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Stochastic State Switching in Attractor Neural Networks
Ruben Hendriks

Abstract

The CogniGron institute at the University of Groningen aims to mimic the computational abilities and energy
efficiency of the brain in hardware. Converging evidence from neuroscience suggests that during computation
and decision making, metastable stochastic switching between attractor states occurs in the brain. In this
thesis, a minimal generalization of a stochastic two-pattern Hopfield network and a stochastic sparse block
attractor network are shown to support controllable metastable stochastic attractor state switching. These
networks are then used as building blocks to construct a network that can emulate an arbitrary embedded
two-state Markov chain, and as a consequence, any N-state Markov chain, with its attractor state dynamics.
The Hopfield implementation results in a malfunctioning embedded Markov chain due to the dense activity
of Hopfield states. The sparse block network supports a successful embedding of a Markov chain, effectively
demonstrating robust, controllable, multi-timescale state-dependent computing in sparse attractor networks.
The generalized Hopfield network is rigorously analyzed with statistical mechanics theory. A transformation
between Hopfield- and multi-group Curie-Weiss networks has been developed, which is used to analytically
derive the phase diagram of the generalized Hopfield network and its key metastable properties.
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1 Introduction

The brain is arguably the most complex object in the known Universe. With its 86 billion neurons and 100
trillion synapses, it is able to operate and make decisions in highly complex and changing environments. While
a single neuron is able to perform simple operations, a very large and highly connected ensemble of them
can perform complex tasks and computations. The massive size of brain circuits suggests that network size
is fundamental to brain computation [1]. Long-term changes in synapses provide the basis for learning and
memory, while short-term changes support a variety of computations [2]: a single individual part of brain
‘hardware’ can take part in multiple aspects of brain function.

In comparison, a conventional computer has the Von Neumann architecture. These computers consist of a
central processing unit (CPU) which performs computations, and a separate memory in which data is stored.
Computations are performed in series, and at fixed time intervals. A large bottleneck of this architecture is the
fact that data needs to be transported from memory to CPU and back. As a consequence, doing large amounts
of computations with such computers can become very costly in time and energy. In a world where energy
becomes more scarce, and in which there is ever-increasing demand for computational power, it is key to find
alternative forms of computation which are more energy efficient.

We look to biology to find inspiration for solutions. The brain is not only a computational powerhouse,
it is also extremely energy efficient. It can perform learning tasks that require an exaflop of computations,
while only consuming 20 watts of power (roughly the power used by a lightbulb). In comparison, the OLCF-5
supercomputer (second fastest computer in the world at time of writing) reached one exaflop of computation
while consuming 21 megawatts (roughly the power used by 15.000 homes) [3]. But why is the brain so much
more energy efficient? The energy efficiency of the brain is believed to lie in the way it organizes computation
among its components [4]. So, to solve our energy problem, all we need to do is to understand the architecture
of brain computation, which comes down to reverse engineering the most complex object in the Universe!

It is however limiting to motivate brain research from the perspective of information processing by its
promises for energy efficient computing alone. Understanding the information processing abilities of the brain
has more applications, for example brain diseases [5] [6], motor control [7] [8], and cognition [9].

In this thesis, we focus on a bottom-up approach to understanding brain function, and in particular the
mechanisms of memory storage and retrieval. Not only do brains recall memories from input, they also stochas-
tically explore the memory space, for example during decision making [10] [11]; this is an example of high-level
brain function. In the spirit of physicist Richard Feynman: "What I can’t create, I don’t understand", we aim
to mimic this phenomenon of high level brain function by making minimal generalizations to existing models of
low-level brain function. Furthermore, we will construct a mathematical framework to analyze this generalized
model rigorously, using theory from statistical mechanics. We first present basic concepts in neural computation,
and the statistical mechanics models of large neuron ensembles used in this thesis. After that, we introduce
Markov chains, which is the high level framework of computation we want to implement into the introduced
models of large neuron ensembles. An overview of the thesis structure is given at the end of this Chapter.

1.1 Biological background
1.1.1 The neuron

The most elementary building blocks of the brain are neurons and synapses. There are many varieties of
neurons, which can have specialized structure and function, but for our purposes it is enough to describe the
general parts that make up a neuron in the human nervous system. By only considering the basic elements that
most neurons share, we have a starting point for making a model of neural circuits.

A neuron consists of dendrites, which receives signals, a cell body (or soma), which accumulates the incoming
signals, and an azon, which sends signals. The axon branches into terminals so that it can connect to multiple
other neurons [12]. Synapses are structures that connect a pre-synaptic neuron (a neuron that sends a signal)
to a post-synaptic neuron (a neuron that receives a signal). It is located between a terminal of the axon of a
pre-synaptic neuron, and the dendrite or soma of a post-synaptic neuron.

There are two types of synapse: ezcitatory and inhibitory. An excitatory synapse will excite a post-synaptic
neuron (make it more likely to fire) when it receives a signal, and an inhibitory synapse will suppress the post-
synaptic neuron (make it less likely to fire) when it receives a signal. On average, a neuron receives input from
ten thousand other neurons; they are highly connected.
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Figure 1: Left: Basic schematic of a neuron. Figure from [13]. Right: Dendritic tree of a Purkinje cell, a large neuron found in the
cerebellum. Figure from [14].

The dynamics of neurons is as follows [15].

1. A neuron is either ‘firing’ or ‘silent’. If a neuron is firing, a stable electric signal (called a spike, or
sometimes action potential) propagates through its axon. The signal is duplicated at each branching
point of the axon. If a neuron is not firing, there is no signal, and the axon is at its resting potential.

2. When the signal arrives at a synapse, neurotransmitters are passed across the synapse.

3. The neurotransmitters arrive at the membrane of the post-synaptic neuron, and attach to receptors. The
receptors unlock and allow a signal to be passed. This signal is called the post-synaptic potential (PSP).

4. The PSP diffuses through the dendrites of the post-synaptic neuron into the soma. The PSP can be
excitatory (depolarizing the membrane), making the post-synaptic neuron more likely to fire, or inhibitory
(hyper-polarizing the membrane), making the post-synaptic neuron less likely to fire.

5. If the total sum of PSPs that enter the soma is large enough to surpass a certain threshold, the post-
synaptic neuron will fire with high probability.

1.1.2 Attractor states

A large network of neurons, connected to each other with excitatory and inhibitory synapses, thus forms a
dynamical system with the dynamics as described above. We make a simplification and say that at each
moment in time, any neuron is either firing or silent. We further assume that the network does not get any
external input or stimulus during its dynamics; it evolves on its own.

The state of this dynamical system at a given time is the collective activity (sometimes called population
activity) of all neurons in the network at that time. The state is a point in the state space of the system. An
attractor of a dynamical system is the minimal set of states in a state space, to which all nearby states flow in
time [16]. In neural networks, these attractor states are stable patterns of neuron activity, to which the network
converges over time. Neural networks that contain attractor states are called attractor neural networks (ANNs).
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Figure 2: Left: Example of a network of neurons and their connections. Middle: Example of stable states of neuron activity. Right:
Example of a state space of the dynamical system. Grey lines are trajectories, red dots are attracting states. Figure from [17].

There is good evidence that many cognitive functions, ranging from motor function to memory, depend
on attractor states [10], and that they are essential for their functioning. Attractors are found in networks of
head-direction cells of mammals [18], motor neurons that control eye position of monkeys [19] and associative
memory of macaques [20]. For good reviews of attractor networks in neurobiology, see [17], [21].



In this thesis we focus on neural networks that function as associative memory. The idea of associative
memory is that when an input (a stimulus, like an image or smell) is presented, the stored memory that is
most like the input is recalled [22]. The stored memories are much like attractor states: if we start the neural
network in a state that resembles a nearby attractor state, the network will ‘recall’ (converge to) the attractor
state. Associative memory can thus very naturally be modeled by ANNs. We will present the Hopfield model
[23], one of the first models of associative memory, in more detail in Section 1.3. Furthermore, in Section 1.4
we will present a more modern and biologically plausible [24] ‘sparse’ (fewer neurons firing at the same time)
ANN. Both networks will play an important role in our analyses.

1.1.3 State-switching in the brain

A drawback of attractor networks is that once the network dynamics has converged to the attractor state,
the network will stay in this attractor state indefinitely. There is increasing evidence that in biological neural
networks, there are transitions between different relatively stable states of population activity of neurons|[10]; the
population activity will not stay in an attractor state indefinitely. Attractor states in which the dynamical system
only stays temporarily are called metastable states. Metastability in neural networks has received increasing
attention for its role in brain function and computation [25] [26]. Such transitions between attractors have also
been observed experimentally: in cortical activity of monkeys during decision making [11], EEG microstates of
humans [27] and cortical activity during taste processing [28].

Interestingly, transitions between attractor states occur even in the absence of stimuli [10][25]. The be-
haviour of such neuronal dynamics is distilled from neuron activity data using hidden Markov modeling (HMM)
(Figure 3).
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Figure 3: Hidden Markov modeling. (a) HMM is done for datasets of multiple simultaneously recorded spike trains. (b) A state
(coloured circle) is defined as a probability distribution of spiking activity for each neuron (histogram in coloured circle). The
probability of spiking in a small time bin is directly related to the firing rate. (1) Given a model and some data, the likelihood
of the model producing the data is computed. (2) The firing probabilities are recalculated by fitting to the data. Repeating steps
(1) and (2) optimizes the log-likelihood ratio. (c) The optimized model prescribes probabilities to each state at all timesteps, here
plotted with coloured lines. Figure from [10].

HMM is used on datasets to find underlying distinct states and transitions between these states. In neuro-
science, spike trains from individual neurons are recorded. A Markov chain is then fitted to the training data:
different spiking activity from groups of neurons are bundled together into different states, and the transition
probabilities between states are inferred from the data. After fitting with training data, the HMM can be used
to discover transition sequences of states in new spike trains data.

The fact that HMM has been successful in analyzing time series of biological neural network activity suggests
that there really might be Markovian dynamics ‘embedded’ in such networks. The fundamental components of
a neural network are the neurons and synapses, but computation might actually be done at a higher level than
that of the individual components. The success of HMM suggests that the fundamental units of information
representations instead are the attractor states, and computation is performed in a higher conceptual framework,
namely an embedded Markov chain, where the chain states correspond to attractor states in the network. The
idea that biological neural networks operate as a state machine (which is a deterministic variant of a Markov
chain) is supported by recent findings in neuroscience [29]. The idea of using neuron ensemble activity as
fundamental representations for computation is explored in [1], [30].

1.2 Statistical mechanics

The function of biological neural networks comes most likely from their emergent properties [31]. To create
mathematical models of emergent phenomena, we use the well-established field of statistical mechanics. It is
a mathematical theory that was born more than a century ago, with the goal of explaining phenomena in
thermodynamics starting from a microscopic setting. One century later, the theory has been used in almost all



of science to explain all kinds of macroscopic phenomena, starting from a microscopic description. Considering
that we have a microscopic description of neural networks (the mechanics of neurons), and that we’re interested
in macroscopic phenomena (emergent properties, like memory recall or computation), statistical mechanics is
a very natural setting to work in. Furthermore, it is a mathematical theory: it is rigorous enough to develop
definitions and to prove theorems about our models.

Statistical mechanics theory combines the available microscopic information and methods in probability
theory to reveal macroscopic phenomena in the system of interest [32]. The first ‘realistic’ statistical mechanics
model with nontrivial macroscopic behaviour is the famous Ising model. The model describes small magnets
interacting with each other, and these magnets, when aligned, create a macroscopic magnetic field. The magnets
sit on a lattice, and each magnet is influenced in its behaviour by its neighbors only; this complicates the analysis
of the model. A mean-field version (removing geometry) of the Ising model is the Curie-Weiss model, in which
every small magnet interacts with every other small magnet in the model. This mean-field model still has
nontrivial macroscopic behaviour, and it will be the starting point for understanding the other models used in
the thesis. We refer the reader interested in a rigorous treatment of the Curie-Weiss model to the excellent
book [32]. Readers interested in statistical mechanics in the context of neuroscience are referred to [15],[33].

1.2.1 Curie-Weiss model

(Also called the fully-connected Ising model.) The model consists of N magnets, which we label withx = 1,..., N.
The magnets have two states: they can either point up (4+1) or down (—1). We call this orientation their spin,
and denote the spin of magnet i by o;. Furthermore, we call the N-tuple of all spin values the configuration,
which we denote by 0 = (0;)i=1,...,n. There are 2N possible configurations. The set of all possible configurations
is Q = {—1,+1}". Finally, we introduce the magnetization of a configuration, which is the average orientation
of all magnets. It is the macroscopic variable of interest, and is given by

Each configuration gets assigned an energy. The energy comes from the pairwise interaction of the magnets:
two magnets that are aligned decrease the energy, and two magnets that are anti-aligned increase the energy.
The Hamiltonian (a fancy word for the energy) is given by

L&
Hy(o) = T Z 050y

z,y=1

The 1/2 in front of the sum is to compensate for double-counting. Note that the Hamiltonian also includes
self-interaction terms of the form o,0,, which are not part of our model. However, the total self-interaction
is the same for any configuration (it is —1/2) and so it is just a constant shift of the energy; this should not
influence the physics of our model, and so we forget about it.
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Figure 4: Left: example of a configuration. Right: energy levels. When two spins align, we either have o, = oy = 1 or
o0¢ = 0y = —1. In both cases, their product o0y = 1. Such pairs contribute —1/N to the energy. When two spins anti-align, the
product of their spins 0,0y = —1. Such pairs contribute 1/N to the energy.

Let us assume that the magnets are in equilibrium: all macroscopic quantities (in our case, the mean
magnetization) do not change over time. The fundamental result, due to Gibbs, is that all properties of
equilibrium systems at a temperature T' are completely determined by their energy. The probability to find
the system in a certain microscopic configuration is given by the Gibbs distribution (also known as Boltzmann
distribution):
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pn,g(o) = (1)

2N,
where = 1/T is the inverse temperature, and Zn 3 = > . exp(—=BHn(0)) is the partition function; it is a
normalizing constant. py g is a probability distribution. Configurations with low energy are very likely to occur,
and configurations with high energy are very rare. The probability to find the system in a certain macroscopic
state is given by a sum over all microscopic configurations that give rise to that specific macroscopic state:

Pr(mio) =m) = 3 (o).

om(o)=m

The most important property of the Curie-Weiss model is that it contains a phase transition. Consider an
enormous amount of tiny magnets, so that N — oo. If 8 < 1 (high temperatures), then Pr(m(c) = 0) = 1
with probability 1 the magnets cancel each other out, and no macroscopic magnetic field is left. While magnets
still cooperate with each other to align, their effort is not good enough to overcome the thermal noise in the
system. However, if 8 > 1 (low temperatures), Pr(m(o) # 0) = 1: the magnets cooperate to form a net nonzero
magnetic field, and they conquer the noise. 8 =1 is the critical value of this phase transition.

We now equip the model with dynamics, as we would like to study how equilibrium is reached. Of course
we can arbitrarily make up some update rule, but not all will reach the Gibbs distribution in equilibrium. A
natural dynamics to use is the Glauber dynamics, which has the following updating scheme: at each timestep,

1. Pick a spin o; uniform at random.
2. Compute the energy change AH in the system if the spin o; were to flip.
3. Flip o; with probability Pr(AH) = 1/(1 + exp(BAH)).

This dynamics has the Gibbs distribution as its stationary distribution: the probability that one finds the system
in configuration o after letting the dynamics run for a very long time is precisely given by py g(0).

Now, if 8 — oo (we have a very cold system), the Gibbs distribution dictates that with probability 1 the
magnetization is either +1 or —1. This means that the Glauber dynamics converges also to this magnetization.
Let m; be the magnetization of the system at time ¢. Then, m; converges to either +1 or —1 (depending on
the initial conditions): the states {—1,+1} are attractor states of the dynamics.

The Curie-Weiss model can thus be interpreted as an attractor network! It is however a very simple one,
with two attractors. With some liberty, we can view it as an elementary model of memory: the states —1,+1
are stored memories. If we start the network an initial configuration with negative magnetization, the network
will ‘recall’ the memory that is most like the input, namely —1. If we start with an initial configuration with
positive magnetization, it will ‘recall’ the +1 memory. To convince ourselves of the link with neuroscience even
more, we might call the magnets neurons instead; we’re now getting close to the definition of Hopfield networks.

1.2.2 Multi-group Curie-Weiss model

(Also called the General Block Spin Ising model. For the mathematical definition of the model used in the
thesis, see Chapter 2)

The multi-group Curie-Weiss model is a generalization of the Curie-Weiss model. The model is built by
combining multiple groups of spins. Each single group is like a Curie-Weiss model, where the spins interact with
themselves through a coupling. However, the spins of one group also interact with spins from other groups, and
the coupling depends on which two groups the spins are in.

This model was first studied in [34], [35] and [36] for two groups, and models of more than two groups have
received some attention in the last few years [37] [38]. The model has found applications in economics, sociology
and ecology, but curiously not yet in neuroscience. In the thesis, we will develop a link between this model and
Hopfield networks, and show that Hopfield networks are in some sense special cases of multi-group Curie-Weiss
models.

Here we give a short introduction to the model. For convenience we introduce new nomenclature: we call a
multi-group Curie-Weiss model with ¢ groups a g-group Curie- Weiss (¢-gCW) model.
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Figure 5: A 2-gCW model. All spins interact with each other, but the coupling is not always the same. Spins in the first group (red)
interact with themselves (red connections) and with spins from the blue group (green connections). Similarly, spins in the second
group (blue) interact with themselves (blue connections) and with spins from the red group (green connections). All connections
with the same color represent the same coupling strength. The configuration on the first group is o1, on the second group ¢2; the
full configuration of the model is the tuple (o', 02).

A ¢g-gCW model consists of ¢ groups Vi, ..., V,, and each group ¢ = 1, ..., ¢ contains n; = |V;| spins. The
total amount of spins is 1 4 ... +ny = N. We store the fraction of sites in the partitions in a vector, called the
relative partition sizes vector X = (n1/N,...,ng/N). The full configuration is o = (03)z=1,...nv € €, and the
configuration on group i is given by o' = (04)zey,. On each partition we have an order parameter m;(c?) =
n%_ > zev, 0z The state of the full model is given by the g-component vector m(c) = (mi(a'), ..., my(c9))T.

The coupling between spins from the same or different groups is given by the g x ¢ interaction matriz M,
where the coupling between spins of partition ¢ and partition j is given by the real number M;; (note that
the self-coupling of a partition M,; can be different for different partitions). The interactions are given by the
Hamiltonian

Hy x(0) = —% Z Z Z M, ;050 (2)

i,j=1z€V; yeV;

If g =1 and M1; = 1, we get back the Hamiltonian of the Curie-Weiss model. Finally, we also equip this model
with the same Glauber dynamics as for the Curie-Weiss model (except we now use the Hamiltonian (2)).

As this model contains multiple copies of a Curie-Weiss model, it will have multiple attractor states. Depend-
ing on M, these attractor states can be quite complex. We can thus also interpret the multi-group Curie-Weiss
model as an attractor network, and because of their richer state space they are a bit more versatile than the
elementary Curie-Weiss model.

1.3 Hopfield networks

(For the mathematical definition of the model used in the thesis, see Chapter 2.)

The Hopfield network is a model of associative memory. It is a recurrent neural network: the network can be
used to store memories and later recall them from input. The model originates from the Sherrington-Kirkpatrick
(SK) model [39], which is a Curie-Weiss model with random Gaussian couplings between each spin. This model
was studied for its spin-glass properties. Different models were studied independently by Little [40] and Amari
[41] in 1972, who all proposed to use a modified Ising model as a model of associative memory. In his 1982 paper
[23], Hopfield combined the recently developed theory for the SK model with the ideas of Little to develop the
famous Hopfield network (see [42] for a comparison of the Little and Hopfield networks). The essential difference
is that the Little network has synchronous dynamics (all neurons update at the same time), while the Hopfield
network has asynchronous dynamics, which is biologically more plausible.

1.3.1 Model neurons

Let us construct the network from scratch, starting with the mechanics of a single neuron.
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Figure 6: Schematic of a single model neuron. A neuron receives inputs oy = 1 from other neurons, and weighs these inputs via
the synaptic weights wqyy. The total weighed input into neuron « is h,. Depending on the sign and size of this input, neuron = wil
either fire (0, = +1) or stay silent (o, = —1).

We will pretend that a neuron only has two states: firing (+1) or silent (—1). The network consists of N
neurons, and each neuron z = 1,..., N has a state o,,, which can be +1 or —1. The configuration of the network
(the state of all neurons) is denoted by ¢ = (04)z=1,... v. Any two distinct neurons z,y are connected via
synapses, which have a synaptic weight w,, € [—1,1]. Synapses with positive synaptic weight are excitatory,
while synapses with negative synaptic weight are inhibitory. Any neuron x has a post-synaptic potential (PSP),
given by

N
h, = E Wy Oy -

Y, y#£T

It is the sum of all input from other neurons, weighed by the synaptic weights. If a synapse is excitatory, a
firing pre-synaptic neuron increases the PSP of the post-synaptic neuron. If a synapse is inhibitory, a firing
pre-synaptic neuron decreases the PSP of the post-synaptic neuron. Depending on the sign and size of the PSP,
there is a probability that a neuron starts to fire, or becomes silent. While realistic neurons have a threshold
that the PSP needs to overcome, in this model we set the threshold to 0. This does not influence the collective
behaviour of the network much [15].

1.3.2 Dynamics

The dynamics of the network are as follows: at each timestep,

1. Pick a neuron z uniform at random.
2. Compute the PSP h,.

3. Let neuron z fire (o, = +1) with probability Pr(o, = +1) = 1/(1 + exp(—28h,)), and let it be silent
(0, = —1) with probability Pr(c, = —1) =1 — Pr(o, = +1).

The parameter [ is a real nonnegative number, and determines the amount of noise in the network. If
B = 0, all neurons just fire at random without caring about the state of other neurons. If 5 — oo, there is no
randomness: a neuron will only fire if its PSP is positive, and will stay silent if its PSP is negative. We call the
network with 5 — oo the deterministic network.

Hopfield made a crucial observation about the deterministic network (the reason the model bears his name).
If we have symmetric synaptic weights (wg, = w,, for all z,y), then we can construct a function H (o) whose
value will never increase during dynamics. That is, if the configuration at time ¢ is o(¢), and at the next timestep
it is o(t + 1), then we always have H(o(t + 1)) < H(o(t)). It follows immediately that if the network is in a
configuration that is at a local minimum of the function H, then the network will stay in this configuration
forever; otherwise the function H would have to increase during dynamics. Thus, the attractor states of the
network are precisely the minima of this function H (o). Hopfield found that

N
1
H(o) = N Z WayOp Oy (3)

z,y=1

The dynamics of memory recall kind of resembles the physics of a ball on a hilly landscape: The ball will start
at an initial height on some hill, and will roll downward until it gets stuck in a local minimum. In this analogy,
the height of the ball is the Hamiltonian, and rolling downward corresponds to recalling a memory (figure 7).
The existence of the function H (o) also gives us immediate results for the stochastic case. The stochastic
dynamics (finite () is precisely the Glauber dynamics, with as energy function exactly this function H(o). H (o)
is thus the Hamiltonian of the network. Immediately we realize that, just as for the Curie-Weiss model, in the
limit ¢ — oo, the probability to find the network in configuration o is given by the Gibbs distribution py g, (o).
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Here we add the subscript w to indicate that the Hamiltonian (3), and thus the Gibbs distribution, depends on
the weights.

ENERGY LEVEL

Figure 7: Analogy of the attractor dynamics. We can imagine starting the network in some initial configuration, and the dynamics
will converge to a minimum of the energy landscape (the Hamiltonian). It resembles the physics of dropping a ball on a hilly
landscape: the ball will only roll downwards on this landscape, until it reaches a local minimum, and, in the absence of noise, it
will stay there forever. Figure adapted from [43].

1.3.3 Patterns

Memories are associated with stable activity of the neurons. For each memory, there is a certain set of neurons
that are firing, and others are silent. This specification of which neurons are firing and which aren’t is a
configuration, and a configuration associated with a memory is called a pattern. So, when we want to store p
memories in the network to recall, we need to construct p patterns (which are configurations), and design the
network in such a way that these patterns are attractor states. When the network dynamics converges from
an initial configuration to a pattern, we say that the network has ‘recalled’ the memory associated with that

pattern.
Denote with & the state of neuron z in pattern i, where i = 1,...,p. If we set £, = +1, then neuron x is
firing when we're recalling the i-th memory; if we set £, = —1, the neuron is silent during recall of the i-th

memory. We denote the full i-th pattern by & = (&!),=1,.. n. &' is a configuration. We construct p patterns
randomly: for each neuron x = 1,.., N, and each pattern i =1, ...,p let

v —1 probability 1/2.

This way, the p patterns are uncorrelated, which will decrease errors in memory recall.
We will construct the synaptic weights w,,, of our network in such a way that these patterns become attractor
states. We will do this with a Hebbian learning rule. Roughly, the rule is as follows (for symmetric synapses)[15]:

o {+1 probability 1/2,

® w,, is enhanced when neurons z and y are active.
® wg, is enhanced when neurons x and y are silent.
® w,, is reduced when one neuron is active, but the other is silent.

The rule is often summarized as "neurons that fire together, wire together".

If the network configuration is equal to one of the patterns (o = £?) for a long time, then based on Hebb’s
rule, we expect the synapses between neurons = and y to have positive weight when & = £ (both neurons
fire together, or are silent together). We expect the synapses to have negative weight when ¢! = —5; (one
neuron fires, but the other is silent). Notice that the product €y 1s positive when & = &, and negative when
& = —&,- This leads to the storage prescription [15], which tells us that when a new pattern £ is learned, the
synaptic weights are linearly modified by adding the term

Awgy = fif;-
A network that has learned p patterns is thus connected by the synaptic weights
p . .
Way =D 66, (4)
i=1
Most satisfactory, when the weights (4) are implemented in the Hamiltonian (3), one can quickly show that

the patterns &1, ...,£P are energy minima. This immediately implies that the learned patterns are attractor
states of the network.

11



1.3.4 Overlaps and phase diagram

Lastly, we introduce order parameters to describe the state of the network. We define the overlap of the network
configuration with pattern ¢ to be

1
(o) =+ i
=1

The overlap m; essentially tells us how much the current configuration the network ‘looks like’ pattern . If
m; = 1, the network configuration is exactly ¢%; if m; = —1, every neuron in the network configuration does
exactly the opposite of £%; when m; = 0, the network has no overlap with pattern ¢*. We combine all overlaps
into a vector m = (my,...,myp), and call the value of this vector the state of the network.

-1 710 i ° IO 2
o “lo
+1
o o +lo o
o - -1
1 0) X 710 o
O (0] - o -1
-1 O (@]
S 9 +1 S o

Figure 8: Left: example of a pattern. Right: example of the configuration of the network at time ¢t. The state of each neuron that
has the same state as in the pattern is coloured blue, while neurons that do the opposite are coloured red. The overlap with the
pattern is the amount of neurons that agree with the pattern, minus the amount of neurons that disagree, all divided by N.

Just as the Curie-Weiss model, the Hopfield model has a phase transition for large NV at 8 = 1. When 8 < 1,
all overlaps mi, ..., m, will be approximately zero. When § > 1, the network is able to retrieve patterns, and
the network dynamics converges to the pattern with highest initial overlap.

! 1.0

0.5
£ g

0.0 ﬂ"“‘vmmW\AA 0.0

0 1 B
Figure 9: The phase diagram of the Hopfield network. Two simulations of the time series my(t) (blue) and ma(t) (orange) are
plotted for 50 timesteps. Both simulations start with full overlap with the first pattern: mi(t = 0) = 1. If 8 < 1 (disordered
phase), there is almost no overlap with any of the patterns (except for some random fluctuations). If 8 > 0 (ordered phase), the

first pattern is an attractor state, and the network state stays close to the attractor state. mj (¢) is not exactly equal to 1, as finite
temperatures still give some random fluctuations.

1.3.5 Storage capacity

When the amount of patterns p that we want to store in the network grows too fast with respect to the amount
of neurons N in the network, then the Hopfield model enters a spin-glass phase. This happens when o = p/N
is larger than a critical value a.. Simply put, in the spin-glass phase, the stable states of the network are no
longer correlated with any of the stored patterns ¢ [33], and the network is useless as a memory storage. The
well-known result is that for Hopfield networks (with uncorrelated patterns) a. = 0.137; a similar result also
exists for correlated patterns [44]. The storage capacity of the Hopfield network depends linearly on N, which
is a big bottleneck when we want to store a lot of patterns with limited resources.
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Figure 10: Left: phase diagram of the Hopfield network. Temperature T'= 1/8 is on the y-axis, and o = p/N on the x-axis. Right:
schematic of the energy landscape in each phase. A) There are a few global minima corresponding to the patterns, and between
them ‘spurious’ local minima. B) There are many spurious global minima, but there are still local minima at the patterns. C)
Spin-glass phase: there are many spurious global and local minima, but none correspond to any of the patterns. D) There is only
one global minimum, corresponding to m = 0. Figure from [33].

Modern Hopfield networks [45] [46] change the Hamiltonian H in order to increase storage capacity. The
key idea is to make the basins of attraction around the minima more sharp, using nonlinear functions, in order
to reduce memory retrieval errors.

Throughout the thesis, we will always work with low memory loading: o < 1.

1.3.6 Asymmetric synaptic weights

It is assumed in the Hopfield network that the synaptic weights w are symmetric. With this assumption we
constructed a network which can store static memories: once we recall a memory, we will not recall a next
memory. However, as all humans are probably aware from daily life, memory recall can be a dynamical process:
the recall of a first memory can be a trigger for recalling a second memory, and so on. Often we recall a temporal
sequence of memories instead of just a single one.

This behaviour can be implemented by adding asymmetric weights to the synaptic weights matrix [47].
Consider two patterns ¢!, £2 and the weights Wy = 555;. Let the current configuration of the network be equal
to the first pattern: o,(t) = €L for all # = 1,..., N. Let’s see how a uniformly at random selected neuron x
updates during the next timestep.

1. At time t, 0,(t) = £L.
2. The PSP of the neuron is

N N
halt) = Y weyoy(t) = Y 66, = (N —1)&.

Y, Y#T Y, y#T

3. If €2 = +1, h,(t) is large and positive, so with high probability o, (t + 1) = +1. If £2 = —1, h,(t) is large
and negative, so with high probability o, (¢ + 1) = +1. In any case, with high probability o, (t + 1) = £2.

After enough neurons have updated, we see that the network changes its configuration from &' to £2. So,
once the network has recalled the first pattern, it will immediately start to transition to the second pattern,
and we get a temporal sequence of memories.

1.4 Sparse networks

The limited storage capacity of Hopfield networks gives them limited utility in applications. Another drawback
of the Hopfield network is in terms of its biological realism: at any timestep, approximately half of all neurons
fire; in realistic biological neural networks, neuron activity is much lower. Both problems can simultaneously
be solved by introducing sparse neural networks, in which during any timestep only a fixed fraction of neurons
fire.

In this work, we use a sparse network with the synaptic weights from [48]. It has been shown that such
network have enhanced storage capabilities [49]. To ensure that the network activity stays sparse during
dynamics, we introduce dynamics with local inhibition, as done by Shim et al. in [50]. In that work, Shim et al.
show that a stochastic Willshaw model [51], (which is a Hopfield network with binary weight values), combined
with local inhibition, functions as an attractor network. We expect that, with some minor modifications, the
results of Shim et al. still carry over to ‘non-clipped’ weights which are not necessarily binary valued, and that
our network functions as an attractor network.
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1.4.1 Sparse block network

We define the sparse network that is used in this work, which we call the sparse block network. The network
consists of N neurons. Each neuron x = 1,...,N has a state o,: firing (0, = 1) or silent (o, = 0). The
configuration of the network is denoted by 0 = (04)z=1,...n. The space of all possible configurations is again
denotedy by Q, which is a subset of {0, 1}".

We partition the set of all neurons into blocks of length L, and L divides N. We denote these blocks as
b = (1,...,0),b® = (L +1,...,2L),...,b¥/N) = (N — L +1,...,N). A neuron has a network index z (its
location in the full network), and a block-index ! (its location with in its block, which ranges from 1 to L). We
introduce shorthand notation: if a neuron z sits at the [-th location within block k, we write its network index
as bl(k) =((k-1)L+1

The synaptic weight between neurons x and y is denoted by w,,. Again, any neuron = has a PSP, given by

N
hy = E Way Ty

Y, y#T

The dynamics of this network are different from the dynamics of a Hopfield network. Here we employ
winner-take-all dynamics: within a block, only one neuron can be active, and all others must be silent. The
neurons compete to be active through the value of their PSP. This dynamics is also called local inhibition:
we can imagine neurons within the same block to be connected with strong inhibitory synapses, as when one
neuron fires, it completely suppresses all other neurons in the block.

The dynamics of the network is as follows: at each timestep,

1. Pick a block k uniform at random from all possible L/N blocks.
2. Compute the PSPs of all neurons in the block: hb(m , hbuc) s e hb(k).
1 2 L

3. On the set of neurons in the block {1, ..., L} construct the probability distribution

exp |:5h,b§k:):|
Y1 €XD [ﬂhbgp]

gs(l) =

4. Sample a single neuron from gg(1); let this neuron fire, and set all other neurons in the block to be silent.

Under this dynamics, the network always has exactly a fraction N/L neurons firing.

Figure 11: Example of a configuration of the sparse block model. Blocks are indicated in blue (in this example, L = 4). Any neuron
is connected with all other neurons from different blocks. Neurons in the same block are not connected. Neurons take values in

{0,1}.

We construct p patterns to store in the network. Again, we denote patterns as &%, with i = 1, ..., p, and the
state of neuron z in pattern i is given by & (and note that & is 0 or 1). Patterns are generated randomly as
follows: for a pattern i, in each of its blocks, pick one neuron uniform at random and let it fire; let all other
neurons be silent.

The synaptic weights between neurons in different blocks are as in [48]. If z,y are in different blocks:

- 7 1 7 1 S e

i=1
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and if z,y are in the same block, w,, = 0. Here L =¢ — %
The overlap of the network configuration with a pattern ¢ is given by

A
o) = v 3 o,
rx=1

and ranges between 0 (no overlap) and 1 (full overlap). Note that on average, a randomly sampled configuration
will have 1/L overlap with any pattern.

1.5 Markov chains

A Markov chain is a stochastic process that can model random transitions from one state to another within a
finite or countable set of states. The defining property of this process is that the probability to transition to
a given next state only depends on the current state. Markov chains are widely used as statistical models of
real-world processes.

We denote by S the set of possible states for the Markov chain, and by X; the state of the Markov chain
at time ¢ (note that X, is a random variable). At time ¢ = 0, we pick an initial state: Xo = xo, where zg is a
state in S.

Transitions are defined as follows: if the previous states of the Markov chain are X, ..., X;, the state at the
next timestep ¢t 4+ 1 is drawn from the probability distribution

Pr(Xip1 =2 [ Xo =20, .., Xy = 2¢) = Pr(Xpp1 = 2 | Xy = 24). (5)

The probability distribution of X;,; only depends on the previous state X;. A sequence of random variables
Xo, X1, Xa, ... for which (5) holds is said to satisfy the Markov property (sometimes Xy, X1, Xo, ... is said to be
memoryless).

In order to build a Markov chain, we need to specify the probabilities Pr(X;11 =y | X; = z) for all possible
values of z and y. Let |S| be the amount of possible states. Then we can write the transition probabilities as
an |S| x |S| matrix P, where

Py =Pr(Xip1 =y | Xy =2).

P is called the transition matriz. It can be neatly visualized with a graph that describes the possible transitions
and their probabilities (see figure 12 for an example).

0.7

0505 0

0.5 0.3 ' P=1070 03

0 0 1
M

Figure 12: Example of a Markov chain with three states, and its transition matrix.

Defining v,, as the probability that we start the chain in state x, the |S|-component vector v is the probability
distribution over states at time ¢t = 0. The probability distribution at t = 1 is v P (vector-matrix multiplication).
At t =2 it is (vP)P = vP?, and so on; the probability distribution of the chain state at time ¢ is given by the
vector vPt.

The long-term behaviour is captured by the stationary distribution w, usually written as an |S|-component
vector, and it is defined as

T =m7P.

In words, it is the distribution that is unchanged as the process evolves over time. If the Markov chain is
irreducible (any state can be reached in finite steps from any other state) and aperiodic (it doesn’t get stuck
in cycles of fixed length), the stationary distribution is the probability distribution of states that we will see in
the limit ¢ — oco: it captures the long-term behaviour of the process.
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1.6 Thesis structure

First, we introduce the mathematical definitions of the Hopfield network and the multi-group Curie-Weiss
network in Chapter 2. In Chapter 3, we use these definitions to prove the Hopfield/gCW correspondence. The
idea is first introduced heuristically, and then rigorously. The correspondence is used in is used in Sections 5.2,
5.3.3, 5.5.1, and Chapter 6. In Chapter 4, we present a method to embed an arbitrary two-state Markov chain
into an attractor neural network: the network can simulate a two-state Markov chain with its attractors. This
method is applied to Hopfield networks in Sections 5.5 and to sparse block networks in Chapter 7. In Chapter
5, we construct and investigate the 2-pattern switching network, which is a modified Hopfield network. This
network allows for controlled metastable state switching; this controlled state switching is one of the building
blocks for the embedded Markov chain network. Its phase diagram and controlled state switching behaviour is
investigated in Sections 5.3 and 5.4 respectively. In Section 5.5, we show that the 2-pattern switching network
cannot be used to construct an embedded two-state Markov chain. Chapter 6 is on the metastability properties
of the 2-pattern switching network. The applied mathematical theory, the pathwise approach to metastability,
is introduced and applied to a 2-group Curie-Weiss network; its metastable properties are stated as a Theorem
and proven in Section 6.4. The 2-pattern switching network has exactly the same metastable behaviour as
this Curie-Weiss network, due to the Hopfield/gCW correspondence. Concluding remarks on the metastable
behaviour of the 2-pattern switching network are given in Section 6.5. In Chapter 7, a sparse 2-pattern switching
network is defined and used to construct a sparse network that can embed an arbitrary 2-state Markov chain.
The motivation for using a sparse network is given in Section 7.2. In Section 7.3, the sparse 2-pattern switching
network is analyzed with simulations, and in Section 7.4, the embedded Markov chain network is introduced
and tested. Finally, Chapters 8 and 9 contain a discussion and conclusion, in which all results are summarized
and compared with current literature. Furthermore, an outlook on possible improvements and applications of
the results is given.

16



2 Definitions of networks

2.1 Equilibrium networks

We set the notation and nomenclature. The models live on a network, which is the complete graph Ky =
(Vn, En), where Vy = {1,..., N} is the set of sites of the network, and Ex = {{z,y} : z,y € Vin} the set of
edges.

Each site x € Viy gets assigned a spin o,, which takes values in {—1,+1}. We call the N-tuple that contains
the spins of all the sites in the network a configuration, which we denote as ¢ = (0,)zevy. The space of all
configurations is Q = {—1,+1}". Each edge {z,y} € Ex gets assigned a weight w,, € R.

All models will be defined through their Hamiltonian, which is a function H : @ — R. The value of the
Hamiltonian for a particular configuration will be called the energy of that configuration.

The probability of finding the network in a certain configuration is dependent on its energy, and is given by
the Gibbs measure

ulo) = Ze PO, (6)

where 8 > 0 is the inverse temperature, and

7 = Z e~ BH(o)

oeQ

is the partition function.

Finally, we equip models with a fixed amount p € N of order parameters, which describe the global behaviour
of the model. We denote these by m; € [-1,1] C R, i € {1,...,p}, and these order parameters are random
variables on . We combine these order parameters into a vector m = (m;);c(1,... p}, and we call the value of
this vector the state of the network.

If the Hamiltonian, partition function or Gibbs measure depends on some external parameters, we will
add these parameters to the notation as subscripts; for probability distribution functions we add them as
superscripts.

2.1.1 Hopfield network

Definition 2.1 (p-pattern Hopfield network). Let &1, ...,&P be random configurations in Q, called patterns,
where for all z € Vi and i € {1,...,p} the pattern spins £& are i.i.d. Ber(1/2) random variables on {—1,+1}.
Let & = (€Y, ...,&P) € QP be a p-tuple containing all patterns. Let Q be a px p real symmetric positive semi-definite
(PSD) matriz, called the interaction matriz.

The p-pattern Hopfield Hamiltonian is given by

Hye(o) == — Z WayTzOy,
{z,y}€EN

where

_ {}V 5P QuEl] iz £y,
Wy = .
0 ifr=uy.
The Gibbs measure of the Hopfield network is

1

— e BHN (o)
ZNp.e

1N,p.e(0)

The order parameters that describe the state of the network are

m;(o) = % Z E;J_,,;.

z€VN

with i € {1,...,p}, and the state of the Hopfield network is m(o) = (mi (o), ..., mp(0))7T.

Remark 2.1.1. The Hopfield Hamiltonian can be written in terms of the network state as follows:

HN7€(O') = —g Z Qij <]1/' Z f;U,> % Z fflO'y +c= —ng(U)Qm(U) +c,

i,j=1 zeVN yeVN
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where ¢ > 0 is a constant that removes the contribution of the self-interaction terms wyy; the value of this
constant depends on the particular realization of the random patterns. However, as adding a constant to the
Hamiltonian does not influence the Gibbs measure, we will leave it out from here on. We will rely heavily on
this expression for the Hamiltonian in our analysis of the Hopfield network.

Definition 2.2. We denote with fév’ﬁ(él) = Png(€ = &) be the probability mass function under which the
random variable € € QP is defined; by our definition of the random patterns (Def. 2.1) fév”g s the uniform

distribution on QP. For all m' € ITm(m),&" € QP, the conditional probability density function of the network
state s given by

IR &) =P g(m(o) = mlE = €)
= pnpe {0 €Q:m(o) =m'})

1 T ’
=|{oc e : m(oc) =m'} e~2™ QM
ZN B¢

The joint probability density/mass function is given by
[l &) =Py s(m(o) =m’,£ =€)
=Pys(m(o) =m/|§ =& )Pn(E=¢),

and the marginal probability density function of the network state is

FNPm) =Py g(m(o) =m') = > fai(m/,€).
geqr

2.1.2 Multi-group Curie-Weiss network

We introduce additional notation for this model. Again, we start with a network K, but this time we split
the sites of the network into ¢ partitions. First we pick the sizes of the partitions n; € N for ¢ € {1, ..., ¢}, such
that Y7, n; = N. Setting ng = 0, we then define the partitions as

i—1 i q
Vi = an —|—1,...,an s VN = UVi,
j=1 j=1 i=1

i.e. the first ny sites belong to V;, the next ny sites to V> and so on; and every site is in some partition.

Furthermore, we denote the relative partition sizes as X; = n;/N for i € {1,...,q}, and we define a vector
X = (X4,...,Xk) and a ¢ x ¢ diagonal matrix X = diag (X1, ..., X;). The relative partition sizes take values in
Sy ={4 :1=0,.., N}, and the vector of relative partition sizes takes values in Py, = {z € (Sn)? : ||z = 1}.

Each site in a partition 2 € V; gets assigned a spin 6, € {—1,+1}, and each partition has its own config-
uration, denoted as 6° = (G, )zey,; we write the full configuration as & = (6,)zcv,. The space of all possible
configurations on a partition is ; = {—1, +1}|V1‘|, and the space of all possible full configurations is again 2.

We also split the set of edges En of the network into partitions, where we sort them by the site partitions
that they connect. Let &; = {{z,y} € En : v € V;,y € V;}. Note that &;; = £;;; we will take the convention
to always write the smaller index first. Also note that &;; is the set of edges that connects all sites within the
partition V; with each other.
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Definition 2.3 (¢g-group Curie Weiss network). Let X be a g-dimensional vector of relative partition sizes, and
let V1, ..., Vq be the corresponding partitions of V. Let M be a q x q real symmetric PSD matriz, called the
interaction matriz.

The q-group Curie Weiss (q-gCW) Hamiltonian is given by

FIN,X(&) = Z QDTy&’I'&y7
{z,y}€EN
where
I - Zg,j:1 Mijlizyyee,s fr#y,
Wy 1= .
0, ifr =y,

i.e. the weight between a site x € V; and a site y € V; is M;;.
The Gibbs measure of the q-gCW network is

1
ZNB,x

vNg,x(0) = e ~PHNX (),

The order parameters that describe the state of the network are

mz(5) = ni Z Oz,

zeV?
with i € {1, ...,q}, and the state of the g-gCW network is m(&) = (m1(6), ..., Mq(7)).

Remark 2.3.1. The qg-gCW Hamiltonian can be written in terms of the network state as follows:

. ) N 1 ~ 1 N N ... o
Hy x(5) = - Z M;; <Xini Z agE) Xjn—j Z Gy | +e= —?mT(U)XMXm(U) +ec
i,7=1 TEV; yGVj

again with ¢ some constant that depends on the partitions. Like with the Hopfield Hamiltonian, we will leave
the constant out as it doesn’t influence the Gibbs measure. We will also rely heavily on this expression for the

Hamiltonian in our analyses.

Definition 2.4. For all m' € Im(m), X € Py, the conditional probability density function of the network
state is given by

Definition 2.5. A random q-gCW network is a g-gCW network where the sizes of the partitions ni,...,ng are
random. We define a probability density function of X on Py as f¥(X') := Py(X = X'). The random
partitions can immediately be reconstructed from knowledge of the random relative partition sizes vector.

Definition 2.6. The joint probability density/mass function of the random q-gCW network is given by

FSm X') =Py g(1(5) = m/, X = X')
= IP’Nﬁ(fh(&) = m’\X = X’)PN(X = X’),

and the marginal density function of the network state is

Pl = Pus(m(a) =m) = Y. fasow, X)),

2.2 Dynamics of networks

We define dynamics on our networks. They will be modeled as discrete time Markov chains, where the states
of the chain are configurations. We start in an initial configuration, and at each step of the chain, we update
one or more spins of the network with some given probability to go to a new configuration.
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First we define the single spin probability mass function. From this function, we will construct the transition
matrices of our Markov chains.

Definition 2.7. Let s € {—1,+1}, and let o € Q be a configuration. We denote by o™ 7* the configuration o
where the spin at site x is set to the value s. That is, for all y € Vi,

0_30*)5 . Uy7 fo # Y,
Y s, ifr=uy.
(we will only use this notation when there is no confusion with the previously defined notation o' = (04)zev, ).
The single spin probability distribution function is given by
exp[—BH (0"7°)]
exp|—BH (0%7%)] 4+ exp[—BH (6% ~%)]

0 (z,5) =

2.2.1 Asynchronous dynamics

The asynchronous dynamics (also called Glauber dynamics) is the discrete time Markov chain o(t) € 2, where
at each timestep ¢t € N we pick a site 2’ € Vyy uniform at random, and set o,/ (t + 1) = s with probability

fﬁg (2, s), while all other sites remain the same: oy, (t + 1) = oyo(1).

Definition 2.8. For any o,n € Q such that o # n, the transition matrix of the asynchronous dynamics is given
by

LgNO(a! ) T’ € Viy i ner # 0w and i, = o, Vo £ o
0 otherwise,

mNg(o,m) == {

and
mnploo)=1— > ang(om).
n€Q\{s}

The asynchronous dynamics is reversible with respect to the Gibbs measure (6). To see this, note that for
any two configurations o, n that differ only at a single fixed site 2/, we have

H(o™ ") = H(n), H(n* %) = H(o),
and so, for such configurations
1 e—BH(M) 1 e—BH (o)
N 0N) = o) T A ™1 0) = § TR 5 e Em

Then,

(o) _ e PHO Zemfr

mNg(n,0) e BH(E) — Le—pH(o)’

The detailed balance condition

pn.p(o)mN s(o,n) = pn ()TN (N, 0)

thus holds for any two configurations o,n €  that differ only at one site; for all other configurations it holds
trivially.
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3 p-pattern Hopfield /2 l-group Curie-Weiss correspondence

The weight of an edge between two sites of the Hopfield network is determined by the values of the patterns at
those sites. We will simplify the analysis of the Hopfield network by grouping together sites with the same values
of patterns. The partitions that we create in this way allow us to rewrite the weight of an edge in terms of what
partitions the edge connects with each other; much like the definition of weights for a multi-group Curie-Weiss
network. From this, one might suspect that it is possible to develop a relation between the two different types
of networks, where one could compute quantities for one network by computing a related quantity in the other
network. In this chapter, we will develop the link between the two different types of networks.

3.1 Heuristic example

Consider a ‘standard’ two-pattern Hopfield network. Any edge {z,y} € En has weight

Now, we split the sites of the network into two partitions, V; and Vs, defined as follows:

Vi={zeVy:E =€}V i={xecVy: £ =2,
Notice that if both z,y € V1, we can rewrite the weight (7) as

Way = L6, + 06, =266, wy E VL

If both z,y € Vs>, we have
Way = &8, + (=&)(=§) =268, z,y €V,
and if x € Vy,y € Vs,
Way = 6,6, + (=€) =0
(the case x € Va,y € V) is the same, as the weights are symmetric).
We can thus write the weights as follows:

Way = (MuiLizyyeen, + Moalioyrees) &6y
Where ./\/l11 - Mgg =2 (and M12 = ./\/l21 = 0).

The weights of a standard two-pattern Hopfield network can thus be written as weights of a 2-group Curie-
Weiss network, with only the first pattern left in the expression. We can get rid of this pattern with a gauge
transformation, defining the spins &, := £.o, (note that this transformation is reversible). Then, the Hopfield
Hamiltonian can be written as the Hamiltonian of a 2-group Curie-Weiss network (Definition 2.3). As the
Hamiltonian completely determines the properties of the network, we see that a two-pattern Hopfield network
is in this sense equal to a 2-group Curie-Weiss network. This procedure can be generalized: we prove a similar
connection for Hopfield networks with p patterns (where p is finite).

3.2 Results

We develop the connection between Hopfield networks and multi-group Curie-Weiss networks. The connection
is most easily made for Hopfield networks with orthogonal patterns.

Definition 3.1 (Overlap and orthogonal patterns). Define a set of paired indices I, := {(i,j) € {1,...,p}? i <
i} pl = p(p —1)/2. o
Let & = (€4, ...,£P) € QP be a p-tuple of patterns. For (i,j) € I,, the overlap of two patterns £',&7 € € is

3 e

zeVN

O, (8) = € [0,1].

Two patterns £,&7 € € are said to be orthogonal to each other when O(i,j)(&) = 0. The p-tuple of patterns
€ is said to be orthogonal if all patterns &', ...,EP € & are orthogonal to each other. We denote the set of all
orthogonal p-tuples of patterns by QU :={& € O : O(; ;(§) = 0V(i,j) € I,}. Furthermore, for any & € QF we
define

G0 = e Ol

Remark 3.1.1. Q' is empty whenever N is finite and odd, and QFf can be empty when N is small and p is
large (for example, N = 2 and p = 3). We will only consider networks with low loading, that is, N > 2P.
Whenever we consider a network with orthogonal patterns, we assume N to be even.
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Corollary 3.1.1. d(£,Q8) =0 iff £ € QF.. |

Theorem 3.2 (Hopfield/gCW correspondence). For any p-pattern Hopfield network with N sites, interaction
matriz Q and with any orthogonal p-tuple of patterns &', there exists a p x 2P~ matriz A, and a 2P~ 1-gCW
network with N sites, interaction matric M = ATQA and relative partition sizes X' = (1/2P~1 ..., 1/2P71),
such that

1
=

m(o) Am(s),

where & = (€0 )zevy is the gauge transform of a configuration o € ). Furthermore,
1. Hy (o) = Hy x/(5),
2. ZInpe = Zngx'

8. punpe (o) =vngx(5)

Corollary 3.2.1 (Allowed states). For any i € {1,...,2P~1}, the set of all possible values of the order parameter
mi 1S

2k

Uz
The space of all possible states of the 2P~1-gCW network is

=2

Im(mm) = @ Im (ri2; )

The space of all possible states of a p-pattern Hopfield network with orthogonal patterns is

Im(m) = {2p11A1h’ 1 e Im(m)} .

We will sometimes call states in these spaces allowed states.

Corollary 3.2.2. Let S C Im(m) be any set of Hopfield network states, and A(S) = {m' € Im(m) : 7=t Am' €
S} be the set of all states of the 2P~ 1-gCW network that map to the same set of Hopfield network states S. We
have that

Pys(m(o) € - [§ € ) =Py p(m(5) € A()|X = X'),

i.e. the probability of finding the Hopfield network in a certain set of states is equal to the probability of finding
the 2P~1-gCW network in the set of states that map to these Hopfield network states.

Remark 3.2.1. The gauge transformation in Theorem 3.2 is sometimes also called a Mattis transformation
[52].

It is also possible to prove a more general statement that works for any Hopfield network (not just for
networks with orthogonal patterns), without changing much of the proof of Theorem 3.2. The 2P~ 1-gCW
network that corresponds to a p-pattern Hopfield network with non-orthogonal patterns will have a different
relative partition sizes vector. We will work this out for the 2-pattern Hopfield model in the following

Theorem 3.3 (2-pattern Hopfield/gCW correspondence). Consider any 2-pattern Hopfield network with N
sites, interaction matriz Q and any two patterns & = (¢1,€2) € Q2 (not necessarily orthogonal). Let X = |{x €

Vi : & = &2} and
1 1
(A)ij = (1 _1) 0

There exists a 2-gCW network with N sites, interaction matriz M = ATQA and relative partition sizes X' =
(X,1— X), such that m(c) = AX'm(5), where we defined X' = diag(X,1 — X). Furthermore,

1. Hy (o) = Hy x/(5),
2. Znpe =Znpx,

3. pnpe (o) =vNgx ()
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Corollary 3.3.1. Consider the same 2-pattern Hopfield- and 2-group Curie- Weiss networks as in Theorem 3.3.
Let A(S) = {3X 'Am : m € S}.

Py s(m(o) € - & = (£1,€%) =Pns(m(5) € A()|X = (X,1- X)).

Remark 3.3.1. From Corollary 3.3.1 we see that we don’t exactly need to know the pattern values at each site
to compute state probabilities; we only need to know how often the patterns agree or disagree (which is captured
in the relative partition sizes vector X ). This is a very satisfactory result: no site is more special than any
other, and no spin direction (+1,—1) is preferred. The only thing that matters for the state probabilities is
whether globally the patterns compete or cooperate. The 2-pattern Hopfield network is invariant under a pattern
transformation that preserves the relative partition sizes vector.

To prove that the Hamiltonian H ~N.x(6) in Theorem 3.2 is indeed the Hamiltonian of a multi-group Curie-
Weiss network, we need the following

Lemma 3.1. Let p,q € N and p < q. Let Q be a p X p real symmetric positive semi-definite (PSD) matriz, and
let A be a p X q real matriz. Then, ATQA is a q X q real symmetric PSD matrix.

The next step is to use Theorem 3.2 for large N. The intuition is that as the amount of sites increases, any
tuple of patterns will become more and more orthogonal. This is because by the law of large numbers, the ratio
between the amount of sites where any two patterns agree and where they disagree approaches the expected
amount, which is an equal division of sites.

Lemma 3.2. Let ng’B be the uniform distribution on QP, and let €& ~ ng’B be a random p-tuple of patterns.
For any fived 6 > 0,e > 0 there exists N € N large enough such that

Prp(d(§,9]) > 8) <e.

We now want to derive the marginal probability density function of states of the Hopfield network, for
networks with a large amount of sites. This marginal probability density function will tell us what the phase
diagram of the Hopfield network looks like. While it is difficult to get an exact expression, we can obtain a
large deviations result. This in turn will allow us to get a good estimate of the marginal probability density
function, and will allow us to extract information about the phase diagram.

We first prove that for large N, the logarithm of the marginal probability density function can be written as
a logarithm of the conditional probability density function, where we condition on the patterns of the network
being (almost) orthogonal.

Lemma 3.3. For any 6 > 0, let As := {& € QF : d(&,Q) < &} be the set of p-tuples of patterns that are
(almost) orthogonal. Let E C Im(m) be an event.
Then, for any fixred 6 > 0 and € > 0, there exists N large enough such that

[log [Pn g(m € E)] —log[Pn,g(m € E|€ € Aj)]| <e.

We will use Lemma 3.3 to prove

Proposition 3.1. Let E C Im(m) be an event.

. 1 . 1
Jim —log [Py s(m € B)] = lim — log[Pxs(m € El¢ € 04)].

The last step is to use a result from Knopfel et al., who derived a Large Deviations Principle (LDP) for
the multi-group Curie-Weiss network (also called ‘General Block Spin Ising Model’) [37]. We reformulate their
result using our previous notation and nomenclature. Let us explicitly denote that m and X depend on N, by
writing m) and XM, Furthermore, let Y = limy_, xW
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Theorem 3.4 (Knopfel, Lowe, Schubert, Sinulis). Let ¢ € N and M be an interaction matriz of a qg-gCW
network. Let Y = (1/q,...,1/q), i.e. the relative partition sizes become equally large asymptotically.
The sequence (Th(N))NeN satisfies an LDP under (VNHB’X(N))NeN with speed N and rate function

where
~ |
Fy(m) = 5zmTMim — B—ZS(mz),
q =1
and 1+ 1+ 1—n 1—n
- m; m; —m; —m;
S (m;) == — 5 log — —— log =

Corollary 3.4.1. If we simply take the elements of the sequence (X(N))NeN to be X = (1/q,...,1/q) for all
N, then for a closed set E C [—1,1]P,

lim %1OgPN75(Th(5) €E|X=(1/q,..,1/q9))) = — inf Rg(m’).

N—o00 m’'eE

We are now in a position to put all the pieces together, and obtain a similar ‘large deviations limit’ for the
Hopfield model.

Theorem 3.5 (Hopfield LDP). Let E C [—1,1]? be a closed set.

1 . -
ngnoo o logPy g(m(c) € E)=— inf Rg(m’).

3.3 Proofs

Proof of Lemma 8.1. As p < g, we have for all v € R? that Av € RP . Therefore, as @ is PSD, vT(ATQA)v =
(Av)TQ(Av) > 0 for all v € RY, so by definition ATQA is also PSD. Both @ and A are real matrices, so ATQA
is also a real matrix. As @ is symmetric, (ATQA)T = ATQTA = ATQA, so ATQA is also symmetric. O

Proof of Theorem 8.2. From a given p-pattern Hopfield network with orthogonal patterns, we will explicitly
construct the 27! partitions of the 2P~1-gCW network. On each partition, we define the corresponding or-
der parameters and we show that the Hopfield order parameters are linear combinations of the gCW order
parameters. Explicit examples of the construction that follows are given in the ‘Examples’-section.

We start by partitioning the set of sites of our network, which is the set V. For any site z € Vi, we
compare the spins of the patterns on that site with the spin of the first pattern. Each other pattern can have
equal, or opposite spin compared to the first pattern spin; there are thus 2°~! ways that the other pattern spins
can relate to the first pattern spin. We create 2P~! disjoint partitions

Vi={zeVy : =& ==&},
Vyi={zeVy : =€&=...=-&},
Vv i={z € Vy : & =6 =...= &}

We can also write these partitions with the help of a p x 2P~! matrix A. Let the set of all possible vectors
of length p — 1 with entries —1,+1 be {—1,+1}?~!, and let

(A)ij::(l 1 ... 1 ) o € {—1, 41},

V1 V2 ... Vgp-1

where for [ € {1,...,2P71}, v, are column vectors. We can now write the partitions as

Vi={re€Vn : A&l =An€l=.. = Ap1&2}
Vo 1= {x eVy : Alggi = A22§2 = ... = Azﬁgwp}?
Vop-1 = {x € Vi + Ayar-1)& = Agar-1)E5 = .. = Apar-—1)EL}.
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Note that A;; = 1/A;; for all ¢,j € {1,...,p}, and A;; =1 for all j € {1,...,p}. So, when a site € V;, then
at that site we have that A;;¢{ = Ay;€L for all i € {1,..., p}, which implies that at that site, £& = A;;¢L for all
ie{l,...,p}

The p-tuple of patterns & of the Hopfield network is orthogonal, which means that for any two patterns
€6 € ¢ we have |% D eevVn €1¢J| = 0. Therefore, there must be exactly as many sites where these patterns
agree (££¢J = 1) as where they disagree (€12 = —1). This implies that each of our partitions must contain
exactly the same amount of sites. Furthermore, by our definition of the partitions, all sites will end up in some
partition. As there were 2P~1 partitions and N sites, each partition V;,i € {1,...,2P~1} contains n; = N/2P~!
sites. The relative partition sizes vector is then X' = (1/2P71, ..., 1/2P71).

Now we define the order parameters. Let ¢ = (10.)zevy € 2 denote the gauge transformation of any
configuration o € 2; this transformation is a bijection from € to itself. Define for all j € {1,...,2P71}

. 1 . 1

Mi(0) == Y Fe=1m D &
n; n;
J €V, J r€eV;

These are the order parameters of a 2P~'-gCW network with relative partition sizes vector X'.
We rewrite the Hopfield order parameters. Using the remarks above, we get for any o0 € Q and i € {1, ..., p}

v o

r€VN

m;(o)
op—1

1 )
PR IR

j=1 €V

op—1

-S i e
j=1 7 zev;

or—1t

1 1
5T D - > Ao
j=1

€V

or—1
1 ~s
= 91 Z A (5),
j=1

and so

m(o) = 2p1_1Arh(&). (8)

We conclude that if the p patterns of the Hopfield network are orthogonal, we can express any of its order
parameters as a linear combination of order paramters of a 2°~1-gCW network with relative partition sizes
vector X' = (1/2P~1, ... 1/2P71).

We now prove the other claims of the theorem. As the p patterns of the Hopfield network are orthogonal,
we can apply (8). Let us define the 2P~ x 2P~! matrix M := ATQA. By Lemma 3.1, M is real symmetric
PSD, and is thus an interaction matrix for a 2°P~'-gCW network. We further define the 2P~! x 2P~! diagonal
matrix X =: diag(1/2P~1,...,1/2P~1). For any o € Q, the Hopfield Hamiltonian with patterns &’ is

Hyge (o) = ——-mT(0)Q@m(o)

(g @47) @ g amia)) ©
mT(5)XMX™M(5) = Hy x/(5).

SR R

This is the Hamiltonian of a 2P~ 1-gCW network with relative partition sizes vector X’. It immediately follows
that the Hopfield partition function with patterns &’ is

Inpe =) e el
oceN

_ —BHy x1(6
726 N,x(F) (10)

oceq

= > e PN = Zy g xo,
e
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where the second to last step comes from the fact that the gauge transformation is a bijection. This is the
partition function of a 27~1-gCW network with relative partition sizes vector X'.
Combining (9) and (10), we see that the Hopfield Gibbs measure with patterns ¢’ is

1nge (o) =vNg x (5),

which is the Gibbs measure of a 2P~1-gCW network with relative partition sizes vector X'.

O
Proof of Corollary 3.2.2. Fix any ¢’ € Q. By Theorem 3.2,
Pyg(m(o) € -[€ =€) =punpse({o€Q:m(o) €}
=vnpx ({0 €Q:m(o) € })
=UNB,X' ({& € %Am(&) € })
=vnpx ({0 €Q:m(0) € A()})
=Py s(m(5) € A()|X = X').
As ¢ was any arbitrary orthogonal p-tuple of patterns, we conclude that
Py g(m(o) € -[€ € Q) =Py g(m(5) € A()| X = X').
O

Proof of Corollary 3.2.1. For any i € {1,...,2P~} we can find the values m; is allowed to take by flipping spins
of the partition V;, starting the configuration on the partition in the all-negative configuration; 6* = (—1).¢y,.
The spins outside the partition do not influence the value of this order parameter. We find

2k
Im(m;) ={-1+= : k=0,..,n;} Vie{l,.., 27"},
o

7

and as the values of the order parameters are only affected by the spins in their own partition (and the partitions
are disjoint),

2P —1

Im(1h) = ® Im(r7;).

By Theorem 3.2, we conclude that the allowed values of m are

Im(m) = {2p1_1Aﬁz’ L elm(m)}.

O

Proof of Theorem 3.3. The proof is very similar to the proof of Theorem 3.2. We partition the sites of our
network into two groups:

Vii={zeVy:& =6,
Vo i={x € Vy: & =—-€2).
Denote by X := n; /N the fraction of the amount of sites at which the two patterns agree. The relative partition

sizes vector is then X’ = (X,1— X). Denote by & the gauge transformation of a configuration o € € as before.
Define the order parameters

1 1
mi(6) = — Oy, me(6) = — Oy
ni | na 2
zeV zeV
Note that
1
milo) = Y elo,
z€VN
1 1 1 1
=5 D &0t D &ioa
€V, rEV2
1
—Xn* Z &or+ (1 - X)— Z 20,
1 rEV TEVs



and similarly

-+ Y go

mGVN
1
—X =D GOt (1=X) - Y (&)
QTEV] 2 r€V2

= Xmy(c) — (1 — X)mg(5).
Define the 2 x 2 diagonal matrix X’ = diag(X,1 — X). We can then write
m(o) = AXm(5).

Again, the matrix M := ATQA is an interaction matrix of a 2-gCW network, by Lemma 3.1. With exactly the
same procedure as in the proof of Theorem 3.2, we can obtain the rest of the claims that were to be proven.
O

Proof of Corollary 3.3.1. Fix an arbitrary tuple of patterns & = (¢!,£2) € Q2 and let X' = (X,1 — X). As &/
and A are both invertible (with A=! = %A) and the linear map AX” is a bijection, we have by Theorem 3.3

Pyg(m(o) €€ =¢") = unpe({o € Q:m(o) € -})
=vnpx ({0 €Q:m(o) €-})
=unpx ({5 €Q: AX'M(5) € })
=vnpx ({6 € Q:m(5) € A()})
=Py s(m(3) € A()|X = X).

O

Proof of Lemma 3.2. As € is drawn uniformly at random from QF, for all ¢ € {1,..,p} and x € Vy, the pattern
spins & are i.i.d. Ber(1/2) random variables on {—1,+1}.

Then for any (i,5) € I,, (k,1) € I, and z,y € Vn (except for the case that both (i,5) = (k,l) and z = y),
the random variables £.¢7 and ¢F¢l are iid. Ber(1/2) on {—1,+1}, so the random variables O(; ;)(§) =
|¥ Ysevy Ea&0l and Ogoy (&) = |37 Xpevy, Eh€L| are also ii.d. Therefore all random variables O,(€),t € I,, are
iid., which we denote as O.(§) ~ O,Vt € I,; here O is the absolute value of the empirical average of an i.i.d.
Ber(1/2) process of N trials with outcomes {—1,+1}.

We have that by the weak law of large numbers, for any § > 0,k > 0 there exists NV large enough such that

N (0 >6) <k
We find

PN,/B (d(ﬁ,ﬂi) > 6) =1- PN,B (d({’,Qi) < 6)
=1 Py (04(€) <3Vt € I,)
— 1 (P (0 < 8)" "
=1—(1-Pnp(O >9))

p(p—1)

<1-(1-k) 7 ==

p(p—1)
2

For N sufficiently large, for any arbitrarily small e, we can choose x so that the bound that was to be proven
holds.
O

Proof of Lemma 3.3. We start with the upper bound. First note that

Py g(m € E) =Png(m € E|§ € As)Pn(§ € As) +Png(m € E|§ & As)Pn(§ € As)
<Png(me El§ € As) + Py (€ & As).

By Lemma 3.2, for any § > 0,k > 0 there is N large enough such that

Pn(§ ¢ As) <k
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This implies that for any § > 0,k > 0 there is NV large enough such that

log [Pn,g(m € E)] <log[Png(m € E|§ € As) +Pn (€ & As)]

<log[Png(m € E|§ € As) +K]. (11)

We now want to get this small x out of the logarithm. For this, observe the following. For any small € > 0, as
log(x) is continuous and monotone increasing for x € RT, there exists 0 < A < 1 such that log(z+\) < log(z)+e.
The upper bound A < 1 is later needed.

So fix an € > 0. As k in (47) was arbitrary, let us set K = A\. Then, for any ¢ > 0 there is N large enough
such that

log [Py g(m € E)] <log|[Png(m € E|€ € As)] +e. (12)

Now we work on the lower bound. For N large enough,

log [Pn,s(m € E)] > log [Py g(m € E|§ € As)Pn (€ € As)]
=log [Py g(m € E|§ € As)] +log [Pn (€ € As)] (13)
> log [Py g(m € E|€ € As)] +1og[l — k] .

Remember we set £ = A, and so we want to bound log[1 — A] from below. (1 —\) € RT, so by our definition
of A we have log[(1 — A) + A\] < log[l — A] + ¢, which implies log[1 — A\] > —¢.
Together with (13) this implies that for any § > 0, there is N large enough so that

log [Py g(m € E)] > log[Png(m € E|§ € As)] —¢. (14)

Combining bounds (12) and (14) then gives the result.
O

Proof of Lemma 3.1. We will use the bounds of Lemma 3.3 to ’squeeze’ the limit of our desired marginal
distribution function. Lemma 3.3 assures that for any arbitrarily small § > 0 and € > 0, there exisits Ny large
enough such that

1 5 1 1 e
— log [P FE As)] — — — log [P F — log [P E A —
v o8B s(m € ElE € Ag)] — = < log [P s(m € E)] < 1 log [Py s(m € El€ € Ag)] +

for all N € {Nog,No +1,...}.

. 1 e\ . 1 5
Jim (5 loglPxa(m € Elg € A0 - ) = tim ( logPavatm € Blg € 2]+ )

= lim (Jif log [Pn s(m € E|€ € Aé)]) ;

N—oc0

and so by the squeeze theorem,

1 1
lim i log [Png(m € E)] = lim i log [Py g(m € E|€ € Ag)]. (15)

N—o0 N—o00

In the limit N — oo, for any small 6 > 0, N will be large enough for the bounds to work, and so (15) will hold.
As 6 can thus be arbitrarily small,

1 1
i —_ = 1 — p
J\}l_r)[(l)o N log [Py g(m € E)] J\}l—rgo N log [Py g(m € E|§ € QF)],

where we use that € € QF iff (£, Q) = 0.
O

Proof of Theorem 8.5. The result follows from combining Proposition 3.1, Corollary 3.2.2 and Corollary 3.4.1.
O
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3.4 Examples

Here we consider a few example Hopfield networks and explicitly construct the 2P~ 1-gCW networks that corre-
spond to them. First we will show the structure of the 4-gCW network that corresponds to the 3-pattern Hopfield
network. After that, we analyze the 2-pattern Hopfield network using its corresponding 2-gCW network.

Example 3.6 (3-pattern Hopfield network). Forp = 3, set of all column vectors with elements —1,+1 of length

S {1,+1}2—{G>’(—11)’<_11>7<j)}'

The matriz A is then

The partitions are

Vi={zeVy:&=6=¢),

Vy={zeVy : §=6=-1,
Vs={zeVy : &=-=¢61,
Vi={zeVy : & =-8=-E1)

The order parameters of the 3-pattern Hopfield network with orthogonal patterns and the order parameters of
the 4-gCW network are related as follows:

1(0) = §(71(5) + a(3) + s(3) + 174 (5),
ma(o) = 7(5) + 72(5) —1is(3) — i (5)).
my(0) = (71(8) — a(3) + 17s(5) — Ma(5)

Consider the 3-pattern Hopfield network with the 3 X 3 identity matriz as interaction matriz. The interaction
matriz of the corresponding 4-gCW network is

3 1 1 -1
1 3 -1 1
(M)U = (ATQA)U = 1 -1 3 1
-1 1 1 3

We see that sites couple most strongly to sites in the same partition, and more weakly to sites in other partitions.
The coupling for two sites in different partitions can be positive or negative.
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Figure 13: Example of the partitioning procedure for three patterns. The network is a complete graph. 1: The 3-pattern Hopfield
network has order parameters m1, mz, m3 and the weight between two sites x and y is wzy, whose value depends on the pattern
spins at x and y. 2: The sites of the Hopfield network are coloured based on the spins of the patterns at that site. Each pattern
spin at a site is compared with the spin of the first pattern at that site. For three patterns, this gives four possible colours. 3: Sites
with the same colour are grouped together into a partition. For three orthogonal patterns, the sites are grouped into four distinct
partitions of equal size. 4: We define an order parameter on each partition, thus creating order parameters mi,mo, ms, m4. The
value of the weights wy, only depends on what partitions x and y are in; the weight values are encoded in the matrix M. This is
a 4-group Curie-Weiss network.

Example 3.7 (2-pattern standard Hopfield network). The 2-pattern case is curious. Consider the 2-pattern
Hopfield network with orthogonal patterns &', and as interaction matriz the 2 x 2 indentity matriz. We have
X' = (1/2,1/2), and one can compute that

(A)ij = G _11) ’ (M)sj = ((2) (2)) '

Vi={xeVy : & =€),
Vo={zeVy : & =-¢2}.

The partitions are

If we compute the Hamiltonian, we find

HN,g’(O') = ﬁN,X’(&) = —g (;ml(&)Q 4 ;mz(&)2> .

The Boltzmann factor in the Gibbs measure thus is a product of two Boltzmann factors:
e BHy e (0) — BY11(6)° 85 M2(5)

Defining the ‘standard’ (1-group) Curie-Weiss partition function and Curie-Weiss Gibbs measure on both par-
titions

~ N (=02 . - 1 s (=032
:L,ﬁ = Z eﬂQmI(U ) s p:l,ﬂ(o.) frd Z'L eﬂzmi(o' ) R
gteY; n,B
one can show that

e (0) =vnp x/(5) = pnyop(G) - pRjap(62),
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which is nothing more than the product measure for two independent Curie-Weiss networks, where one network
contains all sites at which &L = &2, and the other contains all sites at which £ = —&2. The standard 2-pattern

x?

Hopfield network with orthogonal patterns is just two independent equally sized copies of a Curie- Weiss network!

Figure 14: The 2-gCW network that corresponds to the 2-pattern Hopfield network is just two independent Curie-Weiss networks,
both with coupling M11 = Mgz = 2, and no cross-couplings.

Example 3.8 (Van Hemmen network). The last network we will analyze through the correspondence is a network
proposed by Van Hemmen in 1982 [53] and further analyzed in [54]; it was introduced with the intention to study
its spin-glass properties. We will consider his network with the ferromagnetic interaction set to zero, and we
assume the patterns to be orthogonal.

The interaction matriz is

(Q)ij = ((1) é) ;

so the weights of this network only consist of crossterms of the form 5;55 and 5555.
The partitions and the matriz A are the same as in Example 3.7, and so the interaction matrix of the

corresponding 2-gCW network is
2 0
(M)ij - (0 2) :

We could do exactly the same analysis as done in Example 3.7, with the only difference that Mao is now negative
instead of positive. Again, the network thus consists of two independent and equally sized copies of a Curie- Weiss
(CW) network, but the first CW network is a ferromagnet (positive coupling) while the second CW network is
an antiferromagnet (negative coupling).

2@ @_2

Figure 15: The 2-gCW network that corresponds to the Van Hemmen network (with ferromagnetic interaction set to zero) consists
of two independent Curie-Weiss networks, one with coupling M1 = 2, and the other with coupling Moy = —2.

We saw that Hopfield networks with only two patterns usually don’t have interesting properties, as they
appear to just be products of independent Curie-Weiss models. But we considered only either self-couplings
or cross-couplings; what if we combine both the ’standard’ 2-pattern Hopfield network and the Van Hemmen
network? In the next Chapter, we will investigate such networks, where both the self-couplings and cross-
couplings are present.
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4 Embedding a two-state Markov chain in an ANN

We wish to embed an arbitrary two-state Markov chain into an attractor neural network. An arbitrary two-state
Markov chain has two states, which we will simply call state 1 and state 2, and four possible transitions:
state 1 — state 1, state 1 — state 2, state 2 — state 1 and state 2 — state 2. These four tran-
sitions will have their own probabilities, which we denote as Py, P12, P21 and Pso respectively; these are the
entries of the 2 x 2 transition matrix P. For both state 1 and state 2, the outgoing probabilities sum to 1.

Py

P
OO
~v
Pyo
7721

11 A 29
ToOMONZ
~v
12

Figure 16: The most general two-state Markov chain has two states, and four possible transitions. Top: the Markov chain with
two states, and transition matrix P. Bottom: the attractor states associated with each part of the Markov chain.

The Markov chain will be embedded in an ANN as follows. state 1 and state 2 are stored in the ANN as
attractor states ¢! and ¢? respectively. Each edge is also stored as an attractor state: for i,5 = 1,2, the edge
state i — state j will be stored as an attractor /. We call these patterns edge patterns.

Each timestep of the embedded Markov chain looks as follows.

1. The current state of the chain is state i: the ANN is in attractor state ¢’. A single ‘push’ parameter §7
(independent of the current chain state) is turned on, and the ANN transitions from attractor state ¢* to
7'". The parameter is turned off again.

2. The ANN will stochastically transition between attractor states n* and 7%/ (where j # i) for a fixed time
T. We call this time the switching time, and we say the network switches between edge patterns n** and

UK
3. After time T, a single ‘pull’ parameter §* (independent of the current chain state) is turned on. If the
ANN is in attractor state n’’, the ANN transitions to ¢’. If the ANN is in attractor state %/, the ANN

transitions to ¢/. The parameter is turned off again. The new state of the chain is state i if the ANN is
in ¢, or state j if the ANN is in ¢7.

7721 7721 7]-1
2

12 p

n- 7]12 7112
\J \_/

Figure 17: Example of a timestep in the embedded Markov chain. In this case, the embedded Markov chain jumps from state 1
to state 2.

We can implement this behaviour into the ANNs considered in this work, by defining the embedding weights
of the networks as follows:

__ . .states 1, . .push 1, pull switchl switch2
Wy = Wy, + 6 why™ + 0wk, + wiy + wiy ", (16)
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where

stdteb ¢ (b +¢ (b

stores the attractor states corresponding to state 1 and state 2,

wpush_nz ¢ +772¢2

is an asymmetric weight that transitions the network to attractor state n'! if the network is in ¢! or to 72?2 if
the network is in ¢2,

! = oLyt + )+ G207 + )

is an asymmetric weight that transitions the network to attractor state ¢! if the network is in n'' or n?!, and
to ¢? if the network is in n*2 or n'2.
We will define the premse form of the weights ws‘fj’ltChl

%wltch2

and wiy*"? in the next Chapter. While wiyi*h!

contains attractor states n't, n'2, and w$ contains attractor states n?!,n?2, both weights are constructed

in the same way. We will write this as ws"y““h1 wiiteh [plt n12] and wiyth? = wiNith [p2l 122] where wgyiteh

is the general form of the weights, and the attractor states used to make the weights are explicitly denoted.

The weights wSWItCh make the network stochastically transition (or ‘switch’) between the attractor states n
used to construct them, whenever the network is in one of such attractor states. These weights can be biased to
make the network favor one attractor state over the other. More explicitly, the probability to find the network
in the favoured attractor state during the switching time 7' is larger than the probability to find the network in
the less favoured attractor state. This allows us to embed a Markov chain with a custom transition matrix P.

The switching time T" should be long enough for the stochastic transitioning process between the n atrractor
states to reach equilibrium. We might for example consider the situation when the embedded Markov chain is
in state 1, that is, the network is in attractor state ¢'. To start the next timestep of the Markov chain, we
turn 67 on and then off again, and the network transitions to n''. If T is very small, we would now almost
immediately complete the timestep again and turn on §*. The network will not have had time to transition at
least once between 7! and 72, and we end up in ¢! (state 1) for certain. Like most stochastic processes, the
stochastic transitioning process between the 7 attractor states needs a burn-in period in order for us to fully
use its stochastic behaviour.

If we forget about all other weights, the weights w;‘;’it‘:h on themselves also define an ANN. We will first fully
analyze a Hopfield network with weights ws‘zltCh, which we call the ‘2-pattern switching network’. One might
then hope that much of the results we find for this network still hold when we combine two of such weight
terms (‘switchl’, ‘switch2’) and add the ‘states’, ‘push’ and ‘pull’ weights of (16). Unfortunately this is not the
case for Hopfield networks; we will see why in Section 5.5. However, the results we obtain about the behaviour
of the 2-pattern switching network will still be very valuable as guidelines for the design process of a sparse
switching network. The sparse switching network does keep its behaviour when the other weights of (16) are
added, which will be demonstrated with a heuristic mathematical argument. Unfortunately the sparse switching
network is more complicated mathematically, so in this work we only use simulations to further analyze the
sparse switching network.
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5 2-pattern switching network

We saw in the Introduction that the standard two-pattern Hopfield network has two phases: an ordered phase
and a disordered phase. In the ordered phase, once the Hopfield network has obtained largest overlap with one
of the patterns, it will keep its largest overlap with that pattern indefinitely.

We present weights, which are defined through an interaction matrix, that introduces a new phase to the
network: a mized phase. The resulting network will transition stochastically between the patterns when the
network parameters are just below the critical values of the phase transition between the ordered and the mixed
phase. We show what the behaviour of the network looks like in this regime in Section 5.3.

We abuse our nomenclature a bit, and say that the 2-pattern switching network is in state 1 if the state of
the network m satisfies |m1| > |m2| (the network configuration has larger overlap with the first pattern than
with the second pattern) and it is in state 2 if |mg| > |m1| (we break the tie arbitrarily in favor of state 1).

5.1 Definition

The 2-pattern switching network is given by the interaction matrix

(Q)ij = (127 ?) :

where a € [0,1) is the crossterm parameter, and v € [0,1) is the energy perturbation (which is typically very
small). The weights of the network are

itchyel ¢2 1e1 2¢2 1e1 142 2¢1
N - wiittheh €2 = 60+ 6260 + 76,8, +a(&El +63¢,).
—_—— —_ —
standard Hopfield perturb. crossterm

The intuition behind introducing the crossterm « for attractor state switching is as follows: as asymmetric
terms of the form 55;5; make a network in attractor state & transition to attractor state &7, a combination of
two asymmetric terms might make the network oscillate between attractor states £ and &/. Most importantly,
this implementation results in synaptic weights that are symmetric in « and y, and this allows us to use a
Hamiltonian (and as a consequence, statistical mechanics) to analyze the model.

The energy perturbation ~ also has an intuitive interpretation. v decreases the energy of attractor state &°,
and so the probability of finding the network in state 1 increases under the Gibbs distribution. Of course, if one
would like the probability of finding state 2 to be larger than the probability of finding state 1, the perturbation
term in w1 can be chosen to be ¥£2¢7 instead of ¥&3€;.

The existence of a mixed phase can be directly observed from the weights. If we set v = 0, we can immediately
see that for a = 0, the attractors are &' and £2, while for o = 1 the weights become

N - with = 6.6, + 67 + 6,6 + 66, = (& + )&, + &),
and so the attractor appears to be &' + £2; it is a mizture of the first and the second pattern. Of course
&' + €2 is not a valid configuration, as &L + €2 can be zero when the patterns don’t agree on site . However,
it is an attractor in the sense that at the sites y where the two patterns do agree, the spins o, converge to
%(f; + 55) = E; = 55. Spins at sites where the patterns agree will align with the pattern spins, and at sites
where the patterns don’t agree the spins will randomly flip. We will show this when we analyze the network
using its corresponding 2-group Curie-Weiss network.

5.2 The corresponding 2-group Curie-Weiss network

Parts of the analysis of the 2-pattern switching network will rely on the Hopfield/gCW correspondence. By
Theorem 3.3, the interaction matrix of the corresponding 2-gCW network is

(Mmzmwmﬁzc+f+72%+0. (17)

Again, we denote by X = |[{zx € Viy : £ = £2}|/N the fraction of sites at which the two patterns agree.
Before we start the analysis, let us already introduce the free energy of the corresponding 2-gCW network.
For m/' € Im(m),

- 1 1
Fopn(m') = —3" TMm — 25 (S (M) + S (1m3)) (18)
where 1+ Lol 1—m 1 —
SN m; m; l-my —my
S (m;) = 5 log 5 5 log 5 (19)



is the entropy of a partition. Note that the free energy is exactly the function F used to construct the rate
function of the Hopfield network in Theorem 3.5. Furthermore, we will use the notation Fy, g := F,. B,7=0-

Consider the case when v = 0, and X = 1/2. We see that the matrix M is diagonal, just as in Example 3.7,
and in exactly the same way as in the example we can deduce that our 2-pattern switching network becomes
two independent copies of a Curie-Weiss network, which are defined on their own site partitions.

The first partition contains all sites where ¢! = &2 and has self-coupling Mj; = 2 + 2a, and the other
partition contains all sites at which ¢! = —¢2 and has self-coupling Mj; = 2 — 2a. The Curie-Weiss Gibbs
measure of the first network is then

~ 1 N (1+a)mq(61)?
p}v/27ﬂ(o’1) = Zl 654(14‘ ymi(a) ) (20)
N/2,8
and of the second network is 1
~ L (1-a)ma(5°)?
p?V/Z,B(UZ) = 5 B (l—a)ma(67) , (21)
N/2,8

where the notation is as in Example 3.7.

2+ 2« 2 — 2«

Figure 18: The 2-gCW network that corresponds to the 2-pattern switching network with v = 0 consists of two independent
Curie-Weiss networks, one with coupling M1 = 2 4 2, and the other with coupling Mag = 2 — 2a.

Let us get some intuition. If a = 0, we get back the standard 2-pattern Hopfield network. However, if a = 1,
then the self-coupling of the second network is zero, and p?\, 2.8 becomes the uniform probability measure (all
states are equally likely, no matter the value of 3). This means that any site for which £ = —¢2 will randomly
flip during dynamics. If also S is large enough (temperatures are low), then the first network (containing all
sites at which ¢! = ¢2) will be a Curie-Weiss network with strong self-coupling in the ordered phase, and so
7y will tend to 1, which means that &' will tend to the all-one configuration, which in turn means that o' will
tend to the attractor ¢! (= &2 on the first partition). We see hints of a new phase in the network, namely a
mixed phase, in which half of the sites randomly flip, and the other half freeze in the attractor state. We will
rigorously analyze the phase diagram of our 2-pattern switching network in the next subsection.

5.3 Phase diagram

To investigate the effect of the parameter o more thoroughly, we derive the phase diagram of the 2-pattern
switching network through analytical methods and simulation. To simplify analysis we set the (small) energy
perturbation v = 0 in this Section. The exact derived phase diagram can be seen in figure 19, along with
typical behaviour of the order parameters below. In the disordered phase (I), the expected overlaps of the
network with patterns 1 and 2 are both zero. In the mixed phase (II), the expected overlaps of the network
with patterns 1 and 2 are equal, and between 0 and 0.5. In the ordered phase (III), the expected overlaps
of the network with pattern 1 is larger than the expected overlap with pattern 2, but both are nonzero. Of
particular interest to us will be the region of parameter values just below the boundary between the mixed and
the ordered phase. Here, simulations reveal stochastic switching between the overlaps of patterns 1 and 2 (see
the ‘simulation’-subsection).
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Figure 19: Top: the three phases of the 2-pattern switching network, and their regimes. Bottom: time series of the order parameters
my (blue) and mo (orange), which show the typical behaviour of the network order parameters in the corresponding phases, where
the dynamics is started in full overlap with state 1 and zero overlap with state 2. I) Disordered phase. The order parameters
fluctuate around 0, so the network is in neither state 1 or 2. II) Mized phase. The network has equal overlap with both state 1
and 2 at the same time. III) Ordered phase. The network always has the largest overlap with the state in which the dynamics was
started (which was state 1 in this case).

The phase diagram of the 2-pattern switching network can be derived in multiple ways. The first is to
make a small generalization of the techniques used for the standard Hopfield model, which is to do a Hubbard-
Stratanovich transformation of the partition function, and to extract mean-field equations from the free energy
using Laplace’s method [15] [33]. The other technique that we will consider is to make use of the Hopfield/gCW
correspondence. The phase diagram of the 2-pattern switching network can directly be extracted from Theorem
3.5. If we ignore the technicalities of the convergence of patterns to orthogonality in the large N limit, but just
assume they will be orthogonal for large IV, then we can actually immediately obtain the phase diagram by just
looking at the measures (20) and (21) without using Theorem 3.5. Let’s start with this heuristic approach, and
after that we derive the phase diagram in full rigour with the strategies described above.

5.3.1 Heuristic approach
It is well-known that the Curie-Weiss network with the Gibbs distribution

Pn,ﬁ(&) =

in the large N limit has a phase transition at § = 1; # < 1 is the disordered phase and § > 1 is the ordered
phase. If we define 8] := (14 «)f, the distribution (20) is exactly the Curie-Weiss Gibbs distribution but with
inverse temperature 1, instead of S. The first network will thus be disordered when ] < 1, i.e. a < % -1,

and ordered when o > % — 1. Similarly, we define 8} := (1 — «)3. The second network will be disordered when
Bh<1,ie. a>1— %, and ordered when o < 1 — %

As a > 0, we cannot have that « is smaller than both % —1and 1 — % at the same time, ie, a <
min{§ — 1,1~ §}. We are left with three options:

Network 1  Network 2
% —1l<a<l- % disordered disordered

o> max{% -1,1— %} ordered  disordered
1-— %3 <a< % -1 ordered ordered

and we neatly see the three phases of the 2-pattern switching network, and their regimes. We will now look at
the derivation of the phase diagram more carefully.
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5.3.2 Using Hubbard-Stratanovich

We're going to find the average values of the order parameters mi, my by formulating a self-consistency equation.
This is an equation of the form m = func(m), which can have a unique or multiple solutions for m. We find
such an equation by evaluating the partition function and the corresponding free energy.

Let us first introduce a little bit of notation. Define

T
b:= (Z 5;0'35, Z f?gam> s
zeVn zeVN
where we realize that b depends on o (we will not note this down explicitly, to lighten notation), and that it
thus is a random variable.
HY . (0) = ——bTQb
o« 2N

and

4770
ZJOV,a.ﬂ = Z e 6HN,L!(0-)7
oe

where in @, the energy perturbation parameter v = 0.
Furthermore, we introduce an external field

h = (hl,hg)T S RQ,

and
Hf\}“h(a) :=—hT-b.

Let the combined Hamiltonian be
HN.an(0) = HY o(0) + HFG(0),

and the partition function of this Hamiltonian is

ZN,a,ﬁ,h, = Z €_ﬁHN""’h(J) = Z e_ﬁH?\I‘a(U)_ﬁ(hlbl-ﬁ-hzbz)
oe oeQ
Lastly, we define the free energy
1
ENaph =5 108 ZN.a5h (22)

Now, observe the following key property of the free energy:

0 0 1
—F o = |— —1 Z «@
L{)hi N, ,B,h} o [ oh; BN 0g ZN, ,B,h} o

1 ; e~ BHN.a.n(o)
[sre) e
h=0

Z
TEQ zE€VN N,a,6,h

0
675%1‘””(”)

= Z mi(o)———

0
e ZN’D"ﬂ

= (M) N6

where (-) is the expected value.

Z is difficult to compute, as it contains terms of the form exp [(Zw ficrac)z], which is not straightforward to
sum over. We linearize these terms with a generalization of the Hubbard-Stratanovich transformation. We use
that for any v € R? and A € R?*2,

1,7 1 1
eia Aa - - d2fU exp |:—’UTA1U —+ ’UT Q| . (23)
~—— det(2mA) Jr2 2

quadratic in @

linear in a

Now we evaluate.
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Zyapn = 3 e IITADHTD
oe

=Y ¢t 3(80T) (55 Q) (Bb) ,—BRT-b.
ge) *

Define B = 6%\,@ Then,

S )

Simplify notation and let the constant ¢ = . Using the transformation (23) on (x),

1
det (27 B)

1
ZN,a,8,h = Z / d%v exp [—vTB—1v+5vT b+ BhT- b]
2
ge
1 24
= c/ d%v exp I:—’UTB_LU] Z exp [B(vT + hT) - b]. (24)
R? 2 €N

*ok

Defining &, := (£1,£2), and recalling the definition of b,

() = Z exp

B(vT +hT) - <Z 5m0$>]

zeVN

=3 [T exp BT + A7) - £mos)

Plugging this back into (24), we get

ZNaph = c/2 d?v exp [—BNga/%h(v)} ,
R

where

Goun(v) 1= S0TB v——zlog [2coshl3(eT + A7) - £al].

We can simplify this using the fact that the patterns self-average over sites. Recall that the patterns ¢!, ¢2
are 1.i.d. Ber(1/2) random variables on {—1,1} for all x € Vi, and so for all x € Vi the four possible values
E={(-1L,-1)7, (-1, )7, (1,-1)T,(1,1)7} of &, (which are i.i.d.) occur each with probability 1/4. Therefore,
if we average over all sites, we expect to see each pattern with probability 1/4, and so for any bounded function
f of the patterns at a site x,

1 1 /1
3 €)= N (T -0 4 11 DN) = SPES(E) = (O,

£e=

where the last expression is called the self-average.
Thus,

o (0) = 507 B0 = (g [2cosh (T + B) -€:1).

To evaluate the free energy (22) in the limit N — oo, we use Laplace’s method. In our case it states that

1 _NBg,
Jim 5 log /R e NPt — g (o),
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where vy € R? is the unique minimum of g, s5,h- One can check that g, , r indeed has a unique minimum. So,
F, = lim F =5
apn = M Fyapghp=s,

where v° is the solution of

0
ngag,h(’v) =0
. (25)
aT)anﬁ,h(’U) =0
Filling in the expression of g, we find the set of equations
1
Tz (0] —avy) — (€ tanb[B(vT + RT) - £]) =0
o (26)
5 (0§ — @) — (€ tanh 30T + A7) - €]) =0

The average of the order parameters can then be found from the free energy:

(Mm1)a,p = lim (M1)Na.8
N—o0

0
= 7Fa.
bhl ﬂ’h] h=0

_|.9 0}
o [8/11 gafhh(fl) ) h=0

= (&1 tanh[B(v%)T - €]))
=1 —1a2 (v) — and).

Similarly,
1
(m1)a,s = m(vg — avy).

The equations in (26) are coupled. We can decouple them with by introducing new variables (note the parallels
with the gCW order parameters!)

my = mq + ma, Mo = My — Ma.
Then,
itass = (1) + (M) = 1 (0] +08),
and similarly
(12)ap = —— (09 — 1)

From (25) we get

resulting in the set of equations

T a(”? +v9) — (&1 + &) tanh[B(v)& + v9&)]) =

(0 ) — (€ — &) tamh 5006 + $E)]) =

Now we evaluate the self-averages.

(27)

(&1 + &) tanh [B(v]€1 + v5Ea)]) Z Z (&1 + &) tanh[B(0)6) + v5E2)]

51 +1&=
308 + )

Similarly,
(&1 + &) tanh[B(v]€1 + v3&)]) = tanh[B(v} — vy)].
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We combine this with the definitions of 4,72 and (27) to find the mean-field equations:

(M1)a,p = tanh[B(1 + a)(M1)a,s]
(M2)a,p = tanh[B(1 — a)(M2)a,z]

Both mean-field equations will always have a trivial solution: (1), = (M2)a,s = 0.

(28)

I) If both B(1 + a) <1 and B(1 — «) < 1, the mean-field equations only have a trivial solution.

IT) If B(1+a) > 1 but B(1—a) < 1, only (fi11)a,p can take nontrivial values. Moreover, as my = 1 (g +1h2),
mo = 3(1y — 1g), and (1M2)a,p = 0, we get (m1)a,g = (M2)a,s = 5(M1)a,p # 0.

III) If both B(1+ «) > 1 and B(1 — &) > 1, (M1)a,p and (M2)e, s can both take nontrivial values: (mi)q g #
(m2>aﬂ 75 0.

D) | Ry | )

B=05 B=15 B =30

Figure 20: The three different scenarios for the mean-field equations. Green: y = tanh[3(1 + «)z], blue: y = tanh[8(1 — a)z], black
dashed: y = x. @ = 2 for this example.

5.3.3 Using Hopfield/gCW correspondence

We can also show that in different parameter regimes, the marginal probability density function of m concen-
trates on different sets of states in the limit N — oo.
By Theorem 3.5, for any € > 0 there is N large enough such that

1
N logPng(m(o) €-) < _m'igft(-)R’B(m/) +¢,
which implies that
P € )< —-Ng (- inf F,s(m')— inf FE,s(m)])|.
ng(m(o) €-) < exp[ ﬁ( et B(m’) a1 B(m ))]
Let m* be the location of any global minimum of Fa,g, and let 6 > 0; | - | is any norm on R2.  Now let

As = A({m’ € Im(m) : |/m/ — m*| > 4}), and

c=c(B,d,¢) =0 (—5 + inf F,p(m) — Fa’g(fn*)) ,
m/'eAs
which is larger than 0 for small enough ¢, and increases as ¢ increases. This shows that there exists a constant
¢ > 0 such that
Py p(lm(o) —m*| > 6) < e

The probability of finding a state outside the neighborhood of a minimum of Fa,g vanishes as N — oco. This
means that the probability density function concentrates on the locations of the minima of Fa, 8-

A quick analysis shows that in the region § —1 <a <1 4,
o >max{i —1,1 -1} F, 5 has two minima, and when 1 — 1 < a < 2 — 1, F, 4 has four minima.

We conclude that the 2-pattern switching network has three different phases. In each phase, the expected
value of the network state is different, and the probability concentrates on small parts of the space of allowed
states.

F,, 5 has a unique minimum at (0,0). When
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Figure 21: The three different scenarios for the free energy Fa’ 8-

5.3.4 Simulation

The phase diagram on figure 19 has been simulated, by running a time series of m; and mgo for 50 different
values of both « and S, giving a total of 50 x 50 = 2500 simulations. The simulations were performed with
synchronous dynamics, and N = 1000 neurons. For each point (a, ), a new set of two patterns were generated
(with maximum overlap of 0.01) and a time series of 1000 timesteps per neuron was run, starting the network
in state my; = 1,mo = 0. A burn-in period of 500 timesteps was used, and during the remaining 500 timesteps
the values of my and mo were stored. In figure 22, on the left, the average of the stored values of 1 = m1 +mgq
(blue) and My = my — my (green) are shown for each point (o, 3).

1.0
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0.0

10000
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Figure 22: Left: Network simulations for 50 values of « from 0 to 1, and 50 values of 8 from 0 to 3; in total 50 x 50 = 2500
simulations. For each combination of parameters, a simulation of a time series of m; and mg is performed, and the average overlap
is plotted in colour. The black dotted lines are the mathematically derived bounds of the three different phases. Right: time series
of the order parameters m1 (blue) and ma (orange), which show the typical behaviour of the network order parameters just below
the phase transition of phases II and III. This particular simulation corresponds to o = 0.29, 8 = 1.5 (red dot).

The order parameter m; clearly has two different regimes: it is (almost) zero on the left of the leftmost
black dotted line (¢« = —1 + 1/3) and larger than zero on the right. This agrees very nicely with theory. The
small variations (‘rough edges’) along the boundary are believed to be due to the finite size of N and the finite
simulation time.

The same holds for the order parameter ms: it has two regimes, and the boundary of these regimes agrees
with theory, which predicts that the boundary is « = 1 — 1/8. Again, the small variations along the boundary
are believed to be due to the finite size of N and finite simulation time.
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This variation in overlap of /s between points just below the boundary between the mixed and ordered
phase is desirable. It means that even for very close neighboring points in this part of the phase diagram, the
average overlaps taken over 500 timesteps per neuron can differ quite a lot. This hints at the behaviour we
seek for our switching network: a stochastic switching between the two patterns, where in every simulation
there is only one pattern with highest overlap (and not a fifty /fifty mixing of both patterns). Furthermore, this
switching takes place on timescales longer than 1000 timesteps per neuron, as otherwise the switching would
average out and we wouldn’t see the same contrast between neighboring points.

In figure 22 on the right, the plot of a single time series at the parameter point (a = 0.29, 8 = 1.5) shows
the switching behaviour of the network just below the boundary. Notice the timescale: the time series was
simulated up to 10000 timesteps per neuron, and we only see the network switch its overlap 6 times.

5.4 Estimate of state probabilities

We derive an estimate for the equilibrium probability density function of the states of the 2-pattern switching
network with orthogonal patterns. This estimate becomes accurate in the limit N — oo. After the derivation,
we will use this estimate to obtain a rough expression for the probability that in equilibrium we find the network
in either state 1 or 2. From this analysis we se more concretely how the parameter v influences the network
behaviour.

We will assume for our estimate that the two stored patterns &', &2 are orthogonal, or in other words, the
tuple &' := (¢£1,£?) is orthogonal (see Definition 3.1). This simplifies the formulas a bit, and for large N it is a
good estimate.

5.4.1 Probability density function estimate

An estimate of the probability density function is most easily obtained using the Hopfield/gCW correspon-
dence. As the two patterns are orthogonal, we have a relative partition sizes vector X' = (1/2,1/2) and
X = diag(1/2,1/2), so that XMX = M. For any state m’ € Im(m(c)), let ' = Am/’ (with A as in
Theorem 3.3), and by Corollary 3.3.1,

foid(m! &) =By 5(m(o) = m'|§ = &)
=Py (m(6) =m/|X = X') (29)
~ | 1 7%7%’1'/\/[771'.

=|{e€eQ : m(e)=m'} e
ZNB,X'

To find an expression for the factor in front, we need to find the amount of configurations & that give rise to the
same state m’. The fact that we deal with gCW states here (and not Hopfield states) is very convenient, as the
values of the gCW order parameters are only influenced by the spins of their own partition. Let m’ = (], m}).

HoeQ : m(e)=m'} =|{6€Q : mi(6") =m), ma(6?) =mb}

30
= et e : mi(ah) =m)} - {6 € Qy : ma(6?) = mb}. (30)

For i € {1,2}, we look for the amount of configurations G that give rise to the same state m/. If in some
conﬁgur@tion ¢" we have k times a +1 spin and % — k times a —1 spin, then m;(6*) = %(Qk - %) Therefore,
for 1m;(6%) = 1} we need k = I (1 + m}).

The amount of unique ways to choose k spins in the partition V; to set to +1 is given by a binomial coefficient,
and we find

1
_; i - N
Ho' € Qi+ mi(6") =mi} = | 1 5 .
N
As N is usually very large, it is convenient to take a Stirling approximation.

ol 1o, 1
log { 147, 1N ~ _§NS (m;) — O | log §N ; (31)
2

2

where S was the entropy of a partition (19). Note that S(—1) = S(1) = 0 (by L’Hopital’s rule on lim,_,g+ x log z).
We arrive at our estimate of the probability density function of the network states by combining (29), (30),
(31) and (19).

1 7 .y
fN,,B m/)gl ~ e—NﬁFa,B,w(m )) 32
m|§( ) ZN’B,X’ ( )
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where F, ., is the free energy (18)
with M as in (17). Similarly, using the Stirling approximation for the partition function yields

ZNp.x R Z e~ NBFop (M)
m/ €lm(rn)
5.4.2 Two-state system approximation

Next up, we want to estimate the probability of finding the equilibrium network in either state 1 or 2. The
probability to find the network in state 1 is

pri=Prs(imi(o)] = Ima(o))) = D fridm’.€),

m/€lm(m):

[m[>]my|
and the probability of finding the network in state 2 is
p2 =Py g(lma(o)| > [mi(o)]) = Z fﬁ’é(m’f’) =1-p.
m’€lm(m):
[ma|>|m|

From (32) we see that for very large N, the only states that have significant probability to occur are those
whose corresponding 2-gCW state minimizes the free energy. Indeed, any 2-gCW state whose free energy differs
from the minimum will have a small Boltzmann factor in comparison with states that minimize the free energy,
as the very large N blows up any small differences in free energy. To see this, bound the (approximation of the)
partition function

Znp x> €N P (),

and then N . -
fm]g(m/agl) < exp [_Nﬁ (Fa)ﬁ»’y(lrh/) a mﬁi,,n Fa’Bﬁ(m))} '

If m’ does not minimize F, this goes to zero as N — oco. For a more rigorous treatment, see Section 5.3.3.
Our next approximation is to consider only large values of 3. Let

Fr () = i Fo . (17)

1 - N -
=3 [((2+ 20+ )M + (2 = 2a + 7)m5) + 2yimims] .
Consider the case 7 = 0 for the moment. As 8 — oo, the free energy becomes

E,o(m') = —i (14 a)mfP + (1 —a)ms),

a<{(}).(1)- () ()}

Let g, = (1,1)7,q5 = (1,—1)7. The corresponding Hopfield states are g¢; = (1,0)T,q, = (0,1)T respectively.
The unique configuration that gives rise to the state q; is £!, and for g, it is £€2. For large N and at low
temperatures, the network has a high probability to be in one of the attractor states.

States other than those that minimize te free energy have negligible probability when N is large, and for
large 8 the states that minimize the free energy are approximately q; and g, (we will not consider the other
two minima —@g; and —@,). We can therefore approximate our network as a two-state system, consisting only
of the states q; and g5.

The probability of finding the network in state 1 or state 2 in the two-state approximation is

which is minimized by the states

p max Faie(m' &) = frid(a.€), 2~ ol Frie(m &) = frid(az.€). (33)
[mf|=|my] [mj|>|mf]

This two-state system is not interesting at the moment, as the states q; and g, are degenerate, i.e. their
energies are the same, and so they always have equal probability of occurring. We break this degeneracy by
decreasing the energy of state 1 a little bit using the parameter v. From now on, we will keep the previous
approximation but allow ~ to be positive and small. We have

43



- - 1
Fa,’y(ql) = _5(1 +PY)’ Foz,’y(q2) = _5'

(the o parameter cancels out). In this two-state system approximation,

ZN,B v ~ efNﬂFﬂaa’Y(ql) _|_ eiN:BFCX,’Y(QQ) — e%N:B(1+’Y) _|_ e%Nﬁ’

and

3 NB(1+y) sNBy 1

N3 ~_ < - _“ .4 ~o——
fm|§(q17£)~ e%N'B(lJ"'Y)—i—e%N’B - G%N’B'Y—i—l’ fm|§(Q2a£)~ e%Nﬁ,y_’_l' (34)
After combining (33) and (34), we conclude
1 1
P1 D2 1 (35)

Nl—i—e_%NB'Y’ Nl—l—eENﬁV.

This is a rough estimate. However, it still allows us to draw some quick conclusions about our 2-pattern state

switching network.

1. Larger values of v increase the probability of finding the network in state 1, and decrease the probability
of finding the network in state 2. This is expected, as increasing 7 lowers the energy of state 1.

2. At v = 0, both state 1 and 2 have probability 1/2 of occurring, and for large v we will always find
the network in state 1. One should take v ~ 1/(N3) to get a network that has more interesting state
probabilities.

3. The probability to find the network in state 1 (or 2) is given by a Boltzmann distribution (also called
Gibbs distribution), with effective state energies that can be approximated by ¢; = —%N B for state 1
and e; = 0 for state 2.

The three simulations in figure 24 show statements 1 and 2. We will investigate statement 3 only for the sparse
switching network.

Fa,’Y

=—5NBy

a, = (L 1)

Figure 23: The two-state system approximation. In the low temperature limit, we can approximate the system to only consist of
two states: §; (state 1) and g5 (state 2), which correspond to the configurations &1 and ¢2 respectively. The probability of finding
the system in either state 1 or 2 can be approximated by a Boltzmann distribution with effective energies €; and es.
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Figure 24: Time series of the order parameters mi (blue) and mo (orange), which show the typical behaviour of the network order
parameters for different values of 4. In all three simulations, N = 1000, « = 0.29, 8 = 1.5, and the simulations are started in the
state m1 = 1, ma2 = 0. As we increase v, at any given timestep we are more likely to see the network in state 1 than in state 2.

There is an important remark here. The fact that p; and ps are ‘nontrivial’ (not equal to 1 or 0) does
not necessarily mean that the network really switches states on reasonable timescales (although we have seen
evidence in simulations). It may also be the case that at the start of the dynamics, the network has for example
50/50 chance to converge to state 1 or state 2, but once it’s in either state 1 or 2, it will stay there indefinitely.
We need to apply theory of non-equilibrium statistical mechanics to properly show with theory that the network
really switches states on reasonable timescales. The network then has a metastability phenomenon: the network
will stay in state 1 or 2 for some time, but it will for sure leave the state again within a reasonable time interval
and switch to the other state. We will explore this in Chapter 6.

5.5 Two 2-pattern switching networks have spurious minima

In the embedding weights matrix (16) that we use to embed the two-state Markov chain, we have two copies of
a 2-pattern switching network, namely from the weights wiv?jltd‘l and w;‘;"tChQ. The analysis of a single 2-pattern
switching network shows that it is a promising way to implement stochastic transitions between attractor states.

First, using theory, we will quickly investigate a network with four patterns n = (n't,n'2 7?1, 1n?2?), and weights

wey = wiy ']+ w0, (36)

and we will see that such networks lead to trouble: they contain minima in their energy landscape whose
existence can be detrimental for the proper embedding of a two-state Markov chain. After that, we show
simulations of the full embedding weights matrix implemented into a Hopfield network, and we see how these
energy minima lead to wrong behaviour.

During a single timestep of the embedded Markov chain, the network switches between two patterns (n
and 72, or n?! and n%2, see figures 16 and 17 for a refresher). It is essential that there is zero probability that
the network switches to a pattern that should not take part in the switching. For example, if the embedded
Markov chain is in state 1, during the next timestep the network switches between patterns ' and n'2. If
pattern n?! also joins in the switching, the probability to go to pattern ¢! at the end of the timestep increases,
as both n'! and n?! ‘point’ to ¢!. Similarly, if n?? joins in the switching, the probability to end up in pattern ¢
increases. In any case, the presence of these unwanted patterns in the switching alters the embedded Markov
chain transition matrix P in a complicated way, and we lose controllability over the embedded chain transition
probabilities.

11

5.5.1 Theoretical argument

A quick test to see if unwanted patterns join in the switching is to check what the energy landscape in the
mixed phase of the network looks like. If there are only minima at states which only have overlap with the two
wanted patterns, the network will very likely not switch to an unwanted pattern. However, if the minima are
at states which also have overlap with unwanted patterns, there is the possibility that unwanted patterns join
in the switching.

To simplify the analysis of weights matrix (36), we will study this network with o = 1 and v = 0 for both
w;‘gi“h [n*t, n?] and wi,"y““h [7*!,n?%]. We assume that this situation already gives a good indication of trouble
that might arise during switching: if there is overlap with unwanted patterns in a mixed phase with oo = 1,
these unwanted patterns will probably also be present at lower but nonzero values of «.

We analyze the energy landscape through the Hopfield/gCW correspondence. This greatly simplifies the
analysis: the space of allowed states in the Hopfield network is complicated, and so it can be unclear where
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minima of the energy are located, even if the Hamiltonian is known. The space of allowed states of the multi-
group Curie-Weiss network is much easier to work with, and the analysis becomes more straightforward. See
Corollary 3.2.1 for the space of allowed states of both models. We will assume equal partition sizes; this is a
good approximation for large N.

The interaction matrix of the 4-pattern Hopfield network we analyze here (with o = 1, = 0 for both
weights) is

1 1 0 0
1 1 0 0
(Q)z] 1o 0o 1 1
0 0 1 1

The interaction matrix of the corresponding 8-gCW network is

8 44 0 4 00 —4
4 44 4 0 00 0
4 44 4 0 00 0
0 44 8 —4 00 4
M)y;=0 44 8 —4 00 4
4 00 -4 4 0 0 —4
000 0 0 00 0
000 0 0 00 0
~4 00 4 —4 00 4

We can most easily check for minima of the Hamiltonian through the following graphical representation of the
interactions between order parameters, where the coupling at an edge between m; and m; is given by M,;:

When we write out the linear form mTMm (leaving out the relative partition sizes matrix X, which only
contributes multiplication by a constant), we get

g8 8
mTMrn = "> M,
i=1 j=1
and we see that each term of this sum can be derived from the graphical representation: any term is a mul-
tiplication of the value of two adjacent vertices, times the number at their shared edge. Note that each edge
between two different vertices appears twice in the sum: once for m;m; and once for m;m;. Self-interaction
edges appear only once. The interaction between order parameters whose vertices do not share an edge is zero.
In this case, mg and m7 also have zero self-interaction, and so their value is completely irrelevant for the energy
of the state.
Now, consider the following 8-gCW state:

il’/ = (17 17 1a 17 l,ﬁlﬁ,ﬁl'?, 71)1-7

where mg and M7 can take any value in [—1, 1.
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If we want to change the value of any order parameter that’s set to 1, we can only decrease it. Neglecting
the self-couplings, if we change 11 or m4 from 1 to 1 —e€ (e is a small number), the energy changes by a negative
amount, as we lose 2 - 3 - 4¢ from the three positively coupled edges but only gain 2 - 1 - 4¢ from the negatively
coupled edge (note that each edge appears twice in the sum, hence the factor 2). If we change m2 or mg from
1to1—¢, welose 2-3-4e as the edges between these order parameters only have positively coupling. If we
change m3 from 1 to 1 — ¢, we lose 2 - 2 - 4¢ from the edge with m; and msg, but only gain 2 - 1 - 4¢ from the
coupling with my.

If we want to change the value of any order parameter that’s set to —1, we can only increase it. If we change
mg from —1 to —1 4 €, we lose 2 - 2 - 4¢ from the coupling with m; and ms, but only gain 2 - 1 - 4e from the
coupling with my.

Any small change to any order parameter thus decreases the linear form mT M. This still holds when we
also consider the self-interactions (can be checked with a very small computation). As the Hamiltonian of the

N

8-gCW network is —5mT X MAX'm, the energy thus increases with any small variation of the order parameter

values. We see that the state @' is a local minimum of the Hamiltonian. Furthermore, Hy x (@) = —-2N.
The Hopfield state that corresponds to this 8-gCW state is

1 1 1 1 1 1 1
1 1 1 -1 -1 -1 -1
1 -1 -1 1 1 -1 -1
-1 1 -1 1 -1 1 -1

u = %Aﬁ' =(1/2,1/2,1/4,1/4)7, where (A);; =

e )

By Theorem 3.2, we thus find Hy¢(u') = —2N.

Now, consider a Hopfield state in the mixed phase, such that there is only maximal overlap between two
patterns, and the overlap with the other two patterns is zero. The Hopfield state that minimizes the energy
and satisfies this property has the form

v :=(1/2,1/2,0,0)7

(we could also pick mg,my4 to be the nonzero order parameters and my,ms = 0, or consider —v’ for example,
but these states all have the same energy). The energy of v’ is quickly computed to be Hy ¢(v') = —%N, and
S0 it is %N higher than the energy of the state u'.

This Hopfield network with four patterns and two sets of switch weights thus has a rather surprising state
that minimizes the energy locally, namely the state (1/2,1/2,1/4,1/4)T, in which patterns 1 and 2 mix fifty /fifty,
but the ‘undesired’ patterns 3 and 4 also join in the mixing (although less prominently). The energy of this
state is lower than that of the state (1/2,1/2,0,0)T, which is the state of the network when patterns 1 and 2
mix fifty/fifty, and the unwanted patterns are not present. Therefore, as our desired state (a ‘clean’ mixing of
patterns 1 and 2) is for sure not a global minimum of the Hamiltonian, it can only be metastable at best. If
the network ever achieves this desired state, it will likely shortly after transition to the nearby minimum of the
energy, which is the undesired state (1/2,1/2,1/4,1/4)T.

5.5.2 Simulations

The embedding weights matrix (16) that we would like to use to embed the two-state Markov chain has been
implemented in a Hopfield network and has been simulated. During simulation, three different characteristic
behaviours appeared. These different behaviours of the network are reason enough to abandon the Hopfield
network as the ANN in which we will embed the Markov chain. We therefore only show and explain these
different behaviours, and we won’t investigate the properties of this network any further.
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Recall the events that make up a single timestep of the embedded Markov chain: 1) turn the ‘push’ parameter
5" on and off, 2) let the edge patterns switch for fixed time, 3) turn the ‘pull’ paramter 6+ on and off. In figures
25, 26 and 27, we show three complete timesteps of the embedded Markov chain. In each figure, the embedded
Markov chain starts in state 1: the network has largest overlap with pattern ¢! (blue). The roles that
the different patterns play in the embedded Markov chain can be found in figure 16. Each simulation has been
performed with N = 1000 neurons, a = 0.32, 8 = 1.5. While new realizations of the random patterns ¢*,i = 1,2
and n%,i,j = 1,2 are generated for each simulation, the overlap between any given two patterns used in the
simulations is no larger than 0.02 (the patterns could be made perfectly orthogonal by changing only at most
2% of the neuron values).

Figure 25 shows a simulation in which the network had the desired behaviour. During the switching time of
the embedded chain timestep, only the correct two patterns switch. We see that after the network is in pattern
¢!, the network transitions to pattern n'! (light blue), which starts to switch with pattern '2 (purple). As the
other edge patterns do not interfere, the probability to find that the network has largest overlap with n'! is Py,
and that it has largest overlap with n'? is Pj5. The other edge patterns (72! and n??) also fluctuate in overlap,
but the network never has strong overlap with any of these patterns. At any given timestep of the network itself
(not embedded chain timestep!) it is clear which pattern the network has the largest overlap with: the correct
edge patterns oscillate in overlap with always one pattern clearly on top.

Overlap with patterns

1.0

overlap

0 3000

timestep per neuron

Figure 25: A simulation of the embedded two-state Markov chain, which shows the desired behaviour of the network.

Figure 26 shows a simulation in which during switching, the network attains the state (1/2,1/2,1/4,1/4).
In the first timestep of the embedded Markov chain, the network has half overlap with the ‘right’ edge patterns
n'l,n'2, but also a quarter overlap with the ‘wrong’ edge patterns n?',722. In contrast to the situation in figure
25, the edge patterns do not oscillate in overlap with one pattern clearly on top, but rather fully enter the mixed
phase in which the oscillations in overlap are very small and hardly distinguishable.
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Overlap with patterns
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overlap
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0 3000
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Figure 26: A simulation of the embedded two-state Markov chain, which shows the presence of the state (1/2,1/2,1/4,1/4) during
switching.

Figure 27 shows a simulation in which there is catastrophic failure of the embedded two-state Markov chain.
The embedded chain starts in state 1: the network has largest overlap with ¢'. The first timestep of the
embedded Markov chain starts when the parameter d' is turned on and off (first blue region). At first, the edge
patterns n'! and n'? start to switch cleanly, but a little later the network enters the state (1/2,1/2, —1/4, —1/4),
in which the wrong edge patterns n?', 7?2 are clearly present. Close to the end of the first embedded chain
timestep (near the beginning of second blue region), the overlap of the network with the wrong edge patterns is
larger (in absolute value) than the overlap with the correct ones. When the parameter ¢+ is turned on and off,
the next state of the embedded chain is decided. However, as the network has largest overlap with the wrong
edge patterns n?', 7?2, the embedded chain will enter state 1 if 72! is on top, or state 2 is 5?2 is on top.
Clearly, the probabilities of the next state of the embedded chain are not given by P;; and P2 anymore. Note
that as 7! and 1?? had negative overlap, the network transitions to the pattern —¢?, which is also an attractor

state of the network.

Overlap with patterns

‘ "
0.0- A Wm| m 'W1
—0.51 E E“ .llp ! ‘ {"’ ;

-1.0

1.0

0.51

overlap

0 3000

timestep per neuron

Figure 27: A simulation of the embedded two-state Markov chain, which shows catastrophic failure. This failure is a consequence
of the presence of the third and fourth edge pattern during the switching between the first and second edge pattern.
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6 Metastability of 2-pattern switching network

In this Chapter, we show that the 2-pattern switching network really is able to switch states on reasonable
timescales. As the state switching is a proper dynamical phenomenon, we can no longer work in the equilibrium
setting, and we need to introduce non-equilibrium statistical mechanics theory. Furthermore, we expect that
there are some states in which the 2-pattern switching network stays for an exponentially long time before
it switches; these would be metastable states. We therefore will investigate if the network has metastability
phenomena.

The goal is to identify three main quantities: what are the (meta)stable states, the mean transition time
from metastable to stable state, and the states visited with high probability during the transition, which are
called gates. To find these quantities is usually an exercise in probability theory. However, using well-established
theory, we can turn these problems into an exercise in analysis.

The non-equilibrium statistical mechanics theory applied here is the pathwise approach to metastability [55]
[56] [57]. In this approach, the analysis of metastable phenomena comes down to analyzing the energy differences
between different paths that the system can take through the state space. The central object to study is the
mazximum stability level: it is the largest energy barrier the system has to overcome if it wants to go from a
metastable to a stable state. After computing this quantity, we obtain the metastable states, transition times
and gates almost immediately, using the results of Cirillo et al. [57]. A catch is that their results only work in
the large 8 limit. The Glauber dynamics (Section 2.2.1) satisfies the Freidlin Wentzell assumptions, which is
needed to apply the theory of Cirillo et al. More specifically, for any o,n € €2 the transition probabilities satisfy

1
lim —— log(m o, =A o,m),
g =5 g(mn,s(o,m) = An,g(o,m)

where A is the rate function: Ay g = oo if o, n differ in more than one spin, and otherwise

Ans(on) = {o(l) it 1(1) < H(0),
H(n) — H(o) +o(1) if H(n)> H(o),
as N — oo.

We equip the 2-pattern switching network with the dynamics as defined in Section 2.2.1. We said that the
2-pattern state-switching network switches states if the network transitions from state 1 (|my| > |ma2|) to state 2
(|mz| > |m1|, see Chapter 5), or from state 2 to state 1. However, in the large 8 limit, we saw that the network
essentially only stays in either m = (1,0) or m = (0,1) (or their negatives), and so in this Chapter we say that
the network has transitioned from state 2 to state 1 if the network transitions from m = (0,1) to m = (1,0).
Transitions from m = (1,0) to m = (0,1) are not covered by the theory, as we will see that such transitions
would go from a stable to a metastable state (although we know from simulations that they do occur).

At the end of this Chapter, we present an approximation for the mean transition time, and some qualitative
insights into state switching that follow from it.

6.1 Magnetization chains

The transition probabilities mn g(o,n) that describe the dynamics of our networks only depend on the energies
of the configurations o,7. That is, o and 1 only enter the expression of 7wy g through the Hamiltonian H. For
both networks that we have introduced in Chapter 2, the Hamiltonian only depends on the state m of the
network, and it thus appears that it is not necessary to keep track of the exact configuration of the network to
compute the transition probabilities.

One might hope that instead of working with the Markov chain o(t) € Q, we only need to consider the
resulting magnetization chain m(t) := m(o(t)) € Im(m). Unfortunately for us, as is pointed out in [58], the
dynamics of m(t) is not always Markovian, in the sense that sometimes the knowledge of m(t) alone (and not
knowing the configuration the network is in) is not enough to determine the possible transition probabilities
from m(t).

In contrast to Hopfield networks, the magnetization chain of a ¢-gCW network is a Markov chain. For
convenience we first introduce the following

Definition 6.1 (Energy of a state). Let m’ € Im(m) be a state, and let o € Q be any configuration such that
m(c) =m’. The energy of m’ is
HNyx(m,) = HN$X(U).

In this Chapter, all Hamiltonians and order parameters are those of a multi-group Curie-Weiss network,
unless explicitly mentioned otherwise. All tilde symbols have been removed to lighten notation.
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Proposition 6.1 (¢-gCW magnetization chain). Consider a q-gCW network with N sites, relative partition
sizes vector X and Hamiltonian Hy x, equipped with the asynchronous dynamics as defined in 2.2.1, which is
the Markov chain o(t) € Q, t € N with transition matriz 7y g x -

Denote the set of states that can be reached from state m’ € Im(m) by flipping only one spin:

Dt(m") :={m/ € Im(m):3i € {1,....q} s.t. m}, =m! +2/n; and m;, = m} Vj # i},
D= (m"):={m' €eIm(m) : Ji € {1,...,q} s.t. m, =m] —2/n; and m, =m] Vj # i}.

For any two states m'',m’, if m" #m/, define

1 (1Fm} e~ PHN, x (m)) . ’ + "
= L ifm’ € D¥(m
pn g x(m’;m') = {4 ( 2 ") A € DE(mY),
0 otherwise,
and if m'" =m/' define
" " . "
pngx(m’ m"):=1- E pN.gx(m”, u).

u€lm(m)\{m’}

The magnetization chain of this network m(t) := m(o(t)) € Im(m) is a Markov chain with transition matriz
PNp,X -

Proof of Proposition 6.1. As only one spin gets updated at each timestep, and each spin belongs to a unique
partition, only one of the order parameters mq, ..., m, gets updated at each timestep. Let the updated spin be in
partition V;, where i € {1, ..., ¢}. Then, m;(t+1) = m;(t) for all j € {1, ...,¢}\{i}, and m;(t+1) = m;(t)+W;(¢t),
where W;(t) € {—n%_, 0, %} W;(t) = —2/n; if the updated spin flips from negative to positive, W;(t) = 2/n;
if it flips from positive to negative and W;(t) = 0 otherwise. By definition 2.8, the probability of the updated
spin flipping or not is only dependent on m(t), and it is time homogeneous. W;(¢) is thus independent of
m(t —1),...,m(0), and so m(¢+ 1) is only dependent on m(¢). The magnetization chain is a Markov chain.

Next, we show that the magnetization chain has the transition matrix py g x. Let 8" = {0 € Q: m(o) =
m'}, and 8" = {0 € Q: m(oc) =m"}.

Pyg(m(t+1)=m'|m(t)=m")=Pyglc(t+1) €S |o(t) € S")
_ Pnglo(t+1) e S, o(t)eS”)
IP’Nﬂ(a(t) € S”)
 Dyes 2prest g x (0 )P glo(t) = 1)
Py g(o(t) € S”) '
(%)

Forn” € 8", 0" €S”, nnpgx(n",n')=0if n',n” differ in more than one spin, and if ’,n” differ in exactly one
spin,
"o 1 e_ﬁHN’X(ml)
WN,B,X(’] 1 ) = Ne_BHN,X(m/) + e_ﬂHN,X(m”) .

So we can write

1 e*ﬁHN,X(m')
(*) = Ne—ﬁHN,X(m/) + e—ﬂHN,X(m”)

Png(o(t) =n") 3
Y\ B ameon 2o MHeevamgnsii=t
" NNy 7Ny
preen \Enplo(t) € 57) =,

Any configuration o € € such that m;(c) = u; has %(HT“) positive spins, and %(1*7“) negative spins in
partition V;. So, given the state m”, if we want to decrease m) by 2/n; for some ¢ € {1,...,¢q} and leave all

other m;-’ with j € {1,...,¢} \ {¢} unchanged, we can choose a positive spin to flip in %( 1+2m7' ) different ways.
If instead we increase one order parameter m; by 2/n; and leave the rest unchanged, we have ﬂ(ﬂ) ways
i q 2

to do so.
So, given " € S, if m, = m! +2/n;,

N (1F+m]
D Visevnmni=1 = T\ 2 )
n’es’

and we conclude that
(*) = png.x(m”,m').

Lastly, if m” = m’, we have §” = §’. For all v € Im(m), define partitions of the configuration space:
W(u) ={ne€Q:m(n) =u}. Then,

51




(¥) = > resn TNax (M )Py g(o(t) =n")
Py s(o(t) € 87)
X esn N g x (0" )Bg(o(t) =n")
N Py s(o(t) € S”)

"o P ﬁ(a(t):??")
Z 1- Z mnex (' n') m

n'"'es! n'€Q\{n""}

n nPnglo) =n")
. Z Z Z mN.8,x (", )m

uelm(m)\{m"”} \n”€S” n’eW(u)

=1- Z pN7/37X(m",u).
u€lm(m)\{m’’}

O

In the pathwise approach to metastability, all relevant quantities are constructed from the analysis of
paths through the configuration space 2. A path through configuration space is a sequence of configura-
tions (o(1),...,0(n)) € Q™ such that there is nonzero probability to transition from o(t) to o(t + 1) for all
t=1,..,n—1.

For Hopfield states, knowledge of only the current state is sometimes not enough to determine what other
states can be transitioned to with nonzero probability. If we therefore try to define a notion of paths through
the Hopfield state space Im(m) in a similar way as done for configurations, we get stuck. We can only construct
paths through the state space by keeping track of the underlying configuration; this is equally labourous as
working with paths through the configuration space itself.

For multi-group Curie-Weiss networks, the situation is better. Given any gCW state, we know all possible
transition directions, and we do not need to know the exact underlying configuration. We can easily construct
all paths through the gCW state space Im(m), of which there are a lot less than the amount of paths through
configuration space. We will show this concretely for 2-gCW networks.

6.2 State lattice

Consider a general 2-gCW network, with N sites and relative partition sizes vector X = (X,1 — X) (where
X € Sn, see Section 2.1.2). From Corollary 3.2.1, we find that the space of allowed states of this network is

2]{7 7 2l 7
Im(m) = {_1+ =5 k:o,...,np} ® {—1+ il o,...,ng)} c[~1,12
n LS

where ngi) = XN and ngi) =(1-X)N.

Definition 6.2 (State lattice). The state lattice Ln x = (V,U) is a graph with vertex set V := Im(m) C R?,
and edge set

U= {{m',s'} € Im(m)? : (jm} — s}, |m} — sj]) € {(2/n{",0),(0,2/n$")}}.

Two states m*,m? € Ly x are called neighbors iff {m', m?} € U.
The boundary of the state lattice is is the set of states

1

0Ly x ={v eV :deg(v) <4}
and the corners of the state lattice is the set of states
C:={v eV :deg(v) =2}

(see figure 28).

When the context is clear, we will sometimes abuse notation and write the set of allowed states as L x
instead of Im(m); this is in order to lighten notation in the proofs.
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(-1, 1) (1,1)

]2/772

(—1,-1) L1 (1,-1)
2/nq

Figure 28: Example of a state lattice, where all neighbors are connected by an edge.

Definition 6.3 (Path). A path of length n > 1 is a sequence of states (r(1),...,r(n)) € Im(m)™ such that
pn g x(r(t),r(t+1)) >0 forany t € {1,...,n —1}.

Corollary 6.3.1. For any path v of lengthn > 1, and any t = 0,...,n—1, either r(t),r(t + 1) are neighbors on
the state lattice, or r(t + 1) = r(t).

The magnetization chain of a 2-gCW network is thus a (lazy) random walk on the state lattice. This is very
convenient: in the pathwise approach to metastability, we work with paths through the space of allowed states.
By interpreting the paths as random walks, we can use geometric arguments in our analysis.

6.3 Pathwise approach to metastability

Here we introduce the definitions and results from [57], [56] that play a part in the pathwise approach to
metastability. While these definitions were introduced for the Markov chain of configurations o(t), we will
immediately adapt them to be used for our magnetization chain m(t) (with the dynamics of Proposition 6.1).
For the remainder of this Section, all definitions and results we introduce are for a general ¢-gCW network with
N sites and relative partition sizes vector X, equipped with the asynchronous dynamics.

Let F be the set of all loop-free paths, and for nonempty sets of configurations E, E’ C Im(m), let F(E, E’)
be the set of all loop-free paths with the first state in £ and the last state in E’.

Definition 6.4 (Communication height). For any nonempty E,E’ C Im(m), the communication height
between E and E' is

Oy x [E,E = TEJITIEiEHE,) ,dnax Hy x (r(t)),

i.e. it is the highest energy that any path between E and E’' must necessarily attain.

Remark 6.4.1. In the definition of the communication height in [57], one considers paths through configuration
space instead of paths through the gCW state space. For any path w = w(1),...,w(n) through configuration
space, its magnetization chain r = m(w(1)),...,m(w(n)) has exactly the same energy at each t = 1,..,n. As
m : Q — Im(m) is a surjective function, all metastability properties of the Hamiltonian defined on configuration
space will be the same as for the Hamiltonian defined on the state space (6.1). We can thus use the magnetization
chain to find the metastability properties of the 2-gCW network.

For any state m’ with energy Hy, x(m'), the stability level of m’ is the largest energy barrier that has to
be overcome by any path that connects m’ to any state with energy lower than Hy x(m/). Let E® C Im(m)
be the set of absolute minima of the Hamiltonian Hy, x (also called the stable states, or ground states of the
network).
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Definition 6.5 (Stability level). Let m’ € Im(m) \ E®, and denote the set of states with energy lower than
Hy x(m') as

E~(m/):={s e Im(m): Hy x(s') < Hy x(m')}.
The stability level of m' is

VN7x(m/) = [{m/},E_(m/)] — HN7x(m/).

We are now in a position to define metastability.

Definition 6.6 (Metastability). The mazimum stability level of the network is

I'n.x = max VN,X(m’) > 0.
m/€lm(m)\ Es

The set of metastable states of the network is

E™ = {m/ € Im(m) \ES g VN7x(m) = FN,X}-

Define the random variable 7y := inf{t > 0 : m(t) € E®} to be the first hitting time of the set of stable
states. It is proven by Cirillo et al. in [57] that, if the chain is started in a metastable state in E™, 7, is almost
surely of the order exp[ST], and so we say that the lifespan of any metastable state in E™ is exponentially long.

Cirillo et al. also give an estimate for the expected value of 75. Let EW/X [7s] be the expected value of 7,
with the chain m(t) started at m(0) = m/’. It is proven that, for any metastable state m’ € E™,

]_ ’
lim —logEW s [r] =T .
oo B g N,X[ ] N, X
We then have the estimate

N x[r] e efx. (37)

We will use this estimate in our analysis of the 2-pattern switching network to show that the network transitions
on reasonable timescales.

The last definitions that we will introduce are those that describe the states that must necessarily be visited
during a transition from a metastable state to a stable state. We start with optimal paths: they are paths
between two sets of states, whose highest energy is equal to the communication height between the two sets.
They are optimal in the sense that there are no other paths between the two sets that have lower maximum
energy.

Definition 6.7 (Optimal paths, saddles). For any nonempty E,E’ C Im(m), the set of optimal paths con-
necting E and E’ are

Fo(E,E") := {r e F(E,E"): jdnax_ Hy x(r(t) = PN x [E,E’]} .

The set of saddles S [E, E'| between E and E’ is the set of states where the optimal paths in Fo(E,E") attain
their highest energy.

Some saddles might be unique to only a few optimal paths, while other saddles might be present in all
optimal paths. We call the set of the latter saddles a gate.

Definition 6.8 (Gate). Given m’ € Im(m) and E C Im(m), a subset of saddles W C S[{m'}, E] is a gate
and m' to E iff every optimal path in F,({m'}, E) intersects W.

A gate is minimal iff for any subset of gates W' C W, there exists an optimal path in F,({m'}, E) that does
not intersect W'.

Gates are interesting, because at low temperatures they must be necessarily visited during the transition
from a metastable state to a stable state. It is proven in [57] that if we start the chain m(¢) in a metastable
state m’ € E™, there exists ¢ > 0 such that

Png(tw > 1) < e P,

with 7y, the first hitting time of the gate between m’ and E®.
Gates are defined for networks with a fixed and finite amount of sites IN. However, we are interested in the
limiting behaviour of the network as IV becomes large. The network that we treat consists of two partitions,

with sequence of sizes (ngi))Z-eN, (néi))ieN respectively, and we wish to have a notion of gates in the limit ¢ — oco.
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Definition 6.9 (Limit gate). Let B,(s) C R? be the open ball centered at s € R* with radius k > 0. For a set
K C R?, let B.(K) := U,cx Br(s) be an open neighborhood.
(%)

Given m’ € Im(m), E C Im(m), and an increasing sequence of partition sizes (n));eny = (n; ,ng))ieN, let
W, [{m}, E] be the minimal gate for m’ and E, when the partitions have sizes n(").

The limit gate for m’ and E is the set K' € R2, such that for any k > 0, there ezists i € N large enough such
that W, [{m}, E] C B.(K’) for all j > 1.

The minimal limit gate for m’' and E is the intersection of all limit gates for m’ and E.

Remark 6.9.1. It is not possible to use the standard definition of limits of sets, as often an element in the
limit gate is not an element in any of the minimal gates of the network, for any finite ni,ns.

- B(K) 1
4 \) ; \l
W/7( ni,ng) W/Y( 2n1,2n9)
ny, ng 2ny,2ny

Figure 29: Schematic overview of Definition 6.9. An example of a set K (red dot) and its open neighborhood (red circle) is shown.
Left: For some n1,n2 the minimal gate might not be contained in the open neighborhood. Right: If there is large enough n/,n/
such that the minimal gate is contained in the open neighborhood of the set K for arbitrary x > 0, then K is the limit gate (in
this example, n} = 2n1,n}, = 2n2).

6.4 Metastability of the 2-group Curie-Weiss switching network

Recall from Section 5.2 that the interaction matrix of the 2-gCW network corresponding to the 2-pattern
switching network is

(24 2a+7y Y
(M)ZJ - ( 0% 2 —2a +'Y) ’ (38)
and X = diag(X,1 — X), with X € Sy (see Section 2.1.2). The energy of a state m = (my,my) € Im(m) of
this network is then given by
! N / !
Hy x(m') = —5m TXMXm
(39)

N
=5 [(2+2a+’y)X2m%+(2—2a+7) (1-XPmi+29X(1 —X)mlmg} .

Lemma 6.1. If X € Sy \ {0,1} and « € [0,1), the Hamiltonian Hy x : [—1,1]> = R (from (89)) is strictly
concave on [—1,1]* C R

Proof of Lemma 6.1. The Hessian matrix of the Hamiltonian Hy x is —N(XMX). As o # 1, M is positive
definite. Furthermore, X # {0,1}, and so X is diagonal with positive entries, which implies X M X’ is positive
definite. The Hessian matrix of Hy x is then negative definite, which implies that Hy x is strictly concave. [

Lemma 6.2. Consider a 2-gCW network with N sites, relative partition sizes vector X = (X,1 — X) with
X € Sy \{0,1}, and the interaction matriz M from (38). If also a € [0,1), then a state of this network is
stable or metastable only if it is on the boundary of the state lattice. That is,

E* CILy x, E™ COLN x.

Proof of Lemma 6.2. Fix any state m’ € Ly x\0Ln x (it is not on the boundary of Ly x), and let B C 0Ly x
be the set of boundary states to which m’ is closest (minimizing the Euclidean distance). m/' has at least one
neighbor s’ € Ly x (possibly in B itself) such that s’ is closer to B than m’ is to B.

By Lemma 6.1 Hy x is strictly concave. Therefore the stationary point of Hy, x at (0,0) is unique, and it
is also the unique maximum. The transition m’ — s’ must then decrease the energy, as we move further away
from (0,0). Therefore, s’ € E~(m/), and m’ cannot be a stable state.
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The ‘trivial’ path {m/, s’} connects the sets {m'} and {s'}, so the communication height is bounded by the
maximum energy on this path:
Oy x [{m'} {s'}] < Hy x(m).

As
0< Py x [{m'}, E~(m')] <Oyx [{m'},{s'}],

we have that the stability level
0<Vyx(m') <oyx[{m'},{s'}] - Hy x(m') <O0.

Vn,x(m’) =0, and so by definition m’ cannot be a metastable state.

0LN x

<_171) ’ (171)

0,0)

©
(1,—1) (_17_1) B (17_1>

Figure 30: A schematic overview of the proof of Lemma 6.2. Any path in a 2-gCW network is a walk on £y, x. The Hamiltonian
is concave, and has unique maximum at (0, 0). If a walk is not on the boundary of Ly x, it is possible to move towards the nearest
boundary, and this decreases the energy (the blue arrow is an example of this).
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Theorem 6.10 (Metastability of 2-gCW switching network). Consider a 2-gCW network with N sites, inter-
action matriz M. from (38) and increasing partition sizes (ngl))ieN, (néz))ieN which are a sequence such that

i+1) > ngi) + 1 for all i € N.

ngiﬂ) > ngi) +1 and ng
(2) (4)
n n
Xi:(Xi,l—Xi)::< (i)l oL 2 )

Define
ny +ng ”gi) + néi)

and Y :=lim; X ;. Furthermore, let (ngi))ieN, (n(Qi))ieN be such that X; & {0,1} for all i € N.
Let oo € [0,1), and assume that

1-X; 1 X; 1

0< i < = 0< i < =,

24+2a+v X; 3 2-20+~v1-X;, 3

i.e. vy is not too large.

1. If v = 0, for any i € N we have E° = C and E™ = @; there is no metastability for any sequence of
increasing partition Sizes.

2. If v >0 and
X2 2 -2+
(1-X;)° 2+2a+y

the mazimum stability level of the network is

Vi e N,

,72

RN Y2_29Y1-Y)+ —"
(2+2a+7) Y ( )+2+2a—|—7

(1-Y)2|. (40)

N

1—>00 Ni B

Es = {(1,)7,(-1,—-1)7}, E™ = {(-1,1)7,(1,—-1)T}. The minimal limit gate for (—1,1) and E~ is
{(uf, 1)}, and the limit gate for (1,—1) and E~ is {(u;,—1)}.

3. If y>0 and
X? 2— 20+
(1-X;)° " 2+2a+y

the maximum stability level of the network is

Vi € N,

’72 Y2

1 1
lim —Tn x. = = (2 =2 1-Y)2-29YQ1-Y)+—"L
im Ny, X (2 =22 +7)( ) = 27Y( )+272a+7

41
Jim -Tox, = (a1

Er = {(1,1)7,(-1,-1)7}, E™ = {(-1,1)7,(1,—-1)T}. The minimal limit gate for (—1,1) and E~ is
{(1,u3)}, and the limit gate for (1,—1) and E~ is {(1,u3)}.
4. If v > 0 and
X2  2-2a+vy
(1-X;)? 2+20+~

Vi € N,

then (40) and (41) are equal, and the mazimum stability level is the same as in these equations.
Es = {(1,)T,(-1,-1)7}, E™ = {(-=1, )7, (1,—1)T}. The minimal limit gate for (—1,1) and E~ is
{(uf,1),(1,u3)}, and the minimal limit gate for (1,—1) and E~ is {(uy,—1),(1,u3)}.

Remark 6.10.1. The network shows different metastable behaviour depending on how the partitions are grown
as N = co. ForY > 1/2, we will find the mazimum stability level to be that of (41) for all « € [0,1) and vy > 0.

However, when one has a network in which the first partition is smaller than the second, but not too small,
for example Y = 0.40, two different regimes of o appear, and the metastable behaviour is radically different for
both. Neglecting the very small v, if o < 0.86 we have

1

i—o00 IV,

and the mazimum stability level (and expected transition time) increases with «; for large N, there are almost
no transitions. If a > 0.86 we have

1
lim —TI'y, x, =0.36- (1 — o),

i—o00 IV,

and the maximum stability level (and expected transition time) decreases with «. The mazimum stability level
has a discontinuity at o = 0.86, at which there is a jump of size 0.25 in units of energy per site. There is
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a nontrivial value of o for which transitions between states 1 and 2 suddenly start to occur. Lastly, when
Y < (V3 —1)/2 (neglecting 7y), we have the mazimum stability level of (40) for all o € [0,1).

Remark 6.10.2. Metastability is a finite-size effect. In the limit 8 — oo, for infinitely large systems (N — o)
ergodicity is broken, and a network in state (1,—1) will almost surely stay in that state; the metastability
disappears. Yet, in Theorem 6.10, we take limits N — oco. As we divide by N first, we actually compute a
stability energy density rather than a stability energy. As in our model the maximum stability level is a linear
function in N, its ‘density’ %FMX does not depend on N at all; however, we can still derive all metastability
properties from knowledge of the density.

We still need to take a limit N — oo, as we first compute the mazimum stability level density for a continuous
state space (which is easier), and then want to compare it to the discrete state space case; in the limit these
become equal. The limit is thus taken to be able to compare maximum stability level densities for the discrete
and continuous case: we approximate the large finite system with an infinite system.

1.1y (L.1) 2. (=LY
O O

(~1,-1) (1,-1) (~1,-1) (1,-1)

Figure 31: The four metastability scenarios in Theorem 6.10. Blue: stable states, purple: metastable states, red: limit gates. The
arrows show schematically what sort of paths the network takes from metastability to stability in each scenario. Notice that all
paths must pass through a gate.

Proof of 6.10. For the first part of the proof, fix any i € N. By Lemma 6.2, we know that (meta)stable states
can only be found at the boundaries of the state lattice. First we analyze the Hamiltonian on the boundaries.

N
Hy x,((m1, £1)T) = Y [(2 +20+ ) X7m] + (2 - 20 +9) (1 - X3)* £ 29X, (1 - X)) ml} )

N
Hyvx, (£1,ma)T) = =5 |24+ 20+ 9) X7 + (2= 20 +17) (1= Xo)P m3 £ 29X (1 = X) ma)

Let a € [0,1) and X; € Sy \{0, 1}. We compute the locations of the maxima of the Hamiltonian on the intervals
JE =R x {#1}, and J5 := {£1} x R; we denote these locations as ui, u3 respectively.

aHNx,. + + Y 1_Xz
— ,ED)T) =0 & =

omy ((U1 ) ) uy $2+20¢+’y X, )
OHy x, ((+1 ui)T) —0 N uf = ¥ X;

dmo 2 2 2-20+~1—-X;’

We know these are the unique maxima and not minima on Jli, J2i, as the Hamiltonian is strictly concave.
Note that by our starting assumptions, uF,ui € (—1,1) C R, so on all four intervals [—1, 1]x {£1}, {£1}x[~1, 1]
the Hamiltonian has a unique maximum. As the Hamiltonian is strictly concave, it follows that any minimum
of the Hamiltonian on Ly x, must also be a corner of Ly x,. The (meta)stable states can only be found on
the corners of the lattice: E® C C and E™ C C.
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We are now in a good position to determine which states are stable and metastable, and what the optimal
paths are that connects these states. When v = 0, all states in C have the same energy, and they were the
locations of the minima of the Hamiltonian on the state lattice, so E* =C and E™ = @&

When v > 0, the intuition is as follows. The energy perturbation decreases the energy of the Hopfield states
(1,0)T and (—1,0)7, which correspond to the 2-gCW states (1,1)T and (—1, —1)T respectively. Of all four states
in C, (1,1)T and (—1,—1)T have the same energy, and their energy is lower than that of the states (1,—1)T
and (—1,1)T,so E* = {(1,1)7,(—1,—1)T}. The states (1, —1)T and (—1,1)T have higher energy, but they could
still be metastable. We make the Ansatz that they are, and investigate the optimal paths from the presumed
metastable states to the stable states.

Consider the line segment (T = ¢ U ¢ C R?, where

o = {uf} x [uf 1),
03 = luf 1] x {uz }.
This line segment can be constructed by starting one line at the maximum of the Hamiltonian on the top
boundary, and one at the maximum on the right boundary, and moving downward or to the left respectively,
until the lines meet.
We also construct the set of states L™ C Im(m) that are directly to the left, or below the line ¢*. LT =
LT ULy, with
= L, N (] —2/n” uf] x [uf 1)),
Lz = Lnx, O ([uf 1] % [uy 2/"2 yuz ),
(@) @)

and note that these sets are nonempty for large enough ny’,ns’. To lighten notation, we will not explicitly

denote the dependence of LT on ng ), n2 , but keep this dependence in mind.

(—1,1) (uf, 1) (1,1)
@ Q

Z/nzl: ______ YoteTeToT ( 17u§r)

O O
(—1,-1) (1,-1)

Figure 32: The construction of the set of lattice points L1 (yellow); this set is constructed from the line segment £1 (red).

Let us fix any € > 0. By continuity of Hy, x, as a function on R?, we can take ng ), né) large enough such
that both

1) for any m/ = (m},my)T € L{, |[Hy x,(m) — Hy,x, ((u],m})T) | <e, and

2) for any s’ = (s},s5)7 € LY, |Hn,x,(s) — Hy x, ((s,u3)7) | <e.

This implies that for ngi), ng) large enough,

!
mmelrLl+HNX( )>mmér£1+HNX( m') —e. (43)

As Hy x, is strictly concave, its restriction to ¢; is also strictly concave. As (] is a compact convex set,
the minimum of Hy x, on ¢ is at the extremal pomts of £f, which are {(u],1), (ui,u3)}. We compute the
difference in energy between these states. Using that uj > —1 and uj € (-1,1) C R,

v, (1)) = Hyvx, (o] u3)T) = =5 [(2 = 204 9) (1= X0)* (1= (@)?) + 29X (1= Xo) uf (1 - )|

< —

M\ZN\Z

(2= 2047) (1= X0)* (1= (uf)?) = 29X (1= X0) (1= )]
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So if
(2-20+7) (11— X)) (1= (ug)?) > 29X; (1 — X;) (1 — uf), (44)

then HNJQ((“T? 1)T) - HN,Xi((uTau;)T) <0.
Using (42), after some treatment we can rewrite inequality (44) as

3uy —2uf —1<0,

which holds if uf € (—1/3,1) ¢ R. This is true by our starting assumptions, and so Hy x,((uf,1)T) <
Hyx, ((uf ,uz)7).

Similarly, the locations of the minima of Hy x, restricted to ¢§ are (1,u3) and (uj,uj). One can then
use the exact same approach, using that uj > —1 and u] € (—1,1) C R, to show that Hy x,((1,u)T) <
Hy x,((uf,ud)T) if uf € (—1/3,1) C R; and this was true by our starting assumptions.

The minima of Hy x, restricted to the full line segment ¢+ must then be located at either (ui, 1), (1,ud),
or both. We will see different scenarios of metastable behaviour for the different possibilities.

Notice that the Hamiltonian has a useful ‘parity’ symmetry: Hy x,(m) = Hy x,(—m). Let us construct
the ‘parity-flipped’ versions of ¢T and L*: ¢~ = (] U{;, with

07 = {uy} x [-1,03],
05 = [=1Luy] x {uz},
and L™ = L] UL;, with
Ly = Lyx, N ([ug,up +2/n{7] x [-1,u3]),
Ly = Lyx, N([~1u7] x [ug,uz +2/n)),

where we recalled that u] = —u],u; = —uj. By the parity symmetry we then immediately obtain the

following results: for any € > 0 there are n(li), ngi) large enough such that

min Hy x,(m’) > min Hy x,(m’) —e¢, (45)
m/eL~ m/el-

and the minima of Hy x, restricted to ¢~ are located at either (uj,—1),(—1,u; ), or both.
We will use these results to derive the maximum stability level of the network. First, we would like to know
what the set of states with lower energy than the presumed metastable states is. Note that Hy x,((1,-1)T) =

Hy x,((=1,1)T), and so we define E~ := E~((1,-1)T) = E~((—1,1)T). Let By := [~1,1] x {+1} be the
top boundary of the square [—1,1]% € R2, and similarly define the left boundary B, := {—1} x [—1, 1], right
boundary By := {+1} x [~1,1] and bottom boundary By := [~1,1] x {—1}.

Let M{ C (—1,1)2 C R? be the interior of the rectangle B U By U ¢f U {;. Let M; be the closure
of M{. M is a compact convex set, so the minima of Hy x, restricted to My are at the boundary of the
set M;. Given our starting assumptions on the parameters, the minima of Hy x, on KT,EQ_ were located at
(uf, 1), (—1,u; ) respectively. However, (uj,1),(—1,u; ) were the locations of the maxima on the boundary
B U Bj respectively, and so the minima of Hy, x, restricted to M; must be located on the boundary Bf UB; .
By strict convexity, the minimum of Hy x, restricted to M; must then be at the corner (—1,1). This in turn
means that B~ N M, = @.

Any path from (—1,1) € M; to E~ must therefore have at least one state outside M7 N Ly, x,. By definition
of LT and L3, and Corollary 6.3.1, this path must therefore have at least one state in L] U L; .

Similarly, we let M} be the interior of be the interior of the rectangle By U By U ¢; U {5 . Let My be the
closure of MJ). By a similar argument as before, the minimum of Hy x, restricted to My must be located at
the corner (1,—1). This in turn means that £~ N M, = &.

Any path from (1,—-1) € Ms to E~ must have at least one state outside My N Ly x,. By definition of L
and L7, and Corollary 6.3.1, this path must therefore have at least one state in Ly U L.
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Figure 33: Any path from the presumed metastable states (purple) to the set of lower energy states that contains the stable states
(1,1),(—1,—1) must cross the states in the set LT U L~ (yellow); this set is constructed from the line segments ¢+ and £~ (red).

Before we go on, we need the following calculation. As Hy x,((ui,1)7), Hy x,((1,u3)T) < 0, we have that
HN,Xi((uii_’ 1)T) < HN,Xi((l’u;r)T) iﬁ“HN,Xi((ul ) ) )| > |HNX ( 1’u;)T)‘ iﬂ‘|HN7Xi((u1 ) ) )|/|HNX ((l’u;)T)‘ >
1. After some algebra, we find

[Hy,x, (uf , D)) (1 X:)?2 - 20+ 7
[Hn,x,; ((1,uz)7)] X2 2+2a+7

There are now three scenarios:

1.
X2 2—2
i o+ (46)

(- X " 2+2047

Then, Hy x,((uf, 1)T) < Hy x,((1,u5)T), and so

N 2 7
i = Hyx, (], 1)) = =5 (1= X)* |2 =20+ 7 - 5———|.
mmélfl+ N.x,; (m) ~x, ((uf, 1)7) 9 ( i) [ aty 2420+
We had that HN,Xi((urv 1)T) = Hy x,((uy, —1)T), and HN,X,i((Lu;)T) = Hn x,((—1,u3)T), so we also
have
min H (m')=H ((uy _I)T):_E(l_x')Q 2-2a+ _772
o Hyx N.X; ((Ug s 2 ¢ 7 2+2a+7v]

We saw that any path from (—1,1) to £~ must have at least one state in L7 U L; . Recall (43) and fix

an € > 0. There are ng ), n2) large enough such that

(I)N,Xi [{(—1,1)T},E_H > min HN’Xi(m’) = min HNX ( ) > HN’XI.((U;F, 1)T) — €, (47)

m/€LT ULy m/eL+
where the middle equality comes from parity symmetry.
Now, consider the path r = {r(t) = (-1 + ( 5, 1) eR?:t =0, ...,ngi)}, which starts in (—1,1) and runs
along the boundary until it reaches (1, 1). As (uf, 1) is the location of the maximum on B;, and r C B

for all ng’) € N, we have that

max = Hy x,(r(t)) < Hy x,((uf,1)7). (48)
t:O,...,nll

However, as (1,1) € E~, 7 is a path from (—1,1) to E~, and so

Py x, {(-1L,D)T}E}] < max Hy x,(r(t)) < Hyx,((uf,1)7).



Combining (47) and (48) then gives
Hyx,((wf,1)7) —e < @y x, {(-1,1)T} B7}] < Hyx,((uf,1)7). (49)
We now find the minimal limit gate. Let
W0 o (i, )T)) o= {m € Im(m) : [Hy x,(m) — Hy x, ((u, 1)T)] < e},

where ng ) ns n2 are large enough such that (49) holds. By (49), and the fact that any path from (—1,1) to
E~ has at least one state in L] U L, it follows that the set W(n“’ nm)((uf, D) N (LT ULy) is a gate
1 272

for (—1,1) and E~. However, as W, nm)((ui", 1)T)) N Ly = @ for small enough e, the set
1 772

Wi (i, ns")) = W0 o (i, 1)) N LT

is a smaller gate for (—1,1) and E~. Importantly, the minimal gate for (—1,1) and E~ is a subset of
Wi (i, n3)).
(@) G

By continuity of Hy, x,, for arbitrary 6 > 0 there are n; ,ng) large enough such that

Wit (ni,ny")) € Ba((uf . 1)),
and so the minimal gate for (—1,1) and E~ is a subset of Bs((u,1)) for large enough ngi), ngi). As there
exist limit gates for (—1,1) and E~, the minimal limit gate is nonempty. However, it can also not be

smaller than the singleton {(u;, 1)}, which is a limit gate. Therefore {(u]",1)} is the minimal limit gate.

We continue the derivation of the maximum stability level. We have that

2
Hy x. (w5 D7) = Hy x. (=1, 1)7) = — [(2+2 X2 -2 X;(1— X))+ ——(1—X,)% >0
e )T) = o (F11)7) = 5| 24 204 9)X2 = 29001 = X))+ 5 (1= X2 >

(50)
By parity symmetry, we also immediately obtain
HN7Xi((U1_7_1)T) —&e< (I)N7xi [{(L _I)T}’Ei}] < HN7X1:((U’1_3 _1)T)7 (51)
and
Hyx,((up, =1)7) = Hyx, (1, -1)7) = Hy x, (4], 1)7) = Hy x,((=1,1)7). (52)

We will now take a limit by increasing partition sizes. The increasing partition sizes ng ), ng ) are a sequence

(n (l))zeN, (ng))@; where (ngl)) i1 > (n (Z)) +1 and (n Ny )1+1 > (n ()) + 1 Vi € N. This ensures that if 4
is large, then ng ), ng) and N; := (Z) + ng) are all large.

Assume that (46) holds for all X € {X; : ¢ € N}. Fix an € > 0. For ¢ large enough, equations (49), (50),
(51), (52) all hold, and recalling the definition of the stability level Vi, x, we conclude that

1 1
lim ﬁVN x,((-1,1)T) = lim ﬁVN x,((1,=1)T)

1— 00 i 1—00 7

,)/2

242 Y2_29Y(1-YV)4+ —"
(2+2a+7) Y ( )+2+2&+7

(1-Y)

We now consider the limit of the maximum stability level I'yy x. Notice that the only states with nonzero
stability level were the corner states C. I'y x is the maximum of the stability level over all non-stable
states, and so for any ¢ € N we have that I'y, x, = max{Vy, x,((—1,1)7), Vn, x,((1, —=1)T)}. Furthermore,
as both W, x,((—1,1)T) and Vi, x,((1,—1)7) have the same limit, we conclude

i—o0 [V; i—o0 [V,
= lm =V, x, ((1,-1)T) (53)
_1 (2 +2a+7)Y? —27Y(1—Y)+772(1 -Y)?
2 2+ 20+

Lastly, we find the metastable states. From (53) we conclude that as i — oo, E™ = {(—1,1)7,(1,—-1)T}.

Next, we look at scenario
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2
X 2>2—2a+7‘ (54)
(1-X) 2420+
Then, Hy x((1,u3)7) < Hy x((uf,1)T), and so
min Hy x(m') = Hyx((1,u3)7) = e {2 +2a+7y— 72] )

mert ’ 2 2 — 20+
and

min Hy x(m') = Hy x((=1,u;)7) = Ny {2 + 2047y — 72} .

m/el- ’ ’ 2 2-2a+vy
One can compute that
waulﬁyw—HNXW41ﬁ>=N[@—aa+vxr—Xf—2mw1—Xw%'ﬁXﬂ>o.
' ’ ' ’ 2 2—2a+7y

Assume that (54) holds for all X € {X; : i € N}. Then, with a very similar analysis as in scenario 1, we
obtain

L1 _1 2 7 2
lim N,»FNi’Xi =3 {(2 20+ 79)(1 - Y)" = 279Y(1 Y)+2—20¢+’7Y . (55)

Similarly, we get that in the large partition sizes limit, E™ = {(—1,1)7,(1,—1)T}. The limit gate for
(—=1,1) and E~ is {(1,u5 )}, and the limit gate for (1,—1) and E~ is {(1,u3)}.

The last scenario is

3.
X2 2-2
Iy (56)
(1—-X) 2420+
As then Hy x((uf,1)T) = Hx x((1,u$)T), we obtain the same maximum stability level as in (53)

and (55), which are equal in this scenario. Again, we find in the large partition sizes limit, E™ =
{(=1,1)7,(1,-1)T}. The limit gate for (—1,1) and E~ is {(u], 1), (1,u5 )}, and the limit gate for (1, —1)
and B~ is {(u,—1),(1,u3)}.

O

6.5 Metastability of the 2-pattern switching network

We apply the result of Theorem 6.10 to study the metastable behaviour of the 2-pattern switching network.
Let us consider the case where the partition sizes ni”, n{ are fixed at N/2: n{? = n{? = N/2 Vi € N. Let
~v > 0. Then, from Theorem 6.10, we get

2

1 ! i
]}gnw NFN,(l/Q,l/Q) -3 2—2a—7+m .

By Theorem 3.3, the Hamiltonian of the 2-gCW switching network with equal partition sizes is equal to the
Hamiltonian of the 2-pattern switching network with orthogonal patterns. This means that the metastability
level of the 2-pattern switching network with orthogonal patterns is also given by (57). Furthermore, it follows
that the stable states of the 2-pattern switching network are (1,0) and (—1,0), and the metastable states are
(0,1) and (0, —1).

We use approximation (37) to learn about the influence of the a parameter on the metastable network
behaviour. As « is usually of the order 1/N, we can neglect it in the expression for the metastability level. The
approximate expected time it takes the network to transition from state 2 (0, 1) to state 1 (1,0) is then

(57)

ES\(;J) [7(1,0)] ~ eiﬁN(ka).

Keep in mind that this estimate is accurate for large 5 and N.
There are two important observations:

1. No matter the size of § and N, we can decrease the expected transition time arbitrarily by making « large
enough. This is a very satisfactory result: nonzero (positive) values of the parameter « is really what
allows the switching behaviour to appear in the 2-pattern switching network.

2. Aswe increase N, the expected transition time increases exponentially. This means that the state switching
in the 2-pattern switching network only occurs for not too large values of N: the switching is a finite-size
effect. Furthermore, if we think of the switching as random oscillations between state 1 and state 2, we
see that the expected period of these oscillations increases exponentially with N.

63



7 Sparse 2-pattern switching network and embedded Markov chain

7.1 Embedding of two-state Markov chain in sparse block network

The embedding weights were proposed to embed an arbitrary two-state Markov chain in an ANN. When
implemented into a Hopfield network, the network showed undesirable behaviour: during switching between two
edge patterns, the third and fourth edge pattern could sometimes interfere. As a consequence, the transition
probabilities of the embedded Markov chain can be different than the pre-programmed transition probabilities
(as implemented in the network through the energy perturbation parameters «). The Hopfield implementation
of the embedding weights is not reliable.

For a successful implementation of the embedding weights, we instead turn to the sparse block network
(Section 1.4.1). The sparsity and winner-take-all dynamics of this network circumvent the problems that arise
in a ‘dense’ network such as the Hopfield network. We first demonstrate with a theoretical argument that the
problems with a Hopfield implementation do not arise in a sparse block network implementation. After that,
we present simulations of three different two-state Markov chains, embedded in a sparse block network, and we
compare the results with ‘ordinary’ Markov chains (not embedded in an ANN).

7.2 The case for sparsity

In Section 5.5 we saw that the Hopfield implementation contained minima in the energy landscape that interfered
with proper functioning of the embedded Markov chain, and the existence of such states was shown with a
theoretical argument. The unwanted minima were states which had overlap with all four edge patterns (an
example is the state (1/2,1/2,1/4,1/4)).

Here we investigate heuristically where the unwanted overlap with edge patterns three and four comes from.
This is done by analyzing the effect of the crossterm parameter a on the PSP of neurons of a Hopfield network
with three patterns, of which the first two will mix through «; the third pattern will play the role of an
unwanted pattern. After this analysis, we analyze the same construction for a sparse block network. In the
Hopfield network, the third pattern will interfere for large o, while in the sparse block network it will not.

7.2.1 Hopfield network PSP
Consider the weights

Way = &€, + 66 + a(&E) + 66, + €€, (58)

We split the set of all neurons Vy = {1,..., N} into two groups: a group of all neurons for which the patterns
agree and a group of neurons where the patterns don’t agree (the usual trick, again). Let V, = {x € Vv : £L = €2}
be the group of all neurons that agree on patterns 1 and 2, and Vq = {x € Viy : &1 # €2} be the group of all
neurons that don’t agree on patterns 1 and 2.

First we analyze the PSP in a Hopfield setting. It is crucial to remember that in a Hopfield network, neurons
can only have two states: +1 (fire) and —1 (silent). Therefore, if patterns 1 and 2 disagree at neuron z (so
€l # ¢2), we must have that ¢! = —¢2. This fact is the origin of the trouble that’s to come.

We can write the weight w,, into different ways, depending on what groups = and y belong to.

e if z and y both belong to V,, then &2 = ¢1, 55 = f?} and so
ey = (24 20)E1¢} + €365 (59)
e if z and y both belong to Vy, then &2 = —¢}, €2 = ¢, and so
way = (2 = 20)6:8, + £y (60)
e if 2 belongs to V,, but y belongs to Vg4 then &2 = £, but f; = —f; and so
wey = €365 (61)
Recall that the PSP of a neuron x at time ¢ was defined as the sum of activity of all other neurons y # «x,

weighed by the weights matrix. As the self-weights w,, are zero, we can just write the PSP as a sum over all
neurons. As all neurons belong either to group V, or group V},, we can write

ha(t) = Z Wayoy(t) = Z Wayoy(t) + Z Way oy (1)

yEVN YEV, ISAZ
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Assume neuron z belongs to V,. Then the PSP consists of two sums: one where x and y are both in group
V., and one where z is in group V, but y is in group V4. Using the re-written weights above (equations (59),
(60), (61)), we find

ha(t) = [ @206 3 €| + 5 (€3 €out |- (62

YEVa yEVa

For large amounts of neurons, the amount of neurons at which patterns 1 and 2 agree is approximately the
same as the amount at which the patterns disagree. Equation (62) tells us that if o(¢) agrees somewhat with
¢! on the neurons in group V,, increasing a will increase the influence of the term ¢! on the value of h,(t), and
so the neuron value o, will more likely tend to &} than to &2.

Now, assume neuron z belongs to V4. Then we can similarly as before rewrite the PSP:

het) = 1 (@208 Y ey ()| + 1 (€ X oyt

YEVa YEVq

We see that as we increase a, the term with ¢ becomes smaller, and loses influence over the value of the
PSP. In contrast, the term with ¢ is unaffected and thus takes over the value of the PSP for large enough «.
This means that the probability that a neuron x in the group V4 tends to &3 increases as we increase a.

From simulations of time series of the overlaps at different points on the phase diagram (figure 19), we
concluded that we need the network to operate at reasonably large values of « (to be precise, a should be just
below the border between the ordered and mixed phase). The problem of a third pattern taking over the neuron
activity in the group V4 (which contains approximately half of all neurons!) cannot be avoided.

The origin of this problem is that in the weights matrix, at the neurons where patterns 1 and 2 compete, the
contributions of these competing patterns cancel each other out. The remaining pattern is the tertius gaudens.

7.2.2 Sparse block network PSP

In the sparse block network, patterns 1 and 2 will compete without cancelling each other out. To construct the
network, we partition the set of all neurons Vy into blocks 1) = (x1,...,2L), b3 = (€41, X2L), ... of length
L (where we assume that L divides |Vy|). The set of all blocks is B.

The weights of the network are

Way = CaGy + GGy +a(GCy + GGy) + GGy
where (¢ = ¢ —1/L.
We use the following notation. Denote by o) the block-index of the active neuron in block k: if o,y =1,
1

opy =1 € {1,...,L}. Similarly define §Z<k) to be the block-index of the active neuron of pattern 7 in block k.
We define a delta function: §(z,y) = 1 if = y, and d(x, y) = 0 otherwise.
The PSP of the sparse block network of neuron x at time ¢ is given by

N/L L

hz(t) = % Z wxyay N Z wab(k)o—b(k) (63)

yeVN k=1 I=1

Now, note that if there is a neuron bl(k) in block k that is active at time ¢ in the network and in pattern j,
that is, o, (1) = fz],(’“)’ then §(&),,, oy (t)) = 1, and if there is no neuron in block b that is both active at time
! 1

t and in pattern &7, then 6(§Z(k) ,0pe (t)) = 0. For any block, only one neuron can be active in the block at time
t, and so

L L

> Gy z( o1 ) e

=1 1=1 '

17 lf(S fb(k)vo-b(k)(t)) =

1
if (5 §b(k)70b(k)(t)) =0,

1
(€b<k) y Op(k) (t)) A

)

Il
/—’H
h\H I

Using this fact to rewrite the weights (63), we get
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L
1
D W oy = G [6(5,1@ oy () — 7 +a (5<£§<k>,ob<k) (1) -
=1
2 2 1 1
+Cg |66 o (1)) — 7 ta (&pry s Tpe (£)) —

+¢2 {5(55’%);%(&) (t) — 1} )

Again, we separately look at the case when patterns 1 and 2 are equal at neuron z (£L = £2) and when they
are not equal (either €L = 1,62 =0 or £1 = 0,62 = 1). Note that if L is of reasonable size, most of the neurons
satisfy ¢1 = €2, as for most neurons ¢! = ¢2 = 0 (the patterns are sparse).

If & =&
1 N/L 2 1\ VML 1
he(t) = (f; - L) (1+a) Z (6(§;(k)70b(k>(t)) + 5(§§<k>70b<k>(t)) - L) +<§§ - L) Z (5(§;(k>70b(k)(t)) - L) .
k=1 k=1

For a pattern of blocks ¢ and random configuration of blocks o, on average a fraction 1/L of the blocks of o
agree with the blocks of &', so the term (8(&} ), oy (t)) + 6(EX k), opa () — %) is expected to be nonnegative.
From this it is clear that increasing « also increases the influence of the &' term over the value of the PSP. Thus,
if ¢1 = €2 = 1, increasing « increases the probability that in the next timestep, o, = 1, and if £ = £2 = 0,
increasing a decreases the probability that in the next timestep o, = 1.

Ifel=1,=0:

N/L

(252 i) (- 52) s )
+ (5§ - i) ],i:: <6(£;(k>70b(k)(t)) - i) :

We see that increasing « decreases the PSP, which implies that increasing « actually decreases the probability
to have o, = 1 in the next timestep. This is the opposite of what we want, as we had ¢! = 1 on neuron .
Increasing « thus has the effect of increasing the probability that o, attains the value of the unwanted pattern
€2, The case £ = 0,£2 = 1 is similar.

For uniformly random block patterns, given some block, the probability that pattern 1 and pattern 2 are
equal on that block is 1/L. The probability that they are not completely equal (that there is one neuron z in
the block for which ¢ = 1,£2 = 0, and a neuron y in the block for which f; =0, 53 =1) is then (L —1)/L. In
such blocks, there are two neurons for which the pattern values £1,£2 don’t agree. As there are N/L blocks in
total, there are thus 2- %% neurons on which patterns 1 and 2 don’t agree. Therefore, by increasing the block
length L, we can arbitrarily reduce the amount of neurons at which increasing « has the undesirable effect of
letting an unwanted pattern take over.

The blocks of patterns still compete, but at the level of the individual neuron, the patterns are actually
almost completely equal. This decreases the presence of the ‘cancelling-out’ effect that occurred in the Hopfield
network.

7.3 Sparse 2-pattern switching network

The sparse 2-pattern switching network is a sparse implementation of the switching network as discussed in 5.
It has two stored block-pattens ¢!, £2, and weights

Wiy NEL €] = GGy + GG+ oGty + CEGy),
again with ¢ = ¢ — 1/L.

The 2-pattern switching network will again be the building block of our two-state Markov chain embedding
weights. In the sparse case, the crossterm parameter o does not introduce interference from unwanted patterns
during switching, and so one can be more confident in combining two 2-state switching networks.

The parameters a, 3,7, and L need to be determined before an embedded Markov chain can be simulated.
We will analyze the influence of o, 8 and L on network behaviour through the phase diagram of the network at
~v = 0. After that, we pick promising values for these parameters, and then analyze the parameter =y to relate
energy perturbations to transition probabilities in the embedded Markov chain.
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7.3.1 Phase diagram

The phase diagram of the sparse 2-pattern switching network (with 4 = 0) has been simulated for L = 4, 8,16
(figures 34, 35 and 36, left and middle), by running a time series of m; and ms for 50 different values of both
« and (8, giving a total of 50 x 50 = 2500 simulations. The simulations were performed with synchronous
dynamics, and N = 1024 neurons. For each point (a, 8), a new set of two patterns were generated (with an
overlap of exactly 1/L) and a time series of 1000 timesteps per neuron was run, starting the network in state
mp = 1,ms = 0. A burn-in period of 500 timesteps was used, and during the remaining 500 timesteps the
values of m; and mso were stored. In figures 34, 35 and 36, on the left, the average of the stored values of
my; = my + mg (blue) are shown for each point (a, 3), and in the middle, the average of the stored values of
mg = my — my (blue) are shown for each point («, 3).

As in the phase diagram of the Hopfield implementation of the 2-pattern switching network, there appear
to be three phases: a disordered phase, in which both patterns have on average 1/L overlap with the network
state; a mized phase, in which the two patterns have equal average overlap with the network state, larger than
1/L; and lastly an ordered phase, in which both patterns have an overlap larger than 1/L with the network
state, but one pattern has larger overlap than the other.

=m;+my(L=4) 10 Lo m,=m;—m, (L=4) 10
0.8 0.8 0.8
0.6 0.6 0.6
S [e] xg
0.4 0.4 0.4
0.2 0.2 0.2
0.0 0.0 0.0

B

Figure 34: L=4. Left and middle: Phase diagram of the sparse 2-pattern switching network. Right: time series of the order
parameters mi (blue) and mg (orange), which shows the typical behaviour of the network order parameters just below the phase
transition from the ordered to the mixed phase. This particular simulation corresponds to a = 0.34, 8 = 5.0 (red dot).
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Figure 35: L=8. Left and middle: Phase diagram of the sparse 2-pattern switching network. Right: time series of the order
parameters mi (blue) and mg (orange), which shows the typical behaviour of the network order parameters just below the phase
transition from the ordered to the mixed phase. This particular simulation corresponds to a = 0.45, 8 = 5.5 (red dot).
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Figure 36: L=16. Left and middle: Phase diagram of the sparse 2-pattern switching network. Right: time series of the order
parameters m (blue) and mo (orange), which shows the typical behaviour of the network order parameters just below the phase
transition from the ordered to the mixed phase. This particular simulation corresponds to a = 0.55, 8 = 6.5 (red dot).

As in the Hopfield implementation of the 2-pattern switching network, the time series of the order parameters
mq, Mo shows random oscillatory behaviour whenever the parameters «, 3 are close to the critical values of the
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phase transition between the ordered and mixed phase. This behaviour explains the ‘rough’ edges of the middle
plots (green) at the border of the ordered and mixed phase. Simulations were run for 1000 timesteps per neuron,
but the oscillatory behaviour appears on longer timescales (see right plots of time series; there are no more than
5 switches in 5000 timesteps in these examples). Thus, when the values of my,ms are recorded over the last
500 timesteps, the oscillatory behaviour can give radically different results even for nearby points in the phase
diagram. Note that during such oscillatory behaviour, the value of m; = my + mq (left plots) is unaffected.

7.3.2 State switching probabilities

Recall that during a single timestep in the embedded Markov chain, there is switching between two edge patterns
for a fixed time interval, called the switching time, which we denote as T. At the end of the switching time,
the new state (either state 1 or state 2) of the embedded chain is chosen by checking which edge pattern
has largest overlap with the network. The probability that the embedded chain transitions to a specific state,
is thus the probability that at the end of the switching time, the corresponding edge pattern has largest overlap
with the network.

Fraction of time spent in state 1 Empirical two-state switching probabilities
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Figure 37: All simulations were done with N = 1024, L = 8, « = 0.5, 8 = 5.5, and all patterns have overlap of exactly 1/L. Left:
The time the sparse 2-pattern switching network spent in state 1 (m1 > m2) as a fraction of the total time. 10 values of v are
plotted; for each value of 7, 20 simulations were performed. Each simulation was T' = 20000 timesteps per neuron long. The mean,
standard deviation, min and max of these 20 simulations are shown. Right: The amount of simulations which were in state 1 at
their last timestep (n1) as a fraction of the total amount of simulations (ngota1). 10 values of v are plotted; for each value of ~,
Ngotal = 100 simulations were performed. Each simulation was 7' = 1000 timesteps per neuron long. The fraction ni/ngota is the
empirical probability that after 1000 timesteps per neuron, the network is in state 1.

Simulations were performed to obtain the probability that the sparse 2-pattern switching network is in state
1 (m1 > mg). Each simulation starts with full overlap with pattern 1; this biases the network to be in state 1
on short timescales. If we want to operate the embedded Markov chain with a not too long switching time (say,
1000 timesteps per neuron for each transition in the embedded chain), we need to check the behaviour of the
network in equilibrium against the behaviour on shorter timescales. If the network reached equilibrium, there is
no bias towards state 1 anymore (the network has ‘forgotten’ its initial state). If the network has approximately
the same behaviour in equilibrium as it has when 1000 timesteps per neuron have passed, then it follows that
the initial state is not relevant to the behaviour of the network at the timescale of 1000 timesteps per neuron.

The behaviour of the network for long timescales at L = 8, a = 0.5, 8 = 5.5 can be deduced from the left plot
of figure 37. There, the average time spent in state 1 (71) as a fraction of the total simulation time 7" = 20000
is plotted, along with standard deviation and the minima and maxima of 20 simulations per value of v. We see
that on this timescale, most simulations spent approximately the same amount of time in state 1 (the standard
deviation is not too large), and so after 20000 timesteps the network is close to equilibrium behaviour in most
simulations. However, the outliers are still relatively far away from the average, and so one can also argue that
even after 20000 timesteps, the network behaviour is not close to equilibrium behaviour consistently enough.
In the embedded Markov chain, to have the edge pattern switching run in equilibrium consistently would take
more than 20000 timesteps per neuron.

In equilibrium, the probability to be in either state 1 or 2 is fixed, and independent of time. The empirical
probability that we find the network in state 1 or 2 is equal to the fraction of time spent in state 1 or 2
respectively. Therefore, if the probability to find the network in state 1 at the end of 1000 timesteps per neuron
is the same as the fraction of time spent in state 1 in equilibrium, we know that the probability to find the
network in state 1 after 1000 timesteps is roughly equal to the probability to find the network in state 1 in
equilibrium. By the previous reasoning, that would in turn imply that after 1000 timesteps, the network has
mostly ‘forgotten’ its initial state.
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On the right of figure 37, the amount of times state 1 was the final state of a simulation after 1000 timesteps
per neuron was plotted as a fraction of the total amount of simulations. This is the empirical probability to find
the network in state 1 after 1000 timesteps per neuron. The theory in Section 5.4 predicted that in equilibrium
this probability should follow a Boltzmann distribution, which is fitted to the data. Furthermore, the fraction
of time spent in state 1 in equilibrium (left plot) should also follow a Boltzmann distribution, and this appears
to be true.

Both Boltzmann distributions (1 + exp(—cN+~))~! were fitted by optimizing the parameter ¢ for the data.
For the T' = 20000 timescale data (left plot), ¢ = 0.177, and for the 7" = 1000 timescale data (right plot),
¢ = 0.162. As these distributions are rather similar, we can proceed to construct the embedded Markov chain
using a switching time in the range of 1000 timesteps per neuron.

The probability to find the sparse 2-pattern switching network in state 1 is given by

1
Pr~ T 06Ny

and so if one wants to implement the probability to get state 1 to be p; (for p; > 0.5), one should take
6.17 P1
~—1 . 4
v O o (1) (61)

If one wants to implement a p; < 0.5, the energy perturbation  should be added to pattern 2 instead of pattern
1, and then « determines the desired value of po =1 — p; > 0.5.

7.4 Embedded Markov chains

Using the simulation data of Section 7.3, we find the parameter values N = 1024, L = 8, a = 0.5, 8 = 5.5 suitable
for constructing the embedded Markov chain network, which had the embedding weights 16. Furthermore, we
derived in Section 7.2 that these weights, which contain two copies of a sparse 2-pattern switching network,
will most likely not give unwanted behaviour. Finally, equation 64 describes the energy perturbation needed to
make the embedded chain transition with predetermined probabilities.

We embed the Markov chain with transition matrix

Py 1-Py
P= <P21 1- P21>
into a sparse block network as follows.

Let ¢! = ¢! —1/L, (% = ¢> —1/L be the patterns that correspond to the embedded chain states state 1 and
state 2 respectively. Let (3 =0t —1/L, ¢(* =n'2—1/L, (> =n?' —1/L, ¢® = »??2 —1/L be the patterns that
correspond to the edges of the embedded chain (recall figure 16). We can now summarize the entire embedding
weights matrix as follows:

6

ij=1
where

1 0 st 0 5t 0

0 1 0 &t 0 5t

_ 5T 0 1 + fn(P11) 0.5 0 0

0 0 0 0 1+ fn(F21) 05

0 of 0 0 0.5 1
and

1—=z

fN<x>=%V”1og( d )

Here we assumed that P;; > 0.5 and Py; > 0.5. If one wants instead a chain with Pjs > 0.5, the term
fn(P11) needs to be removed from Q33 and fy(P12) needs to be added to QQq4. Similarly, if one wants a chain
with Pyy > 0.5, the term fn(P»1) needs to be removed from Qs5 and fn(P22) needs to be added to Q.
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7.4.1 Performance

Three different Markov chains have been embedded in the sparse block network to test the functionality and
performance of the embedding weights matrix (65). Each Markov chain has been simulated 100 times, and
each simulation consisted of 100 embedded chain timesteps (100 updates of the embedded Markov chain). The
switching time of the network was 500 timesteps per neuron, and after switching another 500 timesteps per
neuron were spent in the retrieved pattern, during which the corresponding embedded chain state was stored.
See figure 38 for an example.
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Figure 38: Example of the first three timesteps of an embedded Markov chain. Left: The blue and red timeseries are overlaps
corresponding to the state attractors ¢! and ¢2 respectively; the light blue and purple timeseries are the overlaps with the edge
attractors n'! and 7'? respectively, and orange and brown are the overlaps with the edge attractors 72! and 722 respectively. Right:
the Markov chain, and the role of each attractor in the embedded Markov chain. Bottom: the first three timesteps of the Markov
chain, associated with the time series above.

The most important aspect of an (ergodic) Markov chain is its stationary distribution. The stationary
distribution of the embedded Markov chain should approach the correct stationary distribution as we increase
the amount of timesteps in the chain. For each of the 100 embedded chain simulations, the empirical distribution
at the last timestep was stored. The empirical distributions at the last timestep of 100 ‘standard’ Monte Carlo
simulations of the same Markov chain have also been simulated. This way the empirical distribution of the
embedded chain can be visually compared to the empirical distribution that one expects from the Markov
chain.

The first Markov chain for which the embedding weights have been tested has transition matrix P and
stationary distribution 7, given by

0.5 0.5
F= <0.5 o.5> ’ m=(m,1-m)=(05,0.5). (66)

The stationary distribution is fully described by the value of 7.

The resulting histogram of empirical distributions at the last timestep has been plotted in figure 39, for both
the embedded chain simulations (blue) and standard (Monte Carlo) chain simulations (red). As all simulations
are 100 chain steps long, it is expected that there is a sampling error in the obtained empirical distributions;
they will sometimes deviate somewhat from the correct stationary distribution (black dashed line). However,
both the embedded chain and the standard chain should have sampling errors of similar sizes.

When the embedding weights are prepared with perfectly orthogonal patterns (all patterns have overlap of
exactly 1/L), the sampling errors of the embedded chain and the standard chain are similar. Both chains have
that most obtained empirical distributions are very close to the correct stationary distribution.

The embedding weights have also been constructed using random patterns (each simulation is done with
new patterns). Here, a strong increase in deviation from the correct stationary distribution becomes visible for
the embedded chain. This deviation cannot be explained by sampling errors alone, as having only sampling
errors results in a histogram like the one for the standard chain (red).
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Figure 39: 100 simulations of the transition matrix P (bottom middle) have been performed, for both the standard (Monte Carlo)
simulated Markov chain (red) and the embedded Markov chain (blue). The histograms of final distributions (1) after 100 chain
timesteps show similarity or difference in large time behaviour between the standard and embedded chain. The correct stationary
distribution (black dashed line) has also been plotted for reference.

The first tested transition matrix (66) had two equal columns, which directly implies that the eigenvalues of
that matrix were A\; = 1, Ay = 0. By standard Markov chain theory, the second eigenvalue controls the rate of
convergence to the stationary distribution. The rate of convergence for this Markov chain is zero, which means
that in theory, the chain converges almost immediately to the stationary distribution.

We now test a Markov chain for which the second eigenvalue is nonzero, and so this chain has different
convergence behaviour. The second Markov chain for which the embedding weights have been tested is
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Figure 40: 100 simulations of the transition matrix P (bottom middle) have been performed, for both the standard (Monte Carlo)
simulated Markov chain (red) and the embedded Markov chain (blue). The histograms of final distributions (71) after 100 chain
timesteps show similarity or difference in large time behaviour between the standard and embedded chain. The correct stationary
distribution (black dashed line) has also been plotted for reference.

The remarks for the first tested Markov chain are also true here: the embedded chain with perfectly or-
thogonal patterns agrees well with the standard chain, and the embedded chain with random patterns agrees
poorly. However, the histogram of the embedded chain with perfectly orthogonal patterns appears to be shifted
to the left with respect to the standard chain and the correct stationary distribution. This result could be
explained by a difference in transition probabilities for the embedded and standard chain: if the probability to
go to/stay in state 1 is lower in the embedded chain than in the standard chain, the stationary distribution
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for the embedded chain would be shifted to the left. The embedded chain might have slightly wrong transition
probabilities, as these probabilities were constructed from the energy perturbations using figure 37, which was
obtained using simulations (not analytically).
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Figure 41: 100 simulations of the transition matrix P (bottom middle) have been performed, for both the standard (Monte Carlo)
simulated Markov chain (red) and the embedded Markov chain (blue). The histograms of final distributions (71) after 100 chain
timesteps show similarity or difference in large time behaviour between the standard and embedded chain. The correct stationary
distribution (black dashed line) has also been plotted for reference.

lastly, we test a Markov chain in which transitions are more asymmetric and rare (the chain mostly stays in
state 1) than in the last two Markov chains. The third Markov chain for which the embedding weights have
been tested is

0.79 0.21
P= (0'79 0_21> , 7 = (0.79,0.21).

The fact that transitions are more rare does not seem to qualitatively affect the embedded chain: we can
make the same observations for this tested Markov chain as for the other two tested chains. Again we note that
the histogram appears to be shifted to the left with respect to the standard chain and the correct stationary
distribution, for the same reason as given for the previous Markov chain.
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8 Discussion

In this work, a Hopfield network and a sparse ANN with two attractor states have been proposed that are able
to switch stochastically between its attractor states in a controllable way. We call the Hopfield implementation
the ‘2-pattern switching network’, and the sparse implementation the ‘sparse 2-pattern switching network’.
The sparse 2-pattern switching network has been used to construct a new ANN, in which arbitrary two-state
Markov chains can be embedded. The same construction for a Hopfield implementation fails to properly embed
a Markov chain, due to the dense neuron activity.

The 2-pattern switching network is a Hopfield network with modified symmetric synaptic weights. The
symmetric weights allow for the introduction of a Hamiltonian (energy-based) description of the dynamics. The
Hamiltonian is used to equip the network with stochastic Glauber dynamics, in which a parameter S controls
the amount of noise present. The stationary distribution of the dynamics is a Gibbs distribution, which allows
the application of powerful statistical mechanics tools to analyze the network.

Besides the presence of the usual Hebbian weights, a symmetric crossterm, controlled with a parameter «,
has been added. The parameter « introduces an extra dimension in the phase diagram of the Hopfield network.
The (o, 8) phase diagram has been obtained analytically using existing statistical mechanics techniques, and
was verified with simulations. Besides the standard ‘disordered’ phase’ and ‘ordered’ phase (also called ‘memory
retrieval’ phase), the phase diagram contains a new phase, which we call the ‘mixed’ phase. In the mixed phase,
the network converges to an attractor state, which is a mixture of the two ‘usual’” attractor states of the ordered
phase. If the network is operated at values of («,3) in the ordered phase, but very close to the critical values
of the ordered-mixed phase transition, simulations showed that the network switches stochastically between the
usual attractor states. By introducing an energy perturbation v, which energetically favors the first attractor
state, it was possible to bias the switching toward the network staying longer in the first attractor state. The
2-pattern switching network is thus a successful model of controllable metastable dynamics.

The metastability properties of the 2-pattern switching network have been analyzed with non-equilibrium
statistical mechanics. The pathwise approach to metastability was employed to prove results on the existence
of metastable states, the mean transition times and the trajectories taken from metastable to stable states.

An essential tool for the analysis of the 2-pattern switching network was the Hopfield-gCW correspondence,
which is developed and proven in this work. It was shown that Hopfield Hamiltonians can be transformed into
Hamiltonians of another spin system, namely those of multi-group Curie-Weiss networks, which are much more
mathematically tractable. All behaviour of Hopfield networks can then be derived from studying the behaviour
of multi-group Curie-Weiss networks. In this work, the correspondence is applied to 1) find a large deviations
limit for the Hopfield network, and from it, derive the phase diagram of the 2-pattern switching network, 2)
derive the state space of Hopfield networks, 3) show that the 2-pattern switching network cannot be used to
embed Markov chains. The metastability results of the 2-pattern switching network were first proven for the
2-group Curie-Weiss network, and then translated to a result for the 2-pattern switching network through the
correspondence.

A scheme for embedding a two-state Markov chain into an ANN has also been introduced in this work. Each
state of the chain, and each arrow that connects two states, is stored in the ANN as an attractor state. If the
Markov chain is in state x, then in the next timestep we push the ANN out of the attractor corresponding to
state x and into a switching mixture of the attractor states corresponding to the outgoing edges of state x.
After a fixed ‘switching time’, we push the ANN out of the edge attractor with largest overlap, and into the
attractor state corresponding to the chain state the arrow points to. Two energy perturbation parameters can
control the average amount of time spent in each edge attractor, and thus the probabilities of transitions in the
embedded Markov chain.

It is shown that this construction gives trouble when the average network activity (how many neurons fire)
is too large. In a Hopfield implementation, it is shown by analyzing the PSP that at the neurons where two
switching edge attractors disagree, a third pattern has all the influence, and this leads to faulty switches to
attractors that should not be able to be reached in the embedded Markov chain. Any two patterns in the
Hopfield network have on average half of their neurons disagreeing, so this effect is significant. It has also been
shown using the Hopfield-gCW correspondence that the Hopfield implementation contains spurious minima in
the energy landscape with lower energy than the desired attractors.

In a sparse ANN, any two patterns have on average almost all neurons agreeing, and so the problem of a
third pattern taking over is negligible for sparse enough patterns. It is found that in the sparse block network,
which was introduced in this work and based on existing ANNs, networks with block lengths of I = 8 are sparse
enough for the successful embedding of a two-state Markov chain via the construction above. Three embedded
Markov chains have been tested by comparing the stationary distribution of the embedded chain with the
expected stationary distribution (including sampling error); the stationary distribution of the embedded chain
agrees with the expected result.
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8.1 (Sparse) 2-pattern switching network

The weights of the 2-pattern switching network are a very straightforward and minimal modification to the
widely used ‘Hebbian weights’, by which we mean weights formed by a Hebbian learning rule. For an ANN
with two patterns and Hebbian weights, after implementing the symmetric crossterm described in this work,
controllable metastable dynamics is added to the network. An interesting question is if the crossterm can also
be ‘learned’ by the network via a simple learning rule.

The fact that metastability arises after a simple modification of the weights is a satisfactory result, as the
metastability was not ‘forced’ onto the network via external sources of dynamics. For example, there exist
models of metastable networks where the weights are asymmetric [15] [47] [59], resulting in not only an energy
landscape, but also a curl fluz, which drives the network from one attractor state to the other [60]. The
metastable behaviour that follows from these asymmetric weight is the emergence of a sequence of attractor
states that the network visits in a fixed order, and with a fixed time between visits. To control the time between
visits, one needs fast and slow synapses, which creates an adiabatic free energy landscape [15]; the metastable
dynamics follows from the dynamics of the energy landscape, which was imposed by hand. Other models study
state switching induced by presenting external stimuli [28] [61], or by setting local temporal thresholds in a
noisy setting [62], again increasing the amount of dynamical components of the network. Remarkably, most
of these models are studied as deterministic models, and the emphasis has not been on exploring how noise
and intrinsic sources of randomness might give rise to metastability. In the case of stochastic dynamics of
spin systems (like the ANNs in this work), there exist well-established mathematical frameworks that prove
the existence of metastability phenomena [55] [56] [57] [63]. This mathematical framework demonstrates that
metastability need not be forced into the network by hand, but can be a consequence of noise. In the 2-pattern
switching network, metastability was a result of setting the parameters («, ) around critical values of a phase
transition. Thus, the following approach to metastability might be more favorable, also for different sorts of
ANNSs: 1) implement noise into the ANN, which is controlled by some parameter. 2) Derive the phase diagram
of the noisy ANN. 3) Set the parameters of the ANN close to critical values.

Furthermore, such a noisy critical ANN satisfies the critical brain hypothesis - the idea that neural systems
operate at criticality, which optimizes its function [64] [65]. The pattern switching in the 2-pattern switching
network also has the characteristics of a critical phenomenon. Switches between patterns occur through sudden,
drastic changes in neural activity (see the sharp changes in my,ms in figure 22 and figures 34, 35, 36). Further-
more, the timescales of convergence to an attractor state are of the order of 10-100 timesteps per neuron, while
the average period between switches is of the order of 1000-10000 timesteps per neuron; there are dynamics at
multiple timescales. The dynamics are also at multiple scales of size: individual neurons fluctuate in state, but
the entire network also fluctuates in state.

The 2-pattern switching network has a major drawback in its application, namely in that (as the name
suggests) it only stores two patterns. Controllable stochastic switching between more than two patterns might
be more complicated than the two-pattern case, as every new attractor state increases the complexity of the
energy landscape, and a random walk on this landscape from one attractor to the next might get stuck in
spurious attractors. Furthermore, it is expected that the («,3) phase diagram changes. A hint that the 3-
pattern case will be much more difficult is given by the Hopfield-gCW correspondence: the 2-pattern network
had as corresponding multi-group Curie-Weiss model a model consisting of two disjoint 1-group Curie-Weiss
networks, while a 3-pattern network results in a multi-group Curie-Weiss model that has four 1-group Curie-
Weiss models, which are fully connected with each other, and both negative and positive couplings are present.
More analysis is needed for switching networks with more than two patterns.

In terms of biological realism, the 2-pattern switching network has some pros and cons. Both the Hopfield
and sparse implementation have some biological interpretation, as the individual neurons of the network are
modeled to somewhat resemble real-world neurons. A gross simplification is of course that the model neurons
only have two discrete states. More modern networks are spiking neural networks, which model the flow of
current through the neuron with differential equations (see [66] for a review). A future work might explore if
the 2-pattern switching network can be made as a spiking network, and importantly, if making the neurons
spiking changes the metastable behaviour.

The average lifetime of a metastable state in the 2-pattern switching network depends on «, 8 and N. On
the mesoscale (N = 1000) with reasonable noise (8 = 1.5), we saw in figure 22 that the average lifetime of
a metastable state is of the order of 1000-10000 timesteps per neuron. Assuming that neurons in biological
systems change state on timescales of milliseconds, the 2-pattern switching network thus predicts the lifetime
of metastable states to be of the order of seconds, which agrees with HMM analysis of spike trains [60].

The sparse 2-pattern switching network is superior to the Hopfield implementation (the 2-pattern switching
network). Sparse ANNs are more biologically plausible [67] and much more energy efficient, as each spike brings
with it a high energy cost [68]. But most importantly, the sparse 2-pattern network is able to store extra
patterns in such a way that they do not interfere with the switching, while the ‘dense’ 2-pattern switching
network suffers from spurious attractors when more patterns are added. This fact provides evidence for the idea
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that sparsity might be a necessity when one tries to model metastable dynamics with many attractors. It is not
clear yet whether this fact is specific to our implementation of metastability, or whether it is true in general.

8.2 Embedded Markov chain
8.2.1 Generalizations

Our approach to embedding a two-state Markov chain can be generalized to embedding arbitrary Markov chains,
by splitting the updating from a state with n possible transition directions into n—1 binary choices. This reduces
any Markov chain to one with only two outgoing arrows at each state, and we can implement these into an ANN
with our approach (see figure 42). If the current Markov chain state state 1 has transition directions to state
2, state 3, ..., state k, we can first compute the probability that we get state 2 or not state 2; the two
options correspond to an arrow and have an edge attractor. After switching between the two edge attractors,
if we get not state 2, the next options are state 3 or not state 3; again, these correspond to edges and
have an edge attractor. We push the network towards switching between these two edge attractors, and so on.
If every time the not-edge was followed, the last options are state k — 1 and state k.

The major drawback of this approach is scalability. If we split the updating from a state with n transition
directions into binary choices, we introduce a new edge for each binary choice (except for the binary choice
between the last states, state n — 1 and state n). With n directions, we have n — 1 binary choices, so n — 2
extra edges are added; the amount of edge attractors in the network doubles. As ANNs with a finite amount
of neurons have finite storage capacity, the size of the largest possible Markov chain that can be embedded is
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Figure 42: Example of splitting outgoing edges of a state into binary choices. The edges have attractor states n! (not state 2),

n? (state 2), n° (state 3) and n* (state 4).

A second way to generalize to arbitrary Markov chains with states with more than two outgoing edges
is to first generalize the 2-pattern switching network to an n-pattern switching network, in which the network
stochastically jumps between n attractor states in a controlled fashion. One would need n—1 parameters similar
to the energy perturbation parameter v in order to control the depths of the energy wells of the attractors.
It is at present unclear how a generalized crossterm should be implemented (whether it should contain more
than one parameter for example) and to what sort of phase diagram it leads (which will surely depend on the
particular choice of crossterm). While n-pattern switching networks could be used to implement larger Markov
chains without resorting to the addition of many extra attractors, more research is needed on what such an
n-pattern switching network should look like, and in particular how controllable its metastable dynamics are
(as mentioned in the previous subsection).

8.2.2 Robustness

The embedded Markov chain is robust to reasonably small amounts of noise and faulty neurons, due to its
attractor state dynamics. However, some neurons are more important than others during the attractor state
switching: the neurons at which the two switching patterns disagree are the ones that stochastically flip their
states, resulting in the switching between overlaps, while the neurons at which the two switching patters agree
are frozen in their state. This suggests that the embedded Markov chain functioning is more vulnerable to
malfunctioning of neurons at which patterns disagree, and less vulnerable at neurons that are frozen during the
switching. It is important for applications that the robustness of the embedded Markov chain is tested; not
only by letting random neurons malfunction, but also by explicitly attacking groups of neurons at which two
switching patterns disagree.

Furthermore, the robustness against noise must be tested. The switching probabilities depend on the amount
of neurons N, the energy perturbation v and the inverse temperature f; an increase in noise can be modeled
by decreasing 3, and a decrease in functioning neurons by decreasing V.

The network can be made more robust against noise as follows: we are free to choose the crossterm parameter
« in the switching weights, as long as the network operates close to the critical («, ) values between the ordered
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and mixed phase; the relationship is given by o = 1 — 1/8. This means that we can pick « to be rather small
(close to 1), which means that the inverse temperature 3 = 1/T is also not too large; this implies the temperature
T is high (close to 1). The function 1/x is almost unaffected by small perturbations  — z+¢ when z is large, so
a small increase in temperature does not affect 5 much when temperatures are high. The switching probabilities
were estimated to follow a Boltzmann distribution, which is a continuous function in /3, so a small perturbation
in £ is only a small perturbation in probabilities. We conclude that a smaller « value allows the embedded
Markov chain ANN to run at higher temperatures, which makes it robust to small noise. The exact relation
between increase in noise and change in switching probabilities should also be simulated.

An important conclusion from Section 7.4.1 is that the embedded two-state Markov chains as constructed
in this work are sensitive to the orthogonality of the six patterns (two patterns for the Markov states, four for
the edges) stored in the network. Figures 39, 40 and 41 show that if the sparse patterns are created such that
they are exactly orthogonal (they have exactly 1/L overlap with each other), the embedded Markov chain has
the desired stationary distribution. However, if the patterns are created by random sampling from all possible
configurations, the overlap between patterns can deviate from the value 1/L. Such overlapping patterns create
different state switching dynamics, which in turn affect switching probabilities. In effect, drawing random
patterns implies that we model a Markov chain with a random transition matriz [69]. How the overlap relates
to the transition probabilities is not known yet. However, we can already draw the conclusion that the embedded
Markov chain is not very robust against changes in overlaps of the stored patterns. While the large dependence of
the embedded Markov chain on the pattern overlaps seems undesirable, one might also exploit it for applications.
For example, one can introduce extra width in the long-term state distribution in a controlled way by varying
the overlaps between stored patterns.

8.2.3 Dependence on external stimulus

Each timestep of the embedded Markov chain needs to be initiated and terminated by turning an asymmetric
weight on and off again; one parameter controls the initiation of the timestep, and one controls the termination.
Turning one of these parameters on and off again can be viewed as the application of a single stimulus. An
important property of this approach is that the embedded Markov chain can be updated with the correct state-
dependent transition probabilities, without the need of a state-dependent stimulus; each update only requires
the application of two state-independent stimuli. The updating of the embedded Markov chain with the correct
state-dependent transition probabilities is thus purely facilitated by the attractor state dynamics.

The necessity of having two parameters in the weights that need to change value in order for the embedded
Markov chain to update is a desirable feature if one wants to be able to control when the Markov chain updates,
but in terms of biological realism it is a very ad hoc mechanism. In [70], Cotteret et al. mimic the effect of
similar asymmetric weights by introducing fixed weights that push the network to a new state when a mask
is applied to a specific set of neurons. It is more desirable to use this masking mechanism than to modulate
weights by hand, as the masking can be applied asynchronously and with random delays [71], which makes the
deterministic state switching more robust.

8.2.4 Comparison with literature

In the literature, there already exists a different way in which an ANNs can be modified or combined so that
on a higher level, the switching dynamics between attractor states can be described as a Markov chain. In [72],
Bernstein et al. combine three separate networks: a deterministic, noisy and mixed Hopfield network, each
with a different state and update rule, so that the noise state and the deterministic state combine to move
stochastically to a new deterministic state.

Our approach is to associate attractor states to both the Markov chain states, and the arrows between
Markov chain states. All attractor states are stored in the same network, which makes it more biologically
plausible than an implementation that requires three separate networks to interact.

8.2.5 Applications

The embedded Markov chain ANN in this work is a demonstration of the fact that with minor modifications,
ANNSs can perform multi-timescale computation: neurons update their state on the order of 1 update per neuron,
the attractor state dynamics is on timescales on the order of 10-100 timesteps per neuron, and the embedded
Markov chain updating in this work is on the order of at least 1000 timesteps per neuron.

The ability of modified ANNs to perform multi-timescale computation has already been demonstrated in
the literature, in particular through embeddings of finite state machines (FSM) in ANNs [70] [73], in which the
FSM state switching occurs on different timescales than the attractor dynamics. The relation of FSMs with
this work is that a Markov chain can be interpreted as a probabilistic FSM, where the input at each timestep
is chosen according to some probability distribution.
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A future model of a network that can perform multi-timescale computation could be an ANN in which em-
bedded Markov chains are combined with an FSM, so that the network can emulate a wide class of probabilistic
FSMs. Such a probabilistic FSM would be robust to imperfect inputs and faulty neurons, due to its attractor
state dynamics.

An ANN that has the ability to emulate arbitrary Markov chains can also be used to draw samples from
arbitrary probability distributions through a Markov Chain Monte Carlo (MCMC) algorithm. Approaches to
performing MCMC sampling with neural networks already exist in the literature, for example with stochastic
spiking neural networks [74], deterministic spiking neural networks [75] or through inhibition mechanisms [76].
While we suspect that a generalization of the embedded Markov chain ANN proposed in this work can be used
to perform MCMC sampling, its scalability issues make it a less suitable candidate for MCMC sampling than
other networks that already exist in the literature.

Neuromorphic hardware is able to simulate ANNs [77] and SNNs [78] while having ultra-low power con-
sumption. The embedding of a Markov chain in an ANN is a first step towards a general approach to emulating
Markov chains and stochastic FSMs on neuromorphic devices. Low-power, event driven devices that can simu-
late stochastic FSMs have applications in for example robotics [79] and healthcare [80].

While we suspect that our approach to embedding a Markov chain in an ANN is applicable to a range of
different ANNs, which makes it a general approach, it is clear that the embedded Markov chain is explored by
the network in series, and it is unclear at present how one can explore the embedded Markov chain in parallel
within the same ANN. Parallel computation has been achieved for a similar problem in the literature, namely
simulation of multiple random walkers [81]. Future work on applications of embedded Markov chains should
focus on implementing parallel simulations of the same Markov chain for increased efficiency.

The embedded Markov chain in this work only updates after an external stimulus is applied. When the
embedded Markov chain is implemented in neuromorphic hardware, it can be used to create a random state-
dependent output in an event-driven way (where the event is the stimulus). However, if one wants for example
to sample from the stationary distribution, an average over many updates of the embedded Markov chain
needs to be computed, which requires consistently updating the Markov chain for some time interval. Each
update requires an external stimulus, so sampling from a stationary distribution requires an external clock that
updates the Markov chain many times, before presenting output. Furthermore, recording the Markov chain state
at every timestep requires an external memory. Sampling from the stationary distribution in an event-driven
way, without an external clock and memory, would require a modification of the current approach so that the
network locally stores the sequence of visited states, and starts and terminates Markov chain timesteps without
an external stimulus. A possible solution to the second problem could be to implement slow temporal synaptic
weights that push the network in and out of the attractors that correspond to the Markov chain states.

8.3 Hopfield-gCW correspondence

The main idea behind the Hopfield-gCW correspondence is to group neurons that have the same pattern values
together, in order to transform the Hopfield network into a multi-group Curie-Weiss network. This work is not
the first to apply such an idea: The 1-pattern Hopfield network (also called Mattis model) was transformed into
a l-group Curie-Weiss network by Mattis in 1976 [52]. Van Hemmen showed in 1982 that the 2-pattern Van
Hemmen network (Section 3.8) is effectively a 2-group Curie-Weiss network, where the two groups are disjoint
[53]. In 1986, Grensing and Kiihn obtain a free energy for random pattern spin models by partitioning spins
depending on pattern values at those spins, and defining 2PCurie-Weiss order parameters on those partitions
[82]. In 2009, Shkolnikov introduced ‘extended order parameters’ to study metastability of generalized Hopfield
networks [58]. These extended order parameters are also defined on partitions of neurons, and are similar to the
Curie-Weiss order parameters as constructed in the proof of Theorem 3.2. The new insight of this work is that
for a p-pattern Hopfield network one only needs to construct 2°~! order parameters instead of 27 or more, and
that the new 2P~! order parameters are those of a spin model that currently exists in the literature in parallel,
namely the multi-group Curie-Weiss model. The reduction of necessary order parameters by a factor 2 makes
the analysis of Hopfield networks with a small amount of patterns but complicated weights more accessible.
The Hopfield-gCW correspondence played an important role in the mathematical analyses of the 2-pattern
switching network. Its main use in this work was to provide a simpler state space for metastability analysis,
namely the rectangular state space [—1,+1]?> C R? of the 2-gCW network. This allowed for a more convenient
application of the pathwise approach of metastability, as paths that minimized their energy were paths running
along the boundary of the state space, and the boundaries of the rectangular state space are particularly simple.
For a Hopfield network with two patterns, the Hopfield state space is a disk in the L' metric (a diamond), and
changing to the 2-gCW state space thus comes down to applying a rotation of 45 degrees on the state space.
While the state space of two-pattern Hopfield networks is rather elementary, the state spaces of general
p-pattern Hopfield networks can become complicated. To apply the pathwise approach to metastability, it
is crucial to know the space of all possible paths, and thus to know exactly what the state space looks like,
also for finite N. In Corollary 3.2.1, we derive the exact Hopfield state space for any finite N. However, for
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metastability analysis of general Hopfield networks the Hopfield state space is no longer needed, as through the
corerspondence, one can work more conveniently in the state space of the corresponding 2P~ !-gCW network,
which is always a grid in [—1,1]P~L.

Knowledge of the exact state space has other important applications. In Section 5.5, simulations show
that two 2-pattern switching networks cannot be combined to create larger robust state-switching networks.
The state space and energy landscape of the combination of two 2-pattern switching networks is complicated.
Without proper mathematical tools, this network becomes a black box, and it becomes tempting to keep tuning
parameters until one hopes to find the desired robust switching behaviour. However, through the correspondence
and exact knowledge of the state space, we were able to examine the energy landscape of this network, and show
that there are unavoidable spurious minima: the desired behaviour cannot be obtained by tuning parameters.

One can conjecture that similar correspondences between other ANNs and similar statistical mechanics
models with more tractable state spaces could exist; if it is true, this could help in relieving some ANNs with
complicated energy landscapes of their black box status. Theorem 3.2 shows that any state m of a Hopfield
network can be written as a linear transformation of a state m of a multi-group Curie-Weiss network. Modern
Hopfield networks have Hamiltonians of the form H(m) = — ), F(m), with F' some smooth non-quadratic
function [45] [46] ; H is a function of m, so modern Hopfield networks might also have a corresponding multi-
group Curie-Weiss network, which would also have a non-quadratic Hamiltonian.

Not only the transformation from a Hopfield network to a multi-group Curie-Weiss network has applications.
The fact that one can also transform multi-group Curie-Weiss networks into Hopfield networks (the other way
around) shows immediately that some multi-group Curie-Weiss networks are suitable for storing and retrieving a
finite amount of patterns, which makes it a useful ANN. It even has a biological interpretation: a single group of
the network is a macroscopic collection of neurons, which are positively (excitatory) coupled among themselves.
Different neuron groups are also coupled to each other, and the coupling can be excitatory or inhibitory between
groups. In Section 5.5.1 we saw the graph of connections between neuron groups of two 2-pattern switching
networks: it has some interesting features, like disconnected components and cliques. An open question is how
the neuron group connections graph and their couplings relate to the behaviour of the network. Multi-group
Curie-Weiss networks might prove to be very general and rich ANNs, with a host of different sorts of behaviour
emerging from the connection structures between neuron groups.

The Hopfield-gCW correspondence was used to prove Theorem 3.5, which resembles a Large Deviations
Principle (LDP). However, it is not a full LDP, as the Theorem is only proven for closed sets. It is expected
that a full LDP can also be obtained through the Hopfield-gCW correspondence, combined with the result of
Knopfel et al. [37]. An LDP for Hopfield networks has already been proven by Bovier and Gayrard in [83]; it
should be checked whether Theorem 3.5 of this work agrees with their LDP. Theorem 3.5 was used in Section
5.3 to show concentration of measure for the generalized Hopfield network (with low loading); a full LDP was
not needed to achieve this.

8.4 Metastability

Metastable behaviour of Hopfield networks has been explored in the literature, for example by An der Heiden
in [84] and Shkolnikov in [58]. Both use the potential theoretic approach to metastability (see [63] for an
overview), in which one studies spectral properties of the transition matrix. In this work we were interested in
the metastability properties of the 2-pattern switching network. Due to the low dimensionality of the state space
and the straightforward energy landscape of its corresponding 2-gCW network, which is essentially a quadratic
form on the square [—1,+1]2, it was possible to employ the pathwise approach to metastability. The advantage
of the pathwise appraoch is that it provides a clear geometric and physical picture of what paths the network
takes from metastable to stable states. The tractable energy landscape of the 2-pattern switching network
and the results of Cirillo et al. [57] made it straightforward to obtain estimates on transition times, gates and
metastable states. The disadvantage of this approach was that unlike the potential theoretic approach, it was
not possible to immediately find a transition time estimate with correct pre-factor. Another disadvantage is
that we have only obtained results for large 8. In the operation of the 2-pattern switching network we were
most interested in metastable behaviour around S = 1.5; the theory is not strong enough to predict transition
times in that regime.

Technicalities that needed to be dealt with arose from the finite N, which made the state space a grid and
the energy landscape a discrete object. We have estimated the metastability phenomena for finite N by first
analyzing the network for infinite N (on a continuous state space). On this continuous state space, we derive
the largest energy density barriers the network has to overcome (which are finite), and show that in the limit
N — 0o, the maximum stability level density equals one of these largest energy density barriers.

Most interestingly, we find that the metastable behaviour of the network depends heavily on how the two
partitions of the 2-gCW network are grown as N — co. The maximum stability level depends on the crossterm
parameter «. For most ratios of partition sizes nj/ng, the maximum stability level is that of one of the four
scenarios in Theorem 6.10, and it is continuous in «. But for some ratios of partition sizes, as demonstrated in
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Remark 6.10.1, the maximum stability level has a discontinuity in «, and is an increasing function of a below,
and decreasing above this discontinuity. The expected transition time could spontaneously change orders of
magnitude when passing through the discontinuity.

This radical change in metastable behaviour does not occur when the partitions are grown equally fast
(n1/ng = 1). A Hopfield network has almost perfectly orthogonal patterns in the large N limit, so its cor-
responding 2-gCW network has almost equal partition sizes; we don’t expect to see the radical change in
metastable behaviour. Yet, simulations show that for finite and not too large 5 (but larger than 1), as « is
increased from 0 to 1, there is a small o window just below the critical values from the ordered to mixed phase
where sharp metastable transitions suddenly occur on timescales visible to the simulation. Whether transition
times spontaneously change orders of magnitude in some small window should be investigated further, both
with simulations and theory.

9 Conclusion

A stochastic dense and sparse ANN with controllable metastable attractor state dynamics have been proposed.
The 2-pattern switching network is a Hopfield network with generalized synaptic weights, while the sparse 2-
pattern switching network is a sparse ANN with generalized synaptic weights and local inhibition. A method
to embed an arbitrary two-state Markov chain in ANNs has also been proposed. The method works for the
sparse ANN, but fails for the dense ANN.

Both networks contain two stored patterns. A parameter o controls the energy landscape, and a parameter
B controls the noise in the network. For almost critical values of the parameters («, 3), the network shows
sharp transitions between its two attractor states. A third parameter v controls the transition probabilities.
The synaptic weights of the proposed networks are symmetric; in the dense case, this allowed for a rigorous
analysis of the phase diagram, transition probabilities and transition dynamics by statistical mechanics theory.
Combined with another mathematical tool developed in this thesis, the Hopfield-gCW correspondence, it was
possible to analyze the energy landscape of the embedded Markov chain network in the dense case, and shown
that the embedded Markov chain network contains spurious attractors. The sparse case was analyzed with
simulations, which verified the absence of spurious attractors.

The mathematically rigorous approach to metastability that was applied in this work provides insights
into different aspects of metastability in biological neural circuits. It was possible to draw conclusions on the
influence of noise and network size on attractor state switching timescales, and on the trajectories the network
takes through state space from metastable to stable states. These theoretical results may in turn inform
neuroscientific experiment, and contribute to a bottom-up approach to understanding higher-level function of
biological neural circuits.

The embedding of an arbitrary two-state Markov chain in a sparse ANN is an example of controllable,
multi-timescale, state-dependent computation with ANNs. The attractor state dynamics makes the embedded
Markov chain robust against small noise and faulty neurons, but not against varying overlaps in the stored
patterns of the network. Future work should investigate whether a Markov chain can be embedded such that
it is robust against varying stored pattern overlaps, or if the dependence on overlaps can actually be exploited
for applications.

An external stimulus is required to update the embedded Markov chain, which makes it suitable for appli-
cations that need to draw one random sample from a Markov chain with each input. The external stimulus
modulates the synaptic weights, which might be less biologically plausible. Different mechanisms for initiating
and terminating the Markov chain timesteps should be investigated.

Generalizations of the two-state Markov chain can be made in two ways. One possibility is to construct
embedded Markov chains with arbitrarily many states from embedded two-state Markov chains. However, this
approach doubles the amount of stored patterns in the network which makes it less scalable. The second is to
generalize the 2-pattern switching network. It should be investigated whether controllable metastable attractor
state dynamics can also be achieved for more than two patterns at the same time; this would provide an
alternative to embedding Markov states with arbitrarily many states.

Lastly, perhaps the most important conclusion is on methodology: the combination of simulations and rigor-
ous mathematics has been very fruitful in this thesis. The Hopfield-gCW correspondence and existing statistical
mechanics techniques provided an exact expression for the phase diagram in the dense case, which allowed ef-
ficient parameter selection and simulation. Simulations provided evidence for a metastability phenomenon,
which was then verified rigorously with the pathwise approach to metastability. The obtained expression for
the expected transition time gave key insights into the metastable phenomena visible in the simulations. The
Hopfield-gCW correspondence and analysis of PSPs helped in understanding the drawbacks of dense networks,
ultimately leading to a successful embedding of a two-state Markov chain in a sparse network. Estimates, sim-
ulations and heuristic arguments provided an intuition for what mathematics should be developed; theorems
and rigorous derivations provided new powerful ways to reason about the models, leading to the development
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and simulation of more interesting models, and so on. In a highly multidisciplinary field like neuromorphic
intelligence, good progress can be made through collaborative research at all levels of mathematical rigour.
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