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Abstract

Crowds are generalizations of groups, and bands are generalizations of commutative rings. In this thesis, we continue
the study of these crowds, with a focus on some linear algebraic crowds, namely the special linear group and general
linear group over bands. We start the thesis by introducing bands and crowds and giving some general results. We
then study the special and general linear groups over a band B, SL,(B) and GL,(B), and their comparison, with case
studies for the Krasner hyperfield and the sign hyperfield. We follow this by defining the semidirect product of crowds,
and the crowd version of the short exact sequence, which we use to learn more about SL,,(B) and GL,(B).
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Introduction

A linear algebraic group is a structure that, using the elements of a ring, forms a subgroup of the
special linear group of dimension n. An example is the general linear group over the real numbers,
GL,(R). These groups have already been widely studied. However, when they are taken over weaker
structures, the group law may fail. Then the algebraic group is not a group anymore, but it can still
be a crowd.

Crowds were introduced by Lorscheid and Thas in 2023 in their paper [7], to study algebraic groups
over the field of one element F;. They are generalizations of groups, and therefore can be used to
study objects that are not groups, but do seem to have some structure to them. In his bachelor thesis
[9], Maxson continued the study of crowds, in particular the special linear group over the Krasner
hyperfield. This thesis aims to build on his research, by defining the general linear group and the
symplectic group over bands, and studying their relation with the previously defined special linear
group (|7, Chapter 5.4]). We include case studies where the band is the Krasner hyperfield, the sign
hyperfield and the regular partial field. We also do further research on general crowds.

As mentioned, crowds are generalizations of groups. Their precise definition is:

Definition 0.1. A crowd is a triple (G, 1, R), where G is a set, 1 € G is the unit element and R C G>
is the crowd law, that satisfies the following:

1. (1,1,1) € R;

2. If (a,1,1) € R for some a € G, then a = 1;

3. If (a,b,1) € R for some a,b € G, then (b,a,1) € R;
4. If (a,b,c) € R for some a,b,c € G, then (c,a,b) € R.

For all a,b € G, the inverse of a is the set a=! = {b € G | (a,b,1) € R}, and the product of a and b is
given by a-b = {c € G | 3d € G such that c € d~! and (a,b,d) € R} (|7, Chapter 5.1]) (see Definition
1.10).

This definition allows for a lot of variation, for example, both

({1,a},1,{(1,1,1)}) and ({1,a},1,{(1,1,1),(a,a,1),(1,a,a),(a,1,a)})

are crowds. Given a crowd (G, 1g, Rg), we can construct a subcrowd by taking subsets of G and Rg
(see Definition , and a crowd morphism from G to another crowd by preserving the unit element
and the triples in the crowd law (see Definition [[.13)).

In this thesis, we use crowds to study linear algebraic groups over bands. Bands B are generalizations
of commutative rings, where the addition operator is replaced by a set Np, called the null set, that
contains all sums we want to treat as 'zero’ (see Definition . For example, the Krasner hyperfield
K = {0, 1} forms a band with normal multiplication and null set Nx = {n - 1|n € N>g,n # 1}(see Def-
inition [1.5]). Other bands are the sign hyperfield S = {0, 1, —1}, with normal multiplication and null
set Ns={p-1+m-(-1l)jp=m=0orpme Nzo} (see Definition and the regular partial field
]ch = {0,1,—1}, also with normal mutliplication, but with null set Ny = {m -1+ m - (—1)|m € N}
(see Definition [L.7).

The special linear group over a band, SL,(B), is not a group, but it is still a crowd. Because the null
set of the band contains all sums we want to treat as zero, we can define the set as all n by n matrices
A such that det(A) — 1 € Np. The crowd law is given by the set of triples (A, C, D), such that the
coefficients of A-C - D — I, are in Np (see Definition . The crowd of the general linear group



over B, GL,(B), has a similar definition, except it contains all n + 1 by n + 1 matrices A such that
A= [A(;l 2] and det(A) — 1 € Np (see Definition .

In this thesis, we develop the following new results about linear algebraic crowds, and crowds in
general.

We define the general linear group and the symplectic group over a band, Spa,(B), and find that
Spa(B) = SLa(B) for all bands B (see Definition and Theorem [2.18)). Furthermore, we find
that crowd isomorphisms map inverses to inverses and products to products (see Theorem [1.16]). This
is useful, because of the following theorem.

Theorem 0.2. Let B be a band. Then the map ¢ : SLn(B) = GLn(B), A [4 9] is an injective,
full crowd morphism (see Theorem .

This implies, as stated in Theorem that SL,(B) is isomorphic to the image of ¢, which is a full
subcrowd of GL,(B). When we apply this morphism to the linear groups over the Krasner hyperfield,
we find that SL,,(K) 2 GL,,(K) (see Theorem [3.4). Therefore, everything that was already proven for
SLy,(K) by Maxson in his thesis (]9]), also holds for GL(K) (see Proposition and [3.4.2). While
there is no such isomorphism between SL,(S) and GL,(S), it is possible to construct all elements in
GL,(S) and its crowd law, using only the elements in SL,(K) and its crowd law (see Theorems
. - 3.7| and Corollaries [3.6.1] ‘ and [3.7.1] -

We also compare the special and general linear groups taken over ]F1 2 S and K with each other, and
find injective crowd morphisms fn , fn , surjective crowd morphism gn, gn and crowd isomorphisms
0,1, p such that the following diagram commutes:

l
| | . l
GLn(Ff) — " GL,(S) — 22— GL,(K)

Returning to general crowds, we find that, where groups always correspond to a crowd (|7, Chapter
5.2]), hypergroups always correspond to a specific type of crowd, namely a saturated crowd (see
Theorem [5.7). Additionally, we define the semidirect product for crowds (see Definition [4.1)):

Definition 0.3. Given crowds (H,1y,Rpg) and (Q,1g, Rg) and crowd morphism 6 : Q@ — Aut(H),
the semi-direct product H xq @ is the crowd (H x Q,(1x,1Q), RHx,q@), with crowd law

RH><19Q = {((h17q1)7 (h27q2)7 (h37Q3)) € (H X Q)3 | ((I1,CI27QS) € RQ and (hhem (h2)’941(0112(h3))) € RH} .

Another notion from group theory that can be applied to crowds is that of the split short exact
sequence. We define 2 types of sequences, a weakly split short exact sequence (see Definition [4.4)) and
a strongly split short exact sequence (see Definition [4.6]).

Theorem 0.4. Suppose the sequence

1 — (H,1y,Ry) - (G, 1, Rg) N (Q,1g,Rg) — 1,

where H,G and Q are crowds and a, 5 are crowd morphisms, is a weakly split short exact sequence.
Then there is a bijection between the sets H x Q — G, and if G is finite, then so are H and Q) and
#G = #H - #Q (see Theorem .

If it is a strongly split short exact sequence, then there is an additional bijection between the crow laws
Rg x Rg — Rg, and if Rg is finite, then so are Ry and Rg and #Rg = #Rg - #Rp. Furthermore,
there is a crowd morphism 0 : Q — Aut(H) such that the crowd G = H xg Q(see Theorems and

[-§).



For example, there are crowd morphisms ¢ and 1 such that

1 — SLn(K) 25 GLp(K) 25 KX — 1
is a strongly split short exact sequence (see Example . For general bands B, we find that if n € N
such that ayy1,n4+1 € B* for all A € GL,(B), then there are crowd morphisms ¢ and 1 such that

1 — SLn(B) - GLn(B) -5 BX — 1

is a strongly split short exact sequence (see Proposition 4.10)). For example, this assumption holds for
the bands S and FT for all n € N. Since $% = {—1,1} and (FT)* = {1, -1}, it follows that, if the
sets are finite,

#GLn (S) =2 #SLn(S) and #RGL,L(S) =4. #RSL,L (S) and
HGLn(F) =2 #SLn(F}) and #Rgy, ey = 4- #Rgp 5+)-

(see Example 4.11]).

In section 1, we give an introduction into bands and crowds, and some preliminary results. This
includes the definition of bands, the Krasner hyperfield, the sign hyperfield, the regular partial field,
crowds and subcrowds, and band and crowd morphisms and Theorem [1.16

Section 2 introduces the special linear group, the general linear group and the symplectic group taken
over bands. It contains Theorem and these crowds when they are taken over K, S and IFli (Ex-
ample and .

In section 3, we study crowd morphisms between linear algebraic crowds. We look at the map
¢ : SLp(B) — GL,(B), give the Theorems and and study the situations when B = K
and B = S. This includes Theorems and Corollaries and We also compare
the special linear groups and general linear groups over IF{E, S and K with each other, leading to The-
orem [3.9] and more.

In section 4 we return to general crowds, and define the semidirect product of crowds, weakly split
short exact sequence and strongly split short exact sequence. This section includes Theorems
and Proposition

In the final section, we give the definition of saturated crowds, as defined by Maxson in [9], and show
that GL,,(K) and hypergroups are saturated crowds.

1 Bands and Crowds

In this section, we introduce bands and crowds. These structures are generalizations of commutative
rings (|1]) and groups (|7, Introduction]), respectively, and can therefore be used to study objects with
a weaker structure. We also introduce the Krasner hyperfield, the sign hyperfield and the regular
partial fields as bands.

1.1 Bands

To define a band, we need the definitions of a pointed monoid, an ambient semiring and the ideal of
an ambient semiring, as given by Baker, Jin and Lorscheid in [1, Chapter 1.1] and Lorscheid and Thas
in |7, Introduction].

Definition 1.1. A pointed monoid is a set B, together with a commutative and associative operator
-: Bx B — B, such that there is a unit element 1 € B and absorbing element 0 € B such that a-1 =a
and a -0 =0 for all a € B.

Its ambient semiring B is the semiring BT = N[B]/ ~, where ~ is the equivalence relation

O+Zna'a~2na~a.



In other words:

BT ={ Z Ng - a | ng € Nyng =0 for all but finitely many ng,}.
aeB—{0}

An ideal of BT is a subset I such that
e 0el,
e For all a,b € I, we have that a +b € I and
e Forallae I,be B, we have that b-a € I.

Definition 1.2. A band is a pointed monoid (B, 1,0, ) together with a set Np, called the null set,
such that Np is an ideal of the ambient semiring BT and for every a € B, there exists a unique b € B
such that a +b € Ng. We call this the additive inverse of a and write —a = b (|1, Chapter 1.1]).

Ezample 1.3. As Maxson shows in [9, Chapter 2], every commutative ring (R, +,-,0,1) gives way to
a band (R, ,-,1) with null set Ng = {3, .ona - @ = 0[ng € N,ng = 0 for all but finitely many nq}.
Therefore bands are indeed a generalization of commutative rings.

So a band generalizes a commutative ring by replacing the addition operator with the null set. This
null set can be seen as the set of sums we want to treat as 'zero’.

Lemma 1.4. Let B be a band with zero element 0 and unit element 1. Then BN Np = {0}. Further-
more (—1)2 =1 and for alla € B, —a = (—1) - a.

Proof: This is proven in |1, Lemma 1.2]

Ezample 1.5. The Krasner hyperfield K is the band (K, 1,0, ), with the set K = {0,1} and normal
multiplication - : K — K, together with the null set Nx = {m-1|m € Nxo,m #1}. Note that
—1=1and —-0=0.

Ezample 1.6. The sign hyperfield S is the band (S, 1,0, -), where S = {0,1,—1} and - : S — S is normal
mutliplication, together with the null set Ng = {p- 1+m-(-1)lp=m=0orpmée N20}~ In this
band, 1 and —1 are each others additive inverse, and the inverse of 0 is itself.

Ezxample 1.7. The regular partial field ]FljE is similar to the sign hyperfield. It is the band (]Fli, 1,0,-),
where IFli ={0,1,—1} and - : ]FljE — IFli is again normal multiplication, but the null set is given by
Np={m-1+m-(-1)}m € N}. Similarly to S, the inverse of 1 is —1 and the inverse of 0 is 0.

These examples are from [1, Chapter 1.2].

One can travel between bands by using band morphisms:

Definition 1.8. Given the bands (B,1p,Np) and (C,1¢, N¢), a band morphism f : B — Cis a
multiplicative map such that f(1g) = 1¢ and EaEB—{O} nqf(a) € No whenever ZaEB—{O} nqa € Np
([il Definition 1.3)).

Example 1.9. The maps f : IFli —=S,b—band g:S — K,0 —~ 0,+1 — 1 are band morphisms. We
prove this in Theorem

1.2 Crowds

A crowd generalizes a group by replacing the group law with a crowd law. For a group G with group
law - : G X G — G, all elements of G have a unique inverse ([11, Chapter II1.1]). Thus for all a,b,d € G,
we can describe a-b=d as a-b-c =1, where ¢ € G such that d-c-1 = 1. Therefore we can replace the
operator with the set of all triples a, b, ¢ such that abc = 1. This set is the crowd law (|7, Chapter 5]).

Definition 1.10. A crowd is a triple (G, 1, R), where G is a set, 1 € G is the unit element and R C G3
is the crowd law, that satisfies the following:



1. (1,1,1) € R;

2. If (a,1,1) € R for some a € G, then a = 1;

3. If (a,b,1) € R for some a,b € G, then (b,a,1) € R;
4. If (a,b,c) € R for some a,b,c € G, then (c,a,b) € R.

For all a,b € G, the inverse of a is the set a=! = {b € G | (a,b,1) € R}, and the product of a and b is
given by a-b = {c € G| 3d € G such that c € d~! and (a,b,d) € R} (|7, Chapter 5.1]).

This definition also works when it is difficult to find a good group law, by making the crowd law from
the triples of elements whose product we would like to be equivalent to 1. However, it is possible in
a crowd that some inverses or products are empty sets, or contain more then 1 element. Therefore,
what holds for groups does not have to hold for crowds.

Ezample 1.11. Let (G,-,1) be a group. We can construct the crowd (G, 1, R) by setting the crowd
law as R = {(a,b,c) € G® | abc = 1}. This is indeed a crowd, since: 1-1-1 =1, so (1,1,1) € R; if
(a,1,1) € R, thena-1-1=a = 1; if (a,b,1) € R for some a,b, € G, then a-b = 1 and since G is
a group, this implies b-a = 1, so (b,a,1) € R; if (a,b,¢) € R for some a,b,c € G, then abc = 1, so
ab = ¢!, which implies cab = 1 and thus (c,a,b) € R. Therefore all of the crowd axioms are satisfied,
so (G,1,R) is indeed a crowd ([7, Chapter 5.2]). In this text, we say that G is both a group and a
crowd. It is also possible to say that G is a crowd that comes from a group.

It is not necessary for crowd laws to be based on group operators. They can be quite arbitrary, and
sets usually have multiple possible crowd laws.

Ezample 1.12. Let G = {1, a, b} with unit element 1. Then possible crowd laws are

Rl = {(1G7 1G7 1G>7 (a’7 b7 1G)7 (1G7 a7b)7 (ba lG; a)7 (b; a, 1G)7 (1G, b, CL), (a, ].G, b)} and
Ry ={(1g,1g,1g), (a,a,b), (b,a,a),(a,b,a)}.

Similar to band and group morphisms, Lorscheid and Thas have defined crowd morphisms in |7,
Chapter 5.1].

Definition 1.13. A crowd morphism ¢ : G — H is a map from the crowd (G, 1g, Rg) to the crowd
(H,1p, Rp) such that ¢(1g) = 1 and for all (a,b,c) € Rg, it holds that (¢(a), (b), ¢(c)) € Ry.

If there exist a crowd morphism v : H — G such that p o =idg and ¥ o ¢ = idg, then ¢ is a crowd
isomorphism.

If for all a,b,c € G, ((¢(a),(b),¢(c)) € Ry implies (a,b,c¢) € Rg, then ¢ is a full crowd morphism.
The kernel of a crowd morphism ¢ is ker(¢) = {a € Glp(a) = 1g}.

Ezample 1.14. Let (G,®¢g,1g) and (H,®p, 1) be groups and (G,1¢, Rg) and (H,1p, Ry) be the
corresponding crowds. Suppose f : G — H is a group homomorphism, and let f’ be the map from the
crowd G to the crowd H such that f'(g) = f(g). Then we can check that f’ is a crowd morphism.
Since f'(1g) = f(1g) = 1, the first condition is satisfied. Additionally, suppose that a,b,c € G such
that (a,b,¢) € Rg. Then a g ©gb® c = 1g, so

fla)Om f(b) O f(c) = flaGabOg ) = f(lg) = 1m,

which implies (f(a), f(b), f(c)) = (f'(a), f'(b), f'(c)) € Ry. Therefore the second condition is satis-
fied as well, so f’ is indeed a crowd morphism (|7, Proposition 5.7]). In fact, if f is injective and
(f'(a), f'(b), f'(c)) € Ry for some a,b,c € G, then

f(a)on f'(0) ©n f'(c) = fla) O f(b) Ou f(c)
= fla®gboc) =1p.

Since f’ is injective we must have that a ©®g b ©g ¢ = 1¢g, which means (a, b, ¢) € Rg. Therefore if f’
is injective, then f’ is a full crowd morphism.



In general, a crowd morphism is not full if and only if it is injective. This does not mean we cannot
infer anything results from a full crowd morphism.

Lemma 1.15. Let (G,1g, Rg) and (H,1g, Ry) be crowds, and ¢ : G — H be a full crowd morphism.
Then ker(v) = {1g}-

Proof: To proof the first statement, let a € ker(y) be arbitrary. Then

(@(a)ﬂa(lG)?@(lG» = (lHa 1m, 1H) € Ry.

Since ¢ is full, this means (a, 1g,1g) € Ry, which implies that @ = 1. Since a was chosen arbitrarily,
this holds for all elements of ker(y). Therefore ker(y) = {1g}. O

Corollary 1.15.1. Let G and H be both crowds and groups and f' : G — H a crowd morphism that
corresponds to a group homomorphism f : G — H. Then f' is a full crowd morphism if and only if it
18 injective.

Proof: (=) : Suppose that f’ is a full crowd morphism. Since it corresponds to a group homomorphism
f, we know that ker(f’) = ker(f). Therefore it follows from Lemma that ker(f) = ker(f') = {1g}.
This implies that the group homomorphism f, and therefore also the crowd morphism f, is injective.
(<) : This direction is proven in Example

Therefore f’ is a full crowd morphism if and only if it is injective. [

Similar to groups, crowd isomorphisms map inverses to inverses and products to products.

Theorem 1.16. Let (G,1g,Rg) and (H,1y, Ry) be crowds such that there exists a crowd isomor-
phism ¢ : G — H. Then for all a,b,c € G, the following holds:

p(a)™1;

€ p(a) - ¢(b).

Proof of 1: (=) : Suppose a,b € G such that b € a~!. Then (a,b,1g) € Rg, which implies
(e(a), 0(b), ¢(16)) = (¢(a), (b), 1ir) € Ry, and thus p(b) € p(a) .

(<) : Suppose a,b € G such that ¢(b) € ¢(a)~t. Then (¢(a),p(b),15) € Ry, which implies
(e~ Hp(a), o He(®), o (1g)) = (a,b,1g) € Rg, so b € a~!. Therefore, for all a,b € G, b€ a1 if

and only if go( ) € p(a)?

Proof of 2.: (=) : Suppose a,b,c € G such that ¢ € a-b. Then there is a d € G such that
c € d ! and (a,b,d) € Rg. Tt follows from (1) that ¢(c) € ¢(d)~!. Furthermore, it follows that
(¢(a), p(b), p(d)) € Ry. Therefore p(c) € p(a) - ¢(b).

(<) : Suppose a, b, c € G such that ¢(c) € p(a)-p(b). Then there is an e € H such that ¢(c) € e~ and
(p(a), p(b),e) € Ry. Since ¢ is a crowd isomorphism, there is a d € G such that ¢(d) = e, and there-
fore it follows from (1) that ¢ € d~!. Furthermore, (9~ *(¢(a)), o~ (¢(b)), p"1(e)) = (a,b,d) € Rg.
Therefore ¢ € a - b, and so for all a,b,c € G, ¢ € a-b if and only if ¢(c) € ¢(a) - ¢(b). O

1. b€ at if and only if p(b) €
2. c€a-bif and only if p(c)

Another similarity to groups is that, where groups can have subgroups, crowds can have subcrowds:

Definition 1.17. Let (G,1q, Rg) and (H,1y,Rpy) be a crowds. Then H is a subcrowd of G if
ly=1g€ HC Gand Ry C RgNH3. If Ry = RgNH3, then H is a full subcrowd of G ([9, Chapter
1.4]).

Lemma 1.18. Let (G,1,Rg) be a crowd and suppose H C G such that 1 € H. Then (H,1,Ry),
where Ry = Rg N H?, is a full subcrowd of G.

Proof: We simply need to check that H satisfies the 4 crowd axioms:
1. (1,1,1) € H? and (1,1,1) € Rg, so (1,1,1) € Ry;
2. If (a,1,1) € Ry, then (a,1,1) € R¢, which implies a = 1, since G is a crowd;



3. If (a,b,1) € Ry, then (a,b,1) € Rg. It follows that (b,a,1) € R, and since (b,a,1) € H? as
well, which implies (b,a,1) € R;

4. If (a,b,c) € Ry, then (a,b,c) € Rg, which implies (c,a,b) € Rg. Since (c,a,b) € H? as well,
this means (c,a,b) € Ryy.

Therefore the axioms are satisfied, and H is indeed a crowd. Since 1 € H C G and Ry = Rg N H3, it
is a full subcrowd of G. I

Ezample 1.19. Let (G, -, 1) be a group with subgroup (H, -, 1). Then the corresponding crowd of H is a
full subcrowd of G: By definition of subgroups, 1 € H C G, so the first axiom is satisfied. Furthermore,
(a,b,c) € Ry if and only if (a,b,¢) € H3 and a - b- ¢ = 1, which holds if and only if (a,b,¢) € Rg.
Therefore Ry = Rg N H3, so H is indeed a full subcrowd.

2 Matrix crowds

In this section, we study the special linear group, the general linear group and the symplectic group
when they are taken over bands. We find that these groups become crowds, and give some preliminary
results. We specifically study the cases when the band is the Krasner hyperfield, the sign hyperfield
and the regular partial field

2.1 Linear groups

Notation. My xn(B) refers to the set of n by n matrices with coefficients in B. In particular, the
coefficients of the n by n identity matrix I,, are written as d; ;.

Definition 2.1. Let B be a band. Then for all A € M, xn(B), the determinant of A is given by
det(A) = 3 ¢ sign(o) [Ti—; @5,0(;) (|7, Chapter 5.2]).

The special linear group over a band was defined by Lorscheid and Thas in their paper ([7, Chapter
5.4]) as follows.

Definition 2.2. Let B be a band. Then the special linear group over B is the crowd (SLy(B), In, Rsr,, (B)),
where the set is given by

SLn(B) ={A € Mpxn(B)| det(4) —1 € N},

and crowd law is given by

Rsp,p) = (A0, A®), A®) € SLu(B)* | Vo € A3, ¥ij=1,om, Y. a3 a7 a7~ 55 € Ny

l?j
k,=1,....n

Note that for all A,C € SL,(B), the coefficients of A - C will be sums, and therefore not necessarily
in B. Therefore the group structure fails, which is why the special linear group is defined as a crowd

instead. The crowd law is taken as the set of all triples (A(l), A®) A(3)> € SL,(B)3 such that
Ale). A(@(2). A(@(3)) _ T is coefficient wise in the null set. Thus, if B is a band that was constructed
from a field F, then the crowd SL,(B) corresponds to the crowd constructed from the group SL,, (F),

as explained in Example
The following result is given in Maxson’s thesis [9, Chapter 3.1]. For completeness, we include a proof.

Theorem 2.3. Let B be a band. Then the triple (SLn(B), In, Rsr,, () is indeed a crowd.

Proof: Since I, € SL,(B) is a unit element, we simply need to check that all 4 crowd axioms are
satisfied:



1. (In,In, In) € Rsr,, (B), since for all o € Az and for all 7, j =1,...,n,

R VAR TR R S R T
k,l=1,....n k,l=1,....n

= > Oikdk; —0ij =01, —bij € Np.
k=1,...,n

Therefore (In, I, I5,) satisfies the conditions to be in Rgy, (py, so the first axiom holds.

2. Suppose that there is an A € SLy(B) such that (A, In, In) € Rgr,, (p)- Then for all
1,7 =1,...,n, we have that

Z a; 10%,101,5 — 05,5 € Np = Z a; 110k, — 05 € Np
kJ=1,....,n k=1,...,n

= Qi — (51‘73‘ € Np.

Since additive inverses in bands are unique, it follows that for all 4,5 = 1,...,n, a;; =

Therefore (A, In, In) € Rgr,, () implies that A = I;,, so the second axiom is satisfied.
3. Suppose (A, B, In) € Rgr,, (p) for some A, B € SLp(B). Then for all i,j =1,...,n,

Z a; kb 1015 — i j € Np = Z ai kbi,j — 0i; € Np and

k,l=1,....n k=1,....,n
Z bi,k6k,lal,j — 5i,j € Np = Z bi7kak7j — 51'7]' € Np.
k,=1,....n k=1,....,n

This implies that for all 7,5 =1, ..., n,

Z a; 1bi,; — 05 = Z a; 10k,1b1,; — ;5 € Np,

k=1,....,n k,l=1,....n
Z bi,kak’j — 5i,j = Z 6i,kbk,lal,j — 51'7]' € Np and
k=1 n k,l=1,....n

Y bikarg == Y bigaridi; i € Np.
k=1,...,n k,l=1,....n

Therefore (B, A, In) € Rgy,, () as well, so the third axiom is satisfied.

4. Suppose that (A4, B,C) € Rgy, (p) for some A, B,C € SLyp(B). Then for all i,j = 1,...,n,

> aigbrac; —dij € Na,

k,Jl=1,....n

Z bi’kck’law — 51'73' € Np and
k,J=1,....,n

Z Cz’,kak,lbl,j — 51‘73‘ € Np.
k,Jl=1,....,n

These sums also imply that (C, A4, B) € Rgy, (). Therefore the final axiom holds.
Since all axioms are satisfied, (SLy,(B), I, R) is indeed a crowd. O

527]

For fields F, the general linear group GL,(F) contains all n by n matrices whose determinant is

invertible. An equivalent definition is stated in |2, Example 1.1.6]:



Definition 2.4. The general linear group over a field F' of dimension n is

GL,(F) = {A € Myt1xnt1(F) | A= [a11,a12, .., ann, D], where D = det(A)}
= {A € SL”+1(F) | Vi = 17 vy My Qg n41 = Ond-1,4 = O} .

This definition allows us to define the general linear group over bands.

Definition 2.5. Let B be a band. Then the general linear group over B is the crowd (G Ln(B), In+1, Rar, (B))s
where the set is given by

GLn(B) = {A S SLTH_l(B)‘Vi =1,..,n, Gnil = 0ni1; = 0},

and crowd law is given by

Vo € A3, Vi,j=1,...,n+1,
Rgr,(B) = { AW AR A®) € GL,(B)? o o(2)) (o(3 }
(B) ( ) Zk,l:l,...,n+1 ag,k(l))agc,l( ))al(,j( ) 8i.; € Np

Theorem 2.6. Let B be a band. Then the triple (GLyn(B), In+1, Rgr, (B)) i a crowd. Furthermore,
it is a full subcrowd of the crowd SLp+1(B).

Proof: It follows from Definition that Iny1 € GLp(B) and that GL,(B) C SLy4+1(B). Fur-
thermore, for all A,C,D € M(,11)x(nt1)(B), we have that (A,C,D) € Rgy, (p) if and only if
(A,C,D) € GL,(B)? and for all 4,5 = 1,...,n + 1,

Z a; kcrd;j — 95 € Np,

kl=1,...n+1

Z Ci,kdk,lal,j — 5i,j € Np and
k,l=1,....n+1

Z di’kak’lcu — (Si’j € Np.
k,l=1,....n+1

Since (4,C,D) € GLy(B)*> C SLyy1(B)?, these sums hold if and only if (4,C,D) € Rgy, ., (B)-
Therefore Rgr, (B) = Rsr,.,(B) NGL(B)3, I4+1 € GLy(B) and GLy(B) C SLyy1(B), so it follows
from Lemma that GLy,(B) is a crowd and a full subcrowd of SLy1(B). O

In Section [1} the bands of the Krasner hyperfield, sign hyperfield and regular partial field were given.
We can study their special linear and general linear groups:

Ezample 2.7 (The Krasner hyperfield). Since in K, —1 = 1, the special linear group has the set
SL,(K)={A € Myxn(B)| det(A) +1 € Ng}.

Since Nx = {m -1 |m € Nand m # 1}, it follows that A € SL,(K) if and only if det(A) # 0 - 1.
Therefore, we can rewrite the set as follows:

SLn(K) = {A € Myxn(B)| det(A) #0-1}.

For example, SL1(K) = {[1]} and, as Maxson shows in [9, Chapter 3.3],

SR (B R R R R R

To find GLy(K), note that GL,(K) C SLy41(K). Therefore, for all A € GL,(K), it follows that
det(A) # 0- 1. This implies ap+1,n+1 # 0, meaning

GLn(K) = {A € SLy1(K) | A= [4119] for some A1y € SL,,(K)}.



In Section |3} we see that this observation leads to a crowd isomorphism between GL,(K) and SL, (K)
(see Theorem . With this map, we can find all matrices in GLy,(K). For example, when n = 1 the
set is given by GL1(K) = [§ ] and when n = 2, we find the set

1 00] o1 0] [t 10] [t 10 [too] [o10] 110
GLy(K)=<10 1 o|,|1 0o ofl,[1t o of,]o 1 o|,{t 1 0|,]1 1 ofl,[1 10
00 1] oo 1] [0 o1l {00 1] |0 o 1] |00 1] |0 0 1

Both in SL,(K) and GL,,(K), all elements have nonempty inverses. Maxson shows this in [9, Chapter
3.2] for SLy,(K), and since SLy(K) = GLy(K) (Theorem [3.4)), it follows from Theorem that the
same must hold GL, (K). Maxson also shows that, for all A € SLa(K),

A—1:{{a22 a12]}
az1 aii] [’

ai1 a2 O
A7l = as1 agy 0
0 0 1

Similarly, for all A € GLy(K),

Thus for n = 2, in both linear groups all elements have singeleton inverse sets.

Ezample 2.8 (The sign hyperfield). For the sign hyperfield, the crowds SL,(S) and GL,(S) are not
isomorphic. When n = 1, the special linear group is a singleton set, SL1(S) = {[1]}, while GL;(S)
contains 2 elements: GL1{S) = {[(1) (N , [_01 _01]}. When n = 2, the special linear crowd contains 32
matrices and the general linear crowd 64. We can find these matrices by looking at all the possible
determinants. If A € Mayx2(S), then det(A) = ad — be for some a,b,c,d € S. Thus ad,be € {0,1,—1},
which implies

det(A) € {0—0,0—-1,0— (—1),1 = 0,1 — 1,1 — (=1),(=1) = 0,(=1) — 1,(=1) — (=1)}
={0-140-(=1),0-14+1-(=1),1-140-(=1),1-141-(=1),2-14+0-(=1),0- 142 (1)}

Since A € SLa(S) if and only if det(A) —1 € Ns = {p-1+m-(=1)[p=m =0or p,m € Nx¢}, it
follows that A € SLo(S) if and only if

det(A) e {1-1+0-(-1),2-140-(-1),1-1+1-(-1)}.
Therefore the set of the special linear group for n = 2 is given by

SLa(S) = {A € Maxa(S) | det(A) € {1-140-(=1),2-1+0-(=1),1-1+1-(=1)}}.

To find GLs(S), note that all A € GLy(S) are of the form A = [A(;l ﬂ?l} for some Ay; € Maya(S).

If az3 = 1, then A € GLy(S) if and only if det(4) — 1 = det(A411) -1 —1 € Ng, so if and only if
Aqqp € SLa(S). If ags = —1 however, then det(A) = —det(Aj1), so det(A) — 1 € Ng if and only if
—det(A11) € {1-140-(—1),2-1+0-(—1),1-1+1-(—1)}. Note that the only if det(A;1) = 0-1+0-(—1),
is it impossible for A to be in GL2(K). Therefore

GLo(S) = {A = [Aou iﬂl} € SL3(S) |det(A) £ 0-1+0-(~1)}.

In fact, we can generalize these observations to general n.

Theorem 2.9. Let A € My, xn(S). Then the determinant of A is of the form p-1+m-(—1) for some
p,m € N. Furthermore, A € SL,(S) if and only if and p > 0.

Proof: Let A € Mpxn(S) be arbitrary. Then det(A) = > g sign(o) [[,—1 ., arok), where
apok) € {0,1, -1} for all k = 1,...,n and o € Sy,. Therefore sign(o) [[,—; , arom) € {0,1, -1}
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for all 0 € S, so the determinant of A is always a linear combination of 0,1 and —1. It follows that
det(A) =p-1+m- (1), for some p,m € N. Furthermore,
AeSLyS) <= det(A)—1€Ns <= p-1+m-(-1)—1=p-1+(m+1)-(—1) € Ns.

Since m € N, m 4+ 1 > 0. Therefore p-1+ (m +1)-(—1) € Ng if and only if p > 0. Since A was
chosen arbitrarily, we have that for all A € M, «x,(S), det(A) =p-1+m-(—1) for some p,m € N and
A€ SL,(S) if and only if and p > 0. O.

Theorem 2.10. Suppose A € My, 1)x(nt1)(S). Then A € GL,(S) if and only if A is of the form

[AOH g}, where 6 =1 or 6 = —1 and A11 € Mpxn(S) such that det(A11) =p-1+m-(—1) for some

p,m € N such that p > 0 or m > 0.

Proof: Take an arbitrary A € M(n+1)><(n+1)(8). By definition, A € GL,(S) if and only if A is of the

form [A(;l g] and det(A) —1 € Ng. If 6 =0, then det(A) — 1 =0—1 ¢ Ng, so é must be equal to +1.
Furthermore, if follows from Theoremthat det(A11) = p-1+m-(—1) for some p,m € N. Therefore

det(A) —1€Ns <= 1-(p-1+m-(-1))—1&€Nsor (-1)-(p-14+m-(—1)) —1 € Ns
<~ p-1+(m+1)-(-1)eNsorm-1+(p+1)-(—1) € Ng
< p>0orm>0.

Therefore A € GL,(S) if and only if A is of the form [AOH fl}, where det(A11) =p-1+m - (—1) for
some p,m € N such that p >0 orm > 0. O

Ezample 2.11 (The sign hyperfield (continued)). Similar to the linear groups taken over K, the elements
of SLa(S) and GLy(S) all have nonempty inverses, since for A € SLa(S) and B € GLy(S), we have
that

[“22 ‘“2} c A ' and

—az1  a11

baa  —bi2 O
—byq b11 0 S Bil.

0 0 b33

However, the inverses are not necessarily singletons. For example, in SLa(S),

=R A A AT

and in GLs(S),

The band of the regular partial field IF‘li is very similar to S, except the null set is smaller. We see this
reflected in the similar but stricter conditions for the matrices in the sets SL, (FT) and GL, (FT).

Theorem 2.12. Let A € Man(IFIi) Then there exist p,m € N such that det(A) =p-1+m-(-1).
Furthermore, A € SLn(Fli) if and only if p=m + 1.

Proof: Let A € Mnxn(lﬁ‘li) Since all coefficients of A are in {0, 1, —1}, it follows that the determinant
of A is a linear combination of 0,1 and —1 (just like in the proof of Theorem . Thus there exist
p,m € N such that det(A) =p-1+4 m - (—1). Furthermore,

A€ SLy(Fy) <= det(A) — 1 € Ny
= p-1+(m+1)-(-1)—1€ Nz,
which holds if and only if p=m + 1. O
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Theorem 2.13. Let A € M(n+1)x(n+1)(lﬁ‘ic). Then A € GLn(IE‘%E) if and only if A is of the form

[AO“ g}, where 6 =1 or § = —1 and Ay € Mnxn(lﬁ‘li) such that det(A11) =p-1+m-(—1) for some

p,m € N such thatp=m+1 orm=p+1.

Proof: Let A € M(nJrl)X(nJrl)(Fli). Then by definition, A € GLn(IFiE) if and only if A = [AO“ g]

for some § € Fiﬁ and A1 € Mnxn(IFli) such that det(A) — 1 € N]Fli. Note that if § = 0, then
det(A)—1=0—-1¢ Nz, s0 0 = +1. Suppose, p,m € N such that det(411) =p-1+m-(—1). Then
det(A)—leNFli — 1-(p-14+m-(-1))—1 € Ny or (-1)-(p-14+m-(-1)) € Ny
— p-1+(m+1) (-1) € Ny orm-1+(p+1)-(-1) € Nz,
which holds if and only if p=m+1lorm=p+1. O

FEzample 2.14 (The regular partial field). Using Theorems and we can find the crowds
SLn(IFli) and GLn(Fli). In particular, SLl(]Fli) = {[1]} and GLl(IFli) = [(1) (H , [Bl Pl]}. Further-
more,

SLy(FE) = {A € Mayo(FT) | det(A) €1-140-(-1)}
GLy(FE) = {A € SLy(F) | A= [A(y jgl} and det(Ay1) € {1-1+0-(=1),0-1+1-(=1)}},

where SLq (]Fic) contains 20 matrices and GLq (IFli) contains 40. Unlike in SLa(S) and GLa(S), inverse
sets in SLy(FT) and GLa(Fy) are singleton sets, and for A € SLo(Ff) and B € GLy(FT) we have

that
A-l = { [ a22 —a12} } and
—a21 a1l

bag  —bi2 0
B '={1-by b1 O
0 0 b33

For a general band B, it can be difficult to find the entire crowd law of its special or general lin-
ear group. However, for some triples we can easily show that they cannot be in Rgr (p)- If

([ 2] 1% 2 ][5 2]) € Bov,qs): then 64 b -6p —1 € N, 6p 64 o — 1 € Np
and 6 -0p 94 —1 € Np. Because in bands all additive inverses are unique, this implies the products

-1
are equal to 1. In particular, if [AO“ 5‘1] € {Cgl 500} , then 6 4 is the multiplicative inverse of d¢.

FEzample 2.15. In GL,(S) and GLn(Fli), ([AO“ 5?4} , [BO“ 6?3} , {COU 5OCD is in the crowd law if and
onlyif 64 =dp=6c=1,04=1and dp =dc =—-1,dp =1and d4, = éc = —1 or ¢ = 1 and

-1
04 = 0g = —1. Furthermore, [A(}l ;ﬂ € [BO“ 5(;] if and only if 64 = dp.

2.2 Symplectic crowd

Suppose F is a field and let 2 = [_(} IO" ] Then the group of symplectic group over F', denoted as

Span(F), is defined to be the group of all matrices in M € May, x2,(F) such that MTQM = Q. Tt
can be proven that this is a subgroup of SLay, (F') (5, Definition 1.1]). When we take this group over
a band B, the group structure fails again, similarly to how it did for the special and general linear
group. Therefore we define it to be a crowd instead, with the same crowd law as for the linear groups.
It is uncertain if this condition implies Spa,(B) C SLay,(B), as it does when these groups are taken
over fields. Since we want the definition to correspond nicely to the symplectic group over a field, we
immediately define Spay, (B) to be a subset of SLap(B).
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Definition 2.16. The symplectic group of a band B is the crowd (Span(B), I2n, Rszn(B))7 where the
set is given by

szn(B) =< Me SLQH(B) | Vi,j=1,...,2n, Z M jWE 1M 5 — Wi 5 € N ;,
k,=1,....2n

for

and the crowd law is given by

R= (M<1>,M(2>,M(3>) € Span(B)? | Vo € ApVij=1,..2n, > mS M mi7 P m{7E) 55 € Np
k,=1,...2n

Theorem 2.17. The triple (Span(B), I2n, Rsp,, (B)) s a full subcrowd of SLay(B).

Proof: Per definition, Ia, € Span(B) C SLayp(B). Furthermore, (A,C, D) € Rgp,. By if and only if
(A,C,D) € Spon(B)? and for all 4,5 =1, ..., 2n,

> aikckudiy —0ij € Np, Y digargcj—0ij € Npand Y ¢ipdpgar; —0ij € Na,
k,l=1,.....2n k,=1,.....2n k,l=1,.....2n

which holds if and only if (A, C, D) € Rgy, (py- It follows that Rg,, () = Rsr,,(B)N Span(B)? and
since Iop € Span(B) C SLayn(B), Lemmaimplies that Spay (B) is a full subcrowd of SLa,(B). O
Theorem 2.18. Let B be a band. Then Spa(B) = SLa(B).

Proof: Let B be a band, then Spa(B) is a full subcrowd of SLy(B), as is proven in Theorem [2.17
Let M = [2 Y] € SLa(B) be arbitrary. Then det(M) — 1 =ad —bc— 1 € Np, so

Z My 1w, 1my,1 — w11 =ac—ca—0 € Np,
k=12

Z My oWk My 2 — w;j =ad —cb—1¢€ Np,
=12

Z My oWk, 1M1 — Wi j = bc —da+1¢€ Np and
k,1=1,2

Z Mg 2WE 1M 2 — Wi,j = bd —db—0 € Np.
kl=1,2

Therefore M € Spa(B) as well, and since M was taken arbitrarily, this implies that the set of Spa(B)
is equivalent to the set of SLy(B). Since Spa(B) is a full subcrowd of SLo(B), we can conclude that
the crowds are equivalent. [

Ezxample 2.19. It follows from Theorem that Span (K), Span(S), Span (IFI*L) are crowds. For n =1,
we can use Theorem to find that

R R (R F B R PR R 2
Spa(S) = {A € Maxa(S)|det(A4) € {1-140-(=1),2-1+0-(=1),1-141-(=1)}} and
Spa(FY) = {A € Maxo(F) | det(A) € 1-1+0-(=1)}.
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3 Comparison maps

In this section, we study the relationship between the special linear group and the general linear group
over a band B. In particular, we look into this relation for the Krasner hyperfield and the sign hyper-
field, where we find that SL,(K) is in fact isomorphic to GL,(K). Additionally, every element and
triple SLy,(S) and its crowd law is connected to an element or triple in GL,(S) and its crowd law. In
the third subsection, we compare the special and general linear groups over JF%E, K and S with each
other.

Theorem 3.1. Let B be a band. Then the map ¢ : SLy(B) — GL,(B),A — [‘3 ﬂ, is an injective,
full crowd morphism.

Proof: We start the proof by showing ¢ is well-defined and satisfies the axioms of full crowd morphisms.
We follow this by showing ¢ is injective as well.
For all A € SL,,(B), we have that

det(p(A)) — 1 =det(4)-1—1=det(A) — 1€ Np.

Therefore p(A) € SLy11(B). Furthermore, ¢(a)in+1 = ¢(a)nt1,; = 0 for all i = 1,...,n, so we can
conclude that ¢(A) € GLy(B), and therefore that ¢ is well-defined. Additionally,

90([77«) = dn+1,

which means ¢ satisfies the first crowd morphism axiom.

Thus ¢ is a full crowd morphism if for all A,C, D € SLy(B), (¢(A),»(C), (D)) € Rgy,, (p) if and
only if (4,0, D) € Rgp,, (). Solet A,C, D € SLy(B) be arbitrary. Then

(p(A),0(C), (D)) € Rgr, (B if and only if for all i,j =1,...,n + 1,

> ela)iee(c)eae(d); — iy € N, (1)
k,J=1,....n

Z w(c)ike(d)rap(a),; —di; € Np and (2)
k,J=1,....n

> e(d)irpla)rip(e); —dij € Nb. (3)
k,l=1,....n

When looking at condition (1), note that, for all ¢,j =1,...,n+ 1,

Y @i dig =iy =Y @a)ipe(Q)rie(d); + ©(a)i kP (), n+19(d)nt1,5
k,l=1,....n+1 k,l=1,..,n k=1,...,n

+ Y 0(@inr19(@nt1,00(d); + 0(@)imt10(nt1mi10(dnt1; — G
=1 n
= Y aikeradiy +9(@int19(nt1nt19(Dnt1,j — 8-
k,l=1,..,n

Therefore, if i=n+1,j=1,...,nori=1,....n,7 =n+ 1, then

> el@)irp()rap(d); —dij=0+0-0€ Ng,
k,l=1,....n+1

and if i = j =n +1, then

> el@)ire(Q)rip(d); —0ij=0+1-1-1-1€ Np,
k,l=1,....n+1
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so condition (1) is satisfied whenever i = n+ 1 or j = n + 1, independent on the choice for A4,C and
D. However, if i,j = 1,...,n, then

Z p(a)ikp()r1p(d)ry — dij = Z a; kCridi; +0— 0 j.
k,=1,....n+1 k,=1,..,n
So, the condition is satisfied if and only if for all i,j =1, ..., n,
Z a; kCrd; j — 0;; € Np.
k,=1,..,n

Similarly, condition (2) and (3) are satisfied if and only if, for all 4,5 = 1,...,n,

Z cikdi, 1015 — 05 € Np

k,l=1,..,n
Z d; pag,ic1; — i € Np
k,l=1,..,n

Therefore (¢(A), »(C), ¢(D)) € Rgy, (B if and only if (A, C, D) € Rgy, (p), which implies ¢ is a full
crowd morphism. Finally, note that for all A,C' € SLy(B), p(A) = ¢(C) if and only if [4 9] = [§ ?],
which holds if and only if A = C. Therefore ¢ : SL,(B) — GL,(B) is an injective, full crowd
morphism. [

Notation. In the rest of this thesis, ¢ will always denote the map ¢ : SL,(B) - GL,(B),A— [‘3 ‘1)},
either for a general band B or for a particular band if specified.

The existence of an injective, full crowd morphism from SL,(B) to GL,(B) implies that SL,(B) is
isomorphic to a full subcrowd of GLy(B).

Definition 3.2. Let B be a band. Then we define the subcrowd GL}, (B) of GL,(B) as

GLy(B) ={A€GLn(B) | A= [422 9] for some A11 € Myxn(B)},

with unit element I,,1; and crowd law
Vo € A3, Vi,j=1,...,n+1, }

S it g ag;(l))a&(?))a(v(3)) — 6, € Ng

RGr-(p) = {(A(l)7 A(2)7 A(3)) c GLZ(B)3 .
J

Theorem 3.3. Let B be a band. Then GL}(B) is a crowd. Furthermore, it is a full subcrowd of
GL,(B), and GL}(B) =2 SL,(B).

Proof: It follows from the definition of GL} (B) that I,,41 € GL}(B), GL}(B) C GL,(B). Further-
more, it follows from the similarity of the crowd laws that Rgr-(5) = Rar, (5)N GL}(B)3. Therefore
Lemma [I.18] implies that GL(B) is not only a crowd, but a full subcrowd of GLy,(B).

To proof that GL},(B) = SLn(B), note that im(p) C GL},(B) and ¢(Rsz, (B)) C Rgr:(p)- This
implies the map ¢* : SL,(B) — GL} (B), A — ¢(A) is well-defined and an injective, full crowd mor-
phism as well. let A € GL}(B) be arbitrary. Then A is of the form [AO“ (1)], where A1; isan by n
matrix. This implies

det(A) — 1€ N — det(All) -1-1= det(All) — 1€ Npg.

Therefore A11 € SLy(B) and ¢*(A11) = A, so A € im(p). Since A was taken arbitrarily, it fol-
lows that ¢* is bijective, full crowd morphism. Therefore the inverse of ¢* is well defined, and
(9"~ (A). (¢")~1(C). (¢")~1(D)) € Rsy, () whenever (4,C. D) € Rop (s, which means (%)~
is a crowd morphism. Therefore ¢* is a crowd isomorphism, so SL,(B) = GL}(B). O

The crowd morphism ¢ leads to interesting results. For example, it follows from Theorem and

Theorem which states Spa(B) = SLo(B), that Spe(B) = GL3(B). In the following subsections,
we study this morphism for the bands K and S.
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3.1 The Krasner Hyperfield
When B is the Krasner hyperfield, the crowd morphism ¢ becomes a crowd isomorphism.
Theorem 3.4. The crowd SLy(K) is isomorphic to the crowd GLy,(K)

Proof: As was noted in Example it A € GL,(K), then A is of the form [AO“ (1)], where

A11 € SLy(K). Therefore GL,(K) = GL},(K), so it follows from Theorem [3.3|that GL,(K) = SL,(K).
(]

Maxson found in his thesis (|9, Chapter 3]) many results for SL,(K). Using Theorem and the
crowd isomorphism ¢ : SL,(K) — GL,(K), one can proof these also hold for GL,,(K). For example,
take proposition 3.5:

Proposition 3.4.1. Let A, B € SL,(K) , then the following are equivalent.
1. Be AL
2. Ae B~L
3. 0i5 € EE:I,...,H a; kby,; and d; 5 € Zlew.’n bi kO 5 -

Here B stands for the Krasner hyperaddition, where 08B0 = {0},081 =18H0= {1}, 181 = {0,1}
and if A C K,b € K, then ABb = (J,c4aBb (|3, Definition 2.2]). This proposition also holds for
GL,(K):

Proposition 3.4.2. Let A, B € GL,(K), then following statements are equivalent:

1. Be A7L

2. Ae B

3. 0;5 € Zle’.__yywl a; kb j and ; j € Z§:17'_.7n+1 bi kay,j for alli,j=1,...,n+1.
Proof: We proof that (1) is equivalent to (2), and (2) is equivalent to (3).
(1 < 2): Forall A, B € GL,(K), we have that

BeA™ = o7 i(B)e (v 1(A)7}
= iAW) e@ (B) T = AeB T,

where the first and third equivalence follow from Theorem and the second equivalence follows
from Proposition Therefore B € A~1 if and only if A € B~1.

(2 < 3):Let A,B € GL,(K) be arbitrary and take C,D € SL,(K) such that ¢(C) = A and
©(D) = B. Then it follows from Proposition that

Ae B! < ceD™!

B8 B
= Vi,j=1,...,m, 0, € Z ci kdr ; and 0i 5 € Z di icj
k=1,....,n =1,....n
H B
— Vi,j=1,...,n, 5i,j S Z aakbk’j and (51'7]' S Z bi’lal,j,
k=1,....,n =1,....n

where the third equivalence holds because ¢(C) = A and ¢(D) = B, so it must hold that ¢; ; = a; ;
and d; j = b; j forall ¢, = 1,...,n. Furthermore, adding 0 does not change the outcome of a hypersum,
which implies

H H
Ae B! — Vi, j=1,....,n, 51‘,1‘ € Z aiykb;w‘ and 51"3‘ S Z bi,lal,j-
k=1,....n+1 1=1,....n+1
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Additionally, note that fori=n+1,7=1,...,nandi=1,..,n,j =n+ 1 we have that

H H H
Z a; kbr,j = Z bi kak,j = Z 0 = {0},
k=1,..,n+1 k=1,..,n+1 k=1,...,n+1
and when ¢ = j =n + 1,
H H H
Z ai’kbkyj = Z binakyj = Z 0 H (1 . 1) = {1}
k=1,..,n+1 k=1,..,n+1 k=1,...,n

Therefore, if i =n+ 1 or j = n + 1, it always holds that

2] 22
6i,j S Z ai,kbk’j and 5i,j S Z biyka;w‘.
k=1,...,n+1 k=1,...,n+1
It follows that
= B
Ae B! — Vi,j=1,....,n+1, 0;; € Z a; kbr ; and dij € Z b; jay ;.
k=1,...,n+1 =1,....n

Therefore (2) is equivalent to (3). O

Statement (3) can be rewritten such that the Krasner hyperaddition is replaced by the null set Nk.
Corollary 3.4.1. Let a; € K, where i =1,..,n for some n € N. Then
1. 0¢ Z?ﬂ:lw’n ai if and only if 32,y  ,ai—0€ Nk and

2. 1€ ZZE:L_”’" ai if and only if 37,y  ,ai—1€ Nk.
Proof of 1: Note that

Z a; —0€ Ng <— Z a; =0 or Z a; > 2,
i=1,.

i=1,...,n i=1,...,n U 1)

which holds if and only if a; = 0 for all ¢ = 1,...,n or there are at least two distinct 7,5 € {1,...,n}
such that a; = aj = 1. If the latter is true, then ZE’E:L.‘.,n a; = {0, 1}. Therefore, it follows that

28] a5}
Z a; —0€ Ng <= Z a; = {0} or Z a; ={0,1}
i=1,....n i=1,...,n i=1,...,n
H
— 0€ Z ai,
1=1,...,n

where the second equivalence holds because a hypersum is equal to {0}, {1} or {0,1}. Therefore
0e Z?ﬂzln a; if and only if Zi:l,...,n a; —0 € Nk.
Proof of 2: Similarly,

Z a; — 1 € Ng <— Z a; > 1,
i=1 n i=1 n

which holds if and only if there is at least one i € {1,..,n} such that a; = 1. This holds if and
only if E?:l,...,n a; = {1} or Z?ﬂzl,‘..,n a; = {0,1}, so if and only if 1 € ZEH:L‘_"” a;. Therefore
1ey®  giifandonlyifY,_, ,a;i—1¢€ Ng. O
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3.2 The sign hyperfield

The special linear group over the sign hyperfield is not isomorphic to the general linear group. However,
we can describe all elements in GL,(S) and its crowd law, using the crowd SL,(S). To do this, we
need the following notation.

Notation. Suppose A € My, «n(B) for some band B. Then:
o A~(10) s obtained by multiplying the ith row in A by —1;
o A~ (09) is obtained by multiplying the jth column in A by —1;
e A% is obtained by exchanging the ith row in A with the jth row. So a ’k = a;,} and a ab l =aj;
e A is obtained by exchanging the ith column in A with the jth column. So ak = Ok and
al’J =a;
Furthermore, in this subsection, ¢ : SLy(S) — GLy(S).
Theorem 3.5. Let A € Myxn(S), then the following statements are equivalent:
1. A€ SL,(S);

2. Foralli=1,..,n [A (0 ”}GGL (S);
3. Forallj=1,...n {A 09 0 } € GL,(S);
4 Forallij=1,..n [4 0] €GL.(S);

5. Foralli,j=1,..n, [A,;J 0 } € GL,(S);

Proof: Let A € M,xn(S) be arbitrary. Note that [Afg"o) 91} , {A’((JO’” 91} 7 [A” 701} [A(;‘j _01}
have the right form to be in GL,(S). Therefore we can proof the theorem by showing that they are
in SLp41(S) if and only if A € SL,(S). When looking at their determinant, we find that, for all

iji=1,..n

det(A™) = Z sign(o) H &Z,{;(k)
oc€eS, k=1,...,n
= Y sign(0) a4y, ) 4h 11 0k
O'ESn ke{la'-wn}_{iv]}

Y sign(0)  ai0() 4500 - II U, (k)

oS, ke{l,...,n}—{i,5}

Let ¢’ be the permutation such that o'(i) = o(j),0’(j) = 0(i) and ¢’(k) = o(k) for all k ;ﬁ i,7. Since
o’ is o with one extra permutation, sign(o) = —sign(o’). Therefore, for all i,5 = 1,.

det(Ai’j) = Z (—1) . Sign(a'/) . ai,o./(i) . a/j7o./(j) . H a’k,o"(k)
Ulesn ke{lr":n}*{iv.j}
=(-1)- Z sign(o”) H Uk o7 (k)
o'eSn, ke{l,...,n}
= —det(A).

Using a similar argument, we find that for all 4,5 =1, ..., n,

det(AH7) = —det(A).
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Similarly, for all 3,5 =1, ..., n,

det(A~0)) = Z sign(o)(—a; 4(3)) - H (ag,or)) = (=1)- Z sign(o) H Ao (k) = —det(A),

oESn k=1,..,i,..n c€E€S, k=1,...,n
det(A~(09)) = Z sign(o)(—ay,4(1)) - H (ak,o(k)), where I € {1,...,n} such that o(l) = j,
o€S, k=1,..,0,.n
=(=1)- > sign(o) [ anem = —det(A).
ocES, k=1,...,n

Therefore, for all i, =1,...,n
A€ SL,(S) < det(A) —1 € Ns
< —det(4)-(-1)—1€ Ng
= det ([47 0 ]) = 1€ Vg, det (|47 0 ]) —1€ N5, det (|47 2]) ~ 1€ N and

det([/g‘j 91}) —1e Ng

= (457 o], [457 o], [47 o). [47 o] € GLa(S).

Therefore statement (1) is equivalent to statement (2), (3), and (4). O

This theorem allows us to find the set GL,(S) using the set SL,(S), and the other way around.
The same result holds for their crowd laws.

Theorem 3.6. Let A, B,C € Myxn(S), then (A, B,C) € Rgy, (s) if and only if, for all s = 1,...,n,
([Af;}o,w fl} : [B*;)s,m 701} (¢ 117]) € Rar, (s)-

Proof: Let A, B,C € M,,x,(S) be arbitrary. Then it follows from Theoremthat A, B,C € SL,(S)
if and only if, for all s = 1,...,n, [A_((JO’S) _01} ’ [B‘SS’O’ _01} [§ 8] € GLn(S). Furthermore, since
¢ is a full crowd isomorphism, (4, B,C) € Rgr,,(s) if and only if (p(A), »(B),¢(C)) € Rgyr, (s)-
Let p(A) = D,p(B) = E and ¢(C) = F. Then (D,E,F) € Rgy,, () so if and only if, for all
t,j=1,...,n+1,

Z d; kex,1fi,;—0i; € Ns, Z €k fr1di j—0;; € Ng and Z fikdr e 5—0;5 € Ns.
k,l=1,....n+1 k,l=1,....n+1 k,l=1,....n+1

However, for alli,j =1,...n+1and s=1,...,n,

> digerifij— iy = > digerafiy+ Y disesifij—0i;
k,l=1,....n+1 k,=1,....n+1,k#s =1,....,n+1
= > digerifij+ Y. (=dis)(—es))fij— iy
k,l=1,....n+1,k#s 1=1,....n+1
Z fikdrer; — 055 = Z fikdierj + Z firdr s€sj — 0ij
k,l=1,....n+1 k,J=1,....n4+1,l#s k=1,....n+1
= > firdraerj+ > fir(—drs)(—es ) — iy and
k,=1,....n+1,l#s k=1,...,n+1

(1) 2z, npr(Cesp)fradi;  fi=s#j

(1) > pim1, nrrCikfei(—drs) ifiFs=]
Doki=1,...n+1 CikSh1d1 — Oij ifi,j#s

doki=1,. 1€k fra(=dij) —6ij fi=j=s

S einfradiy —6ij =

k,l=1,....n+1

19



Recall that if € Ng, then (—1) - = € Ngs as well. Therefore, it follows that for all i,5 =1,...,n+ 1,

> digerifi;—0ij € Ns = > digenafiy+ Y. (=dis)(—es)fij—0ij € N,
k,l=1,....n+1 k,J=1,....n+1,k#s =1,....,n+1
Yo fikdraer; —0ij > fordeger; + > fir(—dis)(—es;) = dij € Ng and
k,l=1,....n+1 k=1,....n+1,l#s k=1,...,n+1

ifi=s#j then 3,  o1(—esk)fridi; € Ns

ifi£s=7j then Zk,l:l,...,n-‘rl eikfri(—dis) € Ns
ifi,j#s then Y., 1 i1 €infeadiy —dij € Ns

ifi=j=s then ZkJ:L'_’nJrl(—ei,k)fk,l(_dl,j) € Ng

Z € kfridij — 05 € Ns <=
k,l=1,....n+1

Therefore (D, E, F') € Rgy,, (s) if and only if, for all s = 1, ..., n, (Df(o’s), E-(0) F) ¢ Rgp, (s)- Since
D—(05) — [Aféo’s) Pl} and E—(50) — Bi((:’o) fl], and (A, B, C) were chosen arbitrarily, it follows
that (4, B,C) € Ry, (s if and only if ([A75" 0], [ 57 0,],[69]) € Rgy, (o). D

Corollary 3.6.1. Let A, B,C € My« (S), then the following are equivalent:

1. (AaBaC) € RSL,,,(S);'

(A=) 9] [B=(0 9] [C 0

2. Foralls=1,...,n, ( 0 TR 0 ~1)7o 1 € Rgr,(s);
(A 0] [B=©®) ] [c=(0 0]

3. Foralls=1,...,n, (_0 J , [ 0 _J ) [ 0 _1_> € Rgr,(s);
[A4—(s0)  p B 0] [c—0s) o]

4. Foralls=1,...,n, ( 0 _J , [0 1} ) [ 0 _1_> € Rgr,(s)-

Proof: It follows from Theorem [3.6| that (1) is equivalent to (2). Furthermore, for all s =1, ..., n,

(A,B,C) € Rsp, 5y = (B,C,A) € Rgp, (s

B=0s) o] [c-0 0] [4 0

= (70" 2 [ &) [0 1)) < rore
A 0] [B~©s) o] [c=(0 ¢

=(lo [0 &[5 &) erore

where the second equivalence follows from Theorem [3.6] Therefore (1) is equivalent to (3). One can
similarly proof that (1) is equivalent to (4), so the theorem holds. O

We know from Example that in every triple in Rgy, (s), zero or two matrices have a —1 in the
right bottom corner. It follows that we can use Rgp, (s) and Corollary to describe every triple in
Rgr, (s)- Similar results hold when we exchange rows and columns.

Theorem 3.7. Let A, B,C € Mpxn(S). Then for allr,s =1,...,n, (4, B,C) € Rgy, (s) if and only
if ([ a] % 4] [59]) € Revo-

Proof: Suppose A, B,C € My, x,(S) and fix some r,s € {1,...,n}. Then A, B € SL,(S) if and only if
[A(;’E 701} , [BS’S 0, | € GLy(S). For ease of notation, let a;; be the coefficients of [A(;’S 701} and Bi,j
be the coefficients of [B(:’S _1]. Then ([AS’S 31} , {BS’S _01} A ?]) € Ry, (s) if and only if, for all
t,j=1,...,n+1,

Z ai,kbk,lcl,j — 5i,j € Ng, Z bi,kck,ldl,j — 5i,j € Ns and Z Ci,kdk,lbl,j — 51‘,1‘ € Ns.
k,l=1,....n+1 k,l=1,....n+1 k,l=1,....n+1
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Wheni=n+1land j=1,..,norj=n+landi=1,...,n,

Z di,kbk,lcl,j — (51‘7]‘ = Z bi,kck,ldl,j — (51'7]' = Z Ci,kdk,lbl,j — (Si,j =0-0¢€ Ng,
k,l=1,....n+1 k,=1,....n+1 k,l=1,....n+1
and when ¢ = j =n + 1,

S aikbrgcy —dig= Y. bikcratu;—06i;= >, Cigbgb; —di;=1-1€Ng,
k,l=1,....n+1 k,=1,....n+1 k,l=1,....n+1

so the conditions always hold when ¢ =n+ 1 or j = n+ 1. Additionally, for all i,j =1,...,n,

S aigbracry —dig= > airbric; — i

k,l=1,....n+1 kJ=1,....n
= Z a3 kbg,ic15 + Z i sbs 1015 + Z i rbricr i — 0i4
kJ=1,....n,k#r,s =1,....n =1,....n
= > aigbraci; + Y Girbracii+ > aisbsicry —0ij
k,0=1,...,n,k#r,s I=1,....,n 1=1,....n
= Z a; kbgcr; — 0ij
k,Jl=1,....,n

Similarly, for all ¢,5 =1, ..., n,

Do ciptrabiy =G =Y cikakibi; — i
k,=1,....n+1 k,il=1,....n

Finally, note that the sum Zk,lzl,...,n—i-l bi kCk,101,; — 0i,5 is in the null set of S for all 4,5 = 1,...,n if
and only if >y j 4 bigcrar; — 0ij isin N for all i, j = 1, ..., n. Therefore, we can conclude that

([A(;vs _01} , {Bgs 91} , [gg]) € Rap, (s if and only if, for all 4,5 = 1,...,n,

Z a; kbi,icr; — 0i5 € Ns, Z b; kcra1,5 — 9;j € Ns and Z i kak by j — 0; 5 € Ns,
kJ=1,....n kJ=1,....n ki=1,....n

so if and only if (A, B,C) € Rgy, (5)- U

Corollary 3.7.1. Let A,B,C € My xn(S). Then the following are equivalent:
1. (A, B,C) € Rgr,, (s);
2. Forallr,s=1,...,n, (:A;s _01] , {B;s _01} , {%‘ ?) € Ragr,(s);

3 L e

e ) e

Proof: It follows from Theorem that (1) is equivalent to (2). Furthermore, for all r,s = 1,...,n,
we have that

(A, B,C) € R, sy < (B,C,A) € Rgp, (s

Br,s 0 ér,s 0 A 0
= (% AL A 1)) emen

A 0] [B» o] [C™ o
= ([o 1):[%" &[T 8)) ereno
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where the second equivalence follows from Theorem Therefore (1) is equivalent to (3). A similar
argument shows that (1) is equivalent to (4), which implies that the theorem holds. O

3.3 Change of coefficients

We can also study the morphisms between bands and their linear groups. For example, for every band
B, there is a unique band morphism f : Fi — B (|1, Chapter 1.2.2/Lemma 1.39]). In the following,
we study the sequence ]F — S = K, and how it can be used to compare their special and general
linear groups.

Theorem 3.8. The maps [ : Fi = 5,0+~ 0,1 — 1 and g : S = K,0 — 0,£1 — 1 are
band morphzsms Furthermore they induce the followmg crowd morphisms f5 Sln(FiE) — SL,(S),
fG : GL,(FE) = GLA(S), g5 : SLy(S) — Slu(K) and g5 : GLu(S) = GLn(K).

Proof: Recall from Definition that a map h : B — C, for some bands B and C| is a band
morphism if it is multiplicative map such that h(1p) = 1¢ and ZaeB—{o} ngh(a) € No whenever
>_acB—{0} "at € Np. It follows from the definitions of f and g that f(1) =1 and f(a-b) = f(a)- f(b)
for all a,b € ]Fli, and similarly g(1) = 1 and g(c-d) = g(c¢) - g(d) for all ¢,d € S. So they satisfy
the first 2 conditions. To check the third condition, let 3 acFE {0} Ml € NF{C be arbitrary. Then
ZaeFli_{O} nga=m-1+m-(—1) for some m € N, so

Y. nafl@)=m-f(1)+m-f(=1)=m-1+m-(-1) € Ns.

acFE—{0}

Therefore f satisfies the third condition. For all ZaeS—{O} nqa € Ng, we have that

Y nagl@)=p-g(l)+m-g(=1) = (p+m)- 1,
acS—{0}

for some p,m € N such that p = m = 0 or m,p > 0. Then (p+m) -1 # 1.1, which implies
ZaeS—{o} nqg(a) € Ns, so g satisfies the third condition as well. Therefore, both f and g are band
morphisms.

These band morphisms induce the maps on the special and general linear groups over Fi and S, that
map the coefficients a; ; of a matrix A to f(a; ;) or g(a; ;). Let f2 be the map on SL (F7 £) that is
induced by f. Then for all A € SL,(F} +), we have that

det(A) — 1= > sign(o) H aiyg(i) —1€ Nz =

o€S, i=1,.

det(fr?(A)) - f(]-) = Z Slgn H f a; o’(z) —1€Ns.

cEeS, i=1,.

This implies f2(A) € SLy,(S), so f2 : Sl (Fli) — SL,(S) is well-defined. Furthermore, f2(I,) = I,
and for all A, B,C € SLn(]Fit) such that (A, B,C) € RSLn’(Fli), we have that for all 7,5 =1,...,n

Z ag,kbr,1¢1,5 — 0ij € Nz = Z f(@)ik f(O)gaf(c)j — f(dij) € Ns,

k,il=1,....n k,l=1,....n
> bikcraarg =0 € Ns= Y fO)inf(Qruf(a); — f(0i;) € Ns and
k,l=1,....n k,l=1,....n
> ciptrabi—0ij €Ns= > f(Qinf(@raf ()1 — f(5i5) € Ns,
k,l=1,....n k,l=1,....n

which implies (f2(A), f5(B), f5(C)) € Rsp, (s)- Therefore 12 is a crowd morphism. It follows
from symmetry that the induced maps f& : GLn(Fli) — GL,(S), g3 : SL,(S) = SI,(K) and
G GLn(S) = GL,(K) are well-defined crowd morphisms as well. (]
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Theorem 3.9. There exist crowd morphisms

0:SL,(FT) — GLn(FY), I2 Sl (FE) = SLu(S), 93+ SL,(S) = Si,(K),
Y : SLy(S) = GL,(S), f& QL (FE) = GL(S), 95 1 GL,(S) = GL,(K),
¢ : SLy(K) = GL,(K),

such that i o n 00 and pog, = gn o). In other words, such that the following diagram
commutes:
S S
SLa(FE) — T SL,(S) — % SL,(K)
0 P @
l l G l

Proof: Let f7, g5, fS, 95 be the crowd morphisms defined in Theorem (3.8, and 6,1, ¢ the crowd
morphisms defined in Theorem 1} where the general band B is taken to be Fl ,S and K, respectively.
Then, for all A € SL,,(F{), we have that

(W o f2)(A) = (7 (A)) = ¥(A4)
1o 3= ([o 1)) - e —ug o,
Therefore 1) o f3 = f& 0. To proof po g = g% o1, let C € SI,,(S) be arbitrary. Then
(o 9n(C)) =y ( = ¢ ((9(cij)))

SCEER:

Since C' was taken arbitrarily, this holds for all matrices in SL,(S). Therefore ¢ o g5 = g o), and
the diagram commutes. [

1D = g (¥(0)) = (g7 0 ¥)(C).

Remark. The special and general linear group are also called algebraic crowds, which means they are
functors, a type of map, from the category of Bands to the category of Crowds. Theorem implies
that the maps £, g5, f&, ¢ are natural transformations (also known as morphisms of functors). For
more information, algebraic crowds are defined and studied by Lorscheid and Thas in their paper [7].
An explanation of categories and functors can be found in Lorscheid’s lecture notes [6].

Notation. In the rest of this section, f, f;? , fg , g;f and gg are the band and crowd morphisms as defined
in Theorem 3.8

With the diagram of Theorem [3.9] we can compare the different special and general linear groups.
Corollary 3.9.1. f, f5, & are injective maps and g, g3, 95 are surjective maps.

Proof: It follows from how f was defined in Theorem [3.8] that the map is injective. Furthermore, for
all A,B,e SL,(F] £) such that f5(A) = f5(B), it follows that f(a; ;) = f(bs;) for all 4,5 = 1,.
which 1mphes A= B. Slmllarly, for all C, D € GL,(FE) such that f&(C) = f¢(D), it holds that
flcij) = f(di ;) for all i,j = 1,...,n 4+ 1, which implies C D. Therefore the crowd morphisms f
and fﬁ; are injective as well.

It also follows from its definition in Theorem 3.8 . that g is surjective. To proof that gn is surJectlve as
well, let A € SL,,(K) be arbitrary and take A’ € M,,x,(S) such that, for all 7,5 = 1,.

, _{ 0 ifam':O

a; ;, = .
Y 1 if aq 5 = 1.
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Since A € SL,(K) and —1 = 1, it follows that det(A) —1 # 1-1, so det(A4) # 0-1. This and Theorem
imply that det(A’) = p-1+4+m - (—1) for some p > 0 or m > 0. If p > 0, then it follows from
the same theorem that A’ € SL,(S), which would imply A € im(g>). If m > 0, then we multiply
the first row of A’ by —1 to obtain the matrix A” € M,,x,(S). As shown in the proof of Theorem
[3-5] det(A”) = —det(A’) = m -1+ p-(—1), which means A” € SL,(S). Furthermore, g(4"”) = A,
so we again have that A € im(g;;). Therefore A must be in the image of g, and since A was chosen
arbitrarily, this holds for all A € SL,,(K), which means g5 is surjective.

To show ¢$ is surjective, let A = [A“ 9] € GLn(K) be arbitrary and take A}; € My, (S) such that,
forall7,j=1,...n

/A 0 if a5 = 0

i T\ 1 ifai; =1
Then we again have that det(A) = det(A11) # 0- 1, which implies det(A};) = p-1+m-(—1), for some
p >0 or m > 0. It follows from Theorem [2.10| that A" = [Aél g} € GL,(S), where 6 =1 or § = —1.

Furthermore, gg (A”) = A, and since A was chosen arbitrarily, we can conclude that gg is surjective
as well.
Therefore f, ff , f,? are injective maps and g, g;? , gg are surjective maps. [

Corollary 3.9.2. Let A € SL,(K) and B € GL,(K). If A € g5(im(fS)), then there is an odd
x € N such that det(A) = z - 1. Similarly, if B € g5 (im(f5)), then there is an odd y € N such that
det(B) =y - 1.

Proof: Suppose A € SL,(K) such that A € g5(im(f5)), then there is a C' € im(f?) such that
g5(C) = A. Tt follows from the definition of f;, and Theorem that det(C) = (m+1)-1+m-(—1)
for some m € N. Therefore

det(A)=(m+14+m)-1=(2m+1)-1=2-1 for some odd z € N.

So the first half of the statement holds.

To proof the second half, let B € GL,(K) and suppose B € g5 (im(f7)). Then there is a matrix
D = [DOH O] € im(f%) such that ¢§ (D) = B. It follows from the definition of f$ and Theorem
that det(Dn) p-1+m-(—1), where p=m+ 1 or m = p+ 1. Therefore

@Cm+1)-1 ifp=m+1

det(B)l'det(B”)(Hm)'l{ 2p+1)-1 ifm=p+]1,

which implies det(B) = y - 1 for some odd y € N. Therefore the second half of the theorem holds as
well. O

When we study these maps for n = 2, we find that

m(gS o f5) = SLa(K) — {[1 1]}
im(g5’ o f§) = GLa(K) — {H}éﬂ}

and

Furthermore, we can observe that if A € g3 (im(fs)), then A has at least 1 zero coefficient and

#(g5)71(A) = 22~1 where z is the number of ones in A. Similarly, if B = [B(;l 2] € g§ (im(f$)),

then B11 has at least 1 zero coefficient and #(gS) ™1 (B) = 2¥, where y is the number of ones in By.

Another interesting comparison is between the inverse sets in these crowds. We state in the Examples
! 2.11] and [2.14) that all the inverse sets in the special linear group and general linear groups over K

and F{ are singleton sets, but that this does not hold for SL(S) and GLQ(S). In fact, the matrices

whose inverse sets are not singletons, are those that not in the image of f2 or f2G , and are therefore

1
the ones that are mapped to [1 1] or [(1] 1 0} by 92 and 92 , respectively .

24



4 Semidirect products and short exact sequences

In this section, we define the semidirect product and weakly split and strongly split short exact sequence
for crowds, and find that these sequences imply the existence of certain bijective maps. We follow this
by finding conditions under which there is a strongly split short exact sequence that contains the special
and general linear group over a band.

4.1 Semidirect product

Let (H,1z,0%) and (Q, 1Q7®Q) be groups and 6 : Q — Aut(H) be a group homomorphism. Then
the semidirect product H 9 Q is the group (H x Q, (1g,1q),), where - : (H x Q) x (H xQ) = H xQ
is the group law such that (g,p) - (h,q) = (g © 0p(h),p @ ¢q). To generalize this to crowds, recall
that crowd laws are supposed to contain all triples whose product is equal to the unit element, if such
a product is defined. In the semidirect product of 2 groups, the product of three arbitrary elements
(h1,q1), (h2,q2), (h3,q3) € H x Q is given by

(h1,q1) - (h2,42) - (h3,q3) = (h1,q1) - (ha ©T 04, (h3), g2 ©F g3)
= (hl ®H 9¢h (h2 ®H 01}2 (h3))’ q1 ®Q q2 ®Q QS)
= (hl ®H eth (hz) ®H 9111 (9% (h3))a q1 ®Q q2 ®Q Q3)a

where the last equality holds because 6, is a automorphism. This pair is equal to (1z,1¢) if and only
if h1 O 04, (ho) ©H 04, (04, (h3) = 15 and 1 ©F g2 ®% g3 = 1. This gives us a logical definition for
the semidirect product of crowds.

Definition 4.1. Given crowds (H,1p,Rpg) and (Q,1g, Rg) and crowd morphism 6 : Q — Aut(H),
the semi-direct product H x4 @Q is the crowd (H x Q, (1x,1Q), Rax,qQ), with crowd law

Rigwy,g = {((h1,q1), (h2,2), (hs,q3)) € (H x Q) | (q1,q2,q3) € Rq and (h1,04, (h2),0q, (0g,(h3))) € R} .

Theorem 4.2. Given crowds (H,1g,Rpy) and (Q,1g,Rq) and crowd morphism 0 : Q — Aut(H),
the semi-direct product H X9 Q is indeed a crowd.

Proof: Let (H,1y,Rp) and (@, 1g, Rg) be crowds and 6 : Q@ — Aut(H) be a crowd morphism. Note
that it is possible for 6 to be a crowd morphism, since Aut(H) is a group. To show that the semi-direct
product (H x Q,(1x,1Q), Rax,q) is a crowd, we need to check the 4 crowd axioms:

1. We know that (1g,1¢g,1q) € Rg and 0(1g) = 61, = idg. Therefore,
(1m,01,(1p),015(01,(10))) = (1, 1u, 1) € Ry,
which implies ((17,1q),(1x,19),(1x,1q)) € RHrx,q and the first axiom is satisfied.

2. Suppose ((h,q),(1,1q), (1H,1Q)) € RHx,q for some h € H and ¢ € Q. Then (¢,1¢,1¢) € Rg,
which implies ¢ = 1, and (h, 01,(1x),01,(01,(15))) € Ra. It follows that

(hvelQ(lH)vng(ng(lH))) = (hv 1m, 1H) € Ry,

which means h = 1p. Therefore ((h,q),(1f,1¢9),(1m,1Q)) € Rux,q implies that the pair
(h,q) = (1m,1qQ), so the second axiom is satisfied as well.

3. Let h,i € H and p,q € Q be arbitrary and suppose that ((h,p), (i,q), (1z,1Q)) € RHx,qQ- Then
(h,0p(i),0,(04(1H)) € Ry and (p,q,1g) € Rg, which implies (¢,p,1g) € Rq. It follows that
(0q,0p,idn) € Rayg(my, which means 04 0 0, = idy, since Aut(H) is a group. Therefore,

(h7ep(z)7ep(0q(1H)) € RH = (h,Hp(z), lH) € RH
= (ep(l)aha 1H) € RH
= (B(Bp(0)), 04 (1), T1r) = (1,04(1), 8001 11))) € R

So ((h,p), (i;q), (11,1Q)) € Rix,q implies (¢,p,1q) € Rq and (i,04(h),04(6,(11))) € R,
which implies ((7,q), (h,p), (1H,1Q)) € Rux,q. Therefore the third axiom is satisfied.
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4. Suppose ((h,p), (i,q),(j,;7)) € REx,q for some h,i,j € H and p,q,r € Q. Then, per definition,
(h,0p(1),0,(04(j))) € Rug and (p,q,7) € Rg, which implies (r,p,q) € Rg. It follows that
0 0 0, 0 04 = idpr, which means,

(h, 0p(i),0p(0q(4))) € R = (6p(04(4)), h,0p (7)) € Ry
o (00880 ))), 0 (), 0 (8 (1) = G (), 0 (6(0))) € R
Since (j,0r(h),0r(65(7))) € Ry and (r,p,q) € Rq, we have that ((j,r),(h,p),(i,q)) € Ru.

Therefore the fourth axiom is satisfied.

Since all axioms are satisfied, (H x Q, (1x,1Q), RHx,q) is indeed a crowd. O

Ezample 4.3. Suppose (H,1z,oH) and (Q,IQ,QQ) are groups, and 0 : Q@ — Aut(H),q — 64 is
a group homomorphism. Then their semidirect product is a group, which means the corresponding
crowd is given by (H x Q,(1x,1¢q), R), with crowd law

R = {((avp)v (baQ)v (Cv T)) € (H X Q)3 | (avp) : (ba q) : (Cv T) = (1H1 ]-Q)}

We can also find the crowds corresponding do H and @, and the crowd morphism corresponding to 6,
to construct the semidirect product (H x Q,(1g,1Q), Rax,q)- Then

Rpw,@ = {((h1,41), (h2,42), (h3,43)) € (H x Q)° | (41,42,43) € R and (h1,04, (h2),0q, (04, (h3))) € Ry }
= {((a,p), (b,9). (c;1)) € (H x Q)° | pGQ ¢0?r=1q and a ©" 0,(0) ©7 ,(04(c)) = 11}
= {((a,p), (b.0), (c;7)) € (H x Q)* | (a©T 8,(0) &7 G,(64(c)),p ©% ¢ 0% ) = (111,1q)}
= {((a,p), (b,q). (c.1)) € (H x Q)* | (a,p) - (b.q) - (e,7) = (111, 1)}

Therefore the semidirect product of the groups H and @ is equivalent as to the semidirect product of
the crowds H and Q.

4.2 Short exact sequences

Another useful concept from group theory is the short exact sequence. When ’translating’ this to
crowds, we see that, in order to get similar results, we have to base the definition on split short exact
sequences instead. Furthermore, we define 2 types of short exact sequences of crowds: a weakly split
short exact sequence, which focuses on the sets of the crowds, and a strongly split short exact sequence,
which also includes the crowd laws.

Definition 4.4. A weakly split short exact sequence of crowds is a sequence of crowd morphisms

1— (H,15, Rir) - (G.1, R) - (@.1g, Rg) — 1,
where @ is also a group, together with a left group action A : @ x G — G or a right group action
p: G x Q — G such that
e ( is injective,
e im(a) = ker(8) and

e fol=ocor fop=r, where oisthemap oc:Q x G = Q,(q,9) — q- 5(g) and 7 is the map
T:GxQ—=Q,(9,9)— Blg)-q

Remark. Since @ is both a crowd and a group, it is possible to have a group action of @ on a set, for
example the set of a crowd.
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Theorem 4.5. Suppose the sequence

1— (Ha lHaRH) i> (G7 1G7RG) i) (Qa 1Q7RQ) — 15

together with a left group action A : Q@ X G — G or a right group action p : G X Q — G, is a weakly
split short exact sequence. Then [ is surjective and there exists a bijection Q@ x H — G. In particular,
if G is finite, then so are H and Q) and #G = #Q - #H.

Proof: We only proof the theorem for a sequence with a left group action A : Q x G — G, as the proof
for a sequence with a right group action follows by symmetry, and the notation A(g, g) = ¢g.g. So let

1 — (H.1y4, Ry) - (G, 1¢. Rg) 2+ (Q. 10, Rg) — 1,

together with the group action A : Q@ x G — G, (q,9) — ¢.g, be a weakly split short exact sequence.
To show that § is surjective, note that for all ¢ € @, \(¢, 1g) € G and

B(Ag,1g)) =0(g,1c) =q-B(lg) =q - 1g = ¢

Therefore, the image of 8 is ), which implies that (§ is surjective.

To proof the second half of the theorem, we show that the map s : Q@ x H — G, (q,a) — q.a(a) is a
bijection. Suppose a,b € H and p,q € Q such that s(p,a) = s(q,b), so p.a(a) = q.a(b). Since Q is a
group, there is a p~! € @, which means

p-a(a) = q.o(b) = p~'.(p.afa)) = p.(q.c(b))
= (p"-

Therefore
Bla(a)) = B((p~" - q).a®) = 1o = (p~"-q) - Blad)) =p~ " -4,

where B((p~! - q).a(b)) = (p~! - q) - B(a(b)) because of the third axiom of weakly split short exact
sequences. This implies that p = ¢, which means

a(a) = (" - 9).a(b) = 1g.a(b) = a(b).

Since « is injective, if follows that a = b. Therefore s(p,a) = s(q,b) implies p = ¢ and a = b, so s is
injective.

To show s is surjective, let g € G be arbitrary. Take ¢ € @ such that 3(g) = ¢. Then ¢~'.g € G and
Blatg)=qt-Blg=qg ' q= 1@, which implies g '.g € ker(B). Since the kernel of 3 is equal to
the image of «, it follows that there exists an a € H such that a(a) = ¢~'.g, which implies

1

g=10.9=(q-¢ ") .g=q.(q " .9) = q.a(a) € im(s).

Since g was taken arbitrarily, this holds for all elements in G, so im(s) = G and s is surjective.
Since s : Q x H — G is both injective and surjective, there exists a bijection @ x H — G. Furthermore,
since G, H, () are crowds, their sets are nonempty. It follows that if G is finite, so are Q and H and

#G =#Q - #H. U

A weakly split short exact sequence tells us about the sets of its crowds. To gain similar informa-
tion on their crowd laws, we need a few extra conditions.

Definition 4.6. A strongly split short exact sequence of crowds is a sequence of crowd morphisms

1— (Ha lHaRH) i> (G7 1G7RG) i) (Qa 1Q7RQ) — 15

where @ is also a group, together with a left group action A : @ x G — G and a right group action
p: G x Q — G such that:
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the sequence is a weakly split short exact sequence when taken together with A\ or p,
e « is a full crowd morphism,
e )\ and p commute and

the map | : Rg x Rg — Ra, ((p,q,7),(a,b,¢)) = (p(a,p), \(p™", p(b,771)), A(r, ¢)) is well-
defined.

Theorem 4.7. Suppose the sequence

1 — (H, 1y, Ry) - (G.1a, Re) -2 (@10, Rg) — 1

together with a left group action A : Q X G — G and a right group action p : G x Q@ — G is a
strongly split short exact sequence. Then the set {(f(a), B(b),B(c)) | (a,b,c) € Rg} = Rg and there
exists a bijection Rg x Rg — Rg. In particular, if Rg is finite, then so are Ry and Rg and
#Ra = #Rq - #Rpy.

Proof: In this proof, we use the following notation:

p-9-9 = \(p, p(9,9)),

so the map [ can be rewritten as I : Rg x Rg — Rg, ((p,q,7), (a,b,c)) — (1Q.a.p,p_1.b.r_1,r.c.lQ).
Note that because A and p commute, the equalities

(Ap. p(g,9)))-s
p(A(p, p(g:4)); s))
AP, p(p(g,4), 5)))
r, ( p(9.q - s)))
r-p,p(g:q-s))
: )- {q-s)
hold. Additionally, we let o and 7 be the maps defined in Definition [£:4] To show the first half of the
statement, note that for all p,q € @Q and g € G,

B(p-9-9) = B\, p(g,9)) = o(p,p(g,9))
=p-B(p(g,9) =p-7(9,9)
=p-B(9)q

Therefore, for all (p,q,7) € Rg, we have that

r.(p.g.q).s

A(r,
A(r,
A
A
(r

l((p,q,r), (1g, 1la, 1g)) = (1Q.1g.p,p_1.1g.?"_1,7".1G.1Q) € Rg and
(B(lg-lgp). Bp " lagr ), B(rlq.1q)) = (1g - B(le) -p.p - B(lg) -r~ ' B(le) - 1g)
= (pvp_l : 7,—1’7,) = (p,q,?“),

where the fourth equality follows from the equation p-gq-r = 1g. It follows that Rg is a sub-
set of {(B(a),5(b),B(c)) | (a,b,¢) € Rg}, and since S is a crowd morphism, we can conclude that

{(ﬁ(a),ﬁ(b),ﬂ(c)) | (a7b7c) € RG} = RQ'
To proof that there is a bijection Rg x Ry — Rp, let I’ : Rg X Ry — R be the map induced by

I, so U'((p,q,7), (a,b,¢)) = (1ga(a).p,p~L.a(b).r~ 1, r.a(c)lg) for all (p,q,r) € Rg and (a,b,c) € Rg.
We want to show that this is a bijection. Let p;,q; € @ and a;,b; € H, for i = 1,2,3, and suppose

that (p1,p2,p3), (q1,92,93) € Rq, (a1,a2,a3), (b1,b2,b3) € Ry and
l/((plup27p3)7 (a17 az, a3)) = l/((q17 q2, q3)7 (b17 b27 bS))
This implies

lg.alar).p1 = lg.a(br).q1, py .a(a).p3t =gy ha(b).g3 * and ps.afas).lg = gs.a(bs).1q
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Recall from the proof of Theorem that the map s: Q@ x H — G, (p,a) — A(p,a(a)) and the map
s HxQ— G, (b,q) — pla(d),q) are injective. Furthermore,

lg.a(a1).p1 = 1g.a(b1).q1 = p(afar),p1) = p(a(bi), q1)
= s'(a1,p1) = s'(b1,q1) and

pg.a(ag).lQ = Q3.a(b3).lQ = p(a(ag), 1Q) = p(a(bg), 1Q)
= s(p3,a3) = s(qs, b3),

which implies a1 = b1, p1 = q1, a3 = b3 and p3 = ¢3. It follows that

pitalag)pyt = aqr talbe).gs "t = prtalag) pyt = prta(be)py !

= (p1-py )-alaz)-(p5 " - p3) = (pr-py )-alba).(p3 " - ps)
= afaz2) = a(b) = a2 = b,

where the last implication holds because « is injective. Additionally, since p1-p2-p3 =19 = q1-¢2- g3,
we can infer that
pr=pi'pst=ai a3t =g

Therefore I'((p1, p2, ps), (a1,a2,a3)) = 1'((¢1,492,43), (b1, b2, b3)) implies that p; = ¢; and a; = b; for
i=1,2,3, sol’ is injective.

To show that I’ is surjective, let (d,e, f) € Rg be arbitrary and let p,q,r be the elements in @ such
that 5(d) = p, B(e) = q and (f) = r. Since 8 is a crowd morphism, this implies that (p,q,r) € Rq.
Recall that @ is also a group, so its crowd law consists of all triples whose product is equal to 1g. It

follows that ¢ = p~' - r—! and

l((pilvp : 7'77"71), (d,@,f)) = (1Q'd'p717p'e'7aaTﬁl'f'lQ) € RG-

But
BlgdpH)y=1¢g-B(d) pt=p-pt=1g
B(per)=p-Ble) - r=p-q- r_1Q and
Bl flQ)=r"t-B(f)-lg=r""r=1q.

Since ker(3) = im(«), it follows that there exist a,b,c¢ € H such that 1g.d.p~! = a(a), p.e.r = a(b)
and r~1.f.1g = a(c). Therefore (a(a), a(b), a(c)) € Re, which implies (a,b,c) € Ry, since « is a full
crowd morphism, and
l/((pvpil ) Tﬁlﬁ r), (a,b, C)) = ((1Q : lQ)'d'(pil 'p)7 (pil ~p).e.(7“ : Tﬁl)v (T : Tﬁl)'f'(lQ ’ lQ))
= (1Q.d.1Q7 1Q.€.1Q, 1Q.f.1Q) = (d7 €, f),
So (d,e, f) is in the image of I’. Since the triple was chosen arbitrarily, it follows that I’ is surjective.

Therefore I is bijective, which means there exists a bijection Rg x Ry — R¢. Since crowd laws are
always nonempty, it holds that if Rq is finite, then so are Rg and Ry and #Rg = #Rqg - #Ryg. U

Given a split short exact sequence of groups, we can find a semidirect product that is isomorphic
to 1 of the groups in the sequence, as explained in the notes of Conrad (|4, Definition 3.4]). An
analogous theorem holds for crowds.

Theorem 4.8. Suppose the sequence
15 H—-YG—=PQ—1,

together with a left group action A : Q X G — G and right group action p: G X Q — Q, is a strongly
split short exact sequence of crowds. Then there is a crowd morphism 0 : Q@ — Aut(H) such that
G=HxpQ.
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Proof: This proof consists of 2 steps, the first is to find a crowd morphism 6 such that H Xy Q is a
semidirect product, and the second is to find a crowd isomorphism ¢ : H Xy @ — G. Just as in the
proof of Theorem 4.7, we use the notation p.g.q = A(p, p(g,q))-

Inspired by the proof of theorem 3.3 in [4], we let 6 : @ — Aut(H),q — 64 be the map such that
04(h) = 1, where b’ € H such that a(h') = q.a(h).q~! (so a(f,4(h)) = g.a(h).g~1). To proof that this
map is well-defined, let ¢ € @) be arbitrary. Then we need to show that 6, : H — H is a well-defined
crowd isomorphism:

1. For all h € H, we have that
Bla.a(h).qg ) =q Blah) ¢t =q-1g-¢ ' =1q,
so q.a(h).q~! € ker(B) = im(a). Therefore there is a h’ € H such that a(h’) = g.a(h).q~! and,
since « is injective, this A’ is unique. Therefore 6,4(h) € H exists and 6, : H — H is well-defined.

2. Suppose 0,4(15) = h for some h € H. Then a(h) = q.a(lp).q~ = q.1g.q~ . Furthermore,

(g, 10), g, 1a, 1) = (1g-16-9, ¢ *1a1g, 1g.lc1g) = (1g-1¢-¢, ¢ *.1¢.1g, 1lg) € Ra,
= (¢ ' 1610, 1g-16.9, 1) € Rg
= (1g.1¢.q, 1lg, ¢ *.1¢.1gQ) € Rg
=1 q-¢7", 9, (gleq, g, ¢ "1a1q)) € Ra
= (1g.1¢1qg, ¢lg.q"*, 1g-1g.19) € Rg
= (¢1lg.q7 ", 1g1a.1g, 1g-1¢-1¢) = (¢.16-.¢7*, 1a, lg) € Re,
where (q,q~! 1), (¢~ YVag-q7tq € Rg because their triple products are equal to 1g. This

implies ¢.1g.¢~ = 1¢, which means a(h’) = ¢.1g.q~! = 1. Therefore 6,(1y) = h = 1p, so
the first crowd morphism axiom is satisfied.

3. To proof the second crowd morphism axiom, note that (¢71,q-¢71,q), (¢71,¢,1g) € Rg.
Therefore, whenever hy, ha, hs € H such that (hy, ha, h3) € Ry, it follows that

(a(h1), a(h2), a(h3)) € Ra = 1((¢~ ", q- a7 ", q), (a(h1), a(ha), a(hs))) € Ra
= (1Q.a(h1).q_1,q.a(hg).q_l,q.a(hg).lQ) € Rg
= (q.a(h3).1q, 1Q.a(h1).q71,q.a(hg).qfl) € Rg
= 1((a7",¢.1q), (¢.a(hs).1q, 1g-a(h1).¢~" q.alh2).¢™ ")) € R
= (g.a(h3).q"t, q.a(h1).q Y, q.a(h2).q7 ) € Rg
= (g-a(h1)-q~ ", q.alh2).q™ !, q.alhz).q™!) € Rg
= (a(0q(h1)), (0q(h2)), a(0q(h3))) € Ra
= (0q(h1),04(h2),04(h3)) € R,
where the last implication holds because « is a full crowd morphism. Therefore, if
(h1,h2,h3) € Ry, then (04(h1),04(h2),04(h3)) € Ry as well, so 6, is indeed a crowd morphism.

4. To show that 6, is an isomorphism, note that, since ¢ € @) was chosen arbitrarily, 6,-1 is a crowd
morphism as well. Furthermore, for all h € H,

a((0g 0 0g—1)(h)) = a(0g(04-1(h))) = q.o(fg-1 (h)).q~ "
a.(a  ah).9).at = (g ¢ ah).(¢g-a7) = 1g.a(h).1q
a(h).

Since « is injective, it follows that 0, 0 6,-1 = idg and since ¢ was chosen arbitrarily, we can
conclude that 6,-1 0 6, = idg as well. Therefore 6; must be a crowd isomorphism.
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Therefore 0, € Aut(H) for all ¢ € @, which means the map 6 : Q — Aut(H) is well-defined. Addi-
tionally, for all h € H, we have that a(f1,(h)) = 1g.a(h).1g = a(h), which implies 0(1q) = idp.
Furthermore, for all p,q € @ and h € H, we have that

a((0p 004)(h)) = p.a(0q(h)).p~" = p.(g.a(h).¢")p~!
=(p-q)-ah).(¢" - p) = (p-9)-alh).(p-9) 7" = al0pq(h)).

This implies 6(p) o 8(q) = O(p - q), which means 6 is a group homomorphism. As shown in Example
this implies that 6 is a crowd morphism as well. Furthermore, it follows from Definition [4.1] that
H xg @ is a semidirect product.

To find the isomorphism 1, recall from the proof of Theorem that the map s’ : H x Q — G, where
the pair (h,q) is mapped to p(a(h),q), is a bijection. So let ¢ : H Xy @ — G be the map such that
¥(h,q) = s'(h, q). Then

v(1u,1Q) = pla(ln),1q) = a(ly) = 1g-

To show that ¢ is a crowd isomorphism, we need to proof that for all (h,p), (,q), (j,7) € H xg Q, it

holds that (¢(h,p), ¥(i,q), ¥(j,r)) € R if and only if ((h,p), (4,q), (4,r)) € Rux,q- We will prove
this by using the bijection

' Rg x Ry — Reg, ((p.q,7), (a,b,c)) — (lQ.a.p,p_l.b.r_l,r.c.lQ)

from the proof of Theorem [1.7]
Note that, if (p,q,7) € Rg, then p-q-r = 1g and the following equivalences hold:

(1g-a(h).p,p~".a(Bp(i).r ", r.c( (0 ( )))-1@) € Ra
(1g-a(h).p,1g.a(i).(p~" =1, (r p- q) a(j).(¢"t-pt
(1g-a(h).p,1q.a(i).q, 1q.a(j).(¢~
(1q-a(h).p,1q.a(i).q, 1q. a(])
(p(a(h),p), p(a(i), q), p(a(4), 7)) = (P (h, p), ¥ (i, q), (G, 7

)
Let (h,p), (i,q), (4,7) € H xy Q be arbitrary, and suppose that ((h,p), (i,9),(j,7)) € Rrx,qo. Then,
by definition, (p,q,7) € Rg and (h,8,(i),0,(84(j))) € Rg, which implies

U'((p,q,7), (B, Op(i),0p(04(5)))) = (1Q~a(h)-P7pilﬂ(ep(i))”ilaT~a(9p(9q(j)))-1Q) € Rg.
It follows that (¢(h,p),(i,q),%(j,r)) € Rg. Since (h,p),(i,q),(j,r) € H xy Q were chosen ar-

(4,7
bitrarily, it holds for all (h,p),(i,q),(j,7) € H xy @ that if ((h,p),(i,q),(4,7)) € Rpx,q, then

(d)(hap)a 1/}(27 q)a ¢(J7 T)) € RG'
Suppose (¢(h,p), ¥(i,q),¥(j,r)) € Re for some (h,p), (i,q), (j,r) € H xy Q. Then

(B(¢(h,p)), B (0, q)), B((5:7))) = (B(p(a(h), p)), B(p(ali), 9)), Blp(a(d), )))
= (Bla(h)) - p, B(e(d)) - g, B(e(d) - 7) = (P, ¢, 7) € Rq-

Since (p, q,7) € Rg and (¢(h, p),¥(i,q),¥(j,7)) € Rg, it follows that (1g.c(h).p,p~L.a(0,(i)).r 1, m.a(0,(04(5)))-10)
is in Rg. Therefore, we can take this triple together with (p=%,p-r,r71) € R¢ and apply I to find
that

111l

(1Q.O¢(h).1Q, 1Q.a(9p(i)).lQ, lQ.a(Gp(eq(j))).lQ) S RG'.
Since « is a full crowd morphism, this implies (k,0,(%),0,(04(5))) € Ry. Therefore, it holds that

if (¥(h,p),¥(i,q),%(j,7)) € Re, then (h,0,(i),0,(04(j))) € Ry and (p,q,7) € Rg, which means
((h,p), (i,9),(4,7)) € REx,Q- Therefore 9 is indeed a crowd isomorphism.
Therefore there exists a crowd morphism 6 : @ — Aut(H) such that G = H x5 Q. O

Ezample 4.9 (The Krasner hyperfield). Take the sequence

1 — SLa(K) % GL,(K) 25 KX — 1,
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where K* = {1} is the unit group of K, ¢ : SL,(K) = GL,(K),A — [4 9] is the crowd morphism

from Theorem and ¥ : GLy(K) —» KX, A — 1. It follows from Theorem that SLy(K) is
isomorphic to GL,(K) and since K* only contains 1 element, it makes sense that there is a bijection
of sets from SLy(K) x K* — GL,(K) and from Rgy, (k) X Rxx — Rgr, (k). However, we can also
proof this with Theorem Let A : K* x GLy(K) = GL,(K) and p : GL,(K) x K* — GL,(K)
be the unique left and right group actions. Then we can show that the sequence together with these
group actions is a strongly split short exact sequence:

e It follows from Theorem that ¢ is both injective and full. Furthermore, is follows from
Theorem [3.3] that im(p) = GLy(B) = ker(¢);

e for all A € GL,(K), it holds that

Y(A(L, A)) = P(A) = 1-9(A) and ¢(p(A4,1)) = p(A) =p(A4) - 1,
so oA = o and ¢ o p = 7, where o and 7 are as in Definition |4.4]

e For all A € GL,(K),
A(lap(Aa 1)) = )‘(13 A) =A= p(A’ 1) - P(/\(l, A)7 1)7

which implies A\ and p commute;

e For all (4,B,C) € Rgp, (k)

(p(Aa ]-)7 A(l_lv p(Bv 1_1)7 )‘(17 C))) = (A7 37 C) € RGLT,,(]K)v
and since (1,1, 1) is the only triple in Rgx, it follows that the map

l: RKX X RGL,L(]K) — RGL"(]K)7 ((p7qa7a)7 (Aa B7 C)) = (p(Aap)7 A(pilvp(Bfril))v /\(Ta C))
is well-defined.

Therefore it is indeed a strongly split short exact sequence, which proof the bijections do indeed exist.
This also implies that GLy, (K) 2 SL,,(K) xgK*, where 6 : K* — Aut(SLy(K)) is the crowd morphism
that sends 1 to the identity map on SL,, (K). Note that

Rsp, ®)sorx = {((A;p), (B,q), (C,7)) € (SLn(K) x K*)? | (p,q,7) € Ryx and (4,0,(B),0,(04(C))) € Ry, %)}
= {((Aa 1)7 (Bv 1)5 (O’ 1)) € (SL'rL(K) X Kx)g ‘ (A7B7C) € RSLW(]K)} .

It is still uncertain if this sequence exists and is a strongly split short exact sequence for all bands B
and n € N. However, we do know the following.

Theorem 4.10. Suppose B is a band and n € N such that any1,n41 € B* for all A € GL,(B),
where B* is the unit group of B. Then the map ¢ : SLy(B) — GLn(B), A — [4 9] and the
map ¢ : GLp(K) — K*, A — apy1,n+1 are crowd morphisms, and there exists a left group action
A: B* x GL,(B) = GLy(B) and a right group action p : GL,(B) x B* — GLy,(B) such that the
sequence

1 — SLp(B) -2 GL,(B) % B* — 1,

together with A\ and p is a strongly split short exact sequence.

Proof: It follows from Theorem that ¢ is a crowd morphism. Furthermore, ¥(1) = 1 and, if
(A,C,D) € Rgpr, (), then ant1nt1cnt1n+1dntin+1 —1 € Np. It follows from the definition of
a band that an41,n+16n+1,n+1dn+1,n+1 = 1, which implies (@n+1,n+1;Cnt1,n4+1,dnt1,n+1) € Rpx,
since B> is both a group and a crowd. Therefore (¢)(A),¥(B),¥(C)) € Rgx whenever (4, B,C) €
R, (B), which means ¢ is a crowd morphism as well.

Suppose A : B* xGLy,(B) — GLp(B) is the map that takes ap € B* and A € GL,(B), and constructs
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the matrix A’ € GL,(B) by multiplying the first row of A by p~! and multiplying Gn+1,n+1 Dy D.
Similarly, suppose p : GL,(B) x B* — GL,(B) is the map that takes an A € GL,(B) and p € B*,
and multiplies the first column of A with p~! and ay41,n41 With p to obtain the matrix A” € GL,(B).
We want to proof that these maps are well-defined group actions, and that the sequence with these
group actions is a strongly split short exact sequence.

We show that A is a well-defined left group action, as it follows by symmetry that p is a well-defined
right group action. Let p € BX and A € GL,(B) be arbitrary. Note that p € B*, so p~! exists and
AP, A) = A" € M1 1)x (n+1)(B). Furthermore,

Z sign(o) H ak’g(k)

0E€ESh1 k=1,...,n+1

det(A”)

=D Gntintl - Z sign(o) -p~! A o(i) H g0 (k), Where i is such that o(i) =1
oE€S, k=1,..,i,...,n

Thaeealyeey

=p-p ' angimir- Z sign(o) H Ak, (k)
o€eS, k=1,...,n+1

= det(A),

Therefore im(A) C GLy(B), so A is well-defined. It is a left group action, since for all A € GL,,(B),
A(1,A) = A, and for all p,q € B*, A€ GL,(B), we have that

A(p, (g, A)) = p(A', p)

[p~l¢ ta11 p~lqlan .. 0
— az1 a2
L 0 0 bcan+1’n+1
[(pg)~taur (pq) tain ... 0
_ a1 a2
. 0 0 o (P@)an+1,n41
= Apg, A).

Therefore A is indeed a left group action and, by symmetry, p is a right group action.

To proof that the sequence together with the group actions is a strongly split short exact sequence, we
need to check that it satisfies all the axioms. We know that B* is a group. Additionally, ¢ is injective
and, as shown in the proof of Theorem (3.3

im(p) = GLE(B) = {A € GLa(B)[$(4) = 1} = kex(1).

Let 0 : B* x GL,(B) — B*,(p,A) — p-¥(A) and 7 : GL,(B) x B* — B*,(A,p) — ¥(A) - p be
maps. Then, for all p € B* and A € GL,,(B), we have that

YA, A) =p-ant1,nt1 =p-Y(A) and

Y(p(A,p)) =P nt1nt1 = Aniin+1-a = P(A) - p,
so o\ = o and ¥ o p = 7. Therefore the axioms of weakly split short exact sequences are satisfied, so
the sequence together with A and the sequence together with p is a weakly split short exact sequence.

This means the first axiom of stronly split short exact sequences is satisfied. The second axiom is
satisfied as well, since @ is a full crowd morphism. To show that A and p commute, let p,q € B* and
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A € GLy(B) be arbitrary. Then

A, p(A, q)) = Ap, A”)
p ¢ tan plae . 0
_ q tan a22
0 0 o DgAn+1m41
=p(4A',q)
= p(A(p, 4),9),

so the group actions commute, and therefore the third axiom is satisfied.

The fourth axiom states the map [ : Rpx x Rgr, (B) — Rar, (), where the pair ((p,q,7), (4, C, D))
is mapped to (p(A,p), \(p~L, p(C,771)), A(r, C)), must be well-defined. So let (p,q,7) € Rpx and
(A,B,C) € Rgy, (p) be arbitrary, and define X = p(4,p), Y = Ap~1,p(C,r™ 1)) and Z = A(r,C).
Then we want to check that (X,Y,Z) satisfy the three conditions to be in Rgy, (p). Note that
Zin+1 = Pain+1 forall i =1,...,n+ 1, because if i # n + 1, then a; ,+1 = 0. This also holds for the
n + 1th row, and similar equalities hold the n + 1th rows and columns of Y and Z.

1. Fori,5 =1,...,n 4+ 1, we have that
. 5= Yo orby 1r Yeq s ~La: 1pb . Corbe 1 e s
Ti kYk,121,5 — 0ij = P ~a;1pr01,17 “C1,5 + p “aq1pby e+ a; kTR 1T TClj
k,l=1,....,n+1 1=2,....n+1 k=2,...,n+1

1.1
+ Z a; kbgiclj + Pt 1D T b1 nirent1,; — 0ij

k,l=2,....n
= Z a; kbricj — 0ij € Np,
kJl=1,....n+1

since (A,B,C) € RGLH(B)~
2. We know that, for all 4,5 =1,...,n+ 1,

Z bi,kck71a17j — 5@',]’ € Np.
k,=1,....n+1
This implies that, whenever i # j,
Z bi7kck71al,j € Np=s- Z chk’lal’j € Np for all s € B*.
k,l=1,....n+1 k,l=1,....n+1

Therefore, for all i,j = 1,...,n 4+ 1, we have that

—1
Z Yi k21215 — 05 = Z Yi1l" o c1,Ty + Z Yi,n+1Cn+1,121;
k,=1,....n+1 1=1,....n+1 I=1,....n
=+ ) ) —1,=1. R
Yi kCk 1T, 5 +p r 1,n+1TCn+1,n+1PAn+41,5 — 04 j

k,l=1,....n+1,k#1,n+1

Zkylzly.”’nJrl b@ka’lal’j — 5i,j € Np if 4 =7=1
P 2=, VikChiar; € N ifi =17

pt- k=1, nt1bikckia; € Np  ifi#1l=j

Zk,l:l,m,n—i-l bi’kck’lam — 51‘7]' € Np ifi,j#1

3. Similarly, for all 4,5 = 1,...,n + 1 such that i # j, we have that

Z Ci,kk,1b1; € Np = s - Z ¢ikak, b j € Np for all s € BX.
k,l:l,...,n—i—l k,l:l,,n—i—l
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Therefore, for all i,j =1,....,n+ 1,

—1
Z 2 kThYl,; — 0ij = Z Zi kP k1Yl + Z Zin4+10n4+1,1Y1,j
k,l=1,....n+1 k=1,...,n+1 =1,....n
. ) . —1,.=1p R S
+ Ri,k Ak, 1Yl,5 + 7Cint1PAn+1n+1P T n+1,7 — 0,5

k,l=1,....n+1,l#1,n+1
Zkilzl,...,n—i-l Ci kb —0ij € Np  ifi=j=1
T Y k=1, 1 CikOkabL; € N ifi=14#
T Zk,l:l,..‘,n—i-l Ci,kak,lbl,j ENg ifi#l=j
D oki=1, ..n+1Cik@k b —0ij € Np  ifd,j#1

This implies (X,Y, Z) = (p(A,p), \(p~ %, p(C,r=1)), A\(r,C)) € Rgr, (B), so lis well-defined. Therefore,
the last axiom is satisfied, so there exist group action A and p such that the sequence

1 — SLp(B) -2 GL,(B) % BX — 1,

is a strongly split short exact sequence. [

Corollary 4.10.1. Let B be a band. If, for all A € GL,(B), it holds that an41,n+1 € B>, then
there is a bijection between the sets GLy(B) — SLn(B) x B* and Rgr, () — Rsr,(B) X Rpx.
Furthermore, if GL,(B) is finite, then so are SL,(B) and B* and #GL,(B) = #SL,(B) - #B*. If
R, (B) 1s finite, then so are Rgy, (p) and Rpx and #Rqgyp, () = #RsL, (B) - Bpx. There is also a
crowd morphism 6 : B* — Aut(SL,(B)) such that GL,(B) = SL,(B) = B*.

Proof: This follows directly from Theorems [1.10] [£.5] [4-7] and [£:10] O

Ezample 4.11 (The sign hyperfield and the regular partial field). Theorem states that, for all
A € GLy(S), anti1,n+1 = £1 € S*. Therefore, it follows from Proposition that there exist crowd
morphisms ¢ and v, and a left group action \ and a right group action p such that

1— SLu(S) &5 GLn(S) L5 8% — 1,

together with these group actions, is a strongly split short exact sequence. The proof shows that
possible group actions are A : S* x GL,(S), that takes a matrix A and mutliplies the first row and
(n+t1,n+1 by £1, and p : GL,(S) x S*, that takes a matrix A and multiplies the first column and
Gn+1,n+1 by £1. Recall that it followed from Theorems and that we can find all elements of
GLn(S) and Rgp, sy from the crowd SL,(S), by multiplying a row or column by —1. This is very
similar to these group actions. It turns out other possible groups actions A and p to make the sequence
strongly split short exact sequence, are those that multiply another row or column and a@y41,n+1 by
—1, or that exchange 2 rows or columns and multiply @,+1,n+1 by —1. Note that they should affect
the same rows or columns, so if A affects the fifth row, then p should affect the fifth column.

Since the sequence is strongly split, there exist bijective maps on the sets GL,(S) — SL,(S) x S* and
RGLn(S) — RSLH(S) X Rgx. Since S* = {1, —1}, and

Rsx ={(1,1,1),(-1,-1,1),(1,-1,-1),(-1,1,-1)},

it follows that GL,,(S) is finite if and only if SL,(S) is finite, in which case #GLy(S) = 2 - SL,(S),
and Rgyp, (s) is finite if and only if Rgy, (s) is finite, in which would imply #Rqy, sy =4 Rsr, (s)-
Similarly, for all A € GLn(Fli), we have that anqi1nt1 = £1 € (IFli)X (see Theorem [2.13). Ad-
ditionally, (F{)* = {1,—1} and Ry = {(1,1,1),(-1,-1,1),(1,-1,-1),(-1,1,-1)}. Therefore
there is a bijection GLy,(FL) — SL,(FL) x (FL)*, and GL,(FT) is finite if and only if SL, (FY)
is finite, in which case #GL,L(F%E) =2- #SLn(IFli). There is also a bijection for the crowd laws,
RGLn(JFli) — RSLH(F?:) X R(ch)x, which implies RGL,L(IF{C) is finite if and only if RSLn(Ff) is finite, in
which case #RGLH(EE) =4. #RSLH(Fli).
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However, not every weakly split short exact sequence gives way to a strongly split short exact sequence.
An example of this is a weakly split short exact sequence, where the first crowd morphism is injective,
but not full.

5 Saturated crowds

In this section, we discuss some additional findings regarding a special type of crowd, namely saturated
crowds. These were introduced by Maxson in his thesis (|9, Chapter 1.3]), and are defined as follows.

Definition 5.1. A saturated crowd is a crowd G, where a=! C b-¢, b=' C ¢c-a and ¢! C a-b, implies
(a,b,c) € Rg for all a,b,c € G.

Maxson follows this by showing that SLy(K) is in fact a saturated crowd (|9, Theorem 3.8]). Using
Theorem and the crowd isomorphism ¢ : SL, (K) = GL,(K), A [4 9] from Section we
can proof G L, (K) is saturated as well.

Theorem 5.2. GL,(K) is a saturated crowd.

Proof: Suppose A4,B,C € GL,(K) such that A= ¢ B-C, B! ¢ C-Aand C~! C A-B.
Then, for all D € A1, it follows that ¢~ 1(D) € (¢~ 1(A))~! and ¢~ }(D) € ¢~ 1(B) - ¢~ 1(C).
We can conclude that (¢~ 1(A))™! € p=1(B) - ¢~ 1(C), and therefore it follows from symmetry that
(o™X B))™t c o HC) ¢ HA) and (¢~ 1(C))"t € ¢ 1(A) - o 1(B). Since SL,(K) is a saturated
crowd, this implies (p~1(4),p~1(B), ¢ 1(C)) € Rsp, k), which means (A4, B,C) € Rgp, x)- There-
fore, for all A, B,C € GL,(K), it holds that if A=' ¢ B-C,B~! ¢ C-Aand C~! C A B, then
(A, B,C) € Rgr, k), 50 GL,(K) is a saturated crowd. [J

Other saturated crowds are hypergroups. These structures were originally introduced by Marty in
1934 ([8]). We use a slightly altered definition, which was given by Nakamura and Reyes (|10, Chapter
2]), that includes the existence of a unit element.

Definition 5.3. Let G be a set. A hyperoperation on G is a map ® : G X G — P(G), where the P(G)
is the set of all subsets of G. If A, B C G, then A® B = UaeA,beB a®b

Notation. Given an element a € G and a subset B C G, we write a © B and B ® a instead of {a} ©® B
and B® {a}. Soa® B =Jycpa®band BOa=Jy,cpb®a.

Definition 5.4. A hypergroup is a triple (G, ®, 1), where G is a set, 1 € G is the unit element and
©® : G x G — P(G) is a hyperoperation, such that

1. forall z,y,z € G, (x ©y) ©z =z © (y ® z) (associativity);
2. for all z,y € G, x © y # 0
3. forall z € G, {z} =2 ® e =e®x (unit element);
4. forall z,y,2 € G, v €y®z=>ycx®z ! and z € y~! © x (reversibility).
Lemma 5.5. If (G,®,1qg) is a hypergroup, then
1. forallz,y,z€ G,z €Yy z <= ycaroz ! «—= zcy 1oz and
2. for all x € G there is a unique y € G such thate € t O yNy O x. We write y = L.
Proof: This follows from the reversibility axiom, and the existence of a unit element. For a more

detailed explanation, see |10, page 415]. O

A hypergroup has a corresponding crowd. Recall that the crowd law is supposed to be the set of
all triples (a,b,c) such that abc is equal to the unit element. Therefore, for a hypergroup G, it makes
sense to use the crowd law R = {(a,b,¢c) € G | lg € a®@b® ¢}. Note that a ® (bO ¢) = (a ®b) O ¢,
and since inverses are unique, 1g € (a ® b) ® c if and only if ¢! € a ® b. Therefore, the crowd of a
hypergroup is defined as follows.
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Definition 5.6. Let (G,®,1g) be a hypergroup. Then the corresponding crowd is (G, 1g, Rg), with
the crowd law

Ra ={(a,b,c) €G3 | ¢t ea@b}.

However, Lemma [5.5| implies the following corollary.
Corollary 5.6.1. Let G by a hypergroup. Then, for all a,b,c € G, we have that

clearb <= blecovoa <= aleboe

Proof: Let G be a hypergroup and a,b,c € G be arbitrary. Then

1

cleaob = bealoc! «— altecboe

1

— cebloa ! < b lecoa

Since a, b, ¢ € G were chosen arbitrary, this holds for all a,b,c € G. OO

Therefore, equivalent definitions of the crowd law of a hypergroup G are
Rg ={(a,b,c) €G3 | bt €c®a} and
Rog ={(a,b,c) €G3 |a"tcboc)
Theorem 5.7. Let (G,®,1¢) by a hypergroup. Then the corresponding crowd (G, 1q, Rg) is a satu-
rated crowd.
Proof: We need to check that G satisfies the 4 crowd axioms, and that it is saturated.

1. Since 1¢ is the unit element, we know that 1¢®1g = {1g}. Therefore 15 € (1¢@1g)N(1g®1lg),
which means 151 = 1¢. This implies 151 €lg®lg, so (1g,1a,1g) € Rg and the first axiom
is satisfied.

2. Suppose (a,1g,1g) € Rg for some a € G. Then 151 =1g € a®1lg = {a}, so a = 1. Therefore
the second axiom is satisfied.

3. Suppose (a,b,1g) € Rg for some a,b, € G. Then 151 € a ® b, so it follows from Corollary
that b ! € 1g ®a = a ® 1. By applying the corollary again, we find that 151 € b ® a, which
means (b,a,1g) € Rg. Therefore (a,b,1g) € Rg implies (b,a,1g) € Rg, so the third axiom is
satisfied.

4. Suppose (a,b,c) € Rg for some a,b,c € G. Then ¢! € a ® b, so it follows from Corollary [5.6.1
that b~! € ¢ ® a, which implies (¢, a,b) € Rg. Therefore the fourth axiom is satisfied.

So (G,1¢,R¢g) is indeed a crowd. To proof that it is saturated, let a,b,¢ € G and suppose that
al' cb-¢, b Cc-aand ¢! C a-b Then, for all f € ¢!, there is an e € G such that
(e, f,1g) € Rg and (a,b,e) € Rg. This implies

lgecof=fectolg={c1}=>f=cland
lgeeof=>fecelolg={e}=>f=el
It follows that e~ ! = ¢!, so
(a,b,e) e Rg=e tea®b
=clteadb
= (a,b,¢) € Rg.

Therefore, if a™' Cb-¢c, b! Cc-aand ¢! Ca-b, then (a,b,c) € Rg, which means G is a saturated
crowd. [

Note that, in the proof above, the condition ¢=! C a ® b was enough to proof that (a,b,c) € Rg.

Similarly, one can show that if 51 C ¢-a or ¢~ C a - b, then (a,b,c) € Rg.
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6 Conclusion

With crowds, we can study linear algebraic groups, such as the special and general linear group, over
bands. This leads to interesting results, including the theorem that the special linear group over a
band is always isomorphic to a subcrowd of the general linear group over that band (Theorem . It
turns out that there can be an even stronger connection between the linear groups. By defining and
applying a crowd version of the split short exact sequence, we see that if B is a band and n € N such
that for all A € GL,(B), the coefficient an41,n+1 € B, then there is a bijection between the sets
SLyn(B) x B* = GLy(B) and the crowd laws Rgy, (p) X Rpx — Rgr,, (p) (Corollary [4.10.1)).

An open question left by this thesis is whether this condition on the matrices in the general linear
group holds for all bands and dimensions. If it does not, are there other sequences for these bands,
that include SL,(B) and GL,(B), and for which there exist group actions such that it is a strongly
split short exact sequence? Another unanswered question is whether it is necessary to define Spa, (B)
as a subset of SLay(B), or if this follows from the rest of the definition (as it does for groups).
Further research could also include other (linear) algebraic crowds, such as the projective linear group
PGL,(B) over a band B.
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