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Abstract

This thesis covers the proof of the Banach-Tarski paradox for the unit ball in R3, as well as extensions
of this result to various objects and spaces. The Banach-Tarski paradox is generalized to the rational
unit sphere in R3, the unit sphere in Rn for n ≥ 3, and the unit square in R2. Notions such as free
group, equidecomposability, and paradoxical decomposition are defined and applied to prove various
results leading to the proof of the Banach-Tarski paradox. Based on the paradoxical decompositions that
originate from the proofs of the Banach-Tarski paradox, Mathematica code that creates a visualisation
of sets that are used in the construction of the Banach-Tarski is developed. This code is applied to create
figures for the unit sphere and the unit square.
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1 Introduction

Mathematics was developed to describe the world and its natural phenomena. This branch of science started
as a way to provide tools to measure, count, and describe everyday objects. Even though the ideas studied
by mathematicians soon became abstract, a confusion might still arise when mathematical results do not
reflect what is expected to happen in the real world. Such results are called paradoxes. Their consequences
on the existing theory can be staggering, as every paradoxical result makes mathematicians question the
assumptions made to obtain such an unintuitive outcome. One of the most famous paradoxes in mathematics
is the Banach-Tarski paradox, proved by Stefan Banach and Alfred Tarski in 1924.

Theorem 1 (The Banach-Tarski paradox). A solid ball in R3 can be taken apart into finitely many pieces
that can be rearranged using isometries to form two solid balls, each of the same volume as the initial one
[3].

Claiming that this result is confusing is an understatement. Indeed, it turns out that it is possible to double
the volume of a ball by using only volume preserving transformations. What is more, this result can be
achieved by decomposing the ball into a minimum of five pairwise disjoint subsets that are later rearranged
using suitable rotations to form two balls [12]. This procedure is far from what can be observed in real life,
so it is not a surprise that this result soon obtained the label of a paradox. The Banach-Tarski paradox, and
results inspired by it, are to these days a rich source of counterexamples in the area of mathematics called
measure theory.

It is a well-known fact that working with uncountably infinite sets and the Axiom of Choice, which needs to
be assumed to conclude the result obtained by Banach and Tarski, can lead to counter-intuitive results. The
pivotal part of many arguments considered in this thesis plays the free group with two generators. Visual
representation of the structure of this group, in form of a Cayley diagram, can be seen in Figure 1. The
proof of the Banach-Tarski paradox for the unit ball, as well as for other sets, heavily relies on finding very
particular decompositions of them. It turns out that finding such decompositions can be simplified by first
considering the suitable decomposition of the free group, and a way in which it acts on a given set. Later
this decomposition of a group can be translated onto the set.

Figure 1: Cayley diagram of the free group with two generators, more information about this group can be
found in Section 3.1 [5].

This thesis provides the introduction to the theory of paradoxical sets that is crucial to understand the
proof of the Banach-Tarski Paradox. Notions such as paradoxical decomposition and equidecomposability
are discussed. The concept of the free groups, with the emphasis on a free group generated by two rotations,
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is defined. An exhaustive proof of the Banach-Tarski paradox in R3 for the unit ball is presented, and the
possible extensions of this result are explored. Extensions include generalization of the result to the rational
unit sphere, which allows for the paradox to take place without assuming the Axiom of Choice. The Banach-
Tarski paradox is also proved to hold in Euclidean spaces of dimension greater than three. For the case of
the Banach-Tarski paradox in a plane, the result is proved for a square. This requires adjusting the standard
set up of the paradox, which leads to the exploration of the area preserving transformations in R2.

Given the fact that the proof of the Banach-Tarski paradox requires assuming the Axiom of Choice, the proof
is not constructive. However, an attempt can be made at visualizing the initial stages of the decomposition
that the set undergoes during the Banach-Tarski paradox. To do that, Mathematica code is developed to
generate a finite approximation of the construction of the Banach-Tarski paradox for the unit sphere. This
code is then adjusted to provide a visualization of the paradox for a square.
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2 Congruence by dissection, equidecomposability and paradoxical
decompositions

The Banach-Tarski paradox describes an unintuitive relation between sets in R3. However, this is not the
first result that puts in question the geometric intuition of mathematicians. In fact, the idea of trying to
relate two different objects by decomposing one into finitely many pieces and then constructing another
object out of them, has been present in geometry from the times of ancient Greeks. Over the years, many
notions were developed as a way to formalize the idea of being able to build two different objects from the
same pieces.

2.1 Congruence by dissection

The idea that a polygon can be decomposed into finitely many pieces that are later rearranged to create
another polygon should be intuitively plausible. Elementary examples of this phenomena can be easily ob-
served in the real life, for example when cutting a piece of paper into polygonal pieces and then rearranging
them to create some other polygon of the same area. This observation inspired mathematicians, who turned
the process of cutting shapes into pieces and rearranging them to form a different shapes into a rigorous
mathematical operation called the congruence by dissection.

Definition 2.1. Two polygons are congruent by dissection if one of them can be decomposed into finitely
many polygonal piece that are rearranged using isometries to form the second polygon (ignoring the bound-
aries).

It is a natural consequence of this definition that two polygons that are congruent by dissection must have
the same area. What is more, a stronger statement that was proven by Bolyai and Gerwien holds.

Theorem 2 (Bolyai-Gerwien Theorem). Two polygons are congruent by dissection if and only if they have
the same area.

Proof. A proof can be found in Chapter 3 of [17].

Figure 2 demonstrates an example of a triangle and a square being congruent by dissection. A triangle is
cut into four polygonal pieces that are appropriately rotated and translated to form a square.

Figure 2: Example of a square and a triangle being congruent by dissection [8].

Theorem 2 describes a relation between shapes that have the same area; a polygon can be transformed by
dissection into another polygon if and only if both have the same area. An important fact that needs to
be reminded, is that this statement holds only if the pieces used to create a decomposition are polygonal,
and there is a finite number of them. Now, it can be considered what would be the result of dropping the
restriction on the shape of the pieces.

5



2.2 Equidecomposability

Leaving the idea of decomposing objects into polygonal pieces behind, with an intent to generalize the notion
of congruence by dissection, leads to the idea of equidecomposability.

Definition 2.2. Consider two sets A,B ⊂ X and a group G that acts on X. The sets A and B are
equidecomposable (or G-equidecomposable) if it holds that

A =

n⋃
i=1

Ai B =

n⋃
i=1

Bi,

where the collections of sets Ai and Bi form partitions of A and B, respectively, and there exist some
elements g1, . . . gn ∈ G such that Bi = gi(Ai) for all i ≤ n.

If sets A and B are G-equidecomposable, it is denoted by A ∼G B. Sometimes subscript G is omitted, or
the notation ∼n is used to underline the number of pieces used in the equidecomposition. Having introduced
the definition of equidecomposability, the Banach-Tarski paradox, first presented in Theorem 1, can be re-
formulated.

Theorem 3 (The Banach-Tarski paradox, equidecomposability version). The unit ball B in R3 and two
unit balls B ⊔B are SO(3)-equidecomposable.

This reformulation of the Banach-Tarski paradox underlines the idea that the unit ball and two unit balls
can be decomposed into the same number of subsets that are related by elements of the group SO(3).
In particular, it was proved by Robinson that the minimum number of pieces into which a ball can be
decomposed during the construction of the Banach-Tarski paradox is five [12]. It means that the first ball
that is the outcome of the paradox can be created from two pieces of the original ball, and the second one
from three pieces.

The notion of equidecomposability generalizes the idea of congruence by dissection, as it does not impose the
condition on the shape of the subsets being polygonal. Thus, equidecomposability allows for the freedom of
decomposing sets into more diverse subsets, for example ones that are not Lebesgue measurable. It is well
known that Lebesgue measure is preserved under isometries, so the immediate conclusion is that the Banach-
Tarski paradox cannot take place if the unit sphere is decomposed into measurable subsets. Otherwise, the
volume of the unit ball would have to be doubled by applying isometries, which clearly cannot be achieved.
Because of this, the Banach-Tarski paradox was one of the first evidence of the fact that there exist non
Lebesgue measurable sets.

An important property of the equidecomposability is the fact that it is an equivalence relation.

Lemma 2.1. Equidecomposability is an equivalence relation.

Proof. Consider pairwise disjoint sets A,B,C ⊂ X and a group G that acts on X. To show that equidecom-
posability is an equivalence relation, three properties need to be satisfied.

Reflexivity: Clearly A ∼G A holds as the set A can be decomposed twice in the same way.

Symmetry: If A ∼G B then it immediately follows that B ∼G A as order in which the sets are decomposed
does not matter.

Transitivity: Assume that A ∼G B using n pieces and B ∼G C using m pieces. The sets A and B can
be equidecomposed as A =

⋃n
i=1Ai and B =

⋃n
i=1Bi such that Ai = gi(Bi), where gi ∈ G for all i ≤ n.

Similarly, B and C can be equidecomposed as B =
⋃m

j=1B
′
j and C =

⋃m
j=1 Cj such that hj(B

′
j) = Cj , where

hj ∈ G for all j ≤ m.
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To prove that A ∼G C, define sets Xi,j = Bi ∩B′
j for all i, j. Group elements g1, . . . , gn and h1, . . . , hm can

be used to map sets Xi,j to subsets of A and C, respectively. It follows that gi(Xi,j) ⊂ A and hj(Xi,j) ⊂ C.

The set A can be decomposed using sets gi(Xi,j) and the set C can be decomposed using sets hj(Xi,j). The
decompositions are

⋃
i,j

gi(Xi,j) =

n⋃
i

m⋃
j

gi(Bi ∩B′
j) =

n⋃
i

gi(Bi) = A, (1)

and ⋃
i,j

hj(Xi,j) =

m⋃
j

n⋃
i

hj(Bi ∩B′
j) =

m⋃
j

hj(B
′
j) = C. (2)

Clearly all sets Xi,j are pairwise disjoint and as gi(Xi,j) ⊂ gi(Bi) and hj(Xi,j) ⊂ hj(B
′
j), so all gi(Xi,j) and

hj(Xi,j) are pairwise disjoint too.

To conclude that Equations 1 and 2 form an equidecomposition of A with C there must exist some collection
of elements li,j ∈ G such that li,j [gi(Xi,j)] = hj(Xi,j) for all i, j. Indeed, if li,j = hjg

−1
i are chosen then it

holds that

li,j [gi(Xi,j)] = hjg
−1
i gi(Xi,j) = hj(Xi,j),

so it follows that A ∼G C. By this reasoning, it holds that equidecomposability satisfies the properties of
the equivalence relation. It can be noted that the equidecomposition A ∼G C uses at most nm pieces, as
some sets Xi,j may be empty.

2.3 Paradoxical decomposition

Equidecomposability is one of the ways in which, by considering decompositions, it is possible to capture
similarities in the construction of sets. Another one, particularly useful while considering the Banach-Tarski
paradox is the notion of a paradoxical decomposition.

Definition 2.3. Let G be a group and X a set on which G acts. Consider some subset E ⊂ X. The set E
is G-paradoxical (or paradoxical) if there exist two disjoint, finite collections of pairwise disjoint subsets of
E, A1, A2, . . . , An and B1, B2, . . . , Bm for some n,m ∈ N and elements g1, g2, . . . , gn and h1, h2, . . . , hm of G
such that

E =

n⋃
i=1

gi(Ai) =

m⋃
j=1

hj(Bj).

The decomposition described in the Definition 2.3 is called a paradoxical decomposition of a set. The
Banach-Tarski paradox can be again reformulated using the notion of the paradoxical decomposition.

Theorem 4 (The Banach-Tarski paradox, paradoxical version). The unit ball in R3 is SO(3)-paradoxical.

This means that the unit ball can be covered by its subsets in two ways, as a union of two, or three of its
pairwise disjoint subsets that are rearranged by some elements of the group SO(3). To explore the properties
of paradoxical decompositions and their relation to equidecomposability, we consider some results that are
useful while proving the Banach-Tarski paradox.

Lemma 2.2. A union of some collection of pairwise disjoint, G-paradoxical sets is G-paradoxical.
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Proof. Let Ei be an element of some collection E of pairwise disjoint, G-paradoxical sets indexed by the set
I. For each i ∈ I it holds that Ei =

⋃ni

k=1 g
i
k(Ai

k) =
⋃mi

j=1 h
i
j(B

i
j) is a paradoxical decompositions of Ei. The

union of these sets can be expressed as

E =
⋃
i∈I

Ei =
⋃
i∈I

ni⋃
k=1

gk(Ai
k) =

⋃
i∈I

mi⋃
j=1

hj(B
i
j),

which is a paradoxical decomposition of E.

What follows is one of the crucial results that defines the relation between paradoxical sets and equidecom-
posability.

Lemma 2.3. Let X be some set and G a group that acts on it. A set X is G-paradoxical if and only if it
has two disjoint subsets A and B such that A ∼G X and B ∼G X [17].

Proof. First, assume that A ∼G X and B ∼G X. The equidecomposition A ∼G X is A =
⋃n

i=1Ai and
X =

⋃n
i=1Xi, where gi(Ai) = Xi. The equidecomposition B ∼G X is B =

⋃m
j=1Bj and X =

⋃m
j=1X

′
j ,

where hj(Bj) = X ′
j holds. Combining these two equidecompositions it follows that

X =

m⋃
j=1

hj(Bj) =

n⋃
i=1

gi(Ai)

is a paradoxical decomposition of X.

Now, assume that X is paradoxical and its paradoxical decomposition is X =
⋃n

i=1 gi(Ai) =
⋃m

j=1 hj(Bj).
It can be noticed that the sets

X =

n⋃
i=1

gi(Ai) and A =

n⋃
i=1

Ai

form an equidecomposition of X with some subset A ⊂ X. In a similar way it holds that

X =

m⋃
j=1

hj(Bj) and B =

m⋃
j=1

Bj

is an equidecomposition of some subset B ⊂ X with X. It follows that X ∼G A and X ∼G B, which
completes the proof.

The following lemma describes the fact that equidecomposability preserves the paradoxicality of sets.

Lemma 2.4. Consider two subsets A,B ⊂ X and a group G acting on X. If A and B are G-equidecomposable
and A is G-paradoxical then B is G-paradoxical [17].

Proof. By Lemma 2.3 it holds that if A is G-paradoxical then there exist two disjoint subsets C,D ⊂ A such
that C ∼G A and D ∼G A. Recall that by Lemma 2.1 equidecomposability is an equivalence relation. As it
is assumed that A ∼G B then it holds that B ∼G C and B ∼G D, so B is G-paradoxical.
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3 Free groups and Isometries

The proof of the Banach-Tarski paradox relies not only on finding suitable subsets of the unit ball, but
also on a group that acts on them. As it turns out, groups that are particularly useful while proving the
Banach-Tarski paradox are free groups.

3.1 Free groups

To define the notion of a free group we need to recall some ideas from group theory.

Definition 3.1. Consider some group G. A word is an element of G of form gϵ11 g
ϵ2
2 . . . gϵnn , where ϵi = ±1

and elements g1, . . . , gn are generators of G. The number n denotes the length of a word. Empty word
represents a unit element of the group and the words are allowed to be of infinite length.

To simplify the notation and make sure that each element of the group is represented by a unique word,
without the need to consider the equivalence classes, from now on, it is assumed that all words considered
are reduced.

Definition 3.2. A reduced word is a word where no generator and its inverse appear next to each other.
Thus all elements of the form gig

−1
i and g−1

i gi are simplified. Simplifying such pairs of elements is called
reduction.

Finally, we can define a product of two words.

Definition 3.3. A product of two words h1 = gϵ11 g
ϵ2
2 . . . gϵnn and h2 = gϵ11 g

ϵ2
2 . . . gϵmm in some group G is

defined by a concatenation of h1 with h2 of form h1h2 = gϵ11 . . . gϵnn gϵ11 . . . gϵmm .

Note that even if words that are being concatenated are reduced, their product might not be. As of our
interest are only reduced words, the product is defined as the concatenation that is immediately followed by
reduction of the resulting word. With all of the notation recalled, a free group can be defined.

Definition 3.4. Consider some set M , called the generating set, where no relations except the notion of an
inverse exist between the elements of M . A free group F generated by M is the set of all of the reduced
words that can be created from the elements of M and their inverses. The identity element is an empty
word and the group operation is concatenation.

Definition 3.5. The rank of a free group F is the cardinality of the generating set M . Free group of rank
n is denoted by Fn.

Free groups are by definition non-abelian, although there exists a notion of an abelian free group, which is
not considered in this paper. Of interest, will be groups that are isomorphic to some free group.

Definition 3.6. A group that is isomorphic to a free group is called free.

An example of a free group is (Z,+), which is a free group of rank 1 generated by {1}. It naturally follows
that a non-trivial finite group cannot be free, as the set of generators of a free group must consists of elements
of non-finite order. Thus, in search for free groups, the attention needs to be redirected to infinite groups
and their subgroups. It turns out that when considering the Banach-Tarski paradox, free groups isomorphic
to F2, so a free group with two generators, suffice to create a paradoxical decomposition. A Cayley diagram,
named after Arthur Cayley, is a visual tool by which the structure of a group can be described. It is partic-
ularly useful when considering groups that are isomorphic to F2.
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Definition 3.7. Let G by a group and M its generating set. The Cayley diagram is an edge-coloured,
directed graph for which it holds that:

1. each element of G is represented by some vertex,

2. each element m of the generating set M (and their inverses) is assigned a colour cm,

3. from any vertex representing some element g ∈ G there exists a directed edge of colour cm to a vertex
representing the element mg.

In Figure 3, the Cayley diagram of a free group F2 is presented.

Figure 3: A Cayley diagram of F2, where x, y are generators of the group and X = x−1, Y = y−1 [5].

From the definition of the Cayley diagram it follow that for every word in F2 there exists a unique, directed
path from the vertex representing the identity element, to a vertex assigned to the element that is considered.
In Figure 4 there is presented an example of the directed path to the vertex representing the word Y xy.

Figure 4: The Cayley diagram of F2 with the directed path from the vertex representing identity, to the
vertex representing the word Y xy (in purple).
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Before the attention is redirected to free groups acting on sets, it is useful to further consider the structure
of the group F2. If a group is treated as a set of words that is acted on by the group itself, and it is possible
to find a paradoxical decomposition of it, then such group is called paradoxical.

Theorem 5. The group F2 is F2-paradoxical, where F2 acts on itself by left multiplication [17].

Proof. Let σ, τ be generators of F2. Recall the construction of the Cayley diagram of F2, and consider the
partition of words in F2 into 5 sets:

1. W (σ): words in F2 that end with σ,

2. W (σ−1): words in F2 that end with σ−1,

3. W (τ): words in F2 that end with τ ,

4. W (τ−1): words in F2 that end with τ−1,

5. {e}: identity element of F2.

To create a paradoxical decomposition of F2, it can be noticed that if all of the elements of the set W (σ−1)
are multiplied from the left by σ, it holds that σW (σ−1) = W (σ−1) ∪W (τ−1) ∪W (τ) ∪ {e}. So the set
σW (σ−1) consists of all of the words in F2 that do not end with σ. This is the case as all words in F2

are reduced, so there cannot be a word in W (σ−1) that has σ as its second to last entry, because it would
simplify with σ−1. It follows that the union of the set σW (σ−1) with W (σ) covers the whole group F2. This
observation allows for finding an explicit paradoxical decomposition of F2

W (σ) ∪ σW (σ−1) = W (τ) ∪ τW (τ−1) = F2. (3)

This result concludes the proof. However, it can be noticed that the paradoxical decomposition in 3 does
not use the identity element. It can be modified to include it. In order to do so, consider the set W (σ)∪{e}
instead of W (σ). Indeed, F2 = W (σ) ∪ {e} ∪ σW (σ−1) holds, but this decomposition is not paradoxical as
the sets are not disjoint. It follows from the fact that {e} ∈ σW (σ−1).

Excluding the element σ−1 from the set W (σ−1) fixes the problem of the identity element being contained in
σW (σ−1), as no element cancels out with σ. The element σ−1 must be included into the decomposition as
an additional set. However, then it can be noticed that σ−1 is also contained in σW (σ−1) as σ−2 ∈W (σ−1).
Thus σ−2 must also be excluded from the set W (σ−1). By this reasoning, it can be noticed that all elements
of the form σ−n for any n ∈ N must be excluded from W (σ−1), as otherwise the element σ−n+1 is repeated.
To do this, define sets K = {σ−n : n ∈ N} and R = W (σ−1) \ K. Finally, the modified paradoxical
decomposition of F2 that uses all of the elements of F2 is

F2 = W (σ) ∪ {e} ∪K ∪ σR = W (τ) ∪ τW (τ−1). (4)

Visual representations of sets that are used to construct the paradoxical decomposition of F2, defined as in
Equation 3, are presented on Cayley diagrams of F2 in Figures 5 and 6.
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Figure 5: On the left: Cayley diagram of F2 with subsets W (y) (blue) and W (Y ) (green). On the right:
Cayley diagram of F2 with subsets W (y) and yW (Y ) (green).

Figure 6: On the left: Cayley diagram of F2 with subsets W (x) (orange) and W (X) (purple). On the right:
Cayley diagram of F2 with subsets W (x) and xW (X) (purple).

A similar visualisation of the refined decomposition described in Equation 4 is presented in Figures 6 and
7.
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Figure 7: On the left: Cayley diagram of F2 with subsets W (y) (blue) and W (Y ) (green). On the right:
Cayley diagram of F2 with subsets W (y), {e} (yellow), K (light green) and yR (dark green).

Finally, the whole paradoxical decomposition of F2 from Equation 3 can be seen in Figure 8.

Figure 8: Visualization of the paradoxical decomposition of F2 using Cayley diagrams.

In many instances, working with the definition of a paradoxical set may not be the most convenient. Conclud-
ing whether the set is paradoxical in this way requires explicitly constructing a paradoxical decomposition,
which may be difficult. This issue can be resolved by translating a paradoxical decomposition of a group
onto a set on which it acts. As it turns out, proving the fact that some group is paradoxical allows, under
some assumptions, to conclude that a set on which it acts is paradoxical too. To do that first recall the
definition of a fixed point.
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Definition 3.8. Consider some group G that acts on a set X. A point x ∈ X is called a fixed point if there
exists some element g ∈ G such that g(x) = x.

If some group acts without non-trivial fixed points on some set then this action is called free.

Lemma 3.1. If a group F2 acts without non-trivial fixed points on some set X then the set X is
F2-paradoxical [18].

Proof. As the action of F2 on X is free, orbits of X under F2 form a partition of X. Now, by the Axiom
of Choice, one representative of each orbit is chosen and the set containing all representatives is denoted
by M . Axiom of Choice is used here as number of orbits might be uncountable. Rewrite the set X as
X =

⋃
{g(M) : g ∈ F2}, where the union is taken over all elements of F2. All sets {g(M) : g ∈ F2} are

pairwise disjoint and form a partition of X. Now, the paradoxical decomposition of F2 can be transformed
into a paradoxical decomposition of X. If a subset S ⊂ F2 is chosen then the set S′ = {g(M) : g ∈ S}
is a subset of X. If he group F2 has a paradoxical decomposition F2 =

⋃n
i=1 gi(Ai) =

⋃m
j=1 hj(Bj) then

define sets A′
i = {g(M) : g ∈ Ai} for all i ≤ n and B′

j = {g(M) : g ∈ Bi} for all j ≤ m. It follows that

X =
⋃n

i=1 gi(A
′
i) =

⋃m
j=1 hj(B

′
j) form a paradoxical decomposition of X.

Lemma 3.2. Consider some group G and its subgroup E < G. If E is a paradoxical group then G is
paradoxical.

Proof. Let G be a group that has a paradoxical subgroup E. Recall that subgroups act without non-trivial
fixed points on the group they belong to (as inverses of all elements of E are in E). Thus by Lemma 3.1 it
holds that the group G is paradoxical.

3.2 Isometries acting on spheres

Now begins the search for a free group used in the construction of a paradoxical decomposition in the
Banach-Tarski paradox. The paradox takes place in the 3-dimensional Euclidean space denoted by R3 and
isometries are used to construct it.

Definition 3.9. A map f : R3 → R3 is an isometry if it holds that d(a, b) = d(f(a), f(b)) for any a, b ∈ R3,
where d is a metric on R3. Thus isometry is a distance-preserving transformation.

In particular, we are interested in operations that preserve the euclidean distance between points which are
called Euclidean isometries (also called rigid transformations). Isometry group is a set of all of the bijective
isometries of R3 onto itself. Euclidean isometries in Rn form a group denoted by E(n) called the Euclidean
group. All elements of this group are affine transformations.

The most important subgroups of the Euclidean group include translational group T (3) and orthogonal
group O(3). As a name suggests, translational group consists of all of the translations in R3. Orthogonal
group is a group consisting of all of the distance preserving transformations of a Euclidean space that fix
some point. Each element of O(3) can be represented as a orthogonal matrix. Any element of E(3) can be
uniquely represented as the composition of a translation and an orthogonal transformation. The orthogonal
group has a subgroup that is used in the construction of the Banach-Tarski paradox.

Definition 3.10. The special orthogonal group SO(3) in R3 is the group of all orthogonal matrices in R3×3

with determinant 1.

The group SO(3) is also called a rotation group, as it consists of all of the rotations about origin in R3.
Every non-trivial rotation can be fully characterized by the axis of rotation an the angle of rotation, and
uniquely expressed in form of a orthogonal matrix. Examples of matrices that represents a counter-clockwise
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rotation with respect to z-axis and x-axis, by an angle θ are:cos θ − sin θ 0
sin θ cos θ 0

0 0 1

 ,

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 .

The group SO(3) is not finite nor abelian, as rotations in R3 do not commute. It is an indication that it
might have a subgroup which is isomorphic to F2. In fact, it turns out that such subgroups of SO(3) exist,
and may be found explicitly.

Lemma 3.3. The group SO(3) has a subgroup generated by two independent rotations that is isomorphic to
F2 [15].

Proof. An explicit example of two rotations that generate a group isomorphic to F2 was found by Świerczkowski
in [15]. He has shown that two rotations by the same angle θ, with respect to perpendicular axis (here z-axis
and x-axis)

A =

 a
b −

√
c
b 0√

c
b

a
b 0

0 0 1

 , B =

1 0 0

0 a
b −

√
c
b

0
√
c
b

a
b

 ,

where cos θ = a
b and c = b2 − a2, generate a free subgroup of SO(3) if and only if a

b ̸∈ {0,± 1
2 ,±1}.

The group defined in Lemma 3.3 can be used to provide a neat proof of the Banach-Tarski paradox. What
is more, this result can be generalized to higher dimensions.

Proposition 3.1. The group SO(n) has a free subgroup for any n ≥ 3.

Proof. From Lemma 3.3 it is known that SO(3) has a subgroup isomorphic to F2. Now, as SO(3) is a
subgroup of SO(n) for any n ≥ 3 then all groups SO(n) have a subgroup isomorphic to F2.

Corollary 3.1. Group SO(n) is paradoxical for any n ≥ 3.

Proof. This result follows from Lemma 3.2 and Proposition 3.1.

Notice that in the statement of the Banach-Tarski paradox the group SO(3) acts on the unit ball. However,
this does not mean that all of the elements of this group need to be used to construct the paradoxical
decomposition. In fact, it is enough to consider its suitable subgroup, for example tone from Lemma 3.3.
Clearly, if a group generated by rotations acts on a ball, or a sphere, then this action is not fixed point free.
Every element of this group fixes the points of intersection of its axis of rotation with the unit ball. Even
though we found a paradoxical group that acts on the unit ball, Lemma 3.1 cannot be used to conclude the
fact that this set is paradoxical, as the group action is not free. Because of that it seems constructive to
investigate the nature of fixed points appearing while some free group generated by rotations acts on a ball.
Following results are proved for a sphere, but they can be immediately extended to a ball.

Lemma 3.4. Consider a sphere S2 and a free group G acting on it. Any point that is an element of the
orbit of a fixed point is also a fixed point.
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Proof. Consider some point p ∈ S2 and a rotation γ ∈ G such that γp = p, so γ fixes p. Now, any element
x of the orbit of p is of the form x = ϕp for some rotation ϕ ∈ G. It follows that if

γϕ−1ϕp = p then ϕγϕ−1ϕp = ϕp, and it holds that ϕγϕ−1x = x.

Thus a point x is fixed by the rotation θ = ϕγϕ−1. As x is arbitrary, it can be concluded that any element
of the orbit that contains a fixed point is a fixed point.

From this lemma it can be concluded that orbits fall under two categories, those consisting only of fixed
points and those which are fixed point free. Now we may be wondering if a rotation that fixes some point is
unique.

Theorem 6. Consider some orbit of S2, under the action of a free group G, that consisting of fixed point.
Let θ be a rotation that has a fixed point p ∈ S2. If there exists some other rotation σ such that σp = p then
it follows that σ = θa for some integer a [12].

Proof. Let a free group G be generated by rotations γ1, γ2, . . . . Without loss of generality consider a rotation
θ that has the shortest length of all of the rotations that have a fixed point in this orbit. Now, assume that
there exists some other rotation σ ̸= θ such that σp = p, so it also fixes p. Rotations σ and θ rewritten as
words in G are of form

σ = γ±1
n1
γ±1
n2
. . . γ±1

nk
, θ = γ±1

m1
γ±1
m2

. . . γ±1
ml
.

Notice that θ cannot start and end with elements that are inverses of one another, for example τ and τ−1,
as then τ−1θτ is a shorter word that also fixes some point in the orbit. This follows from the construction
in the proof of Lemma 3.4. Because of that, θ and θ−1 cannot start, nor end with the same elements. Now,
if θ and σ have the same fixed point p then it follows that θσ = σθ, as if rotations fix the same point, they
must have the same axis of rotation, so they commute.

First assume that the expression θσ does not simplify, which means that neither σθ does. It follows that σ
must start with an element θ, as if θσ = σθ is rewritten as

θγ±1
n1
γ±1
n2
. . . γ±1

nk
= γ±1

n1
γ±1
n2
. . . γ±1

nk
θ,

then it is clear that γ±1
n1
. . . γ±1

nl
= θ. But it also means that

θγ±1
nl+1

. . . γ±1
nk

= γ±1
nl+1

. . . γ±1
nk
θ,

so γ±1
nl+1

. . . γ±1
n2l+1

= θ too. This process repeats until σ consists only of elements θ. In this way, it follows

that σ is constructed from r = k
l many elements θ, which shows that σ = θr.

If θσ simplifies then σθ−1 does not, as it was assumed σ and σ−1 cannot start with the same element. The
same procedure as in the case of the lack of simplification can be repeated, but now for σθ−1 = θ−1σ. From
this it follows that σ = θ−r, which concludes the proof.
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4 The Banach-Tarski paradox in R3

4.1 Proof of the Banach-Tarski paradox

Recall that the unit ball B in R3 is a subset of R3 such that B = {x ∈ R3 : ||x||3 ≤ 1}. If the centre of the
ball is excluded then the centreless ball can be treated as a union of concentric spheres with radiuses smaller
or equal to the radius of the initial ball.

Lemma 4.1. Every ball BR of radius R, without a centre in R3 is equal to the union of concentric spheres
Sr with positive radii r such that r ≤ R. Thus it holds that BR \ {0} =

⋃
0<r≤R Sr.

Proof. Every point y ∈ BR is contained on a sphere Sr, where r is a distance from y to the centre of the
ball. Additionally, every point z ∈ Sr belongs to the ball BR as ||z||3 ≤ R, so z ∈ BR. The only point for
which this reasoning does not work is the centre, as there are no spheres of radius zero.

Working with balls is significantly more difficult than working with spheres. Fortunately, it turns out that it
is enough to prove the Banach-Tarski paradox for the unit sphere. As it holds that S2

r = rS2 for a sphere of
radius r, a paradoxical decomposition of the unit sphere can be scaled and adjusted to work for any sphere
of arbitrary radius. Thus, if it can be proved that the unit sphere is paradoxical then it follows that any
sphere is. By Lemma 4.1 and Lemma 2.2 it then follows that a centreless ball is paradoxical. The issue of
including the centre into the decomposition is taken care of later.

Recall the statement of the Banach-Tarski paradox.

Theorem 7 (Banach-Tarski paradox). The unit ball in R3 is SO(3)-paradoxical.

Proof. Consider the unit ball B in R3 and the group SO(3). To show that B satisfies the Definition 2.3 with
SO(3), an explicit paradoxical decomposition can be constructed. Without loss of generality, it is enough to
show that the unit sphere S2 is paradoxical with some subgroup of SO(3). Consider a subgroup of SO(3)
that is generated by two rotations σ, τ , both by the angle θ = arccos 1

3 , with respect to z-axis and x-axis,
respectively. Here any rotations that satisfy Lemma 3.3 would work, so σ and τ generate a free subgroup of
SO(3), which is denoted by G2.

As every rotation in G2 fixes the points of intersection of its axis of rotation with the unit sphere, it follows
that the action of the group G2 on S2 is not free. Define the set D = {p ∈ S2 : g(p) = p where g ∈ F2, g ̸= e}
which contains all of the fixed points of the action of G2 on S2. Now, by Lemma 3.1 it can be immediately
concluded that the set S2 \D is SO(3)-paradoxical. However, finding the explicit paradoxical decomposition
of S2 \D turns out to be useful to understand the construction of the paradox. To do this, decompose the
set S2 \D into orbits of the action of G2 on it. Recall that all orbits are either pairwise disjoint or equal, as
the action is fixed point free. Another observation that can be made is the fact that the number of elements
in G2 is countable, so each orbit must contain countably many points. As the number of points on the
sphere is uncountable, it means that there exist uncountably many orbits of the action of G2 on S2. By the
Axiom of Choice, select from each orbit one element m and call it a representative of the orbit. All of the
representatives are collected in a set M .

Consider the orbit of some representative m and notice that all of its elements are of form a(m), where a
is some element of G2, so a is constructed from the elements from the set {τ, τ−1, σ, σ−1}. Similarly to the
proof of Theorem 5, divide this orbit into five classes:

1. m: initial point ,

2. Wm(τ): points obtained by acting on m with all words in G2 ending with τ ,

3. Wm(τ−1): points obtained by acting on m with all words in G2 ending with τ−1,
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4. Wm(σ): points obtained by acting on m with all words in G2 ending with σ,

5. Wm(σ−1):points obtained by acting on m with all words in G2 ending with σ−1.

Notice that these sets form a partition of the orbit of m. Now, all of the orbits can be separated into these
5 classes, and can be combined to form sets

M =
⋃

m∈M

m, Wτ =
⋃

m∈M

Wm(τ),

Wτ−1 =
⋃
W (τ−1), Wσ =

⋃
m∈M

Wm(σ), Wσ−1 =
⋃

m∈M

Wm(σ−1),

which form a partition of S2 \D. Important thing that needs to be noted here is the fact that if the set D
was not excluded then these sets would not be pairwise disjoint. Consider some fixed point z ∈ S2 that is a
representative of some orbit, and without loss of generality assume that z is fixed by some word γ in G2 that
ends with τ . Then, it follows that z ∈ Wz(τ) as z = γz ∈ Wz(τ). Thus the point z needs to be excluded
from the decomposition. As z was arbitrary, and from Lemma 3.4 we know that if an orbit contains a fixed
point then all of its points are fixed, in fact all of the orbits that contain fixed points need to be excluded.
The set of orbits containing fixed points is equal to the set D. Note, that the set D is countable, as the
number of orbits that contain fixed points is countable.

Unsurprisingly, the paradoxical decomposition of S2 \D is found to be

S2 \D = Wσ ∪ σWσ−1 = Wτ ∪ τWτ−1 .

This paradoxical decomposition is very similar to the one of F2, which should not be a surprise. The set Wσ

contains all of the points that are obtained by rotating elements of M by words in G2 that end with σ, and
the set σWσ−1 contains all of the points that are obtained by rotating M by all of the elements in G2 that
do not end with σ. These sets are disjoint and their union is the whole of S2 \D. Similarly it holds for the
second decomposition.

It can be noticed that the set M is not used to construct the paradoxical decomposition, but it can be
included into it. Consider the union of M with one of the already existing sets, for example introduce the
set Wσ ∪M , instead of Wσ. However, now M ⊂ σWσ−1 and sets are not disjoint. Notice that the set σ−1M
is causing the problem as σ−1 cancels out with σ. Excluding the set σ−1M from Wσ−1 solves this issue, but
now σ−1M must be included into the decomposition as a separate set. However, then also the set σ−2M
must be excluded from Wσ−1 , as σ−2M ∈ Wσ−1 and again first σ−1 will cancel out with σ leaving the set
σ−1M . Inductively, it can be concluded that all sets of form σ−nM for any n ∈ N must be excluded from
Wσ−1 , as otherwise the set Wσ−n+1 is repeated.

Define new sets K = σ−1M ∪ σ−2M ∪ . . . and R = Wσ−1 \K. The decomposition of form

S2 \D = Wσ ∪ σR ∪K ∪M = W(τ) ∪ τW (τ−1)

is a paradoxical decomposition of S2 \D that uses all of the elements of the set.

The only part left to show is the fact that S2 \D being paradoxical is equivalent to S2 being paradoxical.
Recall that by Lemma 2.4, if a set is equidecomposable with a paradoxical set then it is also paradoxical. It we
show that S2 and S2 \D are equidecomposable, it follows that S2 is paradoxical. To find equidecomposition
of S2 and S2 \D we use the fact that it is always possible (as set D is countable) to find some line l through
the origin of the sphere that does not contain any points of D. What is more, the set D can be rotated with
respect to this line l by some angle γ, call this rotation δ, in a way that none of the points of D are mapped
back to D by δn for any n ∈ N. It is possible to find such rotation as the number of rotations that map some
point of D back to D is countable.
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Define sets Kn = {δn(d) : d ∈ D} for all n ∈ N and a set G =
⋃∞

n=0Kn. All sets Kn are pairwise disjoint,
as δ was chosen in a way that it does not fix any points of D. Clearly, the sets G and S2 \ G are disjoint
and cover the whole set S, thus

S2 = G ∪ S2 \G (5)

is a partition of S. To form a partition of S \D, define the set δG =
⋃∞

n=1Kn = G \D. It is the set of all
of the points that are reachable by δ from D that is rotated once more by δ, so the whole orbit without the
set D. From this it follows that

δG ∪ S2 \G = S \D (6)

forms a partition of S \D. It holds Equations 5 and 6 form an equidecomposition of S2 with S \D using
the group SO(3).

As S2 and S2 \D are equidecomposable and S2 \D is SO(3)-paradoxical, it can be concluded by Lemma
2.4 that S2 is SO(3)-paradoxical. This result can be extended to a sphere of arbitrary radius, so by Lemmas
4.1 and 2.2 it follows that B \ {c}, where c = (0, 0, 0), is also SO(3)-paradoxical. What needs to be shown is
the fact that B is paradoxical. This is done by showing that B \ {c} and B are equidecomposable.

Notice that a ball without centre is trivially equidecomposable with a ball that is missing one point on the
surface. Without loss of generality chose a point k = (0, 1, 0). We want to show that B \ {k} ∼ B. Consider
the rotation τ , as it does not fix k, and define the set T = {τnk : n ∈ N}. It follows that a partition of the
unit ball is

B = T ∪B \ T. (7)

Now, for the decomposition of the unit ball without a point consider

B \ {k} = B \ T ∪ τT. (8)

Thus Equations 7 and 8 form an equidecomposition of B with B \{k}. As B \{k} ∼ B and B \{c} ∼ B \{k}
then by transitivity also B\{c} ∼ B. As B\{c} is SO(3)-paradoxical, it follows that B is SO(3)-paradoxical,
which finishes the proof.

4.2 Notes on the proof

Lemma 4.1 allows for first finding a paradoxical decomposition of the unit spheres and then translating it
onto the centreless unit ball. In hindsight, it can be noticed that the whole centreless ball can be decomposed
at once. However, then the action of F2 on B \ {c} has orbits that are uncountably infinite, so orbits that
contain fixed points are uncountable too. This could be an issue, as the method by which the fixed points
are included into the decomposition is based on the fact that the set of fixed points can always be mapped
to its complement. This is proven using the fact that the set of fixed points is countable. Fortunately, it
turns out that finding an appropriate rotation is still possible.

The number of fixed points on each of the spherical layers of the sphere is still countable. What is more, if
we consider all fixed points in a ball of some rotation, we can notice that they can be connected by a line
from the centre of the ball to the fixed point located on the unit sphere. Examples of such lines can be seen
in Figure 9. This procedure can be repeated for all of the rotations, so there is a countable number of such
lines. Clearly, points contained on concentric spheres with different radii cannot be mapped to one another
using rotations with the axis of rotation going through the centre of the ball. Because of that, it can be
noticed that the same rotation used to create an equidecomposition of S2 \D with S2 can be used to find
equidecomposition of the whole centreless ball with a ball missing the set of fixed points.
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Figure 9: Fixed points of two rotations connected by lines.

Including the centre of the ball was shown by an argument involving finding an equidecomposition of a
whole ball with a ball without the centre, and a ball missing some point on the surface. This problem can
be solved in a more elementary way, but it requires allowing for rotations with respect to lines that do not
pass through the origin. To include the centre we can find a circle C that contains the centre of the ball and
some point on the unit sphere, an example of such circle can be found in Figure 10. Then consider a rotation
ω ∈ SO(2) by an irrational multiple of π, with respect to the centre of the circle, in the plane containing
C.

Now, it is possible to find a equidecomposition of a unit circle C with a circle C \ {c}. To do this, define the
set A =

⋃
n∈N ω

nc. Then the equidecomposition of C with C \ {c} is

C = C \A ∪A, C \ {c} = ωA ∪ C \A.

This decomposition can be performed both for the centre, and for any fixed point, see Figure 10 for a possible
example of a circle used to include a fixed point (0, 0, 1).

Figure 10: On the left: Circle containing the centre of the unit ball and some point on the unit sphere. On
the right: Circle on the surface of the unit sphere that contains a fixed point.
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5 Modifications of the Banach-Tarski paradox

5.1 Rational Sphere

We know that when a paradoxical group acts without non-trivial fixed points on some set then the set is
paradoxical. However, so far there was no explicit example of such set presented, as the action of the group
SO(3) on a sphere is not free. An example of an object where it is possible to conclude paradoxicality without
an additional argument needed to include the fixed points, is the rational sphere.

Definition 5.1. The rational sphere R = S2 ∩ Q3 is a set of all points on the unit sphere with rational
coordinates.

It may be wondered to what extent does the classic sphere differ from the rational one, as in the latter
case all of the points with at least one irrational coordinate are excluded. Fortunately, it turns out that the
rational sphere is a fairly decent approximation of the classical sphere.

Lemma 5.1. The rational sphere is dense in S2.

Proof. The proof can be found in Chapter 2 of [17].

The main advantage of the rational unit sphere over the classic unit sphere is the fact that the number
of points contained in it is countable. This property allows for creating a paradoxical decomposition of it
without assuming the Axiom of Choice. In Lemma 3.3, a class of matrices that generate a free subgroup
of SO(3) was presented, but not all of them generate a group that acts on R without fixed points. It can
be suspected that if rotations with rotation axis intersecting the sphere at irrational points are chosen as
generators, then no rational points are fixed by any of the elements of this group. This turns out to be
true.

An example of a free group generated by two rotations whose axis of rotation intersect the sphere at irrational
points was found by Satô. He showed in the article [14] that the matrices

µ =
1

7

 6 2 3
2 3 −6
−3 6 2

 , ν =
1

7

 2 −6 3
6 3 2
−3 2 6

 , (9)

generate a free subgroup of SO(3) that acts without non-trivial fixed points on R.

The proof of this result highly relies on the fact that rotations in R3 can be represented in the form of
quaternions [9]. Recall that the space of quaternions is defined as H = R ⊕ P, where P is a vector space
over R with an orthonormal basis {i, j, k}, so all quaternions are of form q = q0 + q1i + q2j + q3k, where
q0, q1, q2, q3 ∈ R. To denote quaternions in a compact form, the notation (c, s) is used, where c ∈ R and
s ∈ P. Quaternion multiplication is defined by the formula

(c′, s′) ∗ (c, s) = (c′c− s′ · s, cs′ + c′s+ s′ × s), (10)

where · is a dot product and × is a cross product on R3. The norm on the space of quaternions is
||(c, s)|| = c2 + |s|2, where | · | is the Euclidean norm on R3.

Any unit quaternion γ ∈ H, so a quaternion for which it holds that ||(c, s)|| = 1, can be associated with
an isometry operation of form ψγ : P → P defined for any x ∈ P as ψγ(x) = γxγ−1. This map describes
a rotation γ, in a quaternion form, acting on some vector x. Recall that any rotation in R3 can be fully
characterized by a vector that defines the axis of rotation, and by the angle representing the magnitude of
a rotation. Any quaternion ±(c, s) such that c ∈ R, s ∈ R3 and ||(c, s)|| = 1 represents a rotation. Rotation
is trivial if s = 0. The angle of a rotation is determined by the formula c = cos θ

2 and s is a vector parallel
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to the axis of rotation. The inverse of a rotation γ = (c, s) is represented by γ−1 = (c,−s).

Theorem 8. The rotation axis of every non-trivial rotation generated by rotations µ, ν, µ−1, ν−1, defined as
in 9, intersects the unit sphere at irrational points [14].

Proof. First recall that a rotation matrix must have a real eigenvalue equal to 1, as it is an isometry. The
eigenvector belonging to it is located on the axis of rotation. Eigenpairs of µ and ν that are of interest are

λµ = 1, vµ = (2, 1, 0) and λν = 1, vν = (0, 1, 2).

The points of intersection of these vectors with the unit sphere are pµ = ± 1√
5
(2, 1, 0) and pν = ± 1√

5
(0, 1, 2),

which are clearly irrational points.

Assume that there exists some rotation θ in the group generated by µ, ν such that its axis of rotation
intersects the sphere at a rational point. This rotation clearly cannot be just a multiple of µ±1 or ν±1, as
its rotation axis would still intersect the sphere at a irrational point. It means that θ must be a composition
of both µ±1 and ν±1. What is more, as conjugation preserves the fact that a rotation has a fixed point,
it can be assumed that θ does not start and end with elements that are inverses of one another. It can be
concluded that that θ is either of form θ = µ±1 . . . ν±1 or θ = ν±1 . . . µ±1. Without loss of generality we can
assume that such rotation is of form θ = µ±1 . . . ν±1 (otherwise consider its inverse).

Rotations µ±1 and ν±1 can be written in the quaternion form

qν±1 =
1√
14

(3,±(0, 1, 2)) and qµ±1 =
1√
14

(3,±(2, 1, 0)).

Every word in the group is a composition of these rotations obtained by using formula 10, so if the word is
of length n, then it will have a factor of 1√

14
n in front of it. As every unit quaternion represents a unique

rotation, multiplication of the quaternion by a constant does not change the rotation represented. Because
of that, the result of composing generators can be multiplied by

√
14

n
, which makes the notation cleaner

and allows for working with just integers.

Denote the rotation θ in the quaternion form by qθ = (cθ, sθ) = (cθ, (xθ, yθ, zθ)). The points of the intersection

of sθ with the unit sphere are rθ = ± (xθ,yθ,zθ)√
x2
θ+y2

θ+z2
θ

. If these points are irrational then x2θ + y2θ + z2θ cannot

be a perfect square. To show that the denominator is not a perfect square, it is useful to recall that if a
number is not perfect square modulo prime, then it is not a perfect square in N either. The goal then is
to show that x2θ + y2θ + z2θ ≡ 3, 5 or 6 mod 7 for any rotation in the group, as 3, 5 and 6 are not perfect
squares mod 7. Reduction of the quaternion mod 7 is performed by reducing all of its coefficients mod 7, so
qθ = (cθ, (xθ, yθ, zθ)). To make calculations less cumbersome, the quaternion qθ, can be multiplied by cθ

−1.
This does not change the fact whether the sum is a perfect square, as it holds that if x2θ +y2θ + z2θ is a perfect
square then (cxθ)2 + (cyθ)2 + (czθ)2 = c2(x2θ + y2θ + z2θ) is also a perfect square. From now on, it may be
assumed that cθ = 1.

If all of the coefficients of two quaternions are equivalent mod 7, then these quaternions are called equivalent
and this relation is denoted by ∼. It can be shown that the representations of µ±n and ν±n mod 7 are the
same for all n ∈ N. Thus the statements that can be shown is

qµn ∼ (1, (3, 5, 0)), qµ−n ∼ (1, (4, 2, 0)),

qνn ∼ (1, (0, 5, 3)), qν−n ∼ (1, (0, 2, 4)),

for any n ∈ N. This result is proven by induction.
Base case: For n = 1 recall that
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qµ = (3, (2, 1, 0)), qµ−1 = (3, (−2,−1, 0)),

qν = (3, (0, 1, 2)), qν−1 = (3, (0,−1,−2))

As 3−1 ≡ 5 mod 7 then multiplying all representations above by 5 gives the desired result.
Induction step: Assume that qµ

n−1 ∼ (1, (3, 5, 0)). We want to show that qµ
n ∼ (1, (3, 5, 0)). This can be

achieved by performing quaternion multiplication

qµ
n = qµ

n−1 · qµ ∼ (1, (3, 5, 0)) · (3, (2, 1, 0)) ∼ (1, (3, 5, 0)) · (1, (3, 5, 0)) ∼ (2, (6, 3, 0)) ∼ (1, (3, 5, 0)).

Similar computation can be performed for µ−1, ν and ν−1 to finish the proof.

From this step it follows that any power of a generator can be reduced to ±1 without affecting the final
result. Recall that any word that fixes some point on the rational sphere must contain at least one factor
µ±1 and ν±1, so by the assumption on the structure of the words, this word must consist of blocks of form
µ±1ν±1. All such blocks in mod 7 are equivalent to

µν ∼ (1, (1, 1, 5)), µ−1ν ∼ (1, (5, 1, 1)), (11)

µν−1 ∼ (1, (4, 3, 4)), µ−1ν−1 ∼ (1, (6, 5, 6)). (12)

Every word that fixes some point on R is constructed from such pieces. The rest of the proof follows by
tedious calculations which lead to the fact that the sum of the squares of the coefficients of quaternions that
are generated by elements in 11 are equivalent to 3, 5 or 6 in mod 7, so they are not perfect squares, thus
the points of intersection of the axis of rotation with the unit sphere are in fact irrational. Details can be
found in [14].

Corollary 5.1. The rational sphere is paradoxical with a group generated by rotations ν, µ, defined as in
Equation 9.

Proof. This corollary holds by Lemma 2.3, as matrices in Equation 9 generate a paradoxical group that acts
without non-trivial fixed points on the rational sphere.

An even more general statement can be considered. The group found by by Satô was generalized by Agata,
who has shown in [1] that all matrices of the form

Ax =
1

n+ 1

 n x x+ 1
x x+ 1 −n

−x− 1 n x

 , Bx =
1

n+ 1

 x −n x+ 1
n x+ 1 x

−x− 1 x n

 (13)

for n = x · (x + 1), where x is some positive integer, generate a free subgroup of SO(3) that acts without
non-trivial fixed points on R.

Theorem 9. A free subgroup of SO(3) generated by Ax, Bx, defined as in 13, acts without non-trivial fixed
points on R [1].

Proof. The proof of this theorem follows in a similar way as for the result by Satô. It begins by representing
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rotations A±1
x , , B±1

x in the quaternion form

qAx = ± 1√
2(1 + x+ x2)

(x+ 1 + xi+ j)

qA−1
x

= ± 1√
2(1 + x+ x2)

(x+ 1 − xi− j)

qBx = ± 1√
2(1 + x+ x2)

(x+ 1 + j + xk)

qB−1
x

= ± 1√
2(1 + x+ x2)

(x+ 1 − j − xk).

Then, the procedure is equivalent to the proof of Theorem 8, details can be found in [1].

Corollary 5.2. Rational sphere is paradoxical using the free group generated by rotations Ax, Bx for any
positive integer x.

Proof. This corollary follows immediately from Lemma 3.1 and Theorem 9.

5.2 The Banach-Tarski paradox in higher dimensions

In Section 7, it is proven that the Banach-Tarski paradox holds in R3. However, Corollary 3.1 hints at the
fact that this phenomena could also be observed in higher dimensions due to the fact that all groups SO(n)
for n ≥ 3 are paradoxical. As it turns out, the answer is positive.

Theorem 10. The unit sphere Sn−1 in Rn is SO(n)-paradoxical for any n ≥ 3.

Proof. This theorem is proven by induction.

Base case: The case for n = 3 is the statement of Theorem 7.

Induction hypothesis: Assume that the claim holds for some n ∈ N, so the unit sphere Sn−1 in Rn+1 is
SO(n)-paradoxical.

Induction step: The goal is to show that if the induction hypothesis is assumed then the sphere Sn is

also SO(n)-paradoxical. The paradoxical decomposition of the sphere Sn−1 is Sn−1 =
⋃a

r=1 gr(Ar) =⋃b
q=1 fq(Bq).

A partition of Sn can be constructed from the partition of Sn−1. To define new sets A′
r and B′

q that form
a paradoxical decomposition of Sn, notice that the points on the n-dimensional sphere are of the form
(x1, x2, . . . , xn−1, xn), where the first n − 1 coefficients can be identified with the points on the (n − 1)-
dimensional sphere. Now, using the fact that the paradoxical decomposition of Sn−1 exists, the points on Sn

can be classified into subsets using the rule that (x1, x2, . . . , xn−1, xn) ∈ A′
r if 1

|(x1,...,xn−1)| (x1, x2, . . . , xn−1) ∈
Ar. The sets B′

q are formed in a similar way.

This construction works for all points on the sphere Sn except for the points (0, 0, . . . , 1) and (0, 0, . . . ,−1),
as the point (0, . . . , 0) does not belong to the sphere Sn−1. The sets A′

r and B′
q are clearly pairwise disjoint

and cover the whole of Sn \ {(0, . . . ,±1)}, as their structure follows explicitly from the properties of sets Ar

and Bq, thus they form a partition of the set Sn \ {(0, . . . ,±1)}.
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To find elements of the group SO(n) that act on sets A′
r, B

′
r, rotations fq and gr can be extended to act on

Sn by

g′r =

 0

gr
...

0 . . . 1

 , f ′q =

 0

fq
...

0 . . . 1

 .

This rotations fix the n-th coordinate and generate a free subgroup of SO(n). In this way, the paradoxical
decomposition

Sn \ {(0, . . . ,±1)} =

a⋃
r=1

g′r(A′
r) =

b⋃
q=1

f ′q(B′
q)

of Sn \ {(0, . . . ,±1) in Rn+1 can be created. To include the points (0, . . . ,±1) it can be shown that Sn

is equidecomposable with Sn \ {(0, . . . ,±1), which can be done using the same strategy as in the proof of
Theorem 7. Thus by induction it holds that the n-dimensional unit sphere is SO(n)-paradoxical.

This result can be extended to any sphere in Rn, thus there is an immediately conclusion of this result.

Corollary 5.3. Any n-dimensional solid ball in Rn is SO(n)-paradoxical.

Proof. This result follows from Theorem 5.2 and Lemma 2.2.

5.3 Amenable groups

So far the consideration of Banach-Tarski paradox was restricted to spaces Rn for n ≥ 3. The question still
remains, whether there is an equivalent result in R2. As it turns out, if the operations are restricted to the
group SO(2), the answer is negative.

To understand why this is the case, we need to recall some information about transformations in a Euclidean
plane. Orthogonal group O(2) is a group containing all of the distance preserving transformations in R2 that
fix some point and it is the symmetry group of a circle. Special orthogonal group SO(2) is the subgroup of
O(2) that is isomorphic to the multiplicative group of complex numbers with norm 1. What is more, the
group SO(2) is commutative and consists of all of the rotations in the plane that fix the origin and all of its
elements can be presented in form of matrices(

cos θ − sin θ
sin θ cos θ

)
,

where θ is some angle.

To prove the result that the Banach-Tarski paradox does not take place in R2 using the special orthogonal
groups, it is necessary to diverge a bit into the group theory and define the notion of an amenable group.

Definition 5.2. A group G is amenable if there exists some finitely additive measure µ on the power set
P (G) such that µ(G) = 1 and for all g ∈ G and A ⊂ G it holds that µ(A) = µ(gA).

This definition describes the fact that if there exists some finitely additive, probability measure on the group
G that it is preserved under the action of the group G on itself, then such a group is called amenable. Mea-
sures that are preserved under the action of the group G are called G-invariant. The connection between
the existence of a G-invariant measure on a set, and the paradoxicality of it was first described by Tarski.
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Theorem 11 (Tarski’s Theorem). Consider some group G that acts on a set X and some subset E ⊂ X.
There exists a finitely additive G-invariant measure µ : P (X) → [0,∞] with µ(E) = 1 if and only if E is not
G-paradoxical [16].

Proof. Proof can be found in Chapter 11 of [17].

Tarski’s Theorem allows us to connect the notions of a group being amenable and paradoxical. In fact, it
can be shown that a group cannot have both of these properties at the same time.

Theorem 12. Consider some group G acting on a set X. The group G cannot be both paradoxical and
amenable [2].

Proof. First assume that G is amenable, so by definition there exists some G-invariant measure µ on P (G)
such that µ(G) = 1. To show that G cannot be paradoxical, a measure on X, satisfying the properties
mentioned in the Tarski Theorem, can be constructed. Consider some set A ⊂ X and define a measure on
P (X) by ν : P (X) → [0, 1], where ν(A) = µ({g ∈ G : g(x) ∈ A for some x ∈ X}). It needs to be checked
that the measure ν is such that ν(X) = 1, finitely additive, and G-invariant. Clearly ν is finitely additive,
as µ is. What is more, ν(X) = µ(g ∈ G : g(x) ∈ X}) = µ(G) = 1. Finally, for some k ∈ G it holds that

ν(kA) = µ(g ∈ G : g(x) ∈ kA) = µ(k−1g ∈ G : k−1g(x) ∈ A) = µ(A),

so by Tarski’s Theorem G is not paradoxical.

Now, assume that G is paradoxical. If it was also amenable then there must exists a G-invariant measure µ
on P (G) such that µ(G) = 1. However, as G is paradoxical, the Banach-Tarski paradox construction can be
performed on it, and it must hold that µ(G) = 2µ(G) which is clearly a contradiction. It can be concluded
that G cannot be paradoxical if it is amenable.

Corollary 5.4. All groups SO(n) are not amenable for n ≥ 3.

Proof. This result follows immediately from Theorem 12, as groups SO(n) for n ≥ 3 are paradoxical.

Going back to the case of the Banach-Tarski in two dimensions, to prove that it does not take place in R2,
it can be shown that the group SO(2) is amenable, so it cannot be paradoxical. To do this another result
needs to be considered.

Theorem 13. Abelian groups are amenable.

Proof. The proof of this theorem is out of the scope of this thesis and can be found in [2].

Corollary 5.5. The Banach-Tarski paradox does not take place in R2 using the group SO(2).

Proof. Group SO(2) is abelian thus by Theorem 13 it is amenable, so by Theorem 12 not paradoxical and
cannot be used to construct the Banach-Tarski paradox.

5.4 The Banach-Tarski paradox in R2

In the previous section it is shown that the Banach-Tarski paradox cannot take place in R2 using the special
orthogonal group SO(2). However, this does not contradict the fact that the paradox cannot happen at all.
It was established that the group SO(2) is not paradoxical, but following the idea of Von Neumann [10], the
Banach-Tarski paradox can still take place in the plane if the group SO(2) is expanded by allowing for more
area-preserving transformations in the plane.
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Affine group A2(R) is a group consisting of all affine transformations in R2. These are automorphisms of
the Euclidean plane that preserve lines and parallelisms, but they may not preserve angles not Euclidean
distances. Examples of affine transformations include translations, rotations, scaling, reflections, shear trans-
formations and their compositions. Affine maps are of form σ : x→Mx+ v, where M ∈ R2×2 denotes some
linear transformation and v is some vector in R2 representing a translation. These maps scale an object on
which they act by the factor |detM |.

Special affine group SA2(R) is a subgroup of the affine group and consists of all affine transformations that
preserve area and orientation. It consists of all maps of form γ : x→Mx+ v, where M ∈ R2×2 is a matrix
such that detM = 1 and v is some vector in R2 representing a translation. Special affine group has its
linear analogue, called the special linear group SL2(R). This group contains all of the matrices in R2×2

with determinant 1. If the Banach-Tarski paradox was to happen in the plane using elements of SA2(R),
then this result could be considered to have the same paradoxical nature as it is the case for its three
dimensional equivalent. The Banach-Tarski paradox would double the area of a set using area preserving
transformations.

Von Neumann has shown that a square J2 = [0, 1)2 is SA2(R)-paradoxical [10]. In this thesis, a simpler
argument due to Wagon [18] is followed. The idea of the proof relies on the fact that a free subgroup of
SL2(R) can be generated by two independent elements of it. In our case, it is a free group generated by
two shears. Before the proof of this claim is considered, it is useful to recall some information about shear
transformations [6].

Definition 5.3. A shear mapping is an affine transformation which fixes some line in the plane and all of
the points not contained in it are shifted parallel to it by a the amount proportional to their distance from
the line.

Linear transformations induced by shears have determinant equal to 1, thus they fix the area. However, they
are not isometries as they do not maintain the distance between points, nor angles. In fact, it holds that
any element of the special linear group SL2(R) can be written in terms of shears. Compositions of shears
still preserve the area, but the may not be a shear anymore.

Two shears of our interest are of form σ1 : (x, y) → (x + 2y, y), so it fixes the x-axis and stretches objects
along it by a factor 2. And the second shear is σ2 : (x, y) → (x, y + 2x), so it fixes the y-axis and stretches
objects with respect to it by a factor 2. These shear transformations can be represented in the matrix form
as

σ1 =

(
1 2
0 1

)
, σ2 =

(
1 0
2 1

)
. (14)

The way in which σ1 and σ2 act on J2 can be seen in Figure 11.

27



Figure 11: On the left: shear σ1 acting on a square J2. On the right: shear σ2 acting on a square J2.

Consider a group G∗
2 generated by all of the elements of G2 = SO(2) and a shear σ1. Notice that it holds

that

σ2 = ρ−1σ−1
1 ρ, for ρ =

(
0 1
−1 0

)
,

so in fact σ2 ∈ G∗
2. It was first proven by Sanov in [13] that the group F generated by shears σ1 and σ2

is a free subgroup of G∗
2. This result was later improved on by Brenner [4], who showed that any pair of

matrices

Am =

(
1 m
0 1

)
, AT

m =

(
1 0
m 0

)
generate a free group for any m ∈ R such that m ≥ 1. From this we know that the group G∗

2 has a subgroup
F isomorphic to F2.

Define another subgroup H < G∗
2 which is generated by F and the group T of all translations in the plane.

Any element of H is of form h = τM , where τ is a translation and M ∈ F . To prove the Banach-Tarski
paradox, we need to find a paradoxical group that on a square without non-trivial fixed points. However, it
can be easily noticed that even the shear σ1 does not map all points of the square back to itself. To fix this
issue, consider an equivalence relation ∼ on R2

x ∼ y if and only if x− y ∈ Z2. (15)

Thus two points x, y ∈ R2 are equivalent if and only if it holds that x = y + (m,n), where (m,n) ∈ Z2.
Denote by x̂ a unique point in J2 that is equivalent to x under this equivalence relation.

Theorem 14. The unit square J2 = [0, 1)2 is G∗
2-paradoxical.

Proof. The group F < H < G∗
2 generated by shears σ1, σ2 was already proven to be isomorphic to F2 by

Sanov [13], so it is also paradoxical. However, Lemma 3.1 cannot be explicitly used to conclude that J2 is
paradoxical, as the elements of F , nor H, map J2 to itself and these groups do not act without non-trivial
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fixed points on the square. To adjust the elements of H to map a square to itself, aforementioned equivalence
relation in 15 can be used. Consider the function

ĥ : J2 → J2 such that ĥ(x) = ĥ(x).

This function maps a point x ∈ J2 to h(x) by some element h ∈ H, and then to the unique point in J2 that
is equivalent to h(x). All elements of groups H,F and T can modified using the equivalence relation and
groups containing them are denoted by Ĥ, F̂ , T̂ , respectively.

It was shown that F is free, but what needs to be proven is whether F̂ is free and if it is generated by σ̂1
and σ̂2. This can be done by showing that F is isomorphic to F̂ . To do this, define a map I : H → Ĥ,
that maps elements of the group H to their equivalent elements in Ĥ, and show that it is an isomorphism
between F and F̂ .

It needs to be shown is that I is a bijective homomorphism. First, to show that it is a homeomorphism

consider two elements h1, h2 ∈ H and it needs to be proved that ĥ1h2 = ĥ1ĥ2 holds. Begin by noticing that
if x ∼ y then it follows that h(x) ∼ h(y) as if (x− y) ∈ Z2 then h(x) − h(y) = h(x− y) ∈ Z2. This holds as
σ1, σ2 and τ , where τ is some translation, are linear transformations. It follows that

ĥ1ĥ2(x) = ĥ1ĥ2(x) =
̂
h1ĥ2(x) = ̂h1(h2(x)) = ̂h1h2(x),

where second to last inequality follows from the observation above. It can be concluded that the map I
is a homomorphism. Clearly, the map I is surjective, so the only thing left to show is injectivity. Aiming
for contradiction assume that there exists some element h ∈ H such that I(h) = ê where ê is the identity
element of Ĥ, but h ̸= e.

Now, the structure of elements in Ĥ needs to be considered. Clearly not all elements ĥ ∈ Ĥ can be expressed
in the form τ ◦ h, for all points in J2, as some points would be mapped outside of the square. It follows
that elements of Ĥ are defined piecewise as compositions of elements of H and translations that map points
h(x) back to J2. In fact, it can be concluded that elements of Ĥ are of form ĥ(a, b) = h(a, b) − ⌊h(a, b)⌋ for
(a, b) ∈ R2.

Consider some subset of J2 on which ĥ = 1 is defined as 1 = ĥ = τ ◦ h for some translation τ . This means
that τ ◦ h is equal to identity for at least three non-collinear points. Which means that sing the fact that
if two affine maps have the same image for three non-collinear points then the maps are equal, it can be
concluded that in fact τ ◦ h = 1. It means that h = τ−1 which is only possible id τ = h = 1.From this it can
be concluded that the map I is injective. What follows is the fact that I is an isomorphism so F and F̂ and
F̂ is a free group generated by σ̂1 and σ̂2.

As the issue of the group H not mapping J2 to itself is resolved by considering the group Ĥ. What is
left to show is that the action of F̂ on J2 is without fixed points, or more precisely, that fixed points
can be included in the decomposition. Define the set of all non-trivial fixed points of J2 under F̂ by
D = {x ∈ J2 : f̂(x) = x for some f̂ ∈ F̂ , f̂ ̸= 1}. Lemma 3.1 can be applied to the set J2 \D to conclude
that J2 \D is F̂ -paradoxical. What is more, as all elements of F̂ are defined piecewise by elements of H, so
the set J2 \D is also H-paradoxical and as H < G∗

2, then it is G∗
2-paradoxical. Now, we need to show that

J2 is paradoxical. This can be done by proving that J2 \D is T -equidecomposable with J2 and as T < H,
then it can be concluded that they are H-equidecomposable.

Notice that if a point is fixed by some element of F̂ , then it must mean that it holds that f̂(x, y) =
(x, y) + (m,n) for some (m,n) ∈ Z2. Linear transformations in the plane that are generated by shears fix
either points, as in the case of rotations, or line segments (shears). The number of elements in F̂ is countable
and the action of F̂ , so the set D can be separated into two subsets D = D0 ∪ D1 where D0 is a set of
points and D1 is a set of line segments; both of these sets are countable. However, the whole set D contains
uncountably many points, so to find the desired equidecomposition, first an equidecomposition of J2 \ D
with a set J2 \ P , where P is some countable set, is found.
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To construct the set P we want to find some translation τ ∈ T such that the set D ∩ τ̂n(D) is countable for
all n ∈ N. Number of points in D0 is countable, so they do not need to be taken into consideration while
finding the translation. As there is a countable number of line segments in D1, they can be numbered by
S0, S1, . . . . Consider two line segments Si, Sj such that i ̸= j, either Si and Sj are parallel, or not. If they
are not parallel then for any n ∈ N it holds that Si ∩ τn(Sj) contains at most one point, so no translation
causes the problem of uncountable intersection.

The issue arises when line segments Si and Sj are parallel. If any point p ∈ Sj is mapped by some translation
τn to some point q+(a, b), where (a, b) ∈ N and q ∈ Si, then it means that τ̂n(Sj)∩Si is non-empty, possibly
uncountable. This is the case as the element τ̂n maps Sj back to the square in a way that τ̂(Sj) and Si

share a point, so if this is not an endpoint then their intersection may contain uncountably many points.

To make sure that the intersection is countable, all such translations need to be discarded. We need to make
sure that there will be at least one translation leftover. For each of the countably many combinations of sets
Si, Sj and n, at most countably many translations map some point of Si to some point q+ (a, b), so in total
there is a countable number of translations discarded. As number of translations in the plane is countable,
there must exist at least one τ translation leftover for which Si ∩ τ̂n(Sj) = ∅ for all n ∈ N and all pairs of
line segments that are parallel. So the set D ∩ τ̂n(D) is countable for all n ∈ N.

Now define a set P = {D ∩ τ̂n(D) : n ∈ Z \ {0}}, which is a countable subset of D. We want to show that
J2 \ P and J2 \D are T̂ -equidecomposable. To do this consider sets τ̂n(D \ P ) for all n ∈ N. These are the
points that are not in the image of D under τ̂n for any non-zero n ∈ Z that are translated by τ̂n. These sets
are pairwise disjoint, and disjoint from P . To show this assume that there exist some n,m ∈ N such that
for some d1, d2 ∈ D \ P it holds that τ̂n(d1) = τ̂m(d2). Then d1 = τ̂m−nd2, which is a contradiction as it
follows that d2 can be mapped to d1 by τ̂m−n, so these points must belong to P , which is a contradiction.

Consider the set A =
⋃∞

n=0 τ̂
n(D \ P ). A trivial decomposition of J2 \ P is J2 \ P = A ∪ [(J2 \ P ) \A]. To

find a decomposition of J2 \D consider the set τ̂(A) =
⋃∞

n=1 τ̂
n(D \P ) = (J2 \D) \ [(J2 \P ) \A], so we get

that the equidecomposition of J2 \D and J2 \ P is

J2 \ P = A ∪ (J2 \ P ) \A,
J2 \D = [(J2 \ P ) \A] ∪ τ̂(A).

This reasoning concludes the proof that J2 \ P and J2 \ D are T̂ -equidecomposable. Now, as J2 \ D is
paradoxical then J2 \ P must be too. The thing left to show is that J2 \ P and J2 are equidecomposable.
This follows in exactly the same way as the proof for J2 \D and J2 \ P being T̂ -equidecomposable, but the
process is easier as now the set P is countable, so there is no need to worry about uncountable intersections.
We can find a translation τ such that τ̂n(P ) ∩ P = ∅ and follow the procedure as before. This shows that J
and J \ C are T̂ -equidecomposable from which it can be concluded that J ∼ J \ P ∼ J \ C, so as J \ P is
paradoxical then by translation J is too.
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6 Visualisation of the Banach-Tarski paradox

6.1 Visualisation for the unit sphere

The Banach-Tarski paradox is in principle a result that takes advantage of the fact that the subsets into
which a sphere is decomposed are uncountable and dense. If these subsets were to be presented accurately,
it would mean that picture would need to include uncountably many points that are dense in the sphere, so
they would not visually differ from the whole sphere. Thus, to maintain the visual soundness of the graphical
representation, the process that a sphere undergoes during the Banach-Tarski paradox is presented only for
one orbit and there is an upper bound put on the length of the words in the free group that acts on it.

Consider a point p = ( 1√
2
, 1√

2
, 0) located on the unit sphere. The orbit of this point under the action of F2

is used to demonstrate the construction of the paradoxical decomposition of the sphere. The location of the
point p on the sphere is presented in Figure 12.

Figure 12: Point p = ( 1√
2
, 1√

2
, 0) on a unit sphere.

The generators of the group that acts on S2 are rotations with respect to z-axis and x-axis by the angle
θ = arccos 1

3 :

σ =

 1
3 − 2

√
2

3 0
2
√
2

3
1
3 0

0 0 1

 , σ−1 =

 1
3

2
√
2

3 0

− 2
√
2

3
1
3 0

0 0 1

 ,

τ =

1 0 0

0 1
3 − 2

√
2

3

0 2
√
2

3
1
3

 , τ−1 =

1 0 0

0 1
3

2
√
2

3

0 − 2
√
2

3
1
3

 .

These rotations satisfy the properties listed in Lemma 3.3, so they generate a subgroup of SO(3) isomorphic
to F2. For the sake of a successful visualization, the length of words in the group is restricted to four. The
set of all such words is denoted by G4. In Figure 13, the orbit of p under the elements from the set G4 is
presented. Different colours represent the fact that given point was obtained by acting on p with a word
from G4 that ends with:

1. Blue: Wp(σ), points obtained by acting on p with words in G4 that end with σ,
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2. Green: Wp(τ), points obtained by acting on p with words in G4 that end with τ ,

3. Red: Wp(σ−1), points obtained by acting on p with words in G4 that end with σ−1,

4. Purple: Wp(τ−1), points obtained by acting on p with words in G4 that end with τ−1,

as defined in the proof of Theorem7.

Figure 13: Orbit of the point p under the action of the elements from the set G4.

Now, in Figure 14 all sets are translated to visually separate all of the subsets of the orbit that were obtained
from p by acting on it with words that end with different generator. This step is not necessary in the
theoretical construction of the decomposition.

Figure 14: Subsets of the orbit translated.

Consider sets Wp(σ−1) and Wp(τ−1) and rotate all of the points contained in them by σ and τ , respectively.
This rotation can be seen in Figure 15.
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Figure 15: Upper figure: sets Wσ−1(p) and Wτ−1(p). Lower figure: sets σWσ−1(p) and τWτ−1(p).

The paradoxical nature of this process follows from the fact that, in the infinite version of the Banach-
Tarski paradox, words that are considered are of infinite length. Thus, while the set Wp(σ−1) contains all
of the points obtained by rotating point p by words that end with σ−1, the set σWp(σ−1) contains all of
the points obtained by rotating p by words that do not end with σ. The same procedure holds for the set
Wp(τ−1). Unfortunately, this process cannot be accurately presented in the finite approximation. Points
in sets σWp(σ−1) and τWp(τ−1) can be now reassigned to their new classes based on what element of the
generating set ends the rotation that is acting on p after the groups ware rotated by σ or τ . New reassignment
can be seen in Figure 16.

Figure 16: On the left: set σWp(σ−1). On the right: set τWp(τ−1).
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Now, if the set Wp(σ) is combined with the set σWp(σ−1), then in fact we obtain the whole initial orbit
of p. The point p is being acted on by all rotations that end with σ, due to the set Wp(σ), and all of the
rotations that do not end withσ, from the set σWp(σ−1). In this way, we obtain the fist copy of the orbit.
Sets Wτ (p) and τWτ−1(p) can also be combined, which gives the second copy of the initial orbit concluding
the Banach-Tarski paradox. Two copies of the initial orbit can be seen in Figure 17.

Figure 17: Two copies of the initial orbit.

The visualisation of the Banach-Tarski paradox in Figure 18 can be understood as beginning stages of the
construction of the paradoxical decomposition of the sphere. This process would have to be repeated for all
orbits, and under all elements of a group isomorphic to F2.

Figure 18: Visual description of the initial stage of the decomposition of the sphere in the Banach-Tarski
paradox.
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6.2 Visualisation for the unit square

Visualization of the paradoxical decomposition, that is created in the proof of the Banach-Tarski paradox, can
also be preformed for the unit square. Similarly to the sphere, the whole construction cannot be presented,
as sets into which the square is decomposed are dense and uncountable. To provide a reasonable visual
representation of the paradox, the decomposition is performed for the orbit of one point q = ( 1

π ,
1
e ). The

group that acts on q is F̂ generated by two shears σ1, σ2, defined as in 14. The length of the words in F̂
that act on q is restricted to maximum six.

Before the decomposition is considered, on Figure 19 there is presented a reason why it is necessary to
consider the action of F on a square under the equivalence relation. It can be clearly noticed that the point
q, in most of the instances, is not mapped back to J2 by elements from the group F .

Figure 19: The orbit of q under words in F of maximum length 6.

However, in Figure 20 the orbit of q under F̂ is presented. Indeed, now the point q gets mapped back to the
square by all elements of the group. Orbit is decomposed into subsets that can be distinguished by different
colours:

1. Blue: Wq(σ−1
1 ), orbit of q under words in F̂ that end with σ−1

1 ,

2. Brown: Wq(σ−1
2 ), orbit of q under words in F̂ that end with σ−1

2 ,

3. Green: Wq(σ2), orbit of q under words in F̂ that end with σ2,

4. Red: Wq(σ1), orbit of q under words in F̂ that end with σ1.
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Figure 20: On the left: Orbit of q under words in F̂ of maximum length 6. On the right: the same orbit as
on the left figure, but with the Voronoi mesh.

If all words in F̂ were considered, then the orbit of q would be dense in a square. To encapsulate this idea in
the version using a finite number of points, we generate a Voronoi mesh on the square based on the position
of points in the orbit of q. Voronoi mesh is one of the ways in which the plane can be partitioned based on
some finite set of points. Each point is contained in exactly one region called a Voronoi cell. All cells are
pairwise disjoint and consist of all of the points in the plane that are the closest to a given point from the
set.

For the visualization purposes, subsets of the orbit can be separated into separate squares. In Figure 21
subsets are again presented with the Voronoi mesh.

Figure 21: Orbit of q under F̂ separated into four subsets.

Now, the subsets of the orbit Wq(σ−1
1 ) and Wq(σ−1

2 ) are acted on by the elements σ1 and σ2, respectively.
This means that now the set σ1Wq(σ−1

1 ) consists of all of the points that can be obtained by acting on q
with words that do not end with σ1 and the set σ2Wq(σ−1

2 ) consists of all of the points that can be obtained
by acting on q with words that do not end with σ2. Points in these sets can be rearranged into new classes
based on the element of the generating set that ends the word that acts on q after the shear operations are
performed.
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Figure 22: On the left: set σ1Wq(σ−1
1 ). On the right: set σ−1

2 Wq(σ−1
2 ).

Figure 23: Sets from Figure 22 with points reassigned to their new classes.

Finally, the sets Wq(σ1) and σ1Wq(σ−1
1 ) are combined to obtain the first copy of the unit square. Second

copy is obtained by taking the union of sets Wq(σ2) and σ2Wq(σ−1
2 ). These copies can be seen in Figure

24.

Figure 24: Two copies of the unit square obtained by the Banach-Tarski paradox.
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7 Conclusion

7.1 Comment on the Axiom of Choice

The Axiom of Choice is a pivotal part of the proof of not only the Banach Tarski Paradox, but also of
many other results involving uncountably infinite sets. Axiom of Choice was first stated by Ernst Zermelo in
1904 [19] in order to formalise the proof of the Well-ordering theorem. Results obtained by assuming it, for
example the Banach-Tarski paradox, started the debate about the integrity of this axiom with the rest of the
set theory axioms, until Kurt Godel proved its consistency [7]. The main issue that arises while assuming
the Axiom of Choice is the fact that it allows for the choice of elements from arbitrary collection of sets,
but it does not describe how the choices are made, thus proofs taking advantage of the Axiom of Choice
are not constructive. Choice function acts like a black box that results in a set of elements, but the process
of choosing is unknown. Though the Axiom of Choice was considered to be controversial at first, it turns
out that assuming it allow for proving many fascinating and important results such as the Banach-Tarski
paradox. In the context of the Banach-Tarski paradox, the Axiom of Choice is used to select representatives
of uncountably many orbits.

7.2 Further generalizations

The Banach-Tarski paradox has been challenging the intuition of mathematicians for over a century as it is a
fascinating result bringing together notions from the measure theory, geometry, topology and algebra. This
thesis investigated various generalizations of this paradox including the classic realization for the unit ball
and sphere in R3, spheres and balls in dimensions n ≥ 3, rational sphere in R3, and a square in R2. Even
though the Banach-Tarski paradox was proven more than hundred years ago, results inspired by it are still
an active area of research of many mathematicians. They are a particularly rich source for counterexamples
in the areas of mathematics involving measure theory, but at the same time they spark the interest of
geometers who are fascinated by constructions created while considering proofs. What is more, there are
still many open problems involving the existence of finitely additive, invariant measures on certain spaces or
uniqueness of measures that are being worked on using methods inspired by the ones used to provide proofs
for Banach-Tarski results [17].

Generalizations presented in this thesis are by no means an exhaustive list. Worth investigating are Banach-
Tarski-like results in the hyperbolic space [17], as well as in non-Archimedean vectors spaces [11]. What is
more, the set up of the Banach-Tarski paradox can be modified. In this thesis only a free subgroup of SO(3)
with two generators was considered to prove the result for the unit ball. However, considering free groups
with more generators, or some other infinite group that is not free, could lead to the decomposition with
some desirable properties. Even though many sets can be concluded to be paradoxical by considering a free
action of some paradoxical group on it, from the geometric point of view finding an explicit decomposition
of set allows for deeper understanding of the the structure of sets and relations between them. Modern
mathematical methods allow for the fact that in recent years many open problems posed by mathematicians,
who were first investigating paradoxical sets were solved. It can be expected that the development in this
field will progress and there are many fascinating results inspired by the Banach-Tarski paradox to be
discovered.
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A Code

This code can be adjusted to create animations and figures for the Banach-Tarski decomposition of a
square.

(*generators of the free group F*)

a = {

{1, 2},

{0, 1}

}; b = {

{1, 0},

{2, 1}

};

A = Inverse[a];

B = Inverse[b];

vector1 = {1/Pi, 1/E};

(*all reduced words in the group F*)

AllWords[s_] := Flatten[Table[Tuples[{a, b, A, B}, k], {k, 0, s}], 1];

BadWords[s_] := Module[{AW = AllWords[s]},

Join[

Cases[AW, {y___, a, A, x___}],

Cases[AW, {y___, A, a, x___}],

Cases[AW, {y___, b, B, x___}],

Cases[AW, {y___, B, b, x___}]

]

]

GoodWords[s_] := Complement[AllWords[s], BadWords[s]]

(*all reduced words in the group F that end with a certain generator x\

of max length s*)

Subscript[StartWith, X_][s_] := Cases[GoodWords[s], {X, q___}]

(*equivalence relation*)

Hat[{x_, y_}] := {x - Floor[x], y - Floor[y]}

(*words in F under equivalence relation*)

Subscript[Orbit, X_][s_] :=

Hat /@ DeleteDuplicates[

Apply[Dot, Append[#, vector1]] & /@ Subscript[StartWith, X][s]];

This code can be adjusted to create animations and figures for the Banach-Tarski decomposition of a
sphere.

(*genrators of a free group*)

a = RotationMatrix[ArcCos[1/3], {0, 0, 1}];

b = RotationMatrix[ArcCos[1/3], {1, 0, 0}];

A = Inverse[RotationMatrix[ArcCos[1/3], {0, 0, 1}]];

B = Inverse[RotationMatrix[ArcCos[1/3], {1, 0, 0}]];

vector1 = {1/Sqrt[2], 1/Sqrt[2], 0};

(*all words in the group*)

AllWords[s_] := Flatten[Table[Tuples[{a, b, A, B}, k], {k, 0, s}], 1];

BadWords[s_] := Module[{AW = AllWords[s]},
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Join[

Cases[AW, {y___, a, A, x___}],

Cases[AW, {y___, A, a, x___}],

Cases[AW, {y___, b, B, x___}],

Cases[AW, {y___, B, b, x___}]

]

]

GoodWords[s_] := Complement[AllWords[s], BadWords[s]]

Subscript[StartWith, X_][s_] := Cases[GoodWords[s], {X, q___}]

Subscript[rotation, X_][s_] :=

DeleteDuplicates[ Apply[Dot, #] & /@ Subscript[StartWith, X][s]];

(*all words that end with certain generator of maximum length s*)

Subscript[finalpoints, X_][s_, v_] :=

Dot[#, v] & /@ Subscript[rotation, X][s];
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