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Abstract

This thesis investigates the minimal field extensions over which elliptic curves defined over Q
acquire good reduction everywhere. While it is a classical result due to Tate that no elliptic curve
over Q admits good reduction at all primes, a natural question arises: Can good reduction every-
where be achieved over a quadratic extension of Q? We review and present in detail a theorem of
Kida, which gives a negative answer to this question. To this end, we develop the necessary arith-
metic background, including valuations, ramification theory, and the study of elliptic curves in both
local and global settings. We analyze how reduction behavior is influenced by field extensions, and
establish criteria for when good reduction occurs. Finally, we provide explicit examples of elliptic
curves that achieve good reduction everywhere over number fields of degrees 3, 4 and 6, illustrating
the connection between local invariants and the specific nature of the required field extensions.
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1 Introduction

An elliptic curve is defined as a smooth projective curve given by a Weierstrass equation, together with
a distinguished point at infinity. These curves have important arithmetic properties and appear naturally
in number theory, as well as areas such as cryptography, coding theory and the study of Diophantine
equations. A central theme in the arithmetic of elliptic curves is understanding how their properties vary
over different fields, in particular, how they behave under reduction at primes of a number field.

One fundamental arithmetic invariant of an elliptic curve is its discriminant. The fact that an elliptic
curve is nonsingular implies that its discriminant must be nonzero. When working over a local field,
such as Q,, the field of p-adic numbers, we can consider a minimal Weierstrass equation, and reduce the
equation modulo the maximal ideal. If the resulting curve over the residue field remains nonsingular,
that is, its reduced discriminant is nonzero, we say that the elliptic curve has good reduction. On the
other hand, if the reduction yields a singular curve, the curve has bad reduction. Globally, an elliptic
curve over Q is said to have good reduction everywhere if it has good reduction at all primes p. This
means that for every prime p, the base change of the curve to the local field Q, has good reduction.
Thus, determining whether a curve has good reduction everywhere globally requires checking its reduc-
tion behavior locally at each prime.

This thesis explores a natural but subtle question in the arithmetic of elliptic curves:

Given an elliptic curve over Q, what is the minimal degree of a number field extension over which
the curve acquires good reduction at all primes?

It is a well-known result by Tate that no elliptic curve defined over Q has good reduction everywhere
(see [7]], page 144). This leads to the question of whether such a curve might acquire good reduction
everywhere over a quadratic extension of Q. The answer is negative, as shown by Kida in [4], and in this
paper we review his result in detail. Moreover, we examine some explicit examples of elliptic curves that
do acquire good reduction everywhere over number fields of higher degree, and we relate the minimal
degree of such fields to the arithmetic properties of the curve.

To understand Kida’s result, we first turn to Section [2] where we review concepts from the theory of
number fields, such as trace, norm, and discriminant, and introduce the notion of ramification. In Sec-
tion[3] we move on to local fields and develop the necessary tools to analyze the local behavior of elliptic
curves. This includes valuations, completions, and the structure of discrete valuation rings, with a focus
on p-adic numbers. Sectiond]introduces elliptic curves in detail, discusses minimality of their equations
over local fields, and most importantly, their reduction. These concepts are then applied in Section [5]
where we first study the local behavior of elliptic curves under base change in Section [5.1] specifically
on the minimal degree of an extension of Q, over which a curve with bad reduction at p acquires good
reduction. We then shift our attention to the global setting in Section[5.2] where we review Kida’s proof
that good reduction cannot occur over quadratic fields for an elliptic curve defined over Q. Finally, in
Section we provide minimal degree examples where good reduction everywhere is achieved over
fields of degrees 3, 4 and 6.

We present a self-contained and accessible account of Kida’s result, and illustrate how the arithmetic
of elliptic curves influences the degrees of the fields over which good reduction everywhere can occur.



2 Number Fields

An algebraic number field is a finite extension of the field of rational numbers Q. That is, a field K is
called a number field if there exists a finite degree n = [K : Q] such that Q ¢ K < Q, where Q is
defined to be the algebraic closure of Q.

In this section, we introduce the essential arithmetic invariants associated to number fields: trace, norm,
and discriminant.

Definition 2.1 (Algebraic integers). Let K/Q be a finite extension. An element @ € K is called an
algebraic integer if it is the root of a monic polynomial with coefficients in Z.

Definition 2.2 (Ring of integers). The ring of integers of K, denoted Ok, is the set of all algebraic
integers in K:

Ok := {a € K|« is an algebraic integer}.

The ring Ok plays an essential role in the arithmetic of number fields. It is integrally closed in K,
meaning that any element of K that satisfies a monic polynomial with coefficients in Z must already lie
in Og. Moreover, it is a Dedekind domain, meaning that

o [t is Noetherian, that is, every ideal is finitely generated;
e Every nonzero prime ideal is maximal;

e Every nonzero ideal factors uniquely into a product of prime ideals.

This last property generalizes the notion of unique factorization of numbers to the setting of ideals.

Notably, the ring Z[\/ﬁ], with d € Z squarefree, is not always integrally closed, i.e., not the ring of
integers of Q(/d), and in particular, not a Dedekind domain.

Example 2.3. Consider K = Q(/5). The subring Z[+/5] is not the full ring of integers: it is not
integrally closed and fails to be a Dedekind domain.

To see this, consider 6 € Z| \/3], and note the following:
6=2-3=(1-+5)(1+ V5).
Hence, 6 admits two distinct factorizations in Z| \@] as all four elements are irreducible.
The correct ring of integers of Q( \fS) is actually Z [#] which is indeed a Dedekind domain. We

revisit this in Example

Definition 2.4 (Integral basis). Let K/Q be a number field of degree n. A set {xy,...,x,} < Ok is called
an integral basis if every element a € Ok can be written uniquely as

a=ayx;+ -+ apxy, a €2



Example 2.5. Consider a number field K := Q( \/3) where d € Z is square-free. Then, an integral
basis for K is

{1, HZ\/E} if d=1 (mod 4)

{1, Vd} if d=2 or3 (mod 4)
To see this, let « € Ox < K. Then we must have

b+d
QIM’ a’b,cez
C

and we can assume without loss of generality that gcd(a, b, ¢) = 1, i.e. that a, b, ¢ are coprime. Then
the minimal polynomial of « is given by

Now, if ged(a, b) = m, then from the constant term, it must be that m | ¢ as d is square-free, which we
cannot have by assumption. Hence, gcd(a, b) = 1. From the linear coefficient, we need c | 2a. Assume
that ¢ | a and ¢ # 1. Then we need ¢* | db* and since d is square-free, ¢ | b, again, a contradiction,
SO ¢ | 2,ie,c=2o0rc=1 Ifc =2, we have

4|a®—db* — a*—dh*=0 (mod4) < d*=db*> (mod 4)

Now, we know that 2 { a, so clearly 4 { a, hence @ =1 (mod 4), since the quadratic residues

modulo 4 are 0 and 1, which yields
d* =1 (mod 4).

From the above, we can only have that b> = 1 (mod 4) and so, d = 1 (mod 4) since d is square-free.

Therefore, when d = 1 (mod 4), an integral basis for K is

{1, ”2“3}.

Ifc=1,thena=a+b vd, hence, an integral basis in this case is
{1, Vd}.

Thus, the above also gives

{Z[”ﬁ] if d=1 (mod 4),
Ok =
Z[+/d] ifd=2o0r3 (mod 4).

. . . . . . 1+\5
Recall that we previously claimed in Example that the ring of integers of Q( \/5) is Z [ 3 ]

Indeed, we have that 5 = 1 (mod 4), which proves our claim.

2.1 Trace, norm and discriminant

Let L/K be an extension of algebraic number fields. Each element x € L determines a K-linear
map r, : L — L given by



re(y) = xy, forallye L.
This map can be represented as a matrix |a;;| after having chosen a basis uy, ..., u, for the extension L

over K so that
ujx = Z aijju;.

Note that the functions Tr(|a;;|) and det(|a;;|) are independent of the choice of basis and only depend
on the linear transformation ry, i.e., only on x. With this in hand, we define two important functions
associated with this representation:

Definition 2.6 (Trace and norm). The trace of x with respect to L/K, denoted Try x(x), is defined as the
trace of the linear map ry, that is,

TI'L/K(X) = Tr(rx).
The norm of x with respect to L/K, denoted Ny jx(x), is defined as the determinant of

NL/K(X) = det(rx).
The trace and norm have several important properties. Let x,y € L and a € K. Then, the following hold:

1. Additivity of Trace: Try x(x +y) = Tryx(x) + Trz/x(y).
2. Homogeneity of Trace: Tr; x(ax) = aTry /().
3. Multiplicativity of Norm: Ny /x(xy) = Ny /k(x) Ny /g (y).

4. Homogeneity of Norm: Ny /x(ax) = alFKINy ¢ (x).

The proof of these properties is quite straightforward if we recall that ry is a K-linear map and hence
Fxy = Iyly and Txpy = Fx + Iy,
and moreover, for any m x m matrices A and B over L and some scalar a € K one has
Tr(aA + B) = aTr(A) + Tr(B) and det(aAB) = a" det(A) det(B).

Furthermore, the trace has a transitive property. Let K € E < L be a chain of finite extensions. Then
for any x € L, Try x(x) = Trg g (Trz/e(x)).

Proof. Consider ay,...,ay, abasis of E over K, and by, ..., b,, a basis of L over E. Define

xb,- = Z,Bij(x)bj and ya; = Zaij(y)aj
for x e Land y € E. Thus,

Trg/x = Zaii(y) and Try/p(x) = Z,Bii(x),

so from the above one obtains

Tr x (Trzyp) = > e (B5(x)) -

7



Now, the products a;b; give a basis for L over K and

xagh; = Y a,Bij(x)b;
j
= 2.2 @i (Bij(x)) aib;
j i

which gives Try x (x) = 3, > aii (8;;(x)) whence
Try/x(x) = Trg/k(Trr/p(x))

as needed. O

The characteristic polynomial of x € L over K is defined as f,(f) = det|t] — r|, which is a monic
polynomial of degree [L : K| with f(r,) = 0, and so f(x) = 0. The discriminant of an extension L/K is
defined in terms of the trace form, a symmetric bilinear form defined as follows:

Definition 2.7 (Discriminant, version I). The bilinear form of the extension L/K is the symmetric bilinear
map B : Lx L — K defined by B(x,y) = Tryx(xy). The discriminant A; /x of the basis x1, ..., x, of L/K
is the determinant of the matrix of this bilinear form with respect to any basis of L/K, i.e.

AL/K(xl, <oy Xy) = det| Tr(x;x;)|

Additionally, we now consider L to be a separable extension of K.

Definition 2.8 (K-embedding). A K-embedding of L is a field homomorphism o : L — K.

Note that since o is a field homomorphism from L to K, it must be injective. To see this, assume 0 # a € ker(o).
Then,

0=oc(a)o(a ) =c(aa')=c(1) =1

which is clearly a contradiction hence o- must be injective. We also note that the restriction of o to the
base field K is precisely the identity map by the properties of field homomorphisms.

Proposition 2.9. If L/K is a separable extension and o : L — K varies over the different K-embeddings
of L into some algebraic closure of K, then

(i) fu(t) =[] (t — o),
(ii) TrL/K(x) =2,0%
(iii) Npk(x) =[], ox

Proof. Recall that the characteristic polynomial f,(z) is a power of the minimal polynomial of x,

pt) ="+ 1"+ e, m = [K(x) : K].

‘We will show this and in fact,



We have that 1, x, ..., x" ! is a basis for K(x) over K and let ay, ..., a, be a basis for L/K(x). Then,

m—1 —1
a, a1x,...,a X", ag, ..., agx”

is a basis for L/K. The matrix of the linear map r, with respect to this basis has then d blocks along the
diagonal of the form

0 1 0 0

0 0 1 0

0 0 0 R |
—Cm —Cm—1 —Cp—2 -+ —C1

each with characteristic polynomial p,(¢) hence, indeed f. (1) = p.(1)%.

Now, consider the set of all K-embeddings of L, Homg (L, K). This set can be partitioned by the equiv-
alence relation

g ~T — OX =TX

into m equivalence classes of d elements each. Let o1,..., 0, is a system of representatives, then

m

pa(t) = [ [(t = oix)

i=1

hence
) =]Je-ox) =[] []t—ox)=]]—ox).
i=1 i=1 o~0; o

This proves (i), and by noting that Tr; /x(x) is the coefficient of #"~! in f, and Ny /x(x) is the coefficient
of 12, (ii) and (iii) follow. o

With the above proposition in hand, we can define the discriminant of some extension as follows.

Definition 2.10 (Discriminant, version II). Let L/K be a finite extension. The discriminant Ay /K Of the
basis xy,. .., x, of L/K is given by

Apjk(xt1s...,xn) = det| Tryx(xy)| = det(oi(x)))?
where o; € Homg (L, K).

Definition 2.11. The discriminant of L/K is the ideal A jx < Ok generated by Ay g (x1, ..., x,) for all
choices of x1,...,x, € Okg.

Example 2.12. For the quadratic number field K = Q(+/d), we have

N _fd ifd=1 (mod4)
KIR™V4d ifd=20r3 (mod4)

Note that the two embeddings of K are given by



since forall a € Q, oi(a) = a.

From example |2.5|we know that a basis for Ok is given by

{11+\/3
T

}ifdzl (mod 4)
{1, Vd} if d=2 or3 (mod 4).

Let us first consider the case when d = 1 (mod 4). Compute:

U1<1+\/3>:1+\/3;

2 2
1+ +d 1—+d
(O] ) = 3 .
From the definition above we have
1+ va\|? 2
14+ vd) |i(1) o (5 1Ll 2
AK/Q<1, >: = 2l =—(1=Vd—1-+Vad)?=d
2 0,2(1) o 1+2\/3 1 1 2\/;1 4

hence A q is the ideal generated by d.

Similarly, we consider d = 2 or 3 (mod 4). Then we have

ai(1) awa)Z’l Vd
o2(1) oa(Vd)| |1 —d

50 Ak /q is the ideal generated by 4d.

2

Arjg(l, Vd) =

2.2 Ramification

For a number field K, we define what it means for some extension of K to be ramified.

Definition 2.13 (Ramification). Let L/K be a finite extension of number fields. A nonzero prime ideal p < Ok is
said to be ramified in L if the ideal pOy, in Oy factors in primes as

pOL = P - By
where e; > 1 for some i. We call e; the ramification index for B;/p, denoted by e; = e(B;/p).

Remark 2.14. The ideal pOy factors uniquely in L, as we have seen in the beginning of Section 2|that it
is a Dedekind domain.

In the case that e(B;/p) = 1 for all i, we say that p is unramified in L/K and totally ramified
if e(B/p) = [L: K] for aunique prime P.

Theorem 2.15. The prime p ramifies in L if and only if p | Ay ).

Proof. See Corollary 2.12 in [6]. O

Example 2.16. For Q(+/d)/Q, with d square-free, d = 2 or 3 (mod 4), the prime 2 ramifies in Q(\/d).
Indeed, from previous examples we have

Bo(vayg =4
hence 2 | AQ( Ja) /o Moreover, every prime dividing d ramifies in Q(Va).

10



3 Local fields

3.1 Absolute values and valuations

Definition 3.1 (Absolute value). An absolute value on a field K is a function | - | : K — Rxq satisfying:

1. |x| = 0ifand only if x = 0;
2. |xy| = |x| - |y| forall x,y € K;

3. x4y < |x|+ |y|forall x,y € K.

The absolute value is called non-archimedean if it satisfies the stronger triangle inequality:
|x + y| < max{|x], |y[},

and archimedean otherwise.

Example 3.2. The usual absolute value | - |, on Q, defined by |x|w = |x|, is archimedean. In-
deed, |- | does not satisfy the strong triangle inequality. Take, for example, x =y = 1, then

1+ 1] =2>1=max{l,1}.
For a prime number p, the p-adic absolute value on Q is defined by:

x| {p‘" if x = p"% with ged(a, b) =1 and a,be Z, p {a,b,
x|p =
0  ifx=0.

This absolute value is non-archimedean. To see this, let x,y € Q\{0}. Then, we can write

a c
x:p”E and y:pmg, where a,b,c,d € Zand p t a,b, c,d.
Assume without loss of generality that n = m. Hence, we have
_a

n

C _
P a\,, <|p"l, = p™" = Iyl, = max{|x

p’ y|p}

a C
X +ylp = ‘p”g + me’p =1p",

Definition 3.3 (Valuation). A (real) valuation on K is a function v : K* — R satisfying:

(a) v(xy) = v(x) +v(y);
(b) v(x+y) = min{v(x),v(y)} forall x,y € K*.

We define v(0) = oo by convention.

Definition 3.4 (Discrete valuation). A valuation v is called discrete if its image is Z. Thatis, v : K* — Zis
a surjective homomorphism satisfying the same properties as above.

Example 3.5. Let K = Q, and let p be a prime number. Every nonzero rational number x € Q™ can be

uniquely written in the form
a

= n.,_-
xX=p b
where a,b € Z and p { a, b. This defines a discrete valuation

vp(x) :=n.

11



Before introducing the concept of a valuation ring we need the following definition.
Definition 3.6. A ring having only one maximal ideal is called a local ring.

Definition 3.7 (Valuation ring). Let v be a discrete valuation on K. The discrete valuation ring associated
tovis

Ok :={xe K :v(x) = 0}.

We shall prove that Ok, defined as above, is indeed a ring, and in fact, a subring of K.

Proposition 3.8. Ler K be a field and v, a discrete valuation on K. Then Ok defined as above is a
subring of K. Moreover, the subset {x € K : v(x) > 0} is an ideal of Og and Og = {x € K : v(x) = 0}.

Proof. First, note that for all x € K* it holds that
v(ix) =v(x-1)=v(x)+v(l) < v(1)=0

and

Now, take x, y € Ok, then
v(x +y) = min{v(x),v(y)} = 0

hence x + y € Ok and
v(xy) =v(x) +v(y) =0-0=0

s0, xy € Ok. Next, we show that {x € K : v(x) > 0} := I. Indeed, let x, y € I. Then, we have
v(x +y) = min{v(x),v(y)} >0

hence x + y € I and v(0) > 0, so (/, +) is a subgroup of (Ok, +). Moreover, for x € I and y € Ok, we
also have

v(xy) = v(x) +v(y) = v(x) +0>0

thus xy € I. This shows that 7 is indeed an ideal of O.

Finally, we show that Oy = {x € K : v(x) = 0}. Let x € O which holds if and only if v(x) > 0
and v(x~!) = 0o

0=v(l)=vix H =vx)+v(x™) — v H)=—x=0 — vx =vix=0,
hence we are done. O
Proposition 3.9. The valuation ring Ok is a local ring with maximal ideal

m:={xe€ K :v(x) >0},

and residue field
k:= OK/HL

12



Proof. The fact that Ok is a ring and that m is an ideal we know from Proposition It is left to show
that m is the unique maximal ideal of Og. First, we prove that it is maximal.

Suppose that there exists some ideal / such that
mc [ < Og.

Take x € I such that x ¢ m. Then we have x € I < Ok, hence v(x) = 0, but x ¢ m, implying
that v(x) = 0. Therefore, by Proposition X € O;, and so, I = Og, a contradiction. Thus, m is a
maximal ideal of O.

Now, assume that J is some proper ideal of Og. Note that this implies that for all x € J, v(x) > 0,
since v(x) = 0 would yield that J = Og. But this implies precisely that / < m, showing uniqueness
ofm.

Finally, since m is maximal, Ok /m is a field and we denote it by k. O
Definition 3.10 (Uniformizer). An element nt € Ok is called a uniformizer if v(r) = 1.

Proposition 3.11. For a local field K, some discrete valuation v on K and a uniformizer n € Ok, the
maximal ideal of Ok can be generated by m, i.e., m = (7).

Proof. We shall prove that
m = (n).

First, let x € (7). Then, x = 7 - u for some u € Ok, so

v(x) =v(r-u) =v(r)+v(u) =1+v(u) >0
implying that (7) < m.
Now, let x € m and denote v(x) = n > 0. Since v(r) = 1, we can then write

x = 'u, for some u € K*
and so,
v(x) =v(r'u) =v(7") +v(u) <= v(u)=n—n=0
hence u € O;;. We can also write
x = (7" )

and 7"~! € Ok, giving x € (r), thus m < (). o

Definition 3.12 (Discrete valuation ring (DVR)). A discrete valuation ring is a principal ideal domain
with a unique nonzero prime ideal. Equivalently, it is a ring that arises as the valuation ring of a discrete
valuation on a field.

Suppose now that v is a discrete valuation on some field K. Next, we introduce a couple definitions in
order to establish an important property of the discrete valuation ring Ok of K.

13



Definition 3.13 (Integral element). Let A be an integral domain and K a field such that A < K. We

say that x € K is integral over A if and only if there exists some monic polynomial f(x) € A[x] such
that f(x) = 0.

Definition 3.14 (Integral closure). Let A be an integral domain and K some field such that A — K. The
integral closure of A in K is the set of all elements in K that are integral over A.
We say that A is integrally closed if it contains all elements of its field of fractions that are integral

over it.

Theorem 3.15. Let A be a unique factorization domain and K its field of fractions. Then A is integrally
closed.

Proof. Since K is the field of fractions of A, for all x € K be integral over A write

ng, a, beA,

and we may assume without loss of generality that gcd(a, b) = 1, that is, the ideal (a,b) is generated

by 1. Note that we can do this since the greatest common divisor is well-defined in unique factorization
domains and if gcd(a, b) = m, there exist ¢, d € A with ged(c,d) = 1 such that

a mc
X= - = =

¢
b md d
Then a/b is a root of some monic polynomial in A[x]

1

fxX)=x"+cp X+ + co,

that is, we have

a n a I’l—l
(5) +eri(3) +re=0

and multiplying the equality by b" gives
a +bc=0

for some ¢ € A, hence b | a”". But, gcd(a, b) = 1, so it must be that b € A*. Therefore,
x=ab 'eA

showing that A is indeed integrally closed. O

We make the following claim:

Proposition 3.16. If Ok is a discrete valuation ring of K, then it is integrally closed.

Proof. First, note that the field of fractions of Ok is K. Indeed, since Ox < K and every x € K™ is a
quotient of two elements in Ok.

Next, by definition, O is a principal ideal domain, and therefore a unique factorization domain. It then
follows from the previous theorem that Ok is integrally closed. |

14



3.2 Completions

In this section, we consider a field K equipped with a valuation v : K — R. Associated to this valuation,

we define the absolute value
x = ')

for some fixed constant ¢ > 1. This absolute value is non-archimedean, and it directly inherits the
properties of the valuation. For ease of notation, we will consistently use | - | in this section, while
recognizing that this absolute value is derived from the underlying valuation v.

Consider the field K equipped with the valuation | - |. We say that a sequence of elements (a,), in K is
Cauchy if

lim |a, —ay| = 0.
n,m—>00

Moreover, we say that (a,), converges to some element a (not necessarily of K) if
lim |a, —a| = 0.
n—0o0

Definition 3.17. A field K is complete with respect to the valuation | - | if every Cauchy sequence
converges to an element of K.

We define a relation on the set of Cauchy sequences in K as follows:
(x1) ~ (yn) <= lim |x, — y,| = 0.
n—o

Proposition 3.18. The relation ~ is an equivalence relation.
Proof. We verify the three properties:

e Reflexivity: For any Cauchy sequence (x,), we have |x, — x,| = 0, s0 (x,) ~ (x,).

e Symmetry: If (x,) ~ (y,), then |x, — y,| — 0 as n — co. But by the symmetry of the valuation,
yn = Xu| = [xn — yn| — 0,50 (yn) ~ (xn).

e Transitivity: If (x,) ~ (y,) and (y,) ~ (z,), then
X0 — Zn| < X0 — Yul + [vn — 2| = 0+ 0 =0.

where we used the triangle inequality. Therefore, (x,) ~ (z,).

We write [(x,)] for the equivalence class of a Cauchy sequence (x;,).

Definition 3.19 (Completion of a field). The completion of K, denoted K, is defined as the set of equiv-
alence classes of Cauchy sequences in K under this relation.

15



In order for this definition to be valid we need to show that K is a field and that it is also complete. To
this end, recall the following properties of Cauchy Sequences:

1. If (ay), and (by), are Cauchy, then so are (a, + by,), and (a,by,)n;

2. If lim |a,| # 0, then @, # O for all n > ng for some ng. In this case, (a, '), is Cauchy.

Then, we can define addition and multiplication in K as follows:

[(@n)] + [(Ba)] = [(an + ba)];
[(an)][(bn)] = [(@nbn)];
[(a)]™" = [(a;!)] when a, ! is defined.

n

In this case, we identify the O element with the equivalence class of Cauchy sequences converging
to0e K, and the 1 element with the Cauchy sequences converging to 1 € K. Therefore with these defi-
nitions, K acquires the structure of a field. There is a natural embedding K — K sending each x € K to
the constant sequence (x, x, x, . .. ). The valuation on K extends uniquely to K by setting

()]} = lim |5,

The above is actually a valuation on K agreeing with the valuation on K. We first verify that this extended
absolute value is well-defined: - If (x,) ~ (y,), then by definition, |x, — y,| — 0. Consequently,

lim |x,| = lim |y,]|.
n—00 n—o0

Thus, the absolute value is independent of the choice of representative in the equivalence class.

Next, we check that this defines a valuation:

e Non-negativity: By definition, |[(x,)]| = 0. Moreover, |[(x,)]| = 0 if and only if
lim |x,| = 0,
n—o0
which is true if and only if [(x,)] is the zero element of K (the equivalence class of sequences
converging to 0).
e Multiplicativity: Let [(x,)], [(vx)] € K. Then:
1601 - [0w1] = 1G]l = Tim [yl = Tim |, - y,]
n—0o0 n—0o0

which simplifies to

[[Ce)]]- 1T
e Non-archimedean property: For [(x,)],[(y»)] € K,

()] + [Oa)]l = [+ 3] = lim |2, + y.
Since the absolute value on K is non-archimedean,

%0 + yu| < max{|x,|, [yal}.
Taking the limit gives:
hm |xn + | < max{ lim |x,|, lim |yn|},
—00 n—oo
which is precisely:

[[Cen)] + [0 < max{[[Cea)][, [}
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Finally, we show that this absolute value agrees with the valuation on K. If x € K, we can view x as the
constant sequence (X, x, x, ...) in K. In this case:

()] = tim [x] = |

which is exactly the valuation-derived absolute value on K. Next, we show that K is complete. Consider

a Cauchy sequence in [a,] K. Then, each a, is a Cauchy sequence, say a, = [(a,(:) ] in K, i.e., itis

represented by the Cauchy sequence (a,(,'l1 )> in K. Take « to be the sequence [(a,(,,m)> ] Note that we

must have that (a,,) is Cauchy in K. Indeed,

a&r) — ags) < aE’) — aﬁs) ags) — a§5) .

~

+

For some fixed s, (a,(,s)> is Cauchy, thus the second term on the right hand side converges to zero and

o — g™

since [a,] is Cauchy, so does the first term. The latter holds since we must have that a,

‘ con-
verges to zero as n,m, t tend to co. Therefore, « is an element of K. Furthermore, [a,] converges to a.
To see this, note that

(n) _ (m

lim |, — @] = lim lim ‘am — 4!

-0

hence [,] has a limit in K, implying that K is complete.

Corollary 3.20. The completion (K, |-|) of (K, |-|) is unique up to isomorphisms preserving the valuation
on K.

Proof. See Corollary 2.3 in [3]]. O

3.3 p-adic numbers and p-adic integers

Let p be a prime number. Every nonzero rational number x € Q can be uniquely written in the form

x=p”~g

where a,b € Z are not divisible by p, and n € Z. The exponent n is called the p-adic valuation
of x, denoted v, (x) := n.

The p-adic absolute value is then defined by
x|, := p7™, 0], := 0.

This defines a non-archimedean absolute value on Q. The completion of Q with respect to | - |, yields
the field of p-adic numbers, denoted by Q,,.

Definition 3.21. The p-adic integers are defined as the valuation ring
Zp:={xe€Qp: x|, <1} = {xeQp:vy(x) =0},
that is, Z,, is the valuation ring of Q,.

Proposition 3.22. The ring of p-adic integers have maximal ideal (p), and the residue field is F,.
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Proof. First, we show that the non-zero ideals of Z,, are precisely p"Z, forn > 0. Let 0 # I < Z, be an
ideal and choose x € I so that |x|, is maximal. Note that it is indeed possible to choose such an x since
the possible values of the absolute value are discrete and bounded from above. Consider, additionally
some y € /. By maximality of x we have

ylp < lxlp = |yx71|p <1
and hence xy~! € Z,,. It follows thaty = (yx~!)x € xZ,, implying that I < Z,. The inclusion xZ,, < [ is
clear. Therefore I = xZ,,.

a a
Denote x = p”E. We have that 5 is invertible in Z,, hence xZ, = p"Z,.

Next, we claim that
Z/p"Z =Zy/p"Zp.
To show this, consider the map

miZ—1Zy/p"Z,

X — X,

i.e., f, = m ot where 7 and ¢ are the canonical and inclusion maps respectively. This map is a surjective
ring homomorphism (Corollary 4.2.5 in [2]]) and

P'Zy={x:lxlp < p™}
so we must have
kerf, ={xeZ:|x[, <p "} =p"Z,
hence by the First Isomorphism Theorem we have
Z/p"Z =ZLy/p"Zp.

Now, note that Z/p"Z is a field if and only if p = 1, and consequently from above, so is Z,/pZ,,
hence (p) is the unique maximal ideal of Z,,. ]

A very important result that will help us in determining squares in Q,, or more importantly non-squares,
is the following theorem.

Theorem 3.23 (Hensel’s Lemma, version 1). Let f(x) € Z,|x] and a € Z, such that

fla)=0 (mod p),
f@)#0  (mod p).

Then, there exists a unique « € Z, such that f(a) = 0inZ, and @ = a (mod p).

Proof. We start by proving that for all n > 1, there exists an a, € Z, such that
fla,) =0 (mod p") and ap =a (mod p)

using induction. The case n = 1 follows immediately by taking a; = a. Assume now that the statement
holds for n > 1. Then, we need to find some a,, | € Z, such that

flany1) =0 (mod p"*) and ant1 =a (mod p).
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By the induction hypothesis, there exists some a,, such thatitisarootof f mod p" anda, = a (mod p), there-
fore, we are looking for a,4 € Z, such that a, 1 = a, (mod p") and f(a,4+1) = 0 (mod p"t). To
this end, we write

apt1 = ap + pntn
for some 1, € Z, that we shall find later. We need to show that for our chosen #,, we can make
flan+p"1a) =0 (mod p™*").

Let x, y € Z,[x, y] and write f(x) = S cixd, with ¢; € Z, for all i. Then

d
flx+y) Z (x +y)!

c,x+lx )+g,(xy)y)

||
T M&

where the second equality was obtained by separating the terms with factors of y? in the binomial ex-
pansion, and g;(x,y) € Z,[x, y]. Rearranging then gives

d

x+y Zx —I—Ztcl E,glxy

i=1

=f(X) f( )y + 8(x,y)y*

where g(x,y) = 2?21 cigi(x,y) € Zp|x,y]. Thus, for all u and vin Z,, we have that w := g(u,v) € Z,, so
we have

Flu+v) = fu) + f )y +w?, Yu,veZ, and w = g(u,v).
Set u = a, and y = p"t,. This yields
Flan+ p'ta) = flan) + f'(@n)p"ta + 2p's,
= flan) + f'(an)p"t  (mod p"*1)

since 2n > n + 1 and, hence, p** = 0 (mod p"*!). Now, in f'(a,)p"t, (mod p"*!), we only look
at f’(a,)t, modulo p, as there is already a factor of p” in the term. Therefore, since we also have
that a, = a (mod p), we have

f'(an)tn = f'(a)ty  (mod p)
which gives
f'(@n)p"ta = f'(a)p"ty  (mod p"*1).
As such, combining everything together yields
flan+p'tn) =0 (mod p"*!) <= f(an) + f'(@)p"t =0 (mod p"*")
and since f(a,) =0 (mod p") by assumption, f(a,)/p" € Z,, and thus,
f(@)tn=—f(an)/p" (mod p).

The above congruence has a solution for 7, as we assumed that f'(a) # 0 (mod p). With this choice
of t,,, we are now able to let a, 1| = a,+p"t, sothat f(a,+1) =0 (mod p"*!')anda, | = a, (mod p"),or
in particular, a,1; = a (mod p).
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We have constructed a sequence (a,)n~0 € Zp such that
fla,) =0 (mod p") and an+1 =a, (mod p"), Vn > 0.

The second condition implies that a,, 11 — a, = 0 (mod p"), and hence, |a,+1 — a,|, < n, in particu-
lar, (an)n>0 is Cauchy in Z,. Let « be the limit of this sequence in Z,. We aim to show that

fla)=0 and a=a (mod p).
From a,.1 = a, (mod p"), for all n, we obtain
am = a, (mod p")
for all m and n such that m > n. Thus, by letting m — o0, there exists an a € Z, such that
a=a, (modp")
and at n = 1, we obtain precisely « = 1 (mod p). Now, for general n we have
fla)= flan) =0 (mod p")

hence

1
[f(@)], < 17

Since the above is true for all n, as n — o
[f(@)][, <0 < f(a) =0.

We are now left to prove uniqueness. Suppose there exists some 3 € Z, such that f(8) = Oand S = a (mod p).
In order to show that @ = 3, we will show inductively that 3 = @ (mod p"), for all n. The case n = 1 is

clear since both @ and § are congruent to @ modulo p. Assume that 8 = o (mod p"), and show for n+ 1.

Then

B=a,+ p'yn, Yn € Zp.
Then, from a computation entirely similar to the one above we have
f(B) = fla+p'ya) = fl@) + f'(@)p"yn  (mod p"*!).
Since both a and B solve f(x) = 0, we have

f(@)p"ya=0 (mod p"*')

and since p” is already a factor on the left hand side above,
f(@)yn=0 (mod p).
But f(a) = f'(a) # 0 (mod p) hence,
Y»=0 (mod p)
which implies that
B=a (mod p"™).

Thus, we have 8 — @ = 0 (mod p") for all n, that is,

1
|C“*ﬁ|p < I?

and as n — o0, we obtain precisely that @ = £. |
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Then, with Hensel’s Lemma in hand, we can determine how squares actually look like in Q,,.

Theorem 3.24. An element a € Q,, where p # 2 is a square in Q,, if and only if v, () is even and u is
a quadratic residue in F).
Proof. Note that any element a € Q, can be written as

a= p"l’(a)u, ue Z;.

Thus, we first show that u € Z,, is a square in Q,, if and only if u is a square in F,.

(<) : Assume that u is a quadratic residue modulo p. We have, essentially by definition, that u € Z; is
a square if and only if the polynomial

fx) = 2~ u
splits in Z,[x]. That is, there exists an a such that
fl@)=0 (mod p).

Moreover, a cannot be a a double root of f(x) mod p since f'(x) = 2xand p # 2,s0 f'(a) # 0 (mod p).
Then, by Hensel’s Lemma (3.23), there exists a unique @ € Z, such that f(a) = 0inZ, anda = a (mod p).

(=) : Conversely, assume that u = a@* in Q,. Then, since u € Z;, we have v,(u) = 0, and
hence, v,(a) = 0, implying that a € Z;. Now, we saw in Proposition , that Z,/pZ, = Z/pZ = F,,.
Since the reduction map is a ring homomorphism, it respects squaring, so we are done.

We can now extend this result to Q,. It is clear that if v,(x) is even and u = v? € Z,,, we can write x as

o (l,v,)((x)/zv)z

where p*r(@)/2y e Q,.

If @ is a square, then each factor of « is a square. That is, we need p"»(®) and u € Z; to be squares.
The former implies that v, () must be even as its only nontrivial divisor is p, and the latter implies
that u must be a square in IF,,. This proves the theorem. O

Squares in Q, are a bit more complicated. The following is another version of Hensel’s Lemma, which
we will require in the characterization of squares in the 2-adic field.

Theorem 3.25 (Hensel’s Lemma, version 2). Let f(x) € Z,[x| and a € Z, such that

@)y < f@)]}.

Then, there exists a unique & € Z,, such that f(a) = 0inZ, and |a — a|, < |f'(a)|. Moreover,

(i) la—al, = |f(a)/f (@)l < [f(a)lps

(i) |f' (@), = |f'(a)l,
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Proof. A general version of this result is proven in Chapter 2, Section 1.5 of [9]], and the specific form
stated here follows immediately by taking K = Q, and A = Z,,. |

Theorem 3.26. Let a € Q; . Then a = p” @y, with u € Z; is a square in Qy if and only if vy () is
evenandu =1 (mod 8Z,).

Proof. We first show that u € Z>' is a square if and only if u = 1 (mod 8Z,).

(=) : Assume that u = a in Q,. Then, v2(a?) = 0 and hence, v2(a) = 0, i.e., a € Z}'. Furthermore,
from Example [3.22] we know

Z,/8Zy = Z/8L.
The units in Z/8Z are 1, 3, 5 and 7 and all of their squares are congruent to 1 modulo 8. Therefore
u=a*=1 (mod 8Z,).

(<) : Conversely, assume that u = 1 (mod 8Z;). We have that u is a square in Q, if and only
if f(x) = x> — usplits in Q,. Thus consider the polynomial f(x). We shall use @ = 1in Hensel’s Lemma (3.25).
Indeed, we have that

1
fD =1 —u<g
since u = 1 (mod 8Z;), and

1

£k =12 = 5.

hence |f(1)], < |f’(1)|§. Then, there exists a unique @ such that f(a) = 0 in Zp, that is, u is a square
in Zz.

Now, similarly to the proof of Theorem , we can extend this result to Q,, by noting that for
all @ € Q, we can write

a = va(o‘)u, uezs,

then, by a completely analogous argument as in Theorem [3.24] we are done. |

3.4 Local fields

Definition 3.27 (Local field). A local field is a field that is complete with respect to a discrete valuation
and has a finite residue field.

Example 3.28. The field Q, is a local field: it is complete with respect to the p-adic valuation, and its
residue field F, is finite.

Remark 3.29. In the local setting, we refer to the valuation ring Og = {x € K : v(x) > 0} as the ring
of integers of K, as we saw in Proposition that Ok is indeed integrally closed.
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3.4.1 Extensions and ramification

In this section, we return to the concept of ramification, but now we look at it through a local lens. In
what follows, we shall consider some finite extension of local fields /K equipped with the discrete valu-
ation vy and vg. We also let Oy and Ok be the rings of integers of L and K respectively, m; and mg, their
maximal ideals, 7;, and 7 their respective uniformizers, and ¢ and k their residue fields.

We revisit the notion of ramification in the local setting, where it is described in terms of valuation.

Definition 3.30. The integer

€r/k = VL (7x)

is the ramification index of L/K.

We say that L/K is ramified if ek > 1, and moreover, as in the number fields case, we define:
Definition 3.31 (Unramified extension). The extension L/K is unramified if ey jx = 1.

Definition 3.32 (Totally ramified extension). We say that L/K is totally ramified if e; jx = [L : K]

The definitions of trace, norm and discriminant for finite extensions of local fields mirror those given
in Section [2| for number fields. Given an extension L/K of local fields, the trace and norm of an ele-
ment « € L are defined via the K-linear map x — aux, just as in the global case. Moreover, these maps
satisfy the same properties as over number fields: the norm of « is the product of all its K-embeddings
into the algebraic closure of K, and the trace is the corresponding sum (see Proposition 2.9). Likewise,
the discriminant of a basis of L/K is defined using the matrix of embeddings applied to the basis (Defi-
nition . The discriminant of L/K is the ideal generated by the discriminant of integral bases, which,
in the local setting coincide with the bases of the discrete valuation ring Oy, (Proposition [3.16).

Proposition 3.33. Let L/K be a finite extension of local fields. Then, the unique extension of the valua-
tion on K to L is given by the formula

v (y) = : vi(Nx(y)) (D

forallyin L.

Proof. See Corollary 3.4 in [3|] where this result is given in the equivalent form using absolute values:

Ve = INyx ) [/ S

The two formulations are equivalent via the identity

i = 7

where 7 is a uniformizer of K. O

Remark 3.34. Valuations on local fields are normalized so that their image is Z and a uniformizer
has valuation 1. When computing valuations via the formula above the result may appear as a rational
number. This indicates that the valuation is not normalized, and one must rescale appropriately to obtain
a genuine discrete valuation.
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3.4.2 Ramified and unramified quadratic extensions of Q,

Quadratic extensions of Q,, where p > 2

Let L = Qp( Vd), where d € Zp is squarefree and p > 2. We study the ring of integers Oy, the extended
valuation vz, and determine whether the extension L/Q),, is ramified or unramified. We distinguish two
cases, depending on whether d = u or d = pu for some unitu € Z,, .

General setup. The embeddings of L into @p are given by

(V) = Vd,  oa(Vd) = —Va

As d is squarefree and x> — d is irreducible over Q,, we have that {1, Vd} is a Qp-basis of L. Every
element x € L can be written uniquely as

x=a+bVd,  withabeQ,.

We now show that the ring of integers O is precisely Z,| \/;z’]

Let x = a + b+/d € O;. Then x is integral over Z,, so its minimal polynomial
x* —2ax + a* — b*d
must have coefficients in Z,. Since p > 2, we have v,(2a) = v,(a), so a € Z,. Also, a*> — b*d € Z,, im-

plies that b*d € Z,,.

From Theorem , we know that @ = p*»(y Q, is a square in Q, if and only if v,(a) is even
and u is a quadratic residue modulo p. So we either have d = pu, with u € Z;, ord =u € Z;
and u not a quadratic residue modulo p. If d = pu we have

vp(bPpu) =0 = 2v,(b) + 120 <= v,(b) = —=

and since the image of v, is Z, we have v,(b) > 0, i.e., b € Z,,. Similarly, if d = u,
vp(b?d) = 0 = 2v,(b) +0=0 < v,(b) =0

Hence b € Z, in both cases. Then

x=a+bVdeZ,[Vd],

s0 Op, = Z,[V/d], as the reverse inclusion is clear.

Now, in order to study the possible ramifications of L, we distinguish between the two cases, the first
one, d = u € Z, where u is not a quadratic residue modulo p, which yields a unramified extension, and
the second, d = pu, with u € Z; which gives a (totally) ramified extension.

I. Unramified extension.
Let d = u, where u € Z,, is not a square modulo p, i.e., u ¢ (F, )2

From Proposition|3.33| the valuation of +/u € L is

1 1

ve(Vu) = 7Vp(N( Vu)) = SVp(=u) = 0.
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Define nry := p +/u. Then:

1

v (p i) = 3vp(N(p V) = 5v(—pu) = 1.

So 7y is a uniformizer in QL. Since v, (p) = 1, the ramification index is

€r/Q, = vi(p) =1,

and the extension is unramified. The residue field is unchanged, i.e., F),.

We compute the discriminant with respect to the basis {1, 1/u}:

2

N G N

so the discriminant ideal Ay g, is generated by 4u, and v, (A /q,) = 0.

I1. Ramified extension.
Let d = pu, where u € Z,;. We show that L/Q,, is totally ramified and compute the discriminant.

1
We begin by showing that the value group of L is EZ’ that is, the valuation on L is originally unnormal-
ized with the formula in Proposition Letx = a+b./puc L*, then

N(x) = a® — b*pu.

By Proposition [3.33] we have

hence v, (L*) < %Z Now, let y = 5 € Z and consider ,/pu" € L*. We have

v (V) = 3y (N( /)

= Sl (ypRy o )

= (VP (= )

hence forall y € 37, there exists some x € L* such that vy (x) = y, thatis, v,(L*) = 3Z. Hence, v (L)
Since the value group of a discrete valuation must be Z, we normalize v, by setting vi*™ := 2v;. Then

v (Vpu) = vp(N(y/pu)) = vp(pu) = 1,

S0 4/pu is a uniformizer. Also,
V™ (pu) = 2vi(/pu’) = 2,

and we conclude ¢ /Q, = 2, so L is totally ramified.
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Finally, we compute the discriminant:
2

N R A R

— i

so the discriminant ideal is generated by 4pu, and v,(Ar/q,) = 1.

Quadratic extensions of Q,

Let us now consider a quadratic extension of Q», i.e., L := Q( \/3), with d € Z, squarefree. From
Theorem an element @ = 2@y, with u € ZZX, of Q2X is a square in Q, if and only if vo (@) is even
and u = 1 (mod 8Z,). Therefore, we can only have that d = pu with u € Z5', ord = u € Z such
that u # 1 (mod 8Z,).

We start by finding the ring of integers Oy of L. Let @ € Oy, < L. Then, since a Q;-basis for L is given
by {1, v/d}, we can write

b+d
#, a, b, ceZ,

and we can assume without loss of generality that gcd(a, b, ¢) = 1 (note that the gcd is well defined as

we are in a unique factorization domain). Then, the minimal polynomial of « is given by

2 2 _pid
2Lt a_z € Zy[x].
C C

Since all coefficients must be in Zy, if gcd(a, b) = m, from the constant term, it must be that gcd(c, m) = m
since d is squarefree, thus we need ged(a, b) = 1. From the linear coefficient we have

w<%>20¢ﬁw%®>l—w@

C

hence we require that v, (¢) = O or vo(c) = 1. Suppose that vo(c) = 1. If va(a) > 0, then gcd(a, ¢) = ¢, but
this also implies that ged(b?d, ¢?) = ¢, and since d is squarefree, that gcd(b, ¢) = ¢, a contradiction.
Hence, v;(a) = 0. We need that

va(a® — b?d) = 2vs(c) = 4,
or, in other words,
a® —b*d=0 (mod4Z,) «— a*>=b*d (mod 4Z,).

Now, we know that Z,/4Z, = Z/4Z from the proof of Proposition [3.22| and in Z/4Z all quadratic
residues are congruent to either 1 or 0 modulo 4. Thus, since v;(a) = 0, we must have a> = 1 (mod 4Z,) so,

p’d=1 (mod 4Z,)
and this implies that 5> = 1 (mod 4Z,). Therefore,
d=1 (mod 4Z,).

If d = 2u, this is clearly impossible, hence we need d = u. Note that in this case, if u = 1 (mod 4Z;), we
obtain that u = 1 (mod 8Z;) or u = 5 (mod 8Z;). The former is excluded by assumption since we
assumed d is squarefree, i.e.,d = u # 1 (mod 8Z;) hence,

u=5 (mod 8Z,).
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Therefore, in this case, a basis for Oy is

TRER)

Assume now that v;(c) = 0. Then we can write
a=a+bd, a,beZ,
and hence, an integral basis in the remaining cases is given by
{1, Vd}.

Putting everything together, we obtain

Zr[V2u],  if d = pu, ueZ;

0; = { Zo[ \/ul, if d=uz#1 (mod8Z;) and u#5 (mod 8Z,),
Zs [1+2ﬁ] , fd=uc ZZX and u=5 (mod 8Z,).

Having the above, we are now able to study the ramification of quadratic extensions of Q,. Recall that
Theorem [2.15]in Section [2] states that a prime p ramifies in some number field extension if and only
if it divides the discriminant of the extension. For local fields, there is an analogous criterion: a finite
extension L/K is ramified if and only if the valuation v (A k) of the discriminant is strictly positive,
that is,

vk(Ak) >0 <= L/K is ramified.

Therefore, we can compute the ramifications in L = Q;( \/Zi) /Q, by making use of the discriminant.
We shall use the discriminant formula in Definition [2.10] and note that the embeddings into Q» are the
same as above, for p > 2. To this end, we consider three cases:

I.d =2u, ue .
Here we have O, = Z;[ v2u] and so

2

1 V2u
1 —+2u

hence Ay /g, = (8u) and v2(Az/g,) = 3, in other words L is ramified.

Arjo, (1, V2u) = = (=2V2u)? = 8u,

ILd=ueZ, u#1 (mod 8Z;) and u # 5 (mod 8Z;).
The ring of integers of L is O = Z3[ /u]. Then

2
Arjg, (1, Vu) = i _\i/ﬁ;l = (=2Vu)* = 4u,

that is, A7 g, = (4u) and v2(Ar/q,) = 2, hence we have again a ramified extension.

Ml.d=ueZ;,u=>5 (mod 8Zy).
This case gives

OL:ZZ[1+ \/ﬁ}

2
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hence

1 1++/u 2
2
[

1+\/ﬁ>:

AL/QZ (1’ 2 = <_

From here we obtain A7 g, = (#) and v2(Ayg,) = 0, in other words, an unramified extension.

23/5)2214

4 Elliptic Curves

The central topics of this paper gravitate around elliptic curves. To rigorously define them, we begin by
introducing basic notions about curves, both affine and projective. In particular, we focus on projective
curves defined by homogeneous polynomials in the projective plane, and discuss the transition between
projective and affine descriptions. This allows us to define smoothness, classify singularities (nodes and
cusps), and formally introduce elliptic curves.

Definition 4.1 (Projective curve). Let K be a field. A projective curve over K is a subset of the projective
sapce P?(K) defined by a single homogeneous polynomial F(X,Y,Z) € K|[X,Y,Z] of degree at least 1.
That is, the projective curve C is the set of all points [X : Y : Z] € P?(K) such that

F(X,Y,Z) = 0.

Note that given a projective curve defined by a homogeneous polynomial F(X,Y,Z), we can obtain an
affine equation by using the non-homogeneous coordinates x = X/Z and y = Y/Z, whenever Z # 0.
This yields a planar (affine) curve in A?(K) defined by a non-homogeneous polynomial f(x,y) and some
additional point at infinity where Z = 0.

Example 4.2. Consider the projective curve defined by the Weierstrass equation
Y’Z + a\XYZ + azYZ? = X3 + anX?’Z + asXZ* + a¢Z’

over P2(K), where K is a field.

Whenever Z #+ 0, through the non-homogeneous coordinate change x = X/Z andy = Y /Z, we obtain:
yZZ3 + a]xyZ3 + a3yZ3 = X2 + X7 + ayxZ® + a(,Z3

which is equivalent to

3

f(x’)’) = )72 +ayxy +asy — x —a2x2 —asx —ag = 0.

Now, if Z = 0 this coordinate change gives a point at infinity. Substituting Z = 0 into the homogeneous
equation gives

Y20+ XY - 0+aY - 0=X+aX> 0+asX 04ag-0 «— X =0.

Thus, the solution at infinity is [X : Y : Z] = [0:Y : 0] = [0 : 1 : O]. Therefore, we can write the
Weierstrass equation as a planar curve f(x,y) together with a distinguished point at infinity O = [0 :
1:0].

Definition 4.3 (Smooth curve). Let f(Xy,...,X,) € K[X1,...,X,] be a polynomial over a field K, and
let P = (ay,...,a,) € K" be a point such that f(P) = 0. We say that the point P is smooth (or
nonsingular) on the curve defined by f if there exists some i € {1,...,n} such that

of

X (P)#0
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We say that the curve C, defined as the set of zeros of the polynomial f is smooth if every point on it is
smooth.

In the case that

of
—(P)=0
X (P)
foralli e {1,...,n}, the point P is said to be singular, and if P € C is singular, then the curve is singular.

Consider now some point P = (xo, o) satisfying a Weierstrass equation:
2 3 2 _
fx,y) =y +aixy+ay—x" —ayx” —asx —ag =0

and suppose that P is singular on f(x,y) = 0. Then,

ip =

P) =
(9x() oy

(P) =0,
hence there exists @, § € K such that the second order Taylor expansion at P has the form

Fxy) = f(x0,50) = (v — y0) — a(x — x0))(y — ¥0) — B(x — x0)) — (x — x0)°.

With the notation as above, we then define:

Definition 4.4 (Node and cusp). The singular point P is a node if @ # B. In this case the lines
y—yo=alx—xp) and y-—yo=p(x—x)

are the tangent lines at P.

Conversely, if @ = 3, we call P a cusp, with tangent line given by

y—yo = a(x — xo).

To illustrate the two types of singularities that may arise on plane cubic curves, Figure [T| below shows
two examples described by Weierstrass equations: a curve with a cusp and a curve with a node.

Y =2 ¥ = +x2

Figure 1: Singular curves: Cusp (left) and Node (right).
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Definition 4.5 (Elliptic curve). An elliptic curve E over a field K is a smooth projective curve equipped
with a distinguished point at infinity, and given by the set of solutions to a Weierstrass equation over K
of the form:

E . y2 +aixy + azy = X+ a2x2 + asx + ae, 2)

where a; € K forallie {1,...,6}. The distinguished point at infinity is taken to be O = [0 : 1 : 0].

Figure [2] provides three examples of elliptic curves, each illustrating different shapes depending on the
coeflicients in the Weierstrass equations describing them.

Il
"
|
=

y2=x3—2x+4 y2=x3—|—x y2

~

@
S

~

Figure 2: Three elliptic curves.

Claim 1: If char(K) # 2, the equation can be simplified to:
E:y* = 4x° + byx* + 2byx + by, (3)
where
by, = a% + 4ay, by = 2a4 + ayas, be = a% + 4ag,

by applying the substitution:

1
y E(y —a1x — az).

Proof. With the substitution above, we have:

1
yz = Z()’z + (dlx)z + a§ — 2a1xy — 2azy + 2a1a3x);

1
ayxy E(alxy — (ar1x)? — ajazx);

asy — %(a3y —aarx — a%).
Then, by substituting the above into the equation for £, multiplying it by 4 and rearranging we have:
¥: 4 (241 — 2a1)xy + (—2a3 + 2a3)y = 4x° + (24 — @} + 4a)x* + (2a1as + 4ayg)x + (a3 + dag)
which, after simplification gives
¥: =42 + (@] + 4a2)x* + 2(2a4 + ara3)x + (a} + 4da)

hence we are done. O

30



Claim 2: 1f additionally char(K) # 3, the curve can be transformed into the short Weierstrass form:
E :y? = x> — 27c4x — S4cq, 4)

using the substitution:

() x—3by Y
Y 36 °108)°

where

ca = b5 —24by,  cg = —b3 + 36brby — 216bg.

Proof. We compute the following:
2
1082’

4
3 3 2 2 3y.
4x° — ﬁ(x - 9b2x + 27b2X — 27b2),

y2

1

byx* — ﬁ(bpcz — 6b3x + 9b3);
1

2bax > 2 (2bax — Gbba).

Now, multiplying the new equation by 108> gives:

1087 - y* — y*;
108 - 4x° > x* — 9byx* + 27b5x — 27b3;
108% - byx* > 9(byx* — 6b5x + 9b3);
1082 - 2b4x — 324(2byx — 6byby).

Then, the right hand side of the equation is given by

x>+ (=9by + 9by)x* + (27b5 — 54b5 + 648b4)x + (—27b3 + 81b5 — 6 - 324byby + 108%hg) =
x> — 27(b} — 24by)x — 54(—b3 + 36brbg — 216bg) =

X — 27c4x — S4cq

and the left hand side is precisely y>. This finalizes the proof. |

Thus, by applying suitable coordinate changes, every elliptic curve over a field of characteristic not 2 or 3 can
be written in the simplified form:

E:y2 — x>+ Ax + B,
where A, B € K.
Example 4.6. Consider the elliptic curve E/Q given by the equation
E:y2+xy+y=x3—x2—5x+2
Since the characteristic of Q is 0, we can simplify this equation. First, compute

by=1>—4-1=-3;
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be=124+4.2=09;

and then, through

to obtain

cq = 3% +24-9 =225;
6 =—3+36-3-9—216-9 = —945

which gives the simplified equation for E:

y? = x> —27-225x + 54 - 945.

We now introduce a few classical invariants associated to elliptic curves:

bg = a%a(, + darag — ayazay + azag — aﬁ,
A = —b3bg — 8b, — 27bg + 9brbab,

dx dy
W= = )
2y +aix+ a3 3x%+2ayx + as — ay

The A quantity is called the discriminant of the equation, j the j—invariant and w the invariant differen-
tial.

Example 4.7. Consider the elliptic curve E/Q given by the equation in Example H.6]
E:y2+xy+y=x3—x2—5x+2.
Then we have

A=-3%1-244-(=1)-2+1-1-5-1-12-25)—8-(-9)>-27-9°+9-3.9.9)
= 6075 =3°.5°

and

2253 36.56

- S 3.5
6075  35.52

J

In the simplified form y> = x* + Ax + B, valid when char(K) # 2,3, the discriminant and j-invariant
become:

A= —16(4A% +27B%),  j=—1728:
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We note that the Weierstrass equation of an elliptic curve is unique up to a change of variables of the
form

x=u*x +r and y= u3yl + su*x +1, (®)]

where u,r, s,t € K with u # 0. For the proof, see Chapter III, Proposition 3.1. (b) in [11]. In the case we
have a simplified equation of the form y> = x> + Ax + B, the only change of variables preserving this
form of the equation is

X=ux and y=u’y
where u € K*. Moreover, for the new curve with coefficients A’ and B’, and discriminant A’ we have:
u*Al = A, u’B' = B, ul?A’ = A,

Indeed, we have that

2 o ubx3:
Ax — Aulx
hence the equation becomes
u6y2 —uSx® + Au*x + B
and multiplying it by %, we obtain
vV =xX+u*Ax+u"°B
hence
A=utA = d'A=4A
B=u'B <«— u’B=8.
Then, we can also compute

A = —16(4(A")? +27(B')?) = —16(4u'?A% + 27u'?B*) = u'?A.

For a general Weierstrass equation, we can compute the values of each coefficient in the same way, but
the computations are more tedious. The results for this are given in the Table [I|below.

’ (x, y) H (WPx + 3, Py + uPsx + 1) ‘
ai ua; = ay + 2s
a» u2a’2 =a, — sa, +3r — %
az u3a’3 =az+ray + 2t
as u4a:1 = a4 — saz + 2rar — (t + rs)a; + 3r> — 2st
by w’bly = by + 12r
by u'b, = by + rby + 6r°
bg u6b’6 = bg + 2rbs + r2b2 + 43
bg ugbg3 = bg + 3rbg + 3r2by + by + 31"
Ca u4cg =y
6 1460’6 = cq
A ul?A’ = A
J j =7
w ule = w

Table 1: Change of variables table for Weierstrass equations (adapted from [ 11, Table 3.1])
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Proposition 4.8. The following properties hold:

(a) E is singular if and only if A = 0, and

(i) it has a node if and only if c4 # 0,
(ii) it has a cusp if and only if c4 = 0;

(b) Two elliptic curves are isomorphic over K if and only if they both have the same j-invariant;

(c) Forall jy € K there exists an elliptic curve over K(jo) with its j-invariant jj.

Proof. (a) Let E be a curve given by the Weierstrass equation
E: f(x,y) = Y+ aixy + a3y — x° — apx> — agx — ag = 0.

First, we show that the point at infinity O = [0 : 1 : 0] is never singular. Therefore, we need to look at
the curve on P?(K) defined by the homogeneous equation

F(X,Y,Z) = Y’Z + a\XYZ + a3YZ* — X° — axX*Z — asXZ* — agZ’ = 0.

‘We have that
oF 2 2 2
ﬁ(X, Y,Z2) =Y + a1 XY + 2a3YZ — ayX” — 2a4X7Z — 3a¢Z
hence
oF
—(0)=1#0
aZ( )

so O is nonsingular.

Next, assume that E is singular at some Py = (xo,yo). Now note that the substitution
x=x + xo, y=y +y

leaves A and ¢4 invariant hence we may assume, without loss of generality, that Py = (0, 0). Then, from
£(0,0) = 0, we obtain ag = 0. Moreover, from

of _Jf _
7 (0:0) = 51(0.0) =0
and
0
a—ic(x,y) =ayy— 3x% — arx? — ay,
a—f(x,y) =2y + ajx + as,
dy
we obtain
of
ag = a(0,0) = 0,
of
asz = a—y(0,0) = 0.

Thus, E becomes

E:y +amxy —ap’ —x =
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for which we have

by, = a% + 4day;
by = 0;
be = 0
bg = 0;

hence ¢4 = (a3 + 4a4)* and A = 0.

Now, by Definition E has a node at Py = (0, 0) if the quadratic form
y2 +ajxy —axx
has distinct factors, i.e., if the discriminant of the quadratic form is nonzero:
a%+4a4¢0 = 3 #=0.

On the other hand, the point Py = (0,0) has a cusp if the quadratic form has equal factors, i.e if the
discriminant of it is precisely 0. This shows that if c4 # 0 and A = 0, then we have a node, and
if ¢4 = A =0, acusp.

To complete the rest of the proof, we will show that if £ is nonsingular, then A # 0. In order to
avoid tedious computations, we shall assume that char K # 2, and thus, consider a Weierstrass equation
for E of the form:

y2 = 4x° + byx® + 2bsx + bg.

Then P = (xo, o) is singular if and only if

0 2 J 3 2
a_yy ‘(xo,yo): a(‘l-x + bzx + 2b4x + b6) ’(XO,)’O): 0

2y0 = 12x5 + 2byxg + 2bs = 0
hence the singular points are of the form (xp, 0) such that
4x3 + byxg + 2baxg + bg = 0 and 12x3 + 2byxg + 2bs = 0

hence xg is a double root of the cubic polynomial 4x(3) + bzx(z) + 2baxg + bg = 0. This polynomial has a
double root if and only if its discriminant is equal to zero:
0=4b3b; —4-4-8-b) —4b3be —27 - 16-b% +18-4-2-by - by - bs
= 4b3 (b3 — bybg) — 16-8 - b — 1627 - b2 +16-9 - by - by - bg
= 16(—b3bs — 8b; — 27b% + brbaby)
= 16A.

This completes the proof.

(b) Assume that two elliptic curves E and E’ with respective invariants j and j' are isomorphic. Then,
there exists some change of variables as in (3]) that maps all elements of E to E’. Then by Table [1} j/ = j.
Conversely, assume that E and E’ have the same j-invariant. For simplicity, we assume that char K # 2, 3 so
that we can write

E:y»=x+Ax+B
E:y=xX+Ax+8
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Then, by assumption

o, (44)* (44")°
I=J 443 1 2782 4(A) 1+ 27(B)?

— 4A3(A')} + 27A%(B')* = 4A3(A")? + 27(A')° B
which gives
A3(B/)2 _ (A/)3B2

Since we are in characteristic different than 2 or 3, we need to look for isomorphisms of the form

Zx, u3y).

(x,y) = (u
We distinguish between three cases:

LA=0=j=0
Since we cannot have A = 0, it is necessary that B # 0. This in turn implies that A’ = 0 since
(A")3B? = 0. Then for u = (B/B’)"/°, the equation for E becomes

1/3 —2/3
B, B, B 2 3 B /
7 =5~ +A‘<E> +B < y=x+A- 7 +B

and since

B/

A3(B/)2 _ (A/)3BZ —_— —_ _ n

B A B\ ? &
B/Z (A/)3 —

we obtain the equation for E’.

IL B=0= j=1728
By the same argument as above, we obtain A # 0 and hence B’ = 0. Thus if we take u = (A/A’)"/, the
equation for E becomes

A0\ 32 , A0\ 32 X AN\ 12 ) X AN AN 32
<I) yz(z) x+A-(K> X+B < y " =x +A-(E) +B-(Z)

From the first case it is easy to see that

hence we have yet again obtained E’.

II. AB#+0=j+0,1728

The above implies that A’B’ # 0 must hold as well, since if one of them would be 0, then both A’ and B’
should be 0 from the equality A3(B’)? = (A")3B?. If both of them were 0, then A’ = 0 which is impossi-
ble. Thus, in this case we can take either of the values from the previous cases for u, hence E and E’ are
isomorphic and this concludes the proof.

(c) Similarly to the proof of (b), we consider three cases:

L. jo+#1728,0
Consider the curve E given by the equation

36 1

E :y? - — — .
e T M LT
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We then compute

by=1*=1
—36 72
by =2~ = —= ;
jo—1728  jo—1728
4
by = ————;
Jo— 1728
1 1296
bg = —1- — ;
8 jo— 1728 (jo — 1728)2
124 T 1728 Jo

—1728 T8 T - 1%
which allows us to determine

A = —b3bg — 8b; — 27b; — 27b% + Wbrbaby

1 1296 723 723
= — | —~ - N . AAoN2 27 . T AAoR
Jo—1728  (jo — 1728)? (jo — 1728)3 (jo — 1728)3
16 4.72

+ —_—
(Jo — 1728)3 (Jo — 1728)?

(jo — 1728)* + 3456(jo — 1728) + 2985984

(jo — 1728)3
B
(Jo — 1728)3
and hence,
j_G_ b Goo1m8P
AT (o 1728)3 2 "
This yields an elliptic curve with j-invariant jp for all choices of jg subject to the condition that jy # 0, 1728.
IL. jo=0
Define
E: y2 +y= X
This curve has discriminant A = —27 and ¢4 = 0 thus, j = 0.
I jo = 1728
Consider

E:y2=x3+x

with A = —64 and ¢4 = —48. Then
3
. ¢ —110592
=—==——=1728.
T=A “64
We note that in the case we are in characteristic 2, case Il. is singular, and if we are in characteris-
tic 3, case IIL. is singular, but we need not worry as for both characteristics 0 = 1728, and so, at least

one of the two cases defines an elliptic curve.
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4.1 Legendre form

Sometimes it is more convenient to write Weierstrass equations in a different form. In this section, we
introduce the Legendre form,

Definition 4.9 (Legendre form). A Weierstrass equation is in Legendre form if it can be written as
¥ =x(x—1)(x = Q). (6)

Proposition 4.10. Assume that char(K) # 2. Then

(a) Every elliptic curve is isomorphic over K to an elliptic curve in Legendre form
Ey:y*=x(x—1)(x—2)
for some A € K with A #0, 1.
(b) The j-invariant of E, is

(2 —1+1)°

J(E2) =2 -1

Proof. (a) Note that char(K) # 2, thus E has Weierstrass equation of the form
E : y2 =4 + b2x2 + 2bgx + bg.
Consider
(x,y) = (x2y)
which yields

b b b
2 3 2 2 4 6
y = x +—4x +—2x+—4

hence we can factor the cubic on the right hand side and obtain an equation of the form

Y= (x—e)(x—e)(x—e3)

= (x2 —(e1 +e)x+ejez)(x — e3)

= x> — (e1 + €2+ €3)x" + (e1e2 + e1e3 + e2e3)x — ejezes

for some ey, e>, e3 € K. Moreover, one can easily compute
A =16(e; — ez)z(el — 63)2(62 — 63)2
and A # 0, so it must be that e, e; and e3 are pairwise distinct. Now, the coordinate change given by
x= (e —e1)x + ey, y=(es — €))%y
gives

(e2—e1)>(y)? = ((ez —e))X +e1 —e1)((e2 —e1)x + ey —ex)((e2 — €)X + e — e3)

e — e
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and dividing the above by (e; — ;) yields a new Weierstrass equation in Legendre form:
E:y =x(x—1)(x—2)

€3 — €]

where 1 = € K,and 21 # 0,1 since ¢; # ¢j forall i # j.

ey — e
(b) Note that from (a), we have that
E:y =(x—e)(x—e)(x—e3)
has discriminant
A =16(e; — ez)z(el — 63)2(62 — 63)2

€3 — €1
€ — €]

and the change of variables with u = (e, — 63)% gives us the Legendre form (6)) with 2 = . Then,

the discriminant A’ of this form can be computed using Table
A/ = (62 — €1>_6A

16(e2 — e1)?(e1 — €3)*(e2 — €3)?

(2 — €3)°
_ 16/12 ey — €1 _63—61 2
€y — €1 ér — €1
= 162%(1 — 2)?

In order to determine the j-invariant, we need to also compute c4. Expanding the Legendre form gives
E:y*=x—(1+2)x+ ax
hence, we have

ey =4 (1+2)?%-24-22
= 16(1 + 21 + 2> — 32)
=162 —2a+1).

Combining everything together then yields

(Ey) = 222 —a+1) s, @A 1)
V=N T e —1 ~ T ea-1e

4.2 The Abelian Group of Elliptic Curves

The set of points satisfying the Weierstrass equation of an elliptic curve E — P? forms an abelian group
together with the point at infinity O serving as the identity element. This group structure arises from a
geometric construction and can be expressed through explicit algebraic formulas.

Let E be an elliptic curve over a field K, given by the Weierstrass equation
E: y2 +ajxy + azy = x3 + a2x2 + asx + ae,

with coefficients in K and point at infinity O = [0, 1,0].
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Definition 4.11 (Group law on E). The composition law, here denoted by +, on E is defined as follows:

Let P and Q be two points on E.

Let L be the line through P and Q, or if P = Q ,the tangent to E at P.

Let R be the third point of intersection of L with E.

Let L' be the line through R and O.

Then P + Q is defined as the third point of intersection of L' with E.

Py

/

n
O UL

\P+Q

Figure 3: Group Law.

This composition law satisfies the axioms of an abelian group, with O as the identity element, and a
unique inverse.

Proposition 4.12. The triple (E, +, O) forms an abelian group. That is,

(a) P+0O=0+P=PforallPe E;

(b) Forall P,O,R€ E

(P+Q)+R=P+(Q+R);

(c) Forall P € E, there exists some point, Q := —P € E satisfying

P+ (—P)=0

(d) P+Q=Q+Pforall P,Q € E.

Additionally, the composition law has the properties
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(e) Let the line L intersect E at the points P,Q,R € E. Then

)

Proof.

(b)
(©)

(d)
(e)

()

(P+Q)+R=0

If E is defined over K then E(K) is a subgroup of E(K) where

E(K) ={(x,y) € K* : y* + ajxy + asy = X’ + apx* + asx + ag} L {O}.

(a) This is quite clear by construction. In this case, if we take Q = O, the lines L and L' in
Definition {.T1] coincide. The former intersect the elliptic curve at P, O, R, whereas the latter
at R, O, P + O. Since a line can intersect the elliptic curve at no more than 3 points, this shows
that P + O = P. To show that O + P = P, the reasoning is completely analogous.

See Proposition 3.4.(e) in Chapter III from [[11]].

Let the third point of intersection with E of the line through P and O be R. Using (e), we have

O=(P+0)+R=P+R

This follows immediately from the construction in Definition4.11} which is symmetricin P and Q.

This is easy to see from Definition #.11] We have that P + Q is given by the third point of
intersection of the line through R and O and the elliptic curve. Thus, P + Q, R, O are collinear
and since the tangent of E at O intersects E with multiplicity 3 at O, we obtain

(P+Q)+R=0.

First, E(K) is clearly a subset of E(K). Next, we will check the subgroup axioms. The fact that
O € E(K) is clear from the construction of E(K). Now, let P, Q € E(K). Then, the equation
of the line L through P and Q must have coefficients in K and thus the third point of intersection
of L with the elliptic curve, which we denote by R, is also in E(K). Denote the line through R
and O by L'. Similarly as above, the third point of intersection of L' and E, i.e., P+ Q is in E(K).
Finally, note that we have Q + R € E(K), and so, P + (Q + R) € E(K). But by (b)

P+(Q+R)=(P+Q)+R
and since P, O, R € E(K) are colinear, by (e) we obtain
(P+0Q)+R=0

and hence, O € E(K).

O

Remark 4.13. All properties except for (b) follow from the geometric construction, while (b) is more
difficult to prove and is omitted here. A direct verification using explicit formulas is possible but lengthy;
alternatively, one can use the Riemann—Roch Theorem (11.5.4 in [ 1]).

We now derive explicit formulas for the group operations on E.

Proposition 4.14 (Inverse). Let P = (x,y) € E. Then the inverse of P is given by

—P = (x,—y —ajx — a3).
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Proof. Consider some elliptic curve given by the implicit equation
flx,y) =y +aixy + azy — x> — apx® — asx —ag = 0

and let P = (xo,yo) and consider the line L through P and O and denote the third point of intersection
with E by Q. Indeed,from the previous proposition we have

(P+0)+0=0 — P+Q=0

hence Q = —P. Moreover, the line L is given by x — xp = 0. Substituting this into f yields f(xp,y) = 0
where f(xo,y) is a quadratic polynomial in y with roots y and y; and —P = (xo,y;). Our goal is to
compute y;, in terms of xo and yo. To this extent, notice that

F(x0,y) = e(y = 30) (v = ) = e — ey — cyyo + eyoyy,
Now, by equating the coefficients of y* we obtain ¢ = 1 and
—(o +y0)y = (a1x0 + az)y
hence y6 = —Yyo — a1 xp — a3. This finishes the proof. O

Proposition 4.15 (Addition). Let Py = (x1,y1) and Py = (xa,y2) be two points on E.

(a) If x1 = xp and y +y, +a1xy + a3z = 0, then Py + P, = O.
(b) Otherwise, define the line through Py and P; (or the tangent if Py = P,) by
L:y=Ax+v,
where:

_ .
Ifx1 % %o, then A = 2221, _ N2 72X,

X —xp X2 — X1
3x% + 2axx1 + a4 — a1y —x? + asx; + 2a¢ — azy;
If x1 = x2, then A = ,V =
2y1 + ar1x; + a3 2y1 + a1x; + a3

Then the third point of intersection is Py = (x3,3), where:

x3=/12+a1/l—a2—x1—x2,
y’3 =—A+a)x3—az—v.

Finally, P + P, = Ps.
Proof. Note that (a) follows immediately from [4.14] It remains to show (b). Let L be the line through
Py and P,. Then L is of the form
L:y=Ax+v

and f(x, Ax + v) has precisely three roots, xi, x, and x3, where we denote —P3 = (x3,y3). Since —P3 is
the additional point of intersection of L with E, from 4.12{ we have

Py + P, + (—P3) = 0.
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Then, as in the previous proof write
flr,Ax+v) =c(x —x1)(x — x2)(x — x3)

and by equating with the x> and x* terms yields

cexd = —x3 c=—1
2 2 2 2
cx*(—x3 —xp —x1) = x*(—ay + 2 + a1d) X1+x+x3=+qd—a
Thence, we obtain x3 = A% + ajd — a» — x; — x and y3 = Ax3 + v. Moreover, for P3 = (x3, ¥5), we

have that y;, = —A(x3 + a1)x3 —az — v.
Now, assume that x; # x;. Then, as P;, P, € L we have

yi=Ax; +v
vy =Axp + v

from which we obtain

2 — )1 1X2 — Y2X1
= Y Y and Vv = )L
X2 — X1 X2 — X1

A

For x; = xp, since we are in the case where y| + y, + a1x2 + a3 # 0, it must be that P; = P, and hence
L is the tangent line to E at P; = P,. After some straightforward computations we obtain

3x% + 2ax1 + a4 — a1y and —X? + aax) + 2a¢ — azy
= Vv = .

2y1 + a1x; + asz 2y1 +ajx; + as

4.3 Base change and twist

Let E/K be an elliptic curve defined over some field K, and L/K a finite extension of K. In this section,
we explain the notions of base change and twist of an elliptic curve with respect to L. These concepts
will prove to be extremely useful in the process of proving Theorem|[5.3]

Recall that the Weierstrass equation of an elliptic curve E is unique up to the change of variables of the
form

x=u*x +r and y= u3y' + su*x +1,
where u, r, s,t € K with u # 0.

Definition 4.16 (Base change). Consider some elliptic curve E /K. The base change of E from K to L, de-
noted by Ey is defined to be an elliptic curve with coefficients in L such that Ey, is isomorphic to E over
the extension L, but not over K.

Definition 4.17 (Twist). The twist E* of an elliptic curve E/K is an elliptic curve with coefficients in K
and isomorphic to E over L.

Example 4.18 (Quadratic twist). Let E/K be some elliptic curve defined over K described by the Weier-
strass equation:

E . y2 +aixy + azy = X +a2x2 + asx + ae.

43



Suppose that L := K( \/g), withn?* = 1/d and d € K* square-free, is a quadratic extension of K. Then
the quadratic twist of E by d is given by the coordinate change:

ailn—1) 5, a(pP —1)

X =nx and y=1y +

Denote the resulting curve by E' and d. fori € {1,...,6}, its corresponding quantities. Note that Vde L and
it is nonzero, hence, it is clear thatn = 1 / \/;1’ € L* since L is a field and d nonzero. Moreover, it also
follows that ai(n — 1)/2, a3(* — 1)/2 € L. This shows that E' is isomorphic to E over the exten-
sion L through the coordinate change ().

Next, we compute each of the coefficients of E using the formulas in Table |I| and check that they are
elements of K:

ay=n""ar+ai(n—1)) = ay;

2 4
a*(n — -
:d<2_ (n 1)(42+n 1)>
_ (az_af(l/d—1)>
4
a*(d —
=day + 1(d4 1),

dy=n"(az + a3(p’ — 1)) = a3;

b= <a4 _aa =) s -1 aat - D0 - 1))

A= 2 2 2

dZ

= 5 Qas—ais(n =11+ @ +n+1)+ (0’ = 1))
& 3, 2

= E(2a4 —arazs(n—1D) (" +n°+n+1)
d? >

= 7(2614 —ajaz(1/d” — 1))

= ayd® + —a1a3(c§— 1);

44



2 4
g -2+ -1)
_ d3 <a6 . 3 n
az(d*>—1)
= a6d3 + 37

From the above computations, we see that a; € K, forall i. Thus, E' is the quadratic twist of E by d, and
it is given by the equation:

4 2 4

2 2(43
ay(d—1 -1 aA(d® -1

4.4 Elliptic curves over local fields

Recall from Section [ Proposition [4.§] that an elliptic curve is nonsingular if and only if its discrimi-
nant A is nonzero. That is, if A = 0, the Weierstrass equation has a singular point.

Example 4.19. Let E be an elliptic curve over Q given by a Weierstrass equation with coefficients in
Z. Since Z is a unique factorization domain we can write the discriminant as a unique product of prime
factors, that is

n
a=]]»t
i=1

where p; # pj for all i # j and e; is the multiplicity of the prime p; in the factorization of A. A
common technique is to reduce the coefficients of E modulo a prime p, thereby obtaining a curve de-
fined over the finite field F,. For finitely many primes, in particular p; for i € {1,2,...,n}, one ob-
tains A =0 (mod p) and thus, in F,, the reduced curve is no longer an elliptic curve. On the other
hand, for a prime p such that p # p; for all i, the reduced curve is nonsingular, and thus an elliptic curve
over Fp.

This example illustrates the idea of reducing an elliptic curve modulo a prime to study its behavior
over finite fields. To make this notion precise, we now introduce the general framework for studying
elliptic curves over local fields, where the concept of reduction plays a central role in understanding the
arithmetic of the curve at a given prime.

In this section, we consider K to be a local valued field with respect to v, a discrete valuation, Ok its ring
of integers, m the maximal ideal of Ok with uniformizer x, i.e., m = (), and k = Og/m the residue
field of Og. Moreover, we assume that v is normalized, that is, v(rr) = 1.

4.4.1 The Minimal Weierstrass Equation

An elliptic curve E/K admits a Weierstrass equation of the form

y2 +aixy +azy = X+ a2x2 + asx + ag, @)
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with a; € K. Let A denote its discriminant.

To study models over Ok, we consider coordinate changes of the form:

-2

(x,y) > (™2, u™%).

This substitution yields

5

u_6y2 +u Cayxy + u_3a3y =u 0% + u_4a2x2 + u_2a4x + ae,

and multiplying both sides by u® gives the new equation:
y2 + uayxy + u3a3y =+ u2a2x2 + u4a4x + u6a6 (8)

Thus, each coefficient g; is replaced by u'a;, and if we choose u such that it is divisible by a sufficiently
large power of 7, we obtain a Weierstrass equation with all its coefficients in Og. Indeed, assume that

a; = ~— with 7 { ¢, and let u be divisible by " where n > m. Then,
/s
v(u'a;) = in—m =0, Vi

hence u'a; € Ok. In this case, the discriminant of (8) is given by

A = (u2af + 4u2a2)2(u8a1a6 + diBarag — udayazaq + usagag — ugai) — 8(2u4a4 + u4a1a3)3—

— 27(uba3 + 4ulag)* + 9(u*al + 4tar) (2u'ay + utaras) (ubd} + dulag)

= ulz[—(a% + 4a2)2(a1a6 +4darae — ajazas + azag — ai) —8(2a4 + a1a3)3—

—27(a3 + 4ag)* + 9(at + uar)(2as + araz) (a3 + 4ag)] = u'*A
Therefore, by choosing u with suitable valuation, one can minimize v(A).

Definition 4.20 (Minimal Weierstrass equation). A Weierstrass equation for E/K is said to be minimal
at v if v(A) is minimized subject to the condition that a; € Og. The minimal value of v(A) is said to be
the valuation of the minimal discriminant of E at v.

Now, in order to find a minimal equation we must have a; € Ok for all i by definition. Suppose
that E/K is such that this holds, but not minimal. In section 4| we saw that a Weierstrass equation
is unique up to the coordinate change

x=u’x +r and y=u3yl+su2xl—|—t, r,s,te K,u#+0.

Proposition 4.21. Let E/K be an elliptic curve.

(i) If a; € O and v(A) < 12, the Weierstrass equation for E is minimal.
(ii) If a; € Ok and v(c4) < 4, the Weierstrass equation for E is minimal.

(iii) If a; € Ok and v(ce) < 6, the Weierstrass equation for E is minimal.

Proof. From Table (1| we know that with the substitution above yields a new discriminant A’ = y~12A.
Hence, v(A) can only be changed by multiples of 12. Similarly, since ¢, = u~*c4 and ¢} = u*cq,

then v(cs) and v(cg) can only be changed by multiples of 4 and 6 respectively. ]
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Example 4.22. Let E be an elliptic curve, with Weierstrass equation
E :y* = x> — 412x — 3316.

with discriminant A = —1 - 28 . 55 . 73, The Weierstrass equation is minimal over Qp for all primes.
Indeed, all coefficients of the equation are elements of Z,, and moreover, for p # 2, 5, T we have:

vp(A) =0 < 12,
forp=2:

n(A) =8 < 12,
forp =5:

vs(A) =5<12
and for p =7:

v7(A) =3 < 12.

Determining whether a given Weierstrass equation is minimal can be subtle. A systematic procedure
to compute minimal models is provided by Tate’s algorithm, which is discussed in [12} p. IV.9.4]. The
following proposition ensures us of the existence of a minimal Weierstrass equation for any elliptic curve
defined over some local field, and moreover, it provides us with some useful properties.

Proposition 4.23. Let E/K be an elliptic curve over a local field.

(a) E admits a minimal Weierstrass equation;
(b) Any two minimal Weierstrass equations are related by a change of variables
x=u*x +r and y =y + su*x +1
withu € Og andr, s,t € Og;

dx
(¢) The invariant differential w = ——  — is unique up to multiplication by an element of OIX( ;
2y +a1x + a3

(d) Conversely, any change of variables
x=u*x +r and y= u3yl + su’x +t

producing another minimal equation satisfies u, r, s, t € Ok.

Proof. (a) We have seen in the beginning of the section that it is possible to obtain a Weierstrass
equation with all coefficients in Ok after some change of variable Moreover, since any change of
coordinate yields

V(A) = v(u?A) = v(A) + 12v(u),

where A’ is the newly obtained discriminant, we can vary the power of 7 in u to ensure that the
coefficients lie in Og. Among all such equations, the valuation v(A’) is minimized for some choice
since v is discrete, yielding a minimal Weierstrass equation.
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(b) Let E/K and E’/K be isomorphic. Then, there exists a change of variables of the form (B,
with u, r, s, t € K and u # 0 between the two. Minimality of both equations implies v(A) = v(A’).
Now, from Table [T} we have

u?A = A
hence
v(A") = v(A) = 12v(u) +v(A") = v(u)=0

giving that u € O;;. Next, again from Table

Ul = bg + 2rbs + r’by + 4r°
and so we need

v(be + 2rby + 1r*by + 4r°) = 0.
Note that

v(bg + 2rby + r’by + 4r%) = min{v(bg), v(2r) + v(bs), 2v(r) + v(by), v(4r*)}

by applying the second property of valuations four times. Assume that v(r) < 0. Then, since
v(b;) = 0 for all 4,

min{v(bg), v(2r) + v(bs), 2v(r) + v(by), v(4r))} = v(4r*) < 0

which is a contradiction as we need by € Ok. Thus, we need v(r) > 0, and hence r € Ok.
From &), € Ok and

1420/2 =ay, — sa; + 3r — 52

we get s € Ok, and from ag € Ok and
u6a6 = dae + ras + r3a2 + r— tasz — — rtay
that 7 € Ok, hence we are done.
(c) This follows from the fact that u € Oy and Table|l} since o’ = uw.
(d) We have u'>A’ = A and since we also have obtained a minimal equation, v(A’) < v(A) so
12v(u) +v(A) =v(A) =v(A) = v(u)=0

hence u € Ok. In order to show that r, s, f € Ok, the proof is analogous to (b).

4.4.2 Reduction

In this section, we study how elliptic curves behave under reduction modulo the maximal ideal of a local
field. This concept is central to understanding the arithmetic of elliptic curves at primes of bad reduction.

Let E/K be an elliptic curve defined over a local field K equipped with a discrete valuation v. Consider
the minimal Weierstrass equation for E/K. Since the coefficients g; lie in Ok, we may reduce them
modulo the maximal ideal m = (7) to obtain an equation over the residue field k = Ok /m. Let a; denote
the image of a; in k, and define the reduced curve E /k by:

E: y2 +ayxy + azy = x>+ drx® + agx + d. )
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Definition 4.24 (Reduction modulo 7). The curve E /k defined by () is called the reduction of E mod-
ulo .

Similarly, for P € E(K) with homogeneous coordinates P = [xo, yo, 20| With xo, yo, 20 € Ok and at least
one xo, yo, 20 € Oy, the reduced point P = [%y, Yo, Zo] is in E(k). This defines a reduction map

E(K) — E(k), P+ P.
Definition 4.25 (Good Reduction). The elliptic curve E/K has good reduction at v if E /k is a nonsin-

gular curve.

Remark 4.26. Good reduction occurs if the reduction of the discriminant A satisfies A # 0, orif v(A) = 0
for a minimal Weierstrass equation.

Example 4.27. Let E be an elliptic curve with minimal Weierstrass equation
E :y* = x> — 412x — 3316.
The discriminant of E is given by A = —1-28 .5 . 73. Now, consider E over Qy1. Then E /k is given by
E:y2 =x—5x—5

S0,

A=-1-2.3

hence, v(A) = 0, implying that E /k is nonsingular. Therefore, the curve E has good reduction over Q.
In fact, E has good reduction over all p # 2,5, 7 since

vp(A) =vp(—=1-2%.5°.7) =0, Vp#2,57.

Definition 4.28 (Bad Reduction). If E/k is singular, we say that E/K has bad reduction at v.

Bad reduction falls into two distinct types, depending on the nature of the singularity of the reduced
curve E:

(i) Multiplicative reduction: If £/k has a node, then E has multiplicative reduction. In this case,
the reduced curve is a singular curve with a node.

(i) Additive reduction: If £ /k has a cusp, then E has additive reduction. In this case, the reduced
curve is a singular curve with a cusp.

Remark 4.29. Bad reduction occurs when v(A) > 0 (i.e., A € m ), and the nature of the singularity can
be detected by the value of c4 modulo n:

(a) Ifv(ca) =0, i.e., ca € O, then E has a node = multiplicative reduction;
(b) Ifv(cs) > 0, i.e., ¢, € m, then E has a cusp = additive reduction.
Example 4.30. Consider the elliptic curve from with minimal Weierstrass equation
E:y* = x> —412x — 3316

and discriminant A = —1 - 28 .55 . 73,
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Over Qs and Q7 the curve has multiplicative reduction. Indeed,
vs(A)=5>0  and  vs(cs) =vs5(22-103-37) =0
and
v7(A) =3 >0 and  vi(cs) =v7(2%-103-37%) = 0.
Over Q we have
v(A)=8>0  and  vics) =1(22-103-373) =2>0

hence the reduction is additive.

Suppose that E/K is an elliptic curve having bad reduction. It is often useful to know whether it may
attain good reduction over some extension of K. To this extent, we introduce the concept of potential
good reduction.

Definition 4.31. Let E/K be an elliptic curve. We say that E/K has potential good reduction if there
exists a finite extension K' /K such that E has good reduction over K'.

One natural question is whether bad reduction persists under field extensions. The following result,
known as the Semistable reduction theorem, gives a partial answer.

Proposition 4.32 (Semistable reduction theorem). Let E/K be an elliptic curve.

(a) Let K'/K be an unramified extension. Then the reduction type of E over K is the same as the
reduction type of E over K'.

(b) Let K/K' be a finite extension. If E has either good or multiplicative reduction over K, then it has
the same reduction type over K'.

(c) There exists a finite extension K'/K such that E has either good or multiplicative reduction
over K'.

Proof.  (a) We only prove this for char(k) > 5. Note that the proof for arbitrary characteristic follows
from Tate’s algorithm (see IV.9 in [12]]). Since char(k) # 2,3, we have that E/K has minimal
Weierstrass equation of the form

E:y"=x+Ax+B.
Consider Ok and denote by V' the valuation on K’ extending v on K. Now, let
x = (u/)zx/, y = (u/)Sy/,

be some change of variables producing a minimal equation for E over K’. Since K/K’ is unrami-
fied, the valuation v/ on K’ is an extension of v on K with

v(n) =V (1) =1
. u u X
so there exists some u € K such that v (—/> = 0 and hence — € 0] o Thus, as
u u

Vi(u) =V () — v(uPA) = v(()"2A),
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(b)

(©)

the coordinate change

X — uzx/, y = u3y/

also produces a minimal equation for E over K’. But then, this new equation has all of its co-
efficients in Ok and since the original equation is minimal over K, it must be that v(u) = 0.
This shows that the original equation is also minimal over K’. Moreover, we have obtained that
v(A) = V/(A) and that v(cs) = V/(c4), thus from Remark [4.29 we see that E has indeed the same
reduction type over K’ as it has over K. This shows (a).

Now, take some minimal Weierstrass equation for E over K with A and c4 its corresponding
quantities. Existence of such a minimal equation is insured by Proposition 4.23
Consider Ok, and V', and let

x = u’x + 7, y = u3y/ + su’x +t

be a substitution giving a minimal Weierstrass equation for E over K’, with A" and ¢/, the associated
quantities to this new equation. Then we have

0<V(A) =V 2A)
and
0 <V(c)) =V (u*es)

and from Proposition (d), u € Ok’ hence

1 1
< < min{ —v' L ‘
0<V(u) mm{lzv(A),4v(C4)}

Suppose first that E has good reduction over K. Then, v(A) = 0 which implies that v/(«) = 0.
Similarly, if E has multiplicative reduction, v/'(«) = 0 since v(c4) = 0. Then, it must be that

V(&) = V(A)
and
V() = V(es).

Then, if E/K has good reduction, 0 = V/(A) = V/(A") so E/K’ has good reduction as well.
Analogously, if E/K has multiplicative reduction, v'(A") = v/(A) > 0 and V/(c};) = V/(c4) = 0, s0
E /K’ has multiplicative reduction. This finalizes the proof for (b).

Assume that Char(k) # 2, for the proof in char(k) —2 see Corollary 1.4. (a) in Appendix A of [11].
Let K’'/K be a finite extension such that E/K’ is defined by a Weierstrass equation in Legendre
form:

E:y* =x(x—1)(x—2),

where A # 0, 1. The associated invariants of this model are:
;=162 —-21+1) and A=162%—1).
We distinguish in between three cases.

(i) Suppose that 1 € Og and A # 0,1 (mod m). This means that A # 0 (mod m) and hence,
the equation has good reduction.
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(ii) Assume now that 1 € Ok
and 4 = 0,1 (mod m). Then, A = 0 (mod m) and ¢4 # 0 (mod m), hence A € m
and ¢4 € Oy, showing that E has multiplicative reduction.

(iii) Consider A ¢ Ok and let r > 1 such that 7'1 € O;. Then, consider the substitutions

x= ﬂ—rx/’ y = 7_[—3}’/2))/

where we can replace K by K(4/7) in the case that r is an odd integer. This substitution
yields the Weierstrass equation

Y =X (N = D) (T =) — (V)P =X =) -7
The equation above clearly has coefficients in Ok and moreover,
AN =167 -7 2 (x" — 1" 2)?* = 162 2(1 — 1)* e m,
and
dy =162 (1 — 1+ 1) = c4 € OF

hence E has multiplicative reduction and we are done.

The proposition below characterizes when an elliptic curve attains good reduction after a finite extension.

Proposition 4.33. Let E/K be an elliptic curve. Then E has potential good reduction if and only if
its j-invariant is integral; that is, j(E) € Ok.

Proof. Yet again, we assume that char(k) # 2. For the proof of char(k) = 2 see Corollary 1.4. (b) in
Appendix A of [11]]. Let K’ be a finite extension of K such that E has a Weierstrass equation in Legendre
form

E:y" =x(x—1)(x—2), A#0,1.
and assume that j(E) € Og. Then, from Proposition (b) we know

. (P —2+1) 32 2
=256————"7— = 256(1 —A(1 —2))" — jA" (1 —2)" =0

=256 (1=A(1 = )Y = 21 -2

Using the fact that j € Ok and the equality above, it must be that 1 € Ok since it is the root of a monic

polynomial with integral coefficients, and 2 # 0,1 (mod m). Hence, the Legendre equation over K’ has

good reduction.

Now, assume that E has potential good reduction over some field K’ /K. Consider Ok its ring of integers
and A’ and ¢, to some minimal Weierstrass equation for E over K’. Now, we have that A’ € Oy, since
E/K’ has good reduction, and thus

: (c3)’
JE) = —7 €0k
since ¢4 € Ox < Ok, but E is defined over K so j(E) € K, implying that j(E) € Ok. ]
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5 Acquiring good reduction

In this section, we explore how elliptic curves acquire good reduction through extensions of both local
and number fields. We begin with an elliptic curve E/Q such that it has potentially good reduction
at p, and study the minimal degree of a local extension K/Q, over which E attains good reduction.

After analyzing the local setting, we turn our attention to the global question: Can an elliptic curve over
Q acquire good reduction at all primes after a base change to a quadratic field? We will show that the
answer is negative, that is, no such base change exists for any elliptic curve defined over Q.

Finally, we present some examples of elliptic curves over Q that do acquire good reduction everywhere
after a base change to cubic, quartic and sextic fields respectively, showing how such extensions can
exist in higher degrees.

To set the stage, we begin by introducing the notion of the conductor of an elliptic curve and reviewing
the classification of reduction types (Kodaira types), along with their relation to the conductor and other
invariants of the curve.

Let E/Q be an elliptic curve. The conductor of E/Q, denoted by Cond(E) is an integral ideal of K that
encodes the primes of bad reduction. The following definition for Cond(E) is rather incomplete but
suffices for our purposes. Write

Cond(E) = H plrE),

p prime

where, for p > 5,

0 if E has good reduction at p,
fp(E) = {1 if E has multiplicative reduction at p,
2 if E has additive reduction at p

In the case that p = 2 or 3, if E has additive reduction, then f,(E) can be greater than 2, but it is
always the case that f3(E) < 3 and f2(E) < 5. For a complete definition of the conductor we refer to
Chapter IV, Section 10 of [12].

Kodaira symbols classify the type of reduction an elliptic curve has at a prime where it does not have
good reduction. We denote the type of reduction at some prime p by Type(E, p). Each symbol encodes
both the structure of the singularities and the complexity of the bad reduction. This classification reflects
how the curve degenerates at that prime, and it determines the local contribution to the conductor.

Below, we present part of the reduction type table (Table 15.1 in [11]). The values of v(c4) and v(cg) are
taken from Table I in [8]].

Kodaira symbol Iy 1, 17 J77] v I I IV* 1r* r*
char(k) = p p+2,3 p+2 p+3| p#2 p+2 p+3 p#2 p+2,3
v(cq) Oor>0 0 >1 1 >2 [2o0r>2 2 >3 3 >4
v(ce) >00r0 0 1 =2 2 | >3o0r3 3 4 >5 5
v,(A) 0 n 2 3 4 6 6+n 8 9 10
v,(Cond(E)) 0 1 2 2 2 2 2 2 2 2
behaviourof j | v(j) =0 |ord,(j)=—n| j=0 | j=1728j=0|v(j)=0]|ord,(j)=-n|j=0]j=1728] j=0

Table 2: Reduction types
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5.1 Minimal degree of local extension for potential good reduction

Let E be an elliptic curve over Q,. Assume that E has potential good reduction at the prime p and
K is the smallest degree field extension of Q, where E/K has good reduction. What is the minimal
degree [K : Q,]? To answer this question, we introduce the following result:

Theorem 5.1. Let E/Q), be an elliptic curve with potential good reduction, and assume p > 3. Consider
a minimal Weierstrass equation for E /Q,, of the form,

E:y2:x3+Ax+B, A, Be Z,.
Then, the change of variables that yields good reduction is of the form:

(x,y) = (W 2x,u™y)

with u = 1" € Ok for some finite extension K/Q,, and

7 = min {%vp(A), évp(B)} :

Remark 5.2. Before proving the theorem, we note that Proposition [4.23] guarantees the existence of a
minimal equation of E/Q,. Thus, we may assume that such an equation is always available.

Proof. Denote the discriminant of £/Q,, by A and choose p as a uniformizer. Let (x, y) — (u’x,u’y) be

the change of variables such that E acquires good reduction at p over some finite extension K/Q,. Since
E has bad reduction at p we have that v,(A) > 0. For good reduction we need the discriminant of the
base change curve to have valuation identically zero thus, it is enough to modify A by factors of p, i.e,
to take u = p” for some r such that p” € K. Moreover, since we need this new equation to be minimal
as well, we have to take u = p” € Ok by Proposition 4.23](b). Then the equation becomes

E':y =x +u?Ax+u°B, u=p €0

where we denote its discriminant by A’. We shall prove that this coordinate change is as above construc-
tively, depending on the type of reduction of E at p. First, we note that by Proposition |4.32] if E has
potential good reduction at p, then it must be that E has additive reduction at p. Thus, using Table [2]
we look at Type(E, p) := Type(E) case by case and exclude the cases where Type(E) = I,,, withn > 0
since in this case we have multiplicative reduction, and Type(E) = I where n > 0 as in this case the
curve does not have potential good reduction by Proposition First, note that in each of the cases,
any change of variables needs to yield v,(A’) = 0, thus we have

0=v,(4A) = Vp(uilz) +vp(d) = Vp(”lz) = vp(4)
and substituting u = p” gives

2y =y, (A) = 12r=v,(A) <= r=

vp(p

I. Type(E) = I1.
From Table[2] we have v(A) = 1, v(B) = 1 and v(A) = 2. Moreover, it is rather easy to see that

and

Therefore, K = Q, (p'/%)
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II. Type(E) = I11.
From Table[2} v,(A) = 1, v,(B) = 2 and v,(A) = 3. Compute

min{%vp(A), évp(B)} _ }L

Then we have

hence K = Q,(p'/*).

III. Type(E) = 1IV.
Table 2] gives us v,(A) > 2,v,(B) = 2 and v,(A) = 4. Then

=

EN
o —

= min{%vp(A), évp(B)} - %

From v(A’) = 0, we have

Then, K = Q,(p'/3).

IV. Type(E) = I.
We have that v,(A) = 2 or > 2, v,(B) = 3 or = 3 and v,(A) = 6, and hence, we find

If v,(A) > 2 and v,(B) = 3, we note that

1 1 1
min {ZVP(A), EVP(B)} = 5
as well which yields that E acquires good reduction over K = Q,( p/ 6.

V. Type(E) = IV*.
Table 2] gives v, (A) = 3, v,(B) = 4 and v,(A) = 8. As in the other cases, compute
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VI. Type(E) = IIT*.
In this case, v,(A) = 3, v,(B) = 5 and v,(A) = 9 and we note that

since EVP(B) >

1

3
6

=

B w

1
min {ZVP(A),

which yields that K = Q,(p**).

VIIL.

Type(E) = IT*.

é"p(B)

. The fact that v, (A’) = 0 gives

Here, v,(A) > 4, v,(B) = 5and v,(A) = 10. Now,

4

1 4
as —v,(A) = 1

1>

AN N

Thus, K = Q,(p*°).

. {1
min

290(A). 5, (B)

. Since v, (A") =0,

This case-by-case analysis completes the proof

1

}:

}:

3

4

5
6

Therefore, we found a transformation such that E acquires good reduction at p over a finite extension
K/Qp, with p > 3. Summarizing the results that we found in the proof above for each reduction type

yields:
Type 11 111 v 1y 1v* 1r* Ir*
K Qp(l’l 6) QP(PI 4) QP(P2 6) QP(PZ 6) = QP(P3 6) QP(P4 6) QP(P3 4) QP(PS 6)
(K : Q] 6 4 3 2 3 4 6

Therefore, if E/Q has potentially good reduction at p > 3 then depending on the reduction type
of E at p, the minimal degree of a local extension K/Q, such that E/K has good reduction at p,
can be found in the table above. For p = 2, 3, we refer the reader to the discussion in Section 2 of [J5]].

As discussed in this section, it is possible to construct elliptic curves over Q, that acquire good reduction
over extensions of degrees 2, 3, 4 and 6. In the next section, we shift our focus to elliptic curves defined
over Q. In this global setting, we will see that no elliptic curve defined over Q can achieve good reduction
everywhere over quadratic extensions of Q.

5.2 Good reduction everywhere over quadratic fields

Let E/Q be an elliptic curve, and let K/Q be a quadratic extension. In this section, we study the behavior
of E over K, focusing on the possibility of acquiring good reduction everywhere. The main result is the

following:
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Theorem 5.3. Let E be an elliptic curve over Q. If K is a quadratic field, then the base change of E to
K always has bad reduction at some prime ideal.

In order to prove the theorem above, we need to introduce a few results. We begin by relating the
conductors of E and its quadratic twist:

Proposition 5.4 (Kida). Let L/K be a quadratic extension of number fields and E an elliptic curve
defined over K. Then

Ny /k(Cond(EL)) - (Ar/k)* = Cond(E) - Cond(E")

where Ay i is the relative discriminant of L/K and N, 1/k the norm map.

Proof. See Proposition 1.1 in [4]. O

Lemma 5.5. Let E be an elliptic curve defined over Q, and L/Q,, a quadratic extension, i.e., L = Q,( \/ﬁ)
with d € Z, squarefree. Let c; and A be the corresponding quantities of a model of E, and c; and N, of
the twist EL. The following hold:

and

vp(A") = vp(A) + 6v,(d).

1
Proof. Let i be such that ” = 7 Then, we know from Example |4.18|that the quadratic twist by d of

E is given by the coordinate change

a3( — 1)

x=nx and y =10 +a(n—1)u*x + 5 ,

which yields the Weierstrass equation for E-,

aj(d -1 d?—1 A — 1
YV 4+ aixy +azy = x° + <a2d+ I(T)> X+ <a4d2+%>x+ a6d3+¥

From the coordinate change table (Table[I]), we have
nic; = ¢, fori = 4,6
hence

vp(r]icé) =vp(c)) = vp(n) +vp(c) = vplc;)) =

uplel) = vpler) —iny(d2) = vy(e) = vyler) + 222
Similarly, from the same table we have
n2A = A
o)
vp(12A) = vp(A) = 12v,(n) +vp(A") = vp(A) =
vp(A') = vy(A) — lzvp(dil/z) = vp(4) = vp(A) — 6v,(d),
hence we are done. |
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Proposition 5.6. Let L/Q, be a ramified quadratic extension and E an elliptic curve defined over Q,, with
minimal discriminant A. Then, the following are equivalent

(i) The base change E has good reduction.

(ii) Either E or the quadratic twist E has good reduction.

Moreover; if the above hold, then the reduction type of E is one of the following:

Type(E)
Type(E) =
or II* with v(A) =
or I with  v,(A)
Type(E) = Iy
or II with v2(A) =6
or I3 with v (A) =1

Iy or I ifp=3,
0

12
12 ifp=2andvy(Ar)q,) =2

8 ifp=2andvy(Ar,) =3

Proof. First, assume that either E or EL has good reduction. Then, by the Semistable reduction theorem

.32| (b)), either E; or (EL), has good reduction respectively. But E; and (EL); are isomorphic, hence
E; must have good reduction. This shows that (ii) follows from (i).

Suppose now that E;, has good reduction. Then Type(EL) = Iy, and so we know that Cond(E}) is trivial
thus,

Np/k(Cond(EL)) = (1)
hence the equality in Proposition [5.4]becomes

(A/g,)* = Cond(E) - Cond(E"). (10)

Now, assume that E has multiplicative reduction. The Semistable reduction theorem[4.32] (b), this im-
plies that E; must have multiplicative reduction as well. But this contradicts the assumption that E; has
good reduction, hence it is only possible that either E has additive or good reduction. Let us move our
attention to the case where E has additive reduction.

From Section 3.4.2] we obtain that for p > 3 the discriminant of L/Q,, is given by p hence (10) becomes
p* = Cond(E) - Cond(E"). (11)

Moreover, for p > 5, we also know from Tablethat Cond(E) = p2 (as E must have additive reduction),
SO

p? = p?Cond EL' «— Cond(Ef) =1

showing that E” has good reduction and thus proving (ii) for p > 5. Now, since E* has good reduction
over Q,,, we have v,(A’) = 0. But this holds under any change of coordinates

x=ux +r and y =’y + su’x +1, withue Q,,r,s5,1€Q,
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hence, the new discriminant also satisfies vp(u_le) = 0 for every such change of variables; therefore,
it holds that

vp(A') =0 (mod 12)
and, consequently, by Lemmal[5.5] we need
vp(A) +6v,(d) =0 <= v(A) =6 (mod 12)

where we have used the fact that v(d) = 1 from Section The minimality of A then implies that
vp(A) = 6 since we must have v,(A) < 12 from Proposition From Table [2{ we then see that this is
the case precisely when Type(E) = I.

Let now p = 3. Then, 2v3(A) = 0 (mod 12). To see this, let
x=ux +r and y =y + su’x +1, withu € O] and r, 5,1 € O

be the change of variables that produces a minimal equation of E over L and let A be its discriminant.
Then

vi(A) = vL(u_le) =vr(A) — 12vp(u) = vi(A).

Note that e; /o, = v2(3) and that L is a totally ramified extension of Q3. This follows from the fact that
Lis ramified, so 1 < ez /g, < [L: Q3] = 2 therefore it must be that e; g, = [L : Qs3], hence

VL(A) = 21/3 (A)
and since by the same argument as above v;(A) = 0 (mod 12), it must be that
2v3(A) =0 (mod 12).

Moreover, we must also have v3(Cond(E)) < 2 from (TI)). Then from Table II in [§]], there are only two
possibilities, Type(E) = I or Type(E) = I; with n > 0. If Type(E) = I;, by Proposition 1 in [1], we
have Type(EL) = I,, i.e., the twist EL has multiplicative reduction, which implies that £ has multiplica-
tive reduction, a contradiction. Thus, we have again that Type(E) = I, so Proposition 1 in [1]] implies
that Type(EL) = Iy proving the proposition for p = 3.

Finally, we assume that p = 2. Let us firstly consider the case where v2(A;/g,) = 2. Then (10) yields
2* = Cond(E) - Cond(E") (12)

and thus, it is necessary that v,(Cond(E)) < 4. Additionally, completely analogously as in the p = 3 case,
we need to have 2v,(A) = 0 (mod 12) since L is totally ramified. From Table IV in [8]] the above im-
plies that we can only have Type(E) = II* with vp(A) = 12, or Type(E) = I} with v,(A) = 8 + n.
Note that for the latter, 2v,(A) = 0 (mod 12) does not hold for all values of n > 0, hence we need that

2 +8)=0 (mod12) < 2n=8 (mod 12) < n=4+ 12k
Then, again Table IV from [8] implies
vi(ca) =24, vp(A) =2- (12 + 12k) = 12 - 2(1 + k).

Suppose that 7 is a prime element of L. Then, in order for E; to have good reduction, we need pre-
cisely 2(k + 1) applications of the coordinate change

x=mx+r and y =y +snx +1t

59



in order to obtain
VL(A/) _ VL(ﬂ_le-Z(kJrl)A) -0
hence we also have

vi(cy) = (2 o) = —8(k+1) +8= -8k =0
vr(ch) = vp(a 02 Deg) = —12(k+ 1) + 12 = =12k > 0

where in the above we used Table [1| and that it is necessary that c4,c6 € Op. Thus, we can only
have k = 0, which implies that we can only have

Type(E)
Type(E)

Both cases above satisfy v»(Cond(E)) = 4, hence it must be that v, (Cond(E%)) = 1 from (T2).

I, w(A) =12

=1
=1, wnA) =12

Assume now that v2(Ay/q,) = 3. Then (I0) gives
26 = Cond(E) - Cond(E™). (13)

Then, v2(Cond(E)) < 6 is needed. By imposing again the condition that 2v,(A) = 0 (mod 12) and
looking the values up in Table IV from [8] we see that this condition holds only when v,(Cond(E)) > 4.
Then, using the aforementioned table, we can separate the type of E, depending on the valuation of its
conductor.

L. v2(Cond(E)) =4
Here we only have two possibilities:
Type(E) = IT* with  vy(cq) =
Type(E) = I} with  vo(cq) =
Note that in both cases we have Cond(EL) = 22,
Suppose first that Type(E) = IT*. Twisting then yields

va(cy) = va(ca) +2 =10
va(cg) = valce) +3 =12
VZ(A/) = VZ(A) +6=18

by Lemmal5.5] From Table IV in [8] we also know that the equation is not minimal whenever v, (c4) = 8,
va(ce) = 11 and v2(A) = 18, the equation is not minimal. Consider the change of variables

x=mx+r and y= 7r3y/ + sm2x + ¢

as above with corresponding quantities ¢}, c; and A”. The change of variables table (Table 1)) then gives

va(cy) = ma(n ) = —4 + 8 =6,
va(n0c) = =6+ 12 =6,
va(n2A) = —12 + 18 = 6,

v2(cqg)
Vo ( A”)

I

but looking this up in Table IV from [8] again we see that Type(EL) = II with Cond(E%) = 6, a
contradiction.
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The only other option is then Type(E) = I}. The quadratic twist gives

vz(cﬁl) =1
va(ch) =12
VQ(A/) = Vz(A) +6 =18

and from Table IV in [8] we see that the only possibility is that Type(EX) = I and hence we read that
Cond(EF) = 6, yet again, a contradiction. Therefore we cannot have that v,(Cond(E)) = 4.

IL. v2(Cond(E)) =5

From (T3) we obtain v,(Cond(E%)) = 1, i.e., EX has multiplicative reduction. Since E; = (E)*
over L, it must be that E; has multiplicative reduction, but this contradicts our assumption that £ has
good reduction. Thus, v2(Cond(EL)) # 5.

IIL v;(Cond(E)) =6
From above, we see that this is the only possible case and from (T3) we have that v,(Cond(E%)) = 0, in
other words, EL has good reduction. Recall the condition

v(A)=0 (mod 12).

Using the above and Table IV from [8]] we see that the reduction types of E are

Type(E) = I1, with v (A) = 6,
Type(E) = I3, with v (A) = 18,
Type(E) = I3, with v (A) = 12.

We shall prove that the last case is impossible. Since v2(A/q,) = 3, take L = Qa(+/d) with v,(d) = 1.
Then, by Lemma5.5]

Vz(A,) =wn(A) +6 =18,

but 18 % 0 (mod 12), hence E* does not have good reduction in this case. This completes the proof
for p = 2, hence the proof of the theorem.

Now that we have all the necessary tools, we are able to prove Theorem [5.3]

Proof. Consider an elliptic curve E defined over Q. Suppose that E has good reduction at every finite
prime of some quadratic extension K. Then it must be that E satisfies all of the requirements of Propo-
sition @] for all primes. Let S be the set of primes at which E has bad reduction over Q,. That is,
define

S = {p| Type(E, p) # Io}.

Furthermore, define a quadratic field L over Q as follows. If2 ¢ S, setm = [ [ ¢ p and

peS

L=Q(+vm) ifm=1 (mod4)
L=Q(v—m) ifm=3 (mod 4).
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For2 e S,setm = ([ [,c5 p)/2 and

L=Q(v+£2m) if  Type(E,2) = Il or g,

L=Q(+v/m) if Type(E,2) =II*orly and ifm=3 (mod4),

L=Q(+—m) if Type(E,2) =II*orl; and ifm=1 (mod4),
where the sign of 2m is chosen such that the quadratic twist EL has good reduction at 2. We construct L
in this way such that only the primes of bad reduction ramify. Indeed, if 2 ¢ S, for bothm = 1 (mod 4)
and m =3 (mod 4), we have A; g = m. In the case that 2 is a bad prime we also constructed L, de-
pending on the type of reduction E can have. If Type(E, 2) = I1 or I, we need v2(Azg) = 3 from the
previous proposition, so we choose L = Q(+/£2m) sothatm =2 (mod 4), which gives A; g = +4 - 2m.

In the case that Type(E, 2) = II* or I}, we need that v2(A./Q) = 2 hence we put L as above depending
on the value of m such that A; o = 4m. Now, we are able to comfortably use Proposition @

Consider the quadratic twist EL of E. If some prime number p € S, then by Proposition (i), we
have Type(E", p) = Iy, hence v,(Cond(E*)) = 0.If p ¢ S, by Proposition

Vvp(Npjo(Cond(EL)) - Apjg) = vp(Cond(E) - Cond(E™L))
vp(Nrjq) + vp(Arjg) = vp(Cond E) + v, (Cond E*)
0+0 =0+ v,(Cond(E"))

hence v,(Cond(E*)) = 0. Therefore, the twist E” is an elliptic curve defined over Q with good reduction
everywhere. However, this contradicts Tate’s result [[7] which states that there exists no such curve.

5.3 Examples: Good reduction everywhere

In this section, we look at some elliptic curves that achieve good reduction everywhere over number
fields of degrees 3,4, 6 and 12.

5.3.1 Cubic fields

Consider the elliptic £/Q curve given by the Weierstrass equation

E:y+xy=x+x*-2x—1.

This is a minimal equation. Indeed, A = —114, so v;;(A) = 4 < 12 and all coefficients are in the ring
of integers Z;;.
Since the discriminant of the above curve is given by A = —14641 = —11%, the curve has bad reduction

at p = 11. In particular, we have
¢y = (@ +4ap)* — 24(2ay + ayaz) = 25 — 24 - (—4) = 121 = 11%,

so v11(A) =4 and vy (cq) = 2, that is, the reduction is additive. Looking for these values in Tablewe
find Type(E/Q, 11) = IV.
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This curve attains good reduction over the cubic field Q( Vv 11). To see this, consider the change of
variables

x=V112¢+6 and  y=11y +5v112x +8
which gives the equation
VA 1120y + 2y = 6 — V112 + 1

over Q(+/11). The resulting equation has discriminant A’ = —1 and all coefficients are in OQ (Vi) = Z(V/11).

Therefore, the equation is minimal and, moreover, since A’ = —1, it has good reduction everywhere.

5.3.2 Quartic Fields

The elliptic curve
E:y+xy=x—x—-2x—1

defined over Q with discriminant A = —343 = —73 has good reduction everywhere except at p = 7. In
order to determine the type of bad reduction at 7, compute

cs = (& +4ay)* —242ay + a1a3) =9 +24-4=105=3-5-7

hence v7(c4) = 1 > 0. Moreover, we have v7(A) = 3 > 0, thus we have additive reduction. Looking up
these values in Table[2] we see that Type(E, 7) = I11.

Consider the change of coordinates (3) with u = \4/7, r = —12,5s = 3,t = 6. This gives new curve

over Q(v/7)
E' v+ ny+2y=x3— V12 +1

that has good reduction everywhere. Indeed, we have that OQ( 47 = Z[W] hence it is clear that all

coefficients of E’ lie in the ring of integers. Furthermore, the discriminant of E’ is A" = —1, which
shows that not only the equation is minimal, but also that there are no bad primes for this curve.

Remark 5.7. In this case, 4 is the minimal degree of an extension over which E acquires good reduction.
The only smaller possibility is a quadratic extension, but we have already shown that this is insufficient.
Therefore, no extension of smaller degree than 4 can eliminate the bad reduction of E, and the quartic
field is minimal.

5.3.3 Sextic Fields

The elliptic curve
E: vy +xy+y=x+x>—30x—76

over the rational field Q with discriminant A = —112 has additive reduction at p = 11 with Type(E, 11) = II.
To see this, we find

s = (@} + 4a2)? — 24(2a4 + araz) = 25 — 24(—60 + 1) = 1441 = 7131
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which gives vij(cs) = 1, and we also have v;;(A) = 2. Looking up Table 2| we indeed see that
Type(E, 11) = I1.

Through the change of coordinates
x=+112¢+6 and  y= V113 +5v112¢ +2

we obtain the equation
E v+ V1Bxy+ Vily =2 — V1142 +3V11x — 2.

with all the coefficients in OQ( Yin) = Z(~/11) and discriminant A’ = —1 < 12, hence minimal. More-

over, since A’ = —1 the new curve has good reduction everywhere over Q(+v/11).

Remark 5.8. In this case, 6 is indeed the minimal degree of an extension such that E acquires good
reduction. The only smaller degree we could have is 3, but this is impossible. To see this, suppose we
want to eliminate the bad reduction at p = 11 by passing to a cubic extension K/Q and denote the
discriminant of the base change curve by A'. By the Semistable reduction theorem (Proposition we
need 11 to ramify in K. There are two possible factorizations of 11 in Okg:

110k = $1%, or 110 = B°.
Let us consider the first case. Since vi1(A) = 2, the base change of the elliptic curve to K gives:
v, (A') = 2vi1(A) = 4 and vy, (A') = vy (A) = 2.

Now, since we assumed that we can get rid of the bad reduction at 11 over K, there exists a change of

variables such in (b) such that
V‘Bl(A/) — 12vy, (u) = vy, (A/) — 12vy, (u) = 0.

That is, we need

I 1
v () =5 and v, (u) = ¢

which is clearly impossible as the image of discrete valuations must in Z by definition. Therefore, the
only remaining possibility is that 110g = B3. We have

vg(A') = 3vg(A) = 6,
and we need some u € Ok such that

1
V1;<A’) _ 12v33(u) =0 < VsB(u) = 8’

which is again, impossible.

This shows that E cannot possibly attain good reduction everywhere over any cubic extension of Q.
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