a

scaling factor external to the extended phase space T*Q, [10]. With the extended Hamiltonian simply
being a function on the extended phase space, the action functional will be completely analogous to
the standard action functional, as can be seen by substituting the expression for H, into (50):

) n
Sla(s),p().1(5)] = [ "ds (z nd* —He> . 52
1 k=0

So the extended Hamiltonian takes on the role of the standard Hamiltonian while the extended phase
space coordinates (qo,ql,.‘.,q”, Po,P1--.,Pn) become the canonical coordinates. It can be shown
that this action is invariant under reparameterizations just like [4]. Using Hamilton’s principle
in the form of ({#2)), we get the following Euler-Lagrange equations with respect to the independent
coordinates g* and py:

(ijq (4", Pk )) < (aa,j (Zn:qu’j—He(qk,pk,t)>> =0 (53)
ds \ dq j=0
v (Z:: o(q", P )) <3Pk (Z pid”’ = He(d", px, ))) =0. (54)

and
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=0 and gH,‘? = 0, one can easily verify that this reduces to the extended
canonical equations of motion
dqr _ 0H, dpy  OH,

et I s k=0,1,...n. (55)

We see now why it is important that we emphasized that is merely a scaling factor instead of a
oH,
oq”
see that for a physical system, where there is no explicit dependence on s, that

function on T*Q,, otherwise

would have been nonzero. Now from the equations of motion we

" 0H, dq aHe dpy & p ko gk
— = =0.
Z © dgk ds apk ds kgb Prd 4 Pr

So we see that due to Hamilton’s equations of motion, the extended Hamiltonian is a constant. This
means that po(s) equals the value of —H (g, p,t) up to a constant, because H, = w(H(q', p;,t) + po)
and s is monotonically varying such that o is always nonzero. For simplicity the constant is set to
zero, because selecting a nonzero constant for H, would merely correspond to a trivial redefinition of
the conventional Hamiltonian [[11]]. It seems we again recover the same issue as before, namely

po(s)+H(d', pi,t) =0. (56)

However, the key difference with before is that the extended Hamiltonian does not vanish identically
such as the Hamiltonian obtained through the Legendre transformation. What we have now is that the
condition (56)) is merely a consequence of the fact that due to Hamilton’s principle, H, = 0 constitutes
an implicit function that defines a (2n+ 1)-submanifold M C T*Q, in the extended phase space. This
submanifold is the physical phase space describing the system. This is analogous to systems where
the standard Hamiltonian equals to the energy giving the implicit function E — H(q, p,t) = 0 con-
stituting an (2n — 1)-hypersurface in the standard phase space. To isolate the physically meaningful
phase space, one constructs coordinates that respect the constraint, providing a parametrization of the
submanifold M.

3.3 Extended Poisson Brackets

We are now in a position to write the corresponding Poisson brackets for our extended phase space. As
we saw in the preceding section the canonical coordinates are the extended phase space coordinates
(qo, q',....q" po.pi-.. ,Pn)- As shown in Section 2.3, this leads to a local Poisson bracket on 7*Q,
such that, for two smooth functions f,g: T*Q, — R, we have

_ v (99 g af _ df dg  9g If
=2 (o~ agtane) =+ (5o~ o). e

This is exactly of the same form as the standard Poisson bracket with just an additional independent
coordinate and its conjugate momentum. From this extended bracket we get the extended form of the
canonical Poisson bracket relations

(", dy=0, {py=8  {p,pi}=0, k,l=0,1,....n. (58)
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and the extended Poisson structure

1 = (O(n+1)><(n+1) I(n+1)><(n+1)) . (59)
L 1)yx(nr1) Ot x(nt1)

For a function f : T*Q, — R, with no explicit s-dependence, we have

L df dg* af dpx Of 0H, 0H, df
dS aqk ds apk ds Z aqk apk aqk Dk = {f7 e}e- (60)

Analogously to the standard phase space, in the extended phase space a function is a conserved if
{f,H.}. =0 and we see that Hamilton’s equations of motion also follow from this bracket as

qu dq~ o0H, _ 0dH, o & .i0H, OH,
49" ¢ 1T _y§ - 61
ds Z © g’ dp; 9g/ dp; jg “op;  opx ©b
and similarly
dpr dpx 0H,  OH, dpy _ OH,
ds _{pka Z aqj apj aq] ap] _Z kaqj __aqk (62)

3.4 Extended Canonical Transformations

To find properties about the canonical transformations in the extended phase space, we will use the
same approach as shown in section 2.4 using generating functions. The only difference is that we now
start with the extended action principle

Sla(s), p(s),1(s)] = /S jz ds <i‘, g _He> (63)

k=0

and the modified extended action principle

S@@LH@J@H=LT¢(§%@£”—HQ, (64)

where H, = H,(Q, P,s) denotes the extended Hamiltonian expressed in the new coordinates and the
coordinate transformations (g, p) — (Q(p,q),P(q,p)) now include ¢ and py. As before, the transfor-
mation is canonical if the two integrands differ by a total derivative with respect to s of a function
F :T*Q, — R, which is at least twice continuously differentiable. That is

n k n r dF
Y pd"—H.=Y Pg" —H+—. (65)
k=0 k=0 ds

If we consider a type 1 function, i.e. F = Fi(q,Q,s), with ¢ and Q as the independent variables, we

find that 8 5 5
dFy _ oF; F 1 /k Fi
o= Z @Q (66)
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With this we can write (63) in the form

! oF; ) 1k ( oF; ) 1k ,  OF
Dk — = —H, = P+ |0 —H,+—. (67)

B (5o o= B (roige ) o -
Since g and Q are taken as independent variables, they form a linear independent set and hence we

find that oOF oOF
t t
_ 9Fi(q,0, )7 p—_ 1(q, Q1) 68)
aqk an

and the remaining equation becomes

aFl <Q7 Q7S)

H)(Q,P.s) = H.(q,p,s)+ %

(69)

similar to the standard results as in section Given that the Hessian condition det (%) #01is
satisfied we can express the new set of coordinates (Q, P) in terms of (g, p,s). For the other types of
function, it is good to note that given expressions (68)) and (69) # and pg behave exactly the same as an
extra coordinate would in the standard approach as in 2.4. It is therefore that the results for the other
types of functions will also be identical. Therefore we omit the computations and we show the results
in table 2 Finally, if we were to be dealing with a transformation which has no connected generating

function, we can check it with the symplectic condition with the extended Poisson structure (59).

Type | Generating Function | Independent Variables | Transformation Equations
oF; P oF;
pPi= "y I = T30
o o g’ 90’
1 F l, l,l,T 17 lut7T
1(q',0'1,T) q,9 AR _ OF
Po = aa}t?7 0= aFaT
2 i 2
. ) pi= dqt’ Q= oP;’
i p. L 22 Y
2 FZ(C[7PMI7PO) q'.P;t, Py _an aFZ
PO= "5 )i
; oF; oF3
q - — 9 1= — )
, , opi 20!
e i, O l
3 F3(pi,Q', po,T) pi- Q' po, T oF; F;
= —_—=, P() - — ==
dpo oT
. aF4 8F4
ql = _ap7 Q = aP
. . 7 / l
4 F4(pl7Pl7p07P0) pl’P“po’PO . 8F4 . aF‘4
o ap()’ B aPO

Table 2: Types of generating functions, their independent variables, and the resulting canonical trans-
formation equations.
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3.5 Phase Space on Minkowski Spacetime M*

The main point of introducing time as a dynamical variable is to treat it on the same footing as the
spatial variables. In this way, we can deal with systems where time is treated as a coordinate. The
most noteworthy example of this is Minkowski spacetime. Minkowski spacetime is defined as the
four-dimensional flat geometric manifold M* equipped with a metric of signature (— -+ +-+) [3]]. This
metric determines the spacetime interval as

ds* = Myydx"dx, (70)

where x* is the four-vector with components (ct,x,y,z) and My is the Minkowski metric, given by
the diagonal matrix diag(—1,1,1,1). The isometry group of M* is the Poincaré group, which is
the semidirect product of the Lorentz group O(1,3) and the set of translations in M*. The Lorentz
group, consisting of transformations called Lorentz transformations, has a specific representation on
four-vectors ¢* and p, which is given by

Mo =M pa— = (AT Dy (71)

where A*, satisfies

Nuw = NpsAP Ay (72)
Now the Lorentz transformations consist of rotations in the spatial coordinates, boosts and composi-
tions of these transformations. For a four vector with components (ct,x,y,z) a general boost has the

form
Y —YBx —¥By —7B:
R R E BEE R
o -0BE rrg-ng g-nBE |
B -DBE -0 1o Dh
wherey=1/ \/m and B; = * with i = x,y,z. For rotations the Lorentz matrix is block-diagonal

10
A= (0 R), (74)

where R is a 3 x 3 rotation matrix satisfying RTR = I and detR = 1, i.e. an element of SO(3).

(73)

To analyze phase space transformations in Minkowski spacetime, we start with the dynamical vari-
ables (z,x,y,z) and parameterize the system by the proper time t. For a system with fixed energy E,
we get pg = —F and the canonical coordinates take the form (¢,x,y,z, —E, px, py, p;). By performing
the canonical transformation (¢,E) — (ct, E /c) we recast these variables into the standard relativistic
four-vector notation, yielding canonical coordinates (x*, p,). This transformation aligns the phase
space coordinates with the Lorentz covariant framework, where x* and p, transform respectively
as contravariant and covariant four-vectors under Lorentz transformations. Now let us consider the
generating function of type 2

B, p) = A pl, (75)

where p, is the transformed p,,. First we observe that the corresponding Hessian matrix is nonsingular

because
?r o (2(Mexp)) d
ox+pl,  ox opy T oxH

(AY6x®) =AY, (76)
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and detA = £1. Secondly, we observe that the transformations equations are

oF,

oF, AV _ R
ap,,

— — u
Pu==—= X
N N ubv:

= A'yxY, (77)

which are precisely the Lorentz transformations on four vectors. Therefore, the transformation equa-
tions are satisfied, and the Lorentz transformations are canonical. The set of translations in Minkowski
spacetime, given by

s X =M et (78)

is trivially canonical since constant shifts vanish in the extended Poisson brackets. This shows that
the Poincaré group forms a subgroup of the canonical group on Minkowski spacetime, i.e.the group
of all canonical transformations on M*. Finally, it is quite easy to show that the value of the extended
Hamiltonian does not depend on the reference frame, unlike the standard Hamiltonian. Looking at
equations and (74)), we see that in both rotations and boosts, there is no explicit dependence on
the parameter t. By equation (69) we see that

Hé(x/'uvp;u T) = He()c*“,plu, 1), (79)

which means that the extended Hamiltonian is indeed Lorentz-invariant (here Lorentz-invariance
refers to the fact that the transformed extended Hamiltonian H) takes on the same numerical value as
H, for every point (q“,py) € T*M*).
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4 Constrained phase space

In this chapter, we discuss the Hamiltonian formalism for systems with constraints, which naturally
arise when motion is restricted to a surface or when redundant degrees of freedom are present, as
in gauge theories. We first explain how constraints modify the canonical structure and distinguish
between first-class and second-class constraints, showing how the former generate gauge transforma-
tions. To consistently handle second-class constraints, we introduce the Dirac bracket, which projects
the dynamics onto the constraint surface. To illustrate how these ideas work in practice, we derive
the Dirac structure for a particle on a sphere and generalize this to an arbitrary curved hypersurface,
revealing how the algebra encodes the induced geometry. These results lay the foundation for the
treatment of more complex systems, such as curved spacetimes, in later chapters. This chapter is
based on references [5[], [[12], [13], [14] and [[15]].

4.1 The Legendre Transformation and The Equations of Motion

Like said before, normally one obtains the Hamiltonian of a system by performing a Legendre trans-

. . . 2 . .
formation on the Lagrangian, given that det (aS_an> # 0. However, it is possible for systems to not
i94j
: . . . 2
satisfy this property. Given that we have a system for which det (%E)Lq]) = 0, the momenta p; = aa_qL,-
cannot be inverted to express velocities ¢; as functions of the coordinates and momenta. Instead, there
will be some M € N constraints

¢m(q7p):07 m:177M7 (80)

where the p’s are replaced with their definition in terms of ¢’s and ¢’s. These are called primary
constraints to emphasize that they arise directly from the singularity of the Legendre transforma-
tion, independently of the equations of motion, and that they do not necessarily correspond to any
constraints present in the Lagrangian formalism [16]. Assuming that the rank of the Legendre trans-
formation is a constant n — k throughout 7' Q, there will be k independent constraints among the ¢,,.
The Legendre transformation then maps from the 2n-dimensional 7Q to a (2n — k)-dimensional sub-
manifold I' C T*Q defined by the constraints. We call this submanifold the primary constraint surface
and it is on this surface that the system’s evolution takes place. Since the transformation has rank
n — k, for any point (g, p) € T*Q there exist a k-dimensional manifold in 7Q that maps to this point
[16]. Now if we want to have a well-defined time evolution within the Hamiltonian formalism every
point in phase space should have only one corresponding point in 7Q, because otherwise different
time evolutions will stem from the same initial conditions [[15]. To make the transformation non-
singular we need to introduce at least k parameters, which will act as extra coordinates. We will later
see that these parameters come in the form of Lagrange multipliers.

Now before we move on, we must first specify some details considering the primary constraints and
the constrained surface. Whenever we are dealing with a set of dependent constraints, one can always
locally reduce this set to a new set of independent constraints [16]. So from now on we assume that
any set of constraints we are dealing with has been reduced to a set of k£ independent constraints. Also
it will be convenient to use the sign ~ whenever we equalities hold on the primary constrains surface,
e.g. 0 ~ 0. With this in mind, for a set of independent constraints we introduce a useful theorem, for
which the proof can be found in [16]:
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Theorem 4.1. If Y | (kiSqi + yiﬁpi) = 0 for arbitrary variations dq", dp,, tangent to the constraint
surface, then

k k .
A~ Zufaq)f i~ Zuja%

a i’ JZI apl
for some functions uk,
Now let us consider the function of the form
n
Z 4ipi(4,9) —L(4,9), (81)

where there is no explicit time-dependence in L. If we were dealing with a Legendre transformation
that is singular, it seems that we are unable to define the Hamiltonian by writing F' as a function of g
and p, because we cannot write ¢ as a function of g and p. However, Legendre transformations have
the property that ¢ only appears through the combination of p;(g,q). This can be shown by the fact
that

n oL. . OL._ .
SH = dpi+84' pi .6’—f5")
l;(q pi+84'pi — 37 ~ 550
n , : oL .. . :
Y (ql5pi—|-56]lpi - a—q,ﬁq’ —pi&?’) (82)

1

oL

=1
= .18 l‘——.Bi y
,;(q P o q)

which shows that H only changes through variations from ¢ and p. Strictly speaking, this does allow
us to consider F' as a function of ¢ and p and define the Hamiltonian. However, the problem is that it
won’t be uniquely determined. This can be understood by the fact that dp; are restricted to move along
the constraints (80), which are identities with the p’s expressed as functions of (g,q) [16]. Also, the
Hamiltonian is only well-defined on the primary constraint surface, because of the same idea that dp;
are restricted. So to actually find a useful Hamiltonian we first still have to consider F as a function
of (¢,4). Using equation (82) and the fact that

OF = Z ( -8q' +a—§6pi> (83)

! oF JL . oF .
;((BCJ’ aq’) 77\ o b (84

We can apply theorem . 1] to get that

we get the following

OF oL k90, oF 00
—t—r Y W u = (85)
dq'  9q' ]:Z:I oq' ap, Z op;’
which can be rewritten into the form
oL oF & .00, , _OF & 99,
=~ —t Y L q' + L. (36)
p d¢'  Iq' J:Z:l g’ ap, Jg‘ api
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Now it turns out that the set {a 1 is hnearly independent [[16]. So given a F, no two different sets

of u* can give the same expressions for ¢'. This allows us to express X uniquely as functions of the

coordinates ¢’ and the velocities ¢'. We can think of the parameters u* as the parameters which specify
a point with the one corresponding point on the submanifold of 7Q, we mentioned earlier [[12]. With
this we can form an invertible Legendre transformation from TQ to the space I" x {u*} by defining

. oL
qd=4, piza—q.xq,q'), u* =uk(q,q). (87)

The invertibility of the transformation becomes apparent from the fact that

'=¢, 4= w20 ,p) =0. 88
q=q apl ,221 Ox(g: p) (88)

The invertible Legendre transformation now allows for a unique time evolution as well as a Hamilto-
nian by replacing ¢ with the expressions in terms of p in F. Using equation (4) and (86) we find the
equations of motion for the i components

k k
i~y 2 ‘-%———Z ]aq), (89)
apl j=1 apl j=1

together with the k constraints ¢0x(g, p) = 0.

To relate this to the actual phase space T*Q, notice that the equations of motion could also be ob-
tained by applying the variational principle on the action functional

1% n . k .
§= ) di (Zpic]’—H—Zu]([)j) (90)
1 i=1 j=1

for arbitrary variations 8¢’, 8p; and Su*. The variables u* of the space I" x {u*} have now become
Lagrange multipliers enforcing the constraints in 7*Q. From the properties of Lagrange multipliers,
the action functional reduces to the standard one

S:/t1 dt (i_zlp,q —H.) 1)

for variations subject to the conditions ¢y = 0 and 8¢y = 0 [16]. So where as we had defined u* as co-
ordinates in I" x {u*} to make the Legendre transforomation invertible, we see that when considering
u* as multipliers, this correspond precisely to the dynamics which happens on the primary constrained
surface I' C T7*Q. From the methods from chapter [2]and the equations and we get that for a

function F : T*Q — R
Fr~{FH}+ ) {Fuo;} ~{F,H}+ Y u/{F¢;}, (92)
j=1 j=1

giving us the equations in Poisson brackets again.

Now there is a subtlety here: the Lagrange multipliers u*, as before, are seen as functions on 7TQ
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rather than on 7*Q. Recalling that the Poisson bracket is only defined on phase space, i.e. its do-
main is C*(T*Q) x C*(T*Q), this means that whenever u* appears within the Poisson bracket, it
is formally undefined. Strictly speaking, if we want to write the formalism using Poisson brackets,
we would need to modify the standard bracket to include such functions. However considering any
Poisson bracket, u* only appears inside the bracket multiplying the constraints ¢y, and because from
Leibniz identity

{F7 uj(l)j} = {F7 uj}q)j-l-uj{Fv ¢J} ~ uj{Fv (I)j}ﬂ (93)

the ill-defined term {F,u’}¢; weakly vanishes on the constraint surface. In other words, although the
bracket is not formally defined for ¥, its only effect would be to produce terms proportional to the
constraints, which vanish when restricted to the physical subspace. So considering our only intention
is to formulate the dynamics of phase space, we neglect this issue.

4.2 Consistency Conditions

Assuming we have found some system subject to k primary constraints, it has to be subject to the
constraints at all times. This means that the constraints cannot change over time, i.e. ¢y ~ 0. Using
equation (92)) we get the consistency conditions

k
{0, HY + Y w/{0i,0;} =0  i=1,... .k (94)
j=1
After defining the matrix C with entries C;; = {¢;,¢,} and h; = {¢;, H }, we get the system of equations
k .
hi+ Y Cju/ =0  i=1,... .k (95)

J=1

There are two options. the first being, detC # 0, in which case equation (93) unique defines u* ~
Z’;zl Chin j» where C'/ is the inverse of C;;. Then equation (92)) becomes

Fr~{F,H} - Y {F.0;}C*{¢r, H}. (96)

Jk

This is generally not the case, as we will see at the end of this section. The other case is that detC ~ 0,
in which we either get a certain number / of new constraints ¢;(p, q) ~ 0,called secondary constraints
or constraints among the multipliers u* [15]. Assuming we get secondary constraints, we combine
them with the primary constraints and check the consistency condition on the secondary constraints

k
{00, HY+ Y /{05,603 0 i=k+1,.. k+I (97)
j=1

(notice that we still only sum over the primary constraints and not the new secondary constraints).
This process is repeated until the consistency conditions yield only relations among the multipliers
u* and no further secondary constraints. Assuming one has found a finite set of constraints, one can
reduce to a set of r constraints which give a new submanifold I" C I C T*Q defined by

0i(q,p) =0, i=1,...,r. (98)



Chapter 4 CONSTRAINED PHASE SPACE 27

We can now look at the restrictions of the Lagrange multipliers . Viewing the consistency conditions
k .
{00, H}+ ) u/{0:,0;} ~0, i=1,...,r (99)
j=1

as a set of r nonhomogenous linear equations with respect to the k unknowns, i.e. u*, the general
solution will be of the form

u*(g.p) = U*(q,p) +V¥(q,p), (100)

where U* is a particular solution of the system (99) and V* is the general solution to the associated
homogeneous system
k

Y Vi{oi,0;3~0 i=1,...,r (101)

J=1

[17]. We see that the last expression can be written in matrix form as
CV =~ 0, (102)

where O = (0,...,0)7, V = (V!,...,VF)T is the solution vector and C is the k x  matrix with again
entries C; = {0:,0 j}. This shows that V is an element of the kernel of C, i.e. V € kerC, and therefore
the components V* can be expressed as a linear combination

A
vE=Y vy, (103)
a=1

where {VX} forms a basis of kerC and A = dimkerC. This gives u* the form

W = UR+ Y VvV, (104)

where UX was the particular solution of the system while V¥ is an linearly independent set satisfying
Z’;zl V{0 i}~ 0 each. We emphasize this again to show that these depend on the system and are
not arbitrary. The coefficients v¢, however, are arbitrary and we can even take them to be arbitrary
function of time while still satisfying all the requirements of our dynamical theory [5]. These arbitrary
functions also appear in the equations of motion. By defining ¢, = ¥, VX0, we can write

k k
Fa{FH}+Y (Uf +Zv“vaf) (RO ~ {EHY+ Y, UF.0) + Y {Foa)  (103)
a j=1 a

J=1

using the fact that

Y v VHE 0k~ Y v F Vi = Y v {F, 04} (106)
a.k a.k a

This suggests we are dealing with a formalism containing arbitrary features, e.g. gauge theories. We
will study this arbitrariness and when it appears in section [4.6] but first we take a deeper look into
what the restrictions on the u* imply.
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4.3 First and second-class Functions and Constraints

To fully determine the multipliers «*, up until the arbitrariness, we classify constraints and, more
generally, functions into two categories. A function F' is said to be first-class if the Poisson bracket
with all the constraints (primary and secondary) weakly vanishes, i.e.

{F,0;} =0, Vre{l,...r}. (107)

The function is called second-class if it is not first-class. To seperate these categories by their proper-
ties, we introduce another useful theorem, for which again the proof can be found in [16]]:

Theorem 4.2. If a smooth phase space function F : T*Q — R vanishes on the surface defined by
O; =0 withi=1,...,r, then there exist functions " : T*Q — R such that

F=Y fo.
i=1

Using this we can easily show that the set of first-class functions forms a closed set under the Poisson
brackets:
Let F,G : T*Q — R be first-class. By theorem (4.2))

{F,0;}=Y foi, {G.o;} =Y /0 Vjie{l,...,r} (108)
i=1 i=1

Then using the Jacobi identity we get our desired result

{{F.G},0;} ={F.{F.0;}} —{F.{F.0,}}
_Z{Fflq)} Z{Ggq)z

—Z PO+ ()90 +L (R0 +F. o) (109)
%Zf {F.0}+ Y€ {F.0:} ~0.

From this we can see that the constraints ¢, form a complete set of first-class primary constraints.
This is because }; Vi j = Lav"04 is the most general solution to equation (T0T). So any first-class
primary constraint is a linear combination of the ¢,. Another property of first-class constraints can
be seen by noticing that whenever there is at least one first-class constraint among the constraints to
define C,, = {d4,0p}, the determinant of C will be zero because at least one row and column of ze-
ros. This is the reason why we rarely have case one (detC # 0), because we only need one first-class
constraint for this not to hold.

Regarding second-class constraints, we denote these constraints with . The only property of the
second-class constraints we need is that the matrix D consisting of entries

Dab = {XmXb}

is non-singular. Because if it were singular, then its determinant would vanish and there would exist
a nontrivial linear combination of the ¥, that has vanishing Poisson brackets with all the others.
To be precise, there would exist a function Y =Y ;a"x; such that ¥y,

{x.w}=0. (110)
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That would mean that this combination is actually first-class, contradicting the assumption that all
are second-class constraints.
Also, we must have that the number of second-class constraints must be even, because the matrix D
is antisymmetric:

Dgap = —Dpq.

An antisymmetric matrix of odd dimension always has zero determinant and is therefore singular. So
the matrix can only be invertible if its dimension (the number of second-class constraints) is even.

Now regarding the cases mentioned in section 4.2, one can only have detC % 0 if all primary con-
straints are second-class. If that were the case the equations of motion were given by equation (96))
with the matrix C replaced by D:

F~{F,H} =Y {F,0,}D"{0,H}. (111)
j.k

4.4 The Dirac Bracket

So we have found what the equations of motion look like when detC % 0. We will Now look at the
equations of motion when detC = 0, meaning there are some first-class constraints. Consider the
consistency conditions again, but now focus on the part of the particular solution U, i.e.

k
{0i, H}+ Y. U{01,0;} ~0, i=1,....r (112)
j=1

Considering that among the total o second-class constraints there are some number 3 that are primary,
we have:

o (04
{6, H} + Y. DijU’ = {xi, H} + Y U/ {0 %5}
=1 =1

B
= {xH}+ Y U{ni, %5} (113)
=

k .
={x.H}+ Y, U/{xi,9;} = 0.
=

The second line follows from the fact that the coefficients U/ = 0 whenever j 1s a secondary con-
straint, because only primary constraints appear explicitly in the total Hamiltonian and thus determine
the Lagrange multipliers. We reach the final line since any additional first-class constraints vanish
weakly and hence can be included in the sum. Now the reason for rewriting the system into this form
is to make use of the property that the matrix D has a nonzero determinant so this can be solved for
the multipliers by multiplying the inverse of D to both sides. What we get is that

o
Y D/{yi,H} ~ U/ (114)
i=1

such that we get for the primary and secondary second class constraints that

LI U/’ . Bri
Y Dy, H} = Aj primaty (115)
= 0 %, secondary,
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where DV is the inverse of D; j- So we see that the part of Lagrange multipliers corresponding to
the particular solution U* are fully determined by the consistency condintions with the second-class
constraints. To use this, we rewrite (103]) into the form

Fa{FH}+ Y v{F,0a} + Y UP{F2g}. (116)
a p

We can substitute the expression ((115) into this to get

FrA{FHY}+ Y vV {F.0.} = Y {AF.x:}D"{x;, H}. (117)

i,j

This is similar to the equations of motion for systems with detC # 0, given by (IT1)), except for the
additional primary first-class constraints.

Motivated by the form of the equations of motion (both for detC ~ 0 and detC % 0), Paul Dirac
introduced the following new Poisson bracket, which we now call the Dirac bracket [3]:
For F,G : T*Q — R the Dirac bracket is defined as

{F.G}p={F.G} - Y {F.%a}D*?{xp.G}. (118)
B

Now it does not take a lot of work to show that this bracket is indeed a Poisson bracket as can be
seen in [12]. The main motivation for introducing this bracket lies in its properties. The first is that,
for systems involving only second-class constraints, the equations of motion take the form

F ~{F,H}p. (119)
as shown in equation (ITT)). In addition, for any second-class constraint ;, we have

{Fitp = {F.xi} — Y AF. % D" {xp, %}
ap

= {F,xi} — Y AF.%a}D*Dg;
o;s ! (120)

= {F7Xi}_Z{F7XOC}8?
= {vai}_{FaXi} =0.

The Dirac bracket automatically eliminates any second-class constraint. In other words, for any
function F and any second-class constraint ;, the Dirac bracket is identically zero which means
that the condition y; = 0 can be imposed either before or after evaluating the Dirac bracket, since the
bracket enforces the constraint strongly. This avoids the tedious task of applying the constraints after
one has evaluated the brackets. As we will see, there is a way to convert first-class constraints into
second-class constraints without changing the physical content of the system. In this case, the Dirac
bracket becomes particularly useful, because once all constraints are second-class, the Dirac bracket
automatically enforces them strongly. As a result, we no longer need to distinguish between weak
and strong equalities in the equations of motion.
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4.5 The Total Hamiltonian

For the sake of compactness of the formalism we introduce a new function. Consider the following
function Hy : T*Q — R, called the total Hamiltonian,

Hy =H'+) v*¢,, (121)
a

where H' and ¢, are given by

H=H+Y U,  ¢a=) Vior. (122)
k k

With this we can write the equations of motion in a more compact form:
For a function F : T*Q — R

{F,Hr} ={F,H}+ Y {F.U*o} + Y v {F,V}:}
k ak

= {FH}+ Y ({FU 0+ UF.0} ) + v ({F.VE e+ VELF 0} )
k ak

~{F,H}+ Y UNF, ¢+ Y vV F 0k} (123)
k a.k

~ {FvH}+Zuk{F>¢k}
k

~F.

We can also see that Hr is a first-class function from the fact that both H' and ¢,, are first-class:

For ¢,
{0007} = L Vi0r 0} = X (Vior 0k + {VE 00 ) ~ Y Vi {00} ~0  (124)
k k k

and for H'
{H',0,} = {H,0,} +;{Uk¢k,¢r}
= {H,9,} +)k: <Uk{¢k»¢r} + {U",¢r}¢k) (125)
~{H,0/} +§U"{¢k,¢r} ~0,

because U is a particular solution.
Using this, and the property that for any arbitrary first-class function G, the Dirac bracket satisfies

{F7 G}D = {FvG} _Z{vaot}DaB{XﬁvG} ~ {F7G}7 (126)
o,f
we conclude that
{F,Hr}p ~ {F,Hr}. (127)

Therefore, for any function F : T*Q — R, the time evolution is given by

F ~ {F,Hr}p. (128)
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4.6 Gauge theory

Now we finally are in a point to talk about the primary first-class constraints. The presence of the
arbitrary functions v* in the total Hamiltonian, originating from the equations of motion, suggest
some type of arbitrariness. The first thing to notice is that the number of arbitrary functions is the
same as the number of primary first-class constraints. Now to get an idea of this arbitrariness, consider
a physical state, that is a state that is determined only by (g,p). Now for physical systems, the
initial state determines the state at any time. But as we have seen the time evolution is not uniquely
determined due to the fact that v* appears in the equations of motion. So the (g, p), corresponding to
the state at a later time, is also not uniquely determined by the initial states. There are multiple values
of (g, p) that correspond to the same state. It is now logical to search for the set of all the (g, p) that
correspond to the same state. To find such sets we consider the fact that the all the (g, p) at a certain
time, which evolve from one initial state, must correspond to the same physical state at that time [3]].
For a general dynamical variable F, e.g. a function or the coordinates, with initial value Fy, its value
at time 7 + ot is

F(t+0t)=Fy+Fdt = Fy+{F Hr } pdt = Fy + ({F,H’} +Y v{F, ¢a}> dt. (129)

Taking different values v and v/, we see that the difference in the values of F at time ¢ + 8¢ is

AF =Y e{F,¢.}, (130)

where €7 = (v* —1V")dt. This shows that changing the arbitrary multipliers v* generates a trans-
formation of the dynamical variables along the directions defined by the first-class constraints. To
emphasize, the important idea is that, regardless of the choice of v, the physical state remains the
same. Changing all our dynamical variables (g, p) according to this rule gives new variables that
describe the same physical state. So the transformations defined by (130) do not change the phys-
ical state and are called a gauge transformation and we see that these transfomations are generated
by first-class constraints. The set of all phase-space points (g, p) related by gauge transformations
forms a gauge orbit. Each orbit corresponds to exactly one physical state. Given there are multiple
independent first-class constraints, we will have multiple gauge orbits.

To emphasize, first-class constraints and the resulting gauge freedom mean that multiple sets of
canonical variables can describe the same physical state. In practice, it is often useful to remove
this ambiguity by imposing additional conditions. This ensures a one-to-one correspondence between
physical states and the remaining independent canonical variables. Such additional conditions are
called gauge-fixing constraints. The purpose of a gauge-fixing condition is to eliminate the freedom
generated by a first-class constraint by selecting a unique representative from each gauge orbit. This
is achieved by imposing an extra constraint that pairs with the first-class constraint to form a second-
class constraint pair. Once the gauge orbit is removed in this way, the Dirac bracket is defined to
consistently take the second-class constraints into account, ensuring that the resulting reduced phase
space describes only the true physical degrees of freedom. We will see an example of this in section
6.2)

4.7 Geometric Picture of the Dirac Bracket and Constraints

The Dirac bracket can be understood intuitively as a way of modifying the ordinary Poisson bracket
such that the second-class constraints hold identically and cannot be violated by the dynamics.
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Given a set of second-class constraints X = 0, the Poisson bracket by itself does not guarantee that
the evolution of a function F' stays within the surface defined by these constraints. In particular,
the Poisson brackets {F,%q} generally do not vanish, so the constraints can be violated under time
evolution. The Dirac bracket corrects this by subtracting off exactly the part of the Poisson bracket
that would push the system away from the constraint surface

{F.G}p = {F.G} = }_{F.2}D*{x5.G}
o.p

and as a result
{F7 XOC}D = 0

This means that, when using the Dirac bracket, any operation using the Dirac Bracket automatically
respects the constraints. All functions are essentially projected onto functions satisfying the second-
class constraints. In this sense, the Dirac bracket acts as a projection of the Poisson bracket. It
removes the components that would violate the second-class constraints and keeps only the part that
is consistent with staying entirely within the allowed subspace.

After imposing the second-class constraints in this way, any remaining arbitrariness in the evolu-
tion comes from first-class constraints, whose freedom reflects gauge transformations. These do not
need to be projected out because they do not restrict the physical degrees of freedom but instead
generate different equivalent descriptions of the same physical state.

4.8 Dirac structure and D-Transformations

Given that most of the relevant theory is formulated, we are interested in transformations that do not
change the canonical form. To discuss this we will write the Dirac bracket of the form
- ;0f dg
= oY== 131
{f7g}D Z i ox) ( )

ij
just like we did with the Poisson bracket. We call ®"/ the Dirac structure and it can be easily seen that

o/ =n -y n*eyn’/, (132)
kl

follows from equation (TT8), where 7"/ is the standard Poisson structure of the phase space and 6;; is
defined by

oY O
L= ab_l _]
0;j = §ab DY (133)

We can write this in an elegant form by writing 7T/, "/ and 6;; as matrices to get
oW =T — 7OT. (134)

Now, a canonical transformation with respect to the Poisson bracket is not necessarily canonical in
the constrained formalism. Recall that canonical transformations were originally defined as those
that leave the Poisson bracket relations invariant, since this guarantees that the equations of motion
remain unchanged. However, once constraints are present, the true dynamics are governed by the
Dirac brackets. Therefore, we now regard a transformation as canonical only if it preserves the
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Dirac bracket relations, which depend on the specific system. We will call such transformations
D-transformations, as first introduced in [14)]. From it follows that for a transformation to be
a D-transformation, it must still be canonical with respect to the Poisson brackets, as well as the
additional term

AT (m—n6n)A = T — 1o (135)

This makes sense. A transformation that leaves the constraints unchanged must still respect the Pois-
son brackets in order to be truly canonical. So the set of all D-transformations is a subset of the
canonical group. Even further, it forms a subgroup after seeing that:

* The identity is in the set:
"ol = o.

* Closure under composition: if A”®A = ® and BT ®B = w, then

(AB)"w(AB) = BTATwAB = B wB = o.

e Closure under inversion: if AT @A = o, then

0=ATwA — A Tpa™ ' = o.

We will see an example of a D-transformation in section

4.9 Constrained Phase Space Geometry

Let us finally put the machinery to the test. We do this by examining the Dirac structure for curved
configuration spaces embedded in R". Before we proceed, however, we must point out an important
subtlety in how we interpret these curved surfaces. Namely, do we regard the curved surface itself as
the physical space, or do we think of the ambient space as the true physical space, with the surface
condition acting as a constraint on the motion, e.g. an ant forced to walk on a sphere? This distinction
matters because the Hamiltonian must be defined on the space we take to be physically meaningful.
One can define the Hamiltonian intrinsically on the curved surface and then rewrite it in ambient
coordinates for convenience, treating the surface as the true configuration space and the embedding
only as a tool. Or one can define the Hamiltonian directly in the ambient space and impose constraints
that restrict the motion to the surface, viewing the system as living in flat space but confined to
the submanifold. The first case will be more relevant when we look at the actual dynamics on de
Sitter spacetime, which we will see in Chapter Six. But for now we stick to the simpler option by
defining the Hamiltonian in the ambient space and just looking at the Dirac structure. This is fine
because the Dirac bracket structure does not depend on the specific form of the Hamiltonian, unless
the Hamiltonian itself is a constraint, as we saw in chapter [3]and will see again in chapters [5and [6]

4.9.1 Dirac Structure on S" !

Let us consider the Lagrangian of a free particle of mass m

L= mi(xi)z—ml (136)
i=1

| =
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constrained by
1 (&
i=1

This primary constraint makes sure the dynamics is constrained to the surface of the (N — 1)-dimensional
hypersphere S"~!. For this Lagrangian, we get the total Hamiltonian

1 &
Hr =H+ug1 =53 p'pitudr. (138)
i=1

Now from the consistency condition ¢; ~ 0 we get
01 = {¢1,Hr}

_ Z 001 0Hy aHT %

oxi dp;  ox' Jp;

% 90) 0Hy (139)
N Z oxi dp;

= inpi ~0.
i=1

Note that this new constraint, 9o =Y\ ; x! p; = 0 demands that p is simply tangent to the hypersphere.
Now checking the consistency condition on ¢, we find that

02 = {02, Hr}
Z d02 0Hr  JHr 02
oxi dp;  ox' dp;

== I~ — X =
2 &Py T ok (140)
1 r'ri )
= —Z — UX'X;
245\ m
1 i
R~ 5 Z PP R ~
~ m

(the partial derivatives on u do not vanish because of property (93))). Now this does not give us a new
constraint but a restriction on . Namely we must have that u ~ U for

1 &
U=—= 'Di. 141
mRzi:Zipp’ (141)

This means we only have the constraints ¢; and ¢;. To obtain the Dirac brackets, we compute

901992 092901 _ ¢
{01,00} = Zax’a_p, 3 I, Y xi ap, Zxx,_x (142)

i=1 i=1

So we see that ¢; and ¢, are second class and that the D matrix and its inverse become

p=x(" 1), pr=L1(% 1)
-1 0/’ *\1 0
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Then, the Dirac bracket as defined in (118), gives

T
1 sz 0 —1 sz
{F,G}p = {F,G} - e o 6 a6 |-
le’ap +x ox Lo Z’p’ap o

In particular we get the Dirac algebra

{x*,x"}p =0, (143)
x" x%x

WPl =8~ ~ &~ (144)
1 1

{paapb}D = (xapb paxb) R2 (xapb paxb)~ (145)

This algebra determines the time evolution while respecting the constraints. It can be shown that the
second constraint ¢, is the same for the more general canonical Hamiltonian H = L PPtV (%)
as well as the fact that ¢, =~ 0 does not imply a new constraint [13]]. So the Dlrac algebra would be
the same for a Hamiltonian including a potential.

4.9.2 Dirac Structure on a Arbitrary Curved Surface

Following the same procedure as in we get that for an arbitrary curved surface M C R" and a
arbitrary Hamiltonian given by

I &
01(g:p) = f(g's--,q") =0, H=2-3 p'pit+V(g) (146)
i=1

the total Hamiltonian becomes

I &
Hr = 5—3 p'pi+V(a) —uf(q). (147)
i=1

For the consistency condition on f, we find that

fi=A{f.Hr}
- Z Of Hr  dHr Af
- & 0q' dp;  9q' Ip;

— Vo, OHr
,-Zi fapi

1 & .
= A7 plal’f%oa
2m;

(148)
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where 0; = a ;. This gives us the new constraint ¢ =Y, p'0;f = 0. The consistency condition on
this constraint is then given by
02 = {62, Hr}
n
=Y ({p/.Hr}o;f+p'{9;f,Hr})
j=1
n . , 1 (149)
=) ((—BJV —ud’ f)o;f+p’ Y. n_iplajaif)
j=1 i
1
=—Y pip/o; 9if — Z 818 V+u8]f8 f)
m s
We find that this condition is again a condition on the multiplier:
1
urnU= Nz ( Zp P90, f — Zafa v) (150)
where |Vf|* =¥ ;0/ 9 f. The commutator becomes {¢1,¢,}
n .
{0102} = Y {f. P9}
=1
l n . . .
= Y Af. P10 +p{f.p'0uf} (151)

= V£

2
- 1
QU
%

So we see that ¢; and ¢, are second class and that the D matrix and its inverse become

I A 1 (o -1
= |Vf] (_1 o)’ D _—|Vf|2<1 0).

Then, the Dirac bracket as defined in (118)), gives

1 ~Lafe "o 1 y9;/20
F.Glp={F.G}l—— .
thGlo =116} |Vf\2< ¥ (010 ) +Z,3’fax,> (1 ><zl,p<aa,f>a‘; ¥, 2

In particular we get the Dirac algebra

{d'.4’}p =0, (152)

. - difo;
{d',pj}p="8;— |§f|fzf, (153)

1
{ri,pj}p= sza (0if(0;0°f) =9, f(9;0°f)) - (154)
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Now, there is something interesting about the Dirac bracket {¢’, p j}p. Given that our hypersurface is
embedded in E", we find:
9if 9, f

{9i,pj}p = 8ij — vz

As it turns out, this is exactly the induced metric on the hypersurface embedded in E" [13]:

.« Oifdif

ARSI

Thus, the Dirac bracket of the position and momentum coordinates directly reproduces the induced
metric in ambient coordinates:

{ai:pj}p = gij-
The unit normal vector n to the hypersurface has components
VS

One also finds for the momentum-momentum bracket:

n;

{pivpj}D:nia](n'p) - njai(n'p)v where P = (plv"'api’l)‘

As our final result in this section, we can write the Dirac structure for an arbitrary hypersurface
embedded in E” in block form:

0 8ij
0=
—gjj midj(n-p) — n;oi(n-p)
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5 Reformulation of Dirac Theory with Time as a Dynamical Vari-
able

Here we show how Dirac’s theory of constraints naturally includes time as a canonical variable via
reparameterization. This leads to a primary Hamiltonian constraint and an extended phase space
where time and its momentum appear on equal footing with other coordinates. The extended Hamil-
tonian and action then arise directly from Dirac’s formalism as a special case. We show that repa-
rameterization invariance can be realized as a gauge symmetry of the total Hamiltonian.We conclude
this section by illustrating the formalism through the example of a free massive particle in Minkowski
spacetime.

5.1 Recovering the Extended Formalism from Dirac’s Theory of Constraints

Let us recall our first attempt of obtaining a Hamiltonian formalism with time as a dynamical variable.
In section 3.1} we started with obtaining the Lagrangian where time is treated among the spatial
coordinates. From there we tried to obtain the Hamiltonian through a Legendre transformation, from
which the dynamics would follow. Instead we found that this transformation left us with a constraint
po+ H = 0 from which we derived that the Hamiltonian was identically equal to zero, i.e. H = 0.
Logically, we concluded that in the standard formulation of Hamiltonian mechanics there would be
no dynamics. However if we consider Dirac’s formalism, there is no reason to make this conclusion:
Starting from the reparameterized action (42)), we follow the standard procedure until we have ob-
tained the relation pg+ H = 0. As shown by [4], the Legendre transformation we performed is
singular and po + H = 0 is the only constraint among the coordinates that arises from this singularity.
Assuming there are no other constraints imposed beforehand, the total Hamiltonian, which generates
the dynamics, is not identically zero but

Hr=H+u(po+H)=u(po+H). (155)

So unlike in chapter {3, where we introduced the extended phase space by explicitly adding time
as an additional coordinate, here we see that Dirac’s theory of constraints naturally includes time
in the canonical framework through reparameterization of the action. Once time is treated as an
ordinary configuration variable in the Lagrangian, its conjugate momentum arises automatically from
the singular Legendre transformation. As a result, after reparameterization both the Poisson bracket
and the Dirac bracket naturally include time and its conjugate momentum as canonical variables,
without needing any separate extension prescription.

Upon further notice, we see that

d
T = (0" = {po.Hr} =u (156)

and hence the Hamiltonian that is responsible for the dynamics is given by

dt
Hp = — H). 157
T ds(p0+ ) (157)
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15} n
dt pigi—H
i=1

= / 2ds (Z pqu/ - (H—}-p())t/) (158)
§ k=0

The corresponding action is

1

) n i
:/ ds ZPkCI —Hr |.
81 k=0

These expressions and (158) are exactly identical to the extended Hamiltonian (51]) and the
corresponding extended action (52)). With time now being included as an ordinary coordinate through
the Lagrangian formalism, and the resulting action and Hamiltonian matching precisely, every result
derived in Chapter [3|now follows directly from Dirac’s general theory of constraints. We can conclude
that the extended phase space formalism works not because it is fundamentally different, but because
it is simply a special case of the general theory of singular systems.

5.2 Extended Dirac’s formalism

Now that we have seen that the extended formalism is a special case of Dirac’s formalism with time as
a coordinate. Let us consider an overview of the general theory, where the action is reparameterized
beforehand.

Now that time has become a dynamical variable and s the parameter, we will call this the extended
Dirac formalism to distinguish it from the standard one where time is not a dynamical variable. Using
the notation from chapter 3] we have that the total phase space is 7*Q,. The extended Poisson bracket
{*,-}¢ now replaces the standard Poisson bracket in Dirac’s formalism. So first-class constraints y and
second-class x are now with respect to the extended Poisson bracket. For systems in the extended
Dirac’s formalism, we will always have the primary constraint

H=po+H=DO0, (159)
which we will call the Hamiltonian constraint and denote with #. Potentially, there is some set of k

other independent primary constraints ¢;. This set of constraints {q)i}ﬁ.;] with A defines the primary
constraint surface M C T*Q,. With this the total Hamiltonian becomes

k .
Hr =) u'o;, (160)
i=0

where u¥ = fl_fv' Given that s has become the parameter, we find that for a function F : T*Q, — R

F'~{F,Hr}Ep, (161)
where {-,-}gp : C*(T*Qe) x C*(T*Q.) — C=(T*Q,) is the extended Dirac bracket

{F.G}gp = {F,G}e— Y {F,xa}D*?{xp,G} (162)
off
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with DB being the inverse of Dyg = {xa,xﬁ}e. Regarding gauge transformations we have that they
are now defined by

AF = Y e{F, 04}, (163)
a
where €* = (v* —V/*) 8s. Finally, our Dirac structure becomes the extended Dirac structure
W, = T, — T0,T,, (164)

where T, is given by and 0, by (I33)) with ¢ and pg included in the sum.

5.3 Reparameterization Invariance as a Gauge Symmetry

Normally, when dealing with relativistic systems, one starts with an action defined directly on space-
time, where time is treated as a dynamical coordinate. The formalism discussed here, however, is
built on the fact that we reparameterize the action after a (potentially non-relativistic) Lagrangian is
determined, from which we then find the Hamiltonian and hence the constraint

H=po+H=O. (165)

So when starting from a relativistic action, we need a way to correctly identify the Hamiltonian
constraint. Now, in Chapter 3] it was shown that the action (52 is invariant under reparameterizations
due to the appearance of H, = po + H ~ 0. Similarly, for constrained systems the action (I58) is also
invariant under reparameterizations [16], meaning the action stays the same under the infinitesimal
transformation

s— s =s+e(s). (166)
This is equivalent to the gauge transformation generated by the first-class total Hamiltonian Hr,
dF
OF =¢€(s){F,Hr}. ws(s)d—, (167)
s

which shows explicitly that reparameterization invariance appears as a gauge symmetry in the Hamil-
tonian framework.

5.4 Free Massive Particle in Minkowski Spacetime M*

Now, the action for a free massive spinless particle in flat Minkowski spacetime can be given by

S = —mc/ds = —mc/\/—nyvdx“dx" = —mc/( )d‘c\/—ny\,xﬂx", (168)
Y Y T

where the dot denotes differentiation with respect to the chosen parameter T, which can be identified
with the proper time.

In this case, there is no additional embedding or hyperboloid constraint since the particle moves in flat
spacetime, so the Minkowski metric 1,y directly defines the invariant line element. The parameterized
action for the free spinless particle is therefore

S = —mc/ds: /( )d’c [—mc\/—nuvx#)&\'] (169)
Y YT

The corresponding Lagrangian is

L= —mc\/—MNuXHxV, (170)
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and the canonical momenta are given by

oL NuvX’ dx,  dx,

Pu=~— = —MC———— = —mCc —= =m—=, (171)
o 9xm [ n(xﬁxaxﬁ ds dt
where we used that ds = —cdt for the metric signature (— + ++).
It then follows that the Legendre transform of L vanishes identically on-shell,
. N X x —
Hpy—L=—mc—————==+mc/—Nuix¥ =0, (172)

\/ ~Mapt®iP

which is the expected result for a reparameterized free particle action in flat Minkowski spacetime.
Instead we get the dynamics from the total Hamiltonian Hr. Contracting p* with itself gives

. -V
pupt=m 2 (173)

Therefore, we obtain the primary constraint
pup* +m* =0, (174)

which is the familiar mass-shell condition for a free relativistic particle in Minkowski spacetime.
Given that there are no additional constraints, becomes the Hamiltonian constraint H and the

total Hamiltonian is given by
Hr = o(pup" +m?*) = 0. (175)

With the canonical variables (x*, p¥), the extended Poisson brackets are
{x,u’x\/}e = 07 {x'uvpv}e = n‘uva {pluvpv}e =0. (176)

As there are no second class constraints, the Dirac algebra is equal to the one above and we find that
the equations of motion for a free particle are

& ={x"Hr}e=20(t)p", pu={puHr}e=0, (77)
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6 Phase space on de Sitter spacetime

De Sitter spacetime plays a central role in modern cosmology as it describes the large-scale geom-
etry of our universe when dominated by a positive cosmological constant. Because it captures the
asymptotic behavior of our expanding universe, understanding particle dynamics and symmetries on
de Sitter space is essential. In this section, we formulate the extended Dirac formalism on de Sit-
ter spacetime, study its constraint structure, and demonstrate how free massive particles move along
geodesics on the de Sitter hyperboloid. This sets the stage for a Hamiltonian description of physics in
realistic cosmological settings.

6.1 de Sitter Spacetime dS(4,1)

De Sitter spacetime is the maximally symmetric Lorentzian manifold with positive scalar curvature
that solves the Einstein field equations. This manifold dS(4,1) can be defined as a hyperboloid in the
pseudo-Euclidean space E*!

N XX = — (X9)° + (x4 (22)° + () + (1) = g2, (178)

where (X¢) = (XO,X ! ,XZ,X3,X4) are the cartesian coordinates of E*!. The isometry group of de
Sitter space is SO(4, 1) [18], which are the transformations A satisfying

ATnA =1 —  MNedAA =M. (179)

De Sitter space can also described using stereographic coordinates. We perform a stereographic
projection of the hyperboloid from the point (X, X', X2 X3 x*) = (0,0,0,0,%), i.e. the lowest
point of the upper sheet of the hyperboloid, into the hyperplane E>! tangent at the point X* = —R..
In this case every point on the hyperboloid, except from the point we project it from, can be written
in the stereographic coordinates (x*) = (x%,x!,x? x*) [19]:

SZXH 4 62
X4 = s =n(x)8x* and X*=—Rn(x) (1+@) (180)
4R2
where {
n(x) = — and % = nutx’ (181)
I+%

where the Lorentz metric 1 having signature (— + +-+). With this the line element ds*> = 1, X*X?
constrained to the hyperboloid becomes ds? = guvxx", with the metric tensor

g = 12 ()M, (182)

which shows that one recovers the Minkowski metric 1,y when R — oo,

6.2 Free Massive Spinless Particle on dS(4,1)

The action for a free massive spinless particle on de Sitter spacetime can be given by

S = —mc/ds = —mc/\/—guvx“x" = —mc/( )d’c\/—g,,,vxﬂxv, (183)
Y Y YT
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where the dot represents dertivatives with respect to the parameter proper time T. However we saw
that the line segment ds® = 1, X“X? is equivalent to guwx*'x" as long as its constrained to be on the
hyperboloid surface. So equivalently, we can write the parameterized action for a free spinless particle
on de Sitter spacetime as

S— —me / ds = / 00 {—mm [ —Map XX+ A (nabx“xb . g("’)] : (184)
v "

where 1, X*X? — R? together with the Lagrange multipliers are added such that the equations of
motion are constrained to the hyperboloid. The Lagrangian, parameterized with 7, is given by

L = —mey) —Map XX+ A (nabx“xb - 7{2) (185)

with the corresponding canonical momenta

oL T]abxb dX, dX,

P,=——=—mc —mc— =m—— (186)

d(Xa) VXX ds dt

where the last equality follows from the fact that ds = —cdt for a metric signature (— ++++). As
a result, we see that the Legendre transform of £ vanishes on the constrained surface

i-a Nap XX i a+yb 2 a b 2
X LPa—L:—mc++mc\/—nabxaxb+x<nabx Xt — g ) :x(nabx xXb— g ) ~0,
A /_na Xaxb
’ (187)

which is what we would expect from a reparameterized action. Now, shown by [19]], the Casimir
invariant of the group SO(4,1) is given by

1

C:—z—ﬂ‘z/\

HA? with € =m?c* (188)
where
Ay = me (xaxb _ Xax”) . (189)

We can rewrite this in the form of a constraint on the phase space of the pseudo-euclidean space
T*E*!, Namely, this can be rewritten in the form

O (X,P) = Kup K +2m*c* ~ 0, (190)
where .
Kab = g—{()CaTb—fPaXb) (191)

This constraint can be interpreted as the mass-shell condition on de Sitter spacetime as it can be shown
that when X — oo this correctly reduces to the mass-shell condition of Minkowski space [20]. Since
the mass-shell condition of Minkowski space was the Hamitlonian constraint, we consider this to be
the Hamiltonian constraint # for a free spinless particle on de Sitter space. So we have two primary
constraints which vanish on the de Sitter hyperboloid

H=KpKP+2m*c?~0 and ¢; =NupXXP —R2~0. (192)
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With this we can look at it from the extended Dirac’s formalism. The total Hamiltonian is given by
Hr = 0 + A1 = o (?@b Kb 1 2m202> A (nabx"x” _ 9{2> ~0 (193)
and the canonical coordinates in T*E*! are (X, P) with the extended Poisson brackets
{x,x"e=0, {x4P}. =", {22} =0. (194)
With this algebra we see that the constraints are first-class (Appendix. (A.1.3))

{01, H}e = Map XX — R2, Kp K+ 2m* o = 0. (195)

Now that both constraints are first-class they both generate gauge symmetries. The gauge transforma-
tions generated by ¢; are given by

X =e(V){X%01}e =0, 8P, =¢e(T){Ps 01} =2€(T) N X". (196)

This can be interpreted as the fact that any shift of the momentum, parallel to the position vec-
tor, leaves the system physically unchanged. We impose a gauge condition for ¢; so that it be-
comes second-class, ensuring that the Dirac bracket automatically enforces the hyperboloid constraint
NapX?X? = RZ at all times. This is consistent with the idea that the physical momentum must always
be tangent to the constraint surface. The gauge-fixing condition is

02 =N X PP = 0, (197)

which ensures that the momentum is tangent to the hyperboloid at all times and hence cannot change
parallel to the position vector. With this we get (Appendix. (A.1.6))

{01,602} = (NapXXP — R? g X< P,

(198)
= M XX ~ 2R,

and hence we see that it converts ¢; into a second-class constraint. For the Hamiltonian constraint #,
we find that the Hamiltonian constraint remains first-class

{#,02}. =0. (199)

So our general situation is now that we one first-class constraint H = %X, K% 4 2m%c? and two
second-class constraints ¢ = X2 —-R2and 0o = X,P°. Given that H = K, K = 2m*c? is now the
only first-class constraint its gauge symmetry is the reparameterization invariance.

We can now look at the extended Dirac algebra, the canonical transformations and the equations
of motion. Given that {01, }. = 2X?, we get that

0 1 1 {0 -1
D=2x? , Dl=—— , 200
(—1 0> 2X2 (1 0 ) (200

where X? =1, X“X?. Now in the canonical coordinates we have

OF 3G 3G oF
{F.Gle = (axa 37, axa aa»)

(201)
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and hence, the extended Dirac bracket as defined in (162)), is given by

1 — x4 9L 0 -1 X9
{F.G}ep = {F,G}e——2< aw T 3F> ( ) ( e (202)
NP9t X %) \1 0 ) \P5p — X35

In particular we get the Dirac algebra

{X*,X"}ep =0, (203)
XexPb XexPb
{x*, P pp =" = =5~ - TOR (204)
{P4 P"Ypp = i(xagp” — PP ~ Kab. (205)
’ X2 R

Now it is not too hard to show that the isometry group SO(4,1) is canonical. Given that SO(4,1) is
the group of transformations A satisfying

ATna=n = NuAAY =N (206)
we find that for (X%, P?) — (X'*,P'") = (A%, X, AL, P)

(X XY pp = AN { X6, XY gp = 0, (207)
cd Xaxb __aab x/ax,b
T )TV T T

(X' P ep = AYAP X, PV pp = A% APy (n (208)

. 1 1
{T/[l, fPlb}ED — AacAbd{fPL’ Td}ED — AacAbd (F(‘Xﬂlfpb _ Taxb)) — ﬁ(x/afp/b . fP/a.X'/b),
(209)

which means the transformations are canonical. This is as expected because both constraints are in-
variant under any transformation of SO(4,1).

For the motion of the free particle on de Sitter hyperboloid, we have that

axe
dr

={X,Hr}ED. (210)

It is important to remember that with Dirac brackets, second-class constraints become strong equali-
ties. We can induce the second-class constraints beforehand to make the computation easier. We find
that the total Hamiltonian reduces to (Appendix. (A.1.7))

Hr = oH + Adp
5 5 5 (211)
~ 20 (T +m-c )
With this, we find that (Appendix. (A.1.8))
dx®
={X,H
g~ ot (212)

~ 40P
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and for the second derivative we get (Appendix. (A.1.9))

d’xe {dxa
dt?

H }
dat D
_ lea?P?
~ TR

Now using the fact that the velocity must always be tangent to the surface, we get the identity

(213)
Xe.

d b
0= —MawpX*X'
= N XK M XX

. 1602 P2
zx2+nabx“( %2 xb)

(214)

~ X2+ 160222,
Combining equations (213)) and (214])), we get the differential equation

L, X2

x“+@x“ ~ 0. (215)
This is the differential equation describing the motion of a free massive spinless particle on de Sitter
spacetime. With the stereographic coordinates, as defined by (I80), it is shown by [21] that this
precisely corresponds to the geodesic equation

P4+ =0, (216)
where (Appendix. (A.1.10))
n(x

are the Christoffel symbols for the metric g,y. This means that the extended Dirac’s formalism cor-
rectly predicts that free particles follow the geodesics on dS(4, 1). On this note we end our discussion.
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7 Conclusion

In this thesis, we have investigated the unification of two natural extensions of the conventional phase
space framework. We began by examining the extended phase space formalism, focusing on how time
can be incorporated as a dynamical variable within phase space itself. It was demonstrated that apply-
ing the standard Lagrangian procedure in this context leads to a Hamiltonian that vanishes identically,
H = 0, reflecting the inherent reparameterization invariance of the system. To overcome this, an alter-
native approach, as introduced in previous works [4]] and [[10], was represented. In this extended phase
space formalism, time and its conjugate momentum are explicitly defined as dynamical variables from
the outset, thereby extending the phase space. By reformulating the action functional accordingly, we
derived a reparameterized action in which time is treated on equal footing with the other configuration
variables. This naturally led to the emergence of an extended Hamiltonian, expressed implicitly as
H, = po+ H, which serves to define a submanifold H, = 0 within the extended phase space. This
submanifold encapsulates the physical dynamics of the system. In the context of the extended for-
malism, standard phase space constructions were discussed such as canonical transformations and the
Poisson structure. From there we applied this description of phase space on Minkowski spacetime.
We showed that the Poincaré group forms a subgroup of the canonical group as well as the fact that
the extended Hamiltonian is Lorentz invariant.

After that, as introduced in previous works [3], [12], [13], [14] and [15]], we examined Dirac’s for-
malism on phase space, focusing on singular Lagrangians where the Legendre transformation fails
to invert, leading to primary constraints. The constraints restrict the dynamics to a submanifold of
phase space, with first-class constraints generating gauge transformations (redundancies) and second-
class constraints reducing physical degrees of freedom. To enforce the constraints rigorously, the
Dirac bracket was introduced, modifying the Poisson bracket to ensure constraints are preserved. The
Dirac bracket was then used to determine dynamics that respect the constraints in the process. We
applied this formalism to curved spaces as viewed as embeddings in a euclidean space, where the
Dirac bracket can be used to naturally encode the geometry of the constraint surface. We showed that
the metric of the curved space, written in the euclidean coordinates, is encoded in the Dirac structure
giving us a nontrivial Poisson structure.

From there, we considered both formalisms simultaneously. Using Dirac’s formalism we were able
to continue the standard Lagrangian procedure, which was first rendered moot. Instead with the
canonical Hamiltonian being identically zero, the constraint take over the dynamics given in the to-
tal Hamiltonian. It was shown that the extended phase space formalism was merely a special case of
Dirac’s formalism after reparameterizatizing the action. The Dirac formalism gives correctly the same
constraint gives pg + H ~ 0 and the reparameterization invariance was shown to be the gauge sym-
metry of the total Hamiltonian. It was therefore concluded that time reparameterization and Dirac’s
formalism were compatible, forming the extended Dirac formalism.

This set the stepping stage for discussing phase space on Minkowski and de Sitter spacetime. Us-
ing the extended Dirac formalism, we showed a, similar looking to the sphere, Dirac algebra which
represented a nontrivial Poisson structure incorporating the curvature and time on spacetime. From
this we showed that the isometry group of de Sitter spacetime SO(4,1) forms a subgroup of the
canonical group on de Sitter. At last, we showed that for a free massive spineless particle on de Sitter
spacetime, the equations of motion correctly describe the geodesic equation.
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Together, this shows that the extended phase space formalism and Dirac’s method fit naturally to-
gether into a consistent framework for describing reparameterization-invariant systems, with direct
applications to curved spacetimes like de Sitter. This unification clarifies the link between gauge
symmetries, constraints, and the geometry of phase space, showing how time and curvature can be
treated in a single coherent structure. While the work stays within the classical picture, it opens
the way to look at quantizing this extended Dirac formalism, especially in the context of quantum
cosmology and constrained systems in general relativity.

AH
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8 Appendix

A.1 Derivations

ALl {x¢ Kb},

(X9, &Py, = iﬂi (£, Py, - {x°, X2, )
_ % (e, xPpee 4 X0, 2%, ) — ({X, XY+ XX, 7)) -
-z <Xb{X“,£PC}e —XC{X“,be}e)
_ % <nac X xc>
A2 {P4 Kby,
(27, ), = gi{ (2 xPoy, — {2, x°0"). )
1 a c a pC a yC ¢ fpa
_ TR (({T XDy PE 4+ XP {2 P }e> - <{EP X} PP+ X P ,gpb)) o
- ({2, X"} — {2, X7} ")
_ iﬂ{ (nach _nach> .
A13  {X9 Ky Kby,
{X Hoe K" Ve = { X, Koe ke K + Ko X, K"V
= 2% { X, K}
=g (1 ) (220)
= % (X Fe X %)
= %n““x%c
Al4  {PY K K<Y,
{P9 Ko K" Yo = { P, Ko} K™ + Koe{ P9, K"}
= 2% { P, K"}
P — o
= & (P T e 5 )

_ _inacbe%
R “
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A5 {01, )

{01, H}e = (Map XX — R2, Koy K+ 2m*? Y,
= { X" Xgy Koo K"}
=226 { X", Koe KV

8 ,
= XX’ Ky
9% (222)
= @X“xb (Xu By — BuXp)
8
— Ex"xaxbgp,, —Xx4?,Xx"x,
p— 07

A1.6 {01,02},

{01,02}e = Map XX = R2, Mea X P,
= MM ({07, XY X0, 2}, )
= Namea X ({2 P+, ) (223)
= NapNeaX* (T]adxb + ledxa>
=M XX’ ~ 2R

A1.7 Hr

Hr = oH + Ay

~oH

~ <%b7€ab+2m262>

~ 20 (% ((ﬂabxaxb)(ﬂcd?ci’d) - (ﬂabxai’b)2> +m262)
(o) +m*c?)
(£P2 +m2c2)

(224)

Q

200
200

Q
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ax“
Alg 48

axe
drt

= {X,Hr}ED
~ Z(X{Xa, P? +m CZ}ED
~ 40(anTb{xa,Tc}ED
Xexe 225
A~ 4anbch (nac _ Rz ) ( )

a Xa(nbcfpbxc>

~ 4o.P°.

A19 £X°

dt?

d*xe B {dX“ o }
atz Udat "ep

~ 802 { P, P> + m*c*}kp
~ 160N, P {P*, P} i

K
~ 16 pb (226)
ot ()

160c
Kz xa <anbeQ)C‘>
1602 P2

X

~
~

A110 T,
1
Iy = 58" (9ugpy +Ovgpu — psgym)

= ln_zT]}‘p <2na“n1’]pv +2ndynMpu — 2n8pnnw)

2
—n! (a#n &, +oyndl, — n"Papnnw) (227)
where dyn=— 2%7(2”2 Xy

27{2 (x,,ﬁ +x\,5 | xpnyv)
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