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Abstract

In this thesis we explore model-theoretic methods of determining the validity of the
proof technique and logical inference tool known as transfinite induction. We explore
basic model theory and specific theories therein, such as Peano Arithmetic and its
arithmetic Hierarchy of formulas as well as Zermelo-Frankel-Choice set theory. In
those theories we show the validity of transfinite induction in fragments of PA, as
well as the validity of ϵ-induction and transfinite induction in ZFC. We also provide
the context and necessary conditions for the use of transfinite induction in general
mathematics.
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1. Introduction

1.1 Motivation

Induction is one of the most common proof techniques across the entirety of math-
ematics; allowing mathematicians to conclude many properties of objects indexed
by the natural numbers. Yet its limits are obvious: the natural numbers. There are
many objects across mathematics which don’t necessarily have a countable struc-
ture; topology and set theory constantly deal with such spaces. We wish to show in
this thesis that with careful construction one can extend our intuition of induction
beyond the limits of the natural numbers; leading to the technique of Transfinite
Induction.

Given a new proof technique that operates as an extension of an intuitive one,
it might be natural to ask: does this produce consistent results and is it a genuinely
valid method of inference? One could simply add it as a logical axiom and deter-
mine it to be true, but the validity of any axiom precisely lies in the truth of its
consequences. The schema of induction in theories of arithmetic does not determine
the truth of natural induction, rather, we know induction to be true in the natural
numbers and recognise that such an axiom schema is necessary to complete our the-
ory of numbers. Moreover, if it is not necessary, then best not add it. In that spirit,
the following thesis seeks to show that transfinite induction is provable in both ba-
sic arithmetic and set theory, meaning so long as you accept common systems of
inference and construction, then you must accept this one as well. We explain the
scope and limitations of this technique for Bachelor’s students not familiar with it.

1.2 Outline

In order to demonstrate the validity of a proof technique beyond just intuition, it
serves to construct a rigorous meta-mathematical system with which you can have
a proper view of your inference processes. We assume the reader has comfortable
knowledge of basic propositional logic, First-Order Logic (FOL) and simple Set
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Chapter 1. Introduction 5

Theory, so that we can introduce the methods and structures of basic Model Theory.
This includes the concepts of Languages, Theories and Models seen in Section 2.2;
as well as some differences and relations between these structures. We also introduce
the concept of ordinals in Section 2.1, their intuitional meaning and the rigorous set
construction of these objects. Once the underlying machinery of Model theory is
expanded on, we follow with the specific construction of Theories of Arithmetic (PA)
in Section 2.3 and Set Theory (ZFC) in Section 2.4 and specific necessary properties
within. Then we show the provability of the inference scheme of transfinite induction
for both these theories in Section 3.1 and 3.2. Finally we present a proof using
transfinite induction in the familiar setting of the real numbers in 3.3, to show an
example of how it can be used.



2. Background

2.1 Ordinals

Ordinals and their properties are an integral part of the functioning of Transfinite
Induction and the proofs that make use of it. Ordinals are a lesser known relative to
Cardinals and are, in fact, logically prior to many rigorous definition of Cardinals.
Cardinals classically denote the different infinite "sizes" of possible sets, whereas
ordinals denote the form of ordering that a given set has. In finite sets there is
a one-to-one correspondence between cardinality and ordering in sets, but from ℵ0

(the cardinality of N) onward, sets of the same cardinality can have differing orders.
It’s important to note that in referring to orders, there is a strict relational

definition underlying this:

Definition 2.1.1. For a given set X, it is said to have a Total Ordering if it has a
binary reflexive and transitive relation ≺ with the following properties, with respect
to elements x, y, z ∈ X:

1. x ≺ x (reflexivity)

2. if x ≺ y and y ≺ z then x ≺ z (Transitive)

3. if x ≺ y and y ≺ x then x = y (anti-symmetric)

4. for all pairs, x ≺ y or y ≺ x

This relation has all the essential properties of the lesser/greater than or equal to
sign (≤) and for simplicity we will use this sign from this point forward to represent
an ordering relation. The use of this relation henceforth need not represent the
canonical ordering of the natural numbers (0,1,2,3,4...). Ordinal numbers themselves
are associated to sets with a somewhat stronger condition of ordering called a Well-
Ordering:

Definition 2.1.2. A Well-Ordered set X is a Totally Ordered set such that ∀S ⊂
X, ∃a ∈ S such that ∀b ∈ S, a ≤ b .

6



Chapter 2. Background 7

Suppes (1960) [13] has a more complete treatment of different forms of ordered sets
from an axiomatic perspective.

2.1.1 Transfinite Orderings

It is illustrative to first understand finite order types in order to understand the
distinguishing feature of transfinite sets. For a well-ordered set with finite cardi-
nality, it is simple to create a new ordering just by permuting the given order of
elements. Then one can create a bijection from the original ordering to the other
matching placement to placement (1st to 1st, 2nd to 2nd etc.). This is known as
an order-preserving bijection. Given that any such reordering of the finite set still
has such a function, we say that all finite sets of the same cardinality have the same
order type.

Consider N the natural numbers and its canonical ordering:

0, 1, 2, 3, 4, 5, 6 . . .

Let us then then give the label ω for the order-type that all well-ordered sets have an
order-isomorphism (order-bijection) with N. Next consider the following re-ordering
of N:

1, 2, 3, 4, 5, 6, . . . , 0

That is the normal ordering of N except that zero is now "greater than" all other
natural numbers, call this Ñ. We will now show that this is in fact a distinct order-
type to ω.

Proof. Suppose there existed an order-isomorphism g from N to Ñ. This would
imply there exists α ∈ N such that α = g−1(0). For g to be order preserving this
means that ∀n ∈ N α ≥ n. But it must hold that α ≤ α+1, implying that α = α+1.
Hence we arrive at a contradiction. □

Similar proofs can show that the following are separate order types as well:

2, 3, 4, 5, 6, 7, 8, . . . 0, 1

1, 3, 5, 7, . . . 0, 2, 4, 6, 8, . . .
(2.1)

The previous ordering types are denoted by ω + 1, ω + 2, ω · 2 respectively. This
notation of ordinals seems to imply an ordering and arithmetic to these "numbers",
which will be explained in the following section.
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2.1.2 Von Neumann’s Set Construction and Arithmetic

The previous section provided a somewhat intuitive explanation for the origin of
ordinals, but the intuitive construction falls short once you reach an ordering on the
scale of ω2. To solve this problem, we can follow the Von Neumann construction of
ordinals, one that the reader may have seen prior as a set-theoretic construction of
the natural numbers (as opposed to an elementary arithmetic construction).

Definition 2.1.3. A set is called transitive if each of its elements are also a subset

This implies that for any set within a transitive one, its elements are also in the
larger transitive set. One can see that the empty set is vacuously transitive, you can
then define a successor operation on these sets:

Definition 2.1.4. The successor operation Succ() on a set X is defined as follows:

Succ(X) = X ∪ {X}

Then from starting with the empty set we can begin a construction of finite ordinals
with the following assignment:

∅ = 0

Succ(0) = {∅} = 1

Succ(1) = {∅, {∅}} = 2

Succ(2) = {∅, {∅}, {∅, {∅}}} = 3 = {0, 1, 2}
...

(2.2)

This current construction can only give finite cardinality sets; to introduce transfinite
ordinals, we must define the supremum operation for this transitive set context. If
X is a set of ordinals, then supX =

⋃
A∈X A. From the example above of the ordinal

representing 3, we have sup 3 = sup{0, 1, 2} = 2, which gives the normal answer for
the supremum of a finite set of numbers. The real use of this definition comes when
we consider N:

supN = sup{0, 1, 2, 3, 4...} =
⋃
n∈N

n := ω

Remark. A construction quite similar to this one is called Von-Neumann’s Cumu-
lative Hierarchy, that uses the power set operation instead of the successor. These
sets are then indexed by ordinals and are used to create a transitive domain for all
mathematics [10].
In this case, ω is known as a limit ordinal with a straightforward definition:
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Definition 2.1.5. An ordinal is known as a limit ordinal if it is not a successor of
any previous ordinal.

Through this definition, we can see the next biggest ordinal to always be the set
that contains all previous ordinals within them. ω + 1 = N ∪ {ω}.
This construction allows us to reach past even ω2 to ω2+ω then to ω2 ·2 and further
to ω3; it is convention to write ordinal multiplication on the right hand side. At
this point, it may be obvious that the form of these transfinite ordinals seems to be
polynomials in ω and this is not coincidental. This form provides both a natural
ordering of the ordinals themselves but also a method to perform arithmetic on
them.

Cantor Normal Form

Viewing ordinals in this natural identification with Poln(ω) we can then borrow the
natural lexicographic ordering that is found among them. Recall that a function
dominates another if there exists a point after which the function is greater for all
numbers after that point. One can show that polynomials dominate one another in
a pattern that follows the following inductive definition of the ordering [9]:

Let Pol0 be the non-negative natural numbers with regular ordering. Then let
every α ∈ Poln+1 be of the form:

ωα0 · a0 + · · ·+ ωαk−1 · ak−1 + β

Where ai ̸= 0 ∈ Pol0 and αi ∈ Poln\Poln−1. Given that α0 ≥n α1 ≥n · · · ≥n αk−1

and that β ∈ Poln. The ordering ≥n is then defined in such a way that α ≥n+1 µ if
for a given:

µ = ωµ0 · b0 + · · ·+ ωµs−1 · bs−1 + δ

then it must be that either there exists an i ≤ k such that:

[∀ t < k, αk = µk ∧ ak = bk] ∧ [αi ≥n µi ∨ ai > bi] (2.3)

or

[k = s and ∀ t ≤ k, αk = µk, ak = bk] ∧ [β ≥n δ] (2.4)

Put simply, the ordering is found by comparison of exponents followed by coefficients
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in that priority. If you expand β similarly and continue that process for all lower
exponents, we would then say that α is in its Cantor normal form.

The reader may have thought that the transitive definition allows us to then take⋃
Poln and ask about its supremum; this would then provide us the next rung of

ordinals classically denoted ϵ0. This is the first ordinal which satisfies the equation
αω = α. Further ordinals cannot be as easily represented by polynomials, which has
implications on their representability in certain systems (e.g. arithmetic).

Remark. Note that all of these ordinals, even ϵ0, still describe a countable set or
orderings on a countable set. Most such ordinals are in fact not describable in this
way, such as the Church-Kleene ordinal [6]. The set of all countable ordinals is called
ω1 and is itself the definition of ℵ1.

Arithmetic on these ordinals follows its own set of rules. Where α + 1 simply
means the successor of alpha. While if γ is a limit ordinal, then α+γ is the smallest
ordinal ν such that ν > α + β, ∀β < γ. This causes some strange noncommutative
properties to the ordinal-addition, namely ω + ω2 = ω2 ̸= ω2 + ω. In general,
right addition by a larger limit ordinal comes out to be just that ordinal, while left
addition gives the expected outcome. Multiplication has a similar noncommutative
but associative definition: α · 0 = 0 while α · (β + 1) = α · β + β. If γ is a limit
ordinal then α · γ is the smallest ordinal ν such that ν > α · δ, ∀δ < γ. This is
why the finite coefficients of ordinals are always written on the right, as under this
definition ∀n ∈ N, n · ω = ω .

2.2 Metamathematical Structures

In the process of formalising mathematics during the 20th century it became neces-
sary to make explicit certain logical and syntactical structures that mathematicians
took to be obvious in previous centuries. Whitehead and Russell’s Principia Math-
ematica [15] was the first serious, and failed, attempt to derive all mathematical
truths from a concrete axiomatic foundation. David Hilbert’s attempts to construct
a consistent system for the truths of analysis through a finite construction [5] also
petered out when Gödel published his famous incompleteness theorems. Yet their
work fuelled the propagation of model theory and proof theory, as well as help-
ing to create the framework through which to best understand the relative truth
of undecidable statements, like the continuum hypothesis. It also provides a meta-
mathematical framework to view and investigate non-standard proof techniques such
as Transfinite Induction. Much of the following sections on this were adapted from
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both Takeuti ([14]) and Chang & Keisler ([2]).

2.2.1 Languages

To make the initial steps in formalising mathematics one must first formalise the
language of First-Order Logic (FOL) with which most statements are made.

Definition 2.2.1. A First-Order language L consists of sequences of the following
symbols:

i. Constants:

(a) Individual constants c0, c1, c2, . . .

(b) Function constants (n-ary) fn
0 , f

n
1 , f

n
2 , . . .

(c) Predicate/Relation constants (k-ary), P 0
k , P

1
k , . . .

ii. Variables:

(a) Free variables: a0, a1, a2, . . .

(b) Bound variables: x0, x1, x2, . . .

iii. Logical symbols:

(a) Connectives: ∧ and ¬

(b) Quantifiers: ∀ and ∃

iv. Grammatical symbols: such as commas or parentheses

Constants themselves are placeholders for whatever context the language may be
operating in; they could be numbers or symbols representing some other structure
entirely. Functions are as expected and map tuples of constants to constants, while
predicates are functions with technical semantic meanings that are defined separately
e.g. a|b is a 2-ary predicate indicating relative divisibility. Languages in this sense
do not indicate "true" things but are prerequisite for expressing truth.

The reader might also wonder why only the inclusion of "and" and "not" as
logical symbols; this is because they generate all other connectives through their
combination:

ϕ ∨ ψ : ¬(¬ϕ ∧ ¬ψ)

ϕ→ ψ : ¬ϕ ∨ ψ

ϕ↔ ψ : (ϕ→ ψ) ∧ (ψ → ϕ)

(2.5)
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A simple sequence of these symbols can give nonsensical sentences that have no
meaning in any traditional sense; therefore that we will restrict our considerations
to formulas and terms :

Definition 2.2.2. terms are defined as follows:

1. A variable is a term

2. A constant is a term

3. If fn
k is a n-ary function symbol, then fn

k (t1, . . . tn) is a term so long as ti is a
term for all i ≤ n

4. Any sequence of symbols are a term so long as it is shown to be some finite
application of these rules.

Definition 2.2.3. A predicate constant P k(t1, ..., tk), where ti are terms, is called
an atomic formula. Then formulas are inductively defined as follows:

i. If φ is an atomic formula then it is a formula

ii. if φ and ψ are formulas, then so is ¬φ and φ ∧ ψ

iii. If φ is a formula which contains the free variable a then ∀xφ and ∃xφ are
formulas, and x replaces the instances of a found in φ.

iv. Formulas are only produced through finite applications of rules i. - iii. .

Definition 2.2.4. A sentence is a formula with no free variables

Remark. Sentential Models and Logic are their own domain of study within Model
Theory. These are Languages defined prior to quantifiers, consisting solely of predi-
cate logic. Though they have many of the same qualities of FOL models, they have
essential differences in effective completeness [2].
For us to develop a deductive process from these languages, it is necessary to define
a syntactical notion of tautology of sentences. For a finite sequence of sentences
(ψ0, ψ1, . . . , , ψn) a mapping to some ã ∈ {0, 1}n+1 is called an assignment.

Definition 2.2.5. Given a sentence φ and assignment ã ∈ {0, 1}n+1, its value is
defined:

i) If φ is the sentence ψk, then its value is ãk

ii) If φ is ¬ψk, then its value is 1− ãk
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iii) if φ is the sentence (ψk ∧ ψm) then its value is min(ãk, ãm)

Note that as quantifiers necessitate the existence of free variables and therefore
are not necessary to define in relation with sentences.

Definition 2.2.6. The sentence ψ is a tautology if it has the value 1, for all assign-
ments ã ∈ {0, 1}n+1 on its constituent sentences (ψ0, ψ1, . . . , , ψn)

To make use of the meta-framework that we are residing in, a formal and explicit
system of Logical axioms and rules of inferences is essential. Therefore, the following
is a series of logical axioms that one uses when deducing in a language L:

1. Every tautology of L is a Logical Axiom

2. Of Quantifiers:

i. For ν, ρ formulas, and v not a free variable in ν;

(∀v(ν → ρ)) → (ν → ∀vρ)

ii. For formula ν, if one can obtain the formula ρ by substitutive all occur-
rences of the free variable v in ν;

(∀v)ν → ρ

3. Of Identity:

(a) x ≡ x

(b) x ≡ y → g(a1, . . . , x, . . . an) ≡ g(a1, . . . , y, . . . an) (where g is some pred-
icate, function or atomic formula)

In combination with the inference rules of modus ponens and Generalisation (ϕ →
∀xϕ), they create a formal system of proof on sentences in a language, a proof being
some sequential application of axioms and inferences to produce another formula or
sentence. This provides a key piece of notation core to the proof theory. A set of
sentences Σ proves a formula σ:

Σ ⊢ σ

if there exists some proof from the sentences of Σ to σ. This a syntactical notion of
the "correctness" of a formula, a relation dependent on a formal system of deduction.
If Σ = ∅, then any deducible sentence is called a Theorem of L. If a set of sentences
allows you to deduce all formulas in a language we say that it is inconsistent; referring
to the principle of ex contradictione sequitur quodlibet. One can then call Σ consistent
if it is not inconsistent.
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2.2.2 Models and Theories

Models of a language consist of a universe that interprets the truthfulness of pos-
sible statements made in a language, providing a context in which these are true.
Formally a Model is a pair U = < A, g >, where A is called a universe and g the
interpretation. The elements of A correspond to the constants, whereas each n-ary
predicate constant relates to a P ⊂ An and function constants relate to a func-
tion f : Am → A. g maps the symbols of L to appropriate subsets, functions and
elements of A.

Truthfulness can be defined within Models as a relation between a statement
in L and some model U , this is known as satisfaction (U satisfies σ). The exact
definition and method of interaction between the interpretation g is quite involved
(see [2]), but a brief explanation suits our purposes. A satsifaction relation uses the
interpretation of a model and language to see if a given formula is realised in the
model with a given assignment of constants within said model. Some satisfaction
relation can be seen as a set of tuples with a formula and the constants that satisfy it.
It has additional conditions called Tarski’s truth conditions [1], though this simply
formalises satisfaction as closed under logic.

The main notion to understand is that while there is significant overlap between
the concepts of deducibility and satisfaction, they are fundamentally different and
their difference is incredibly important. Certain non-first-order properties of Models
form the leverage which causes such separation, and form the reason Model Theory
exists as a separate field of study. This separation is the difference between "a true
statement" and "a provable statement", the lack of implication from the former
to the latter (in some cases) being the essence of Gödel’s famous incompleteness
theorems. If the reader wishes to see proofs of this, Takeuti [14], Hájek & Pudlák
[4] and Kotlarski [9] all have different versions of this.

Theories are the formal structure that contrasts to models, being closed under
the (⊢) syntactical deduction. Theories are a set of sentences of L. A theory is
complete if it is maximally consistent and it is equivalent to any other theory if
they have the same set of consequences (sentences of L that are deducible). Axioms
therefore are just some set of sentences which generate a Theory; the theory being
finitely axiomizable if there exists a finite set of axioms that generate it. Given the
∧ operation, if a theory does have a finite axiomatization it also necessarily has a
single axiom that generates it.

Some theory Y is the theory of a model U if it has the same consequences as the
sentences that are satisfied in U . As an example if one takes the axioms of group
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actions (Y = identity, inverse, associativity), then the model U =< G,+, 0 > is a
model of group theory. An interesting distinction to make as compared to a regular
view of such a triple is that this model contains all the true formulas one can make
about said group, not just an implicit structure that one can work on.

2.3 The Theory of Peano Arithmetic

Arithmetic is historically the most basic form of mathematics that all further areas of
mathematics assume some degree of commandment of; a necessary prerequisite that
any unifying foundation of mathematics must contain. It is this primacy of arith-
metic that makes statements about its metamathematical properties far-reaching;
any system must contain it to be considered math and therefore be an extension of
it. This section introduces a particular pair of model and theory that serves as the
foundation for formalised arithmetic in FOL, Peano Arithmetic. Its properties and
construction was largely adapted from Hájek & Pudlák (1993) [4]

In the previous section, it was necessary to talk about a non-specified language
with general properties, but henceforth we must specify the terms within the lan-
guage of arithmetic and how it relates to N.

Definition 2.3.1. Let L0 be the first-order language containing the following sym-
bols:

i. the constant 0

ii. the functions: +, *, ′ (where ′ is the successor)

iii. the predicate sybmvols: =, ≤

iv. free variables: x, y, a,m etc.

Successor function here works similarly to the von Neumann transitive set opera-
tion, where 0 stands in for the empty set. By our construction, N with addition and
multiplication and its ω ordering is the so-called standard model of this language.

Remark. ω+1 orderings of N are non-standard and non-isomorphic models of this
language [4]; the reasoning for this being essentially the same as shown in Section
2.1.1, yet replaced with use of the successor function on N.
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2.3.1 Arithmetical Hierarchy of formulas

One can fragment or split types of formulas within L0 (and any FOL language), via
the number of changes of quantifiers from existential to universal and vice versa.
This practice is necessary to explore different aspects of arithmetic and formalise
the scope of different functions and how much of number theory can be found in
limited fragments, e.g., what type of formula in this language would exponentiation
satisfy? This splitting of the language is also essential to the main proofs regarding
transfinite induction in further sections.

Definition 2.3.2. A formula is called a bounded formula if each bound variables in
the formula is of the form: (∀x < y)ψ. Such formulas are said to be in the set ∆0.
You can then inductively define an arithmetical hierarchy of formulas with the fol-
lowing rules: Σ0 = ∆0 = Π0; Πn+1 is then formulas (∀x1 . . . ∀xk φ), where φ ∈ Σn.
Σn+1 similarly is all formulas (∃y1 . . . ∃ym σ),where σ ∈ Πn. Formulas in either
set can be seen as ∆0 formulas preceded by an alternating series of universal and
existential quantifiers. As one can always create superfluous quantifiers, any Σn or
Πn formula is also in all higher indexed sets; therefore when referring to the class of
a formula, it is the least number of quantifier changes that express it.

Remark. Sets of natural numbers defined by said formulas are also given such
denominations and if they can be defined by both Σn and Πn formulas, then we say
that it is ∆n

Example. The set of even numbers can be defined by the universal formula ∀k(n ̸=
(2 ∗ k)′) or the existential formula ∃m(n = 2 ∗m). This means that even numbers
are at most a ∆1 set.

Proposition 2.3.3. For any n:

(1) Πn,Σn are closed under ∧ and ∨ operations

(2) ∆n sets are closed under complementation

Proof. (1) Let us only consider Πn as the proof for Σn follows the same. Take
the formulas ∀y φ(y, w) and ∀k ψ(m, k) where φ, ψ ∈ Σn−1. The the formula
∀y(φ(y, w)) ∨ ∀k(ψ(m, k)) has a prenex normal form of ∀y ∀k(φ(y, w) ∨ ψ(m, k)) ∈
Πn. The ∧ conjunction operates similarly, therefore (1) holds.

(2) Consider a set X defined by the formula ϕ ∈ Σn. Then Xc can be described
by ¬ϕ. As ϕ = ∃x∀y . . . φ for some bounded formula (note that the first quantifier
depends on the parity of n), then ¬ϕ = ∀x∃y . . .¬φ which is an Πn formula. As X
is a ∆n set then there is also an equivalent Πn formula that describes it, and it’s
negation must also be Σn. Therefore Xc is ∆n set. □
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2.3.2 Axioms of Peano Arithmetic

Given now L0 and appropriate fragments of the language, we can now introduce the
central theory PA for which N is a model. There are many ways to present the axioms
of PA and different authors make different choices, some being slightly weaker or
stronger or completely equivalent. For example Takeuti (1975)[14] includes the first
6, while Hájek & Pudlák [4] uses all 7. The basic axioms are:

1. ∀x(x′ ̸= 0)

2. ∀x(x+ 0 = x)

3. ∀x(x ∗ 0 = 0)

4. ∀x∀y(x′ = y′ → x = y)

5. ∀x∀y(x+ y′ = (x+ y)′)

6. ∀x∀y(x ∗ y′ = x ∗ y + x)

If one includes the following axiom they also have what’s known as Robinson arith-
metic:

7. ∀x∃y(x = 0 ∨ x = y′)

Lastly to complete PA one has the following induction schema:

(φ(0) ∧ ∀x(φ(x) → φ(x′))) → ∀xφ(x)

This is called a schema as it must be applied separately to all formulas φ and
each one is an axiom of PA. This means PA is not finitely axiomatized by this
theory and it is in fact not finitely axiomizable in general [8], but if one considers
second order logic there exists finite axioms for the same model N called the Peano
Axioms. This is because second order logic allows one to vary over all formulas as
well as constants. This schema may be applied individually to different parts of the
hierarchy to create fragments of PA, in general such a theory is written as IΣn or
I∆0, called induction on bounded formulas.

Theorem 2.3.4. IΣn proves the least number schema for Σn formulas:

IΣn ⊢ ∃xψ(x) → ∃a(ψ(a) ∧ (∀y < a)¬ψ(y))

The following proof is adapted from the one given in Hájek & Pudlák [4].
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Proof. Given that ∃xψ(x) where ψ(x) ∈ Σn and further assume that ∀x(ψ(x) →
(∃y < x)ψ(y)) to aim for contradiction. Then define the formula:

δ(x) = ∀y < x¬ψ(y)

Let us then apply induction on x in δ. The δ(0) case is clearly true. The assume
δ(m) is true and consider δ(m′), if ψ(m) were true, then by our initial assumption
∃y < mψ(y), which by δ(m) cannot be true, therefore ¬ψ(m) and we can infer
δ(m′). Therefore by the induction schema we have ∀xδ(x) which implies ∀x¬ψ(x)
and we reach a contradiction. □

Furthermore we also require what is known as the collection principle schema:

Theorem 2.3.5. IΣn proves the collection principle for Σn formulas, given φ ∈
Πn−1:

IΣn ⊢ ∀u([∀x ≤ u ∃yφ(x, y)] → ∃v[∀x ≤ u,∀y ≤ vφ(x, y)])

Proof. Briefly sketched as in Hájek & Pudlák, we use bounded induction on v in
∃t∀x ≤ v,∃y ≤ tφ(x, y) to get ∀v ≤ u,∃t, ∀x ≤ v,∃y ≤ tφ(x, y) then infer the
consequent.

Coding formulas and a Truth Predicate

For future purposes it helps to introduce a brief definition of Tarski’s Truth predicate
(more specifically the partial truth). The detail with which one can go into when
defining it is immense and could be the source of it’s own project, if the reader
wishes a thorough explanation Hájek & Pudlák [4] has a form of this.

To create such a predicate with the intuitive meaning of "ϕ is true", it is use-
ful to create a unique coding (bijection) of formulas to numbers as to completely
arithmetise the process.

Definition 2.3.6. A Gödel numbering ([12]) is a bijection between each symbol in
L′ and a number. For a formula σ given by the sequence of symbols (a1, . . . , am),
it’s coding is given by:

⌜σ⌝ = 2a1 · 3a2 · · · · pamm

There’s a strict non-singularity to the different numberings one could possibly
make, but for a fixed coding this provides a unique and reversible number to each
formula. The creation of a complete coding for all basic formulas and symbols can
be proven in IΣ1 (see [4] for proof, but note that in Hájek & Pudlák a dot is used
to represent this coding).
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From Section 2.2.2, one can see then that a satisfaction relation is contained
within a model, in our case N, but the coding of formulas allows us to relate logical
formulas within the theory of PA to constants within the theory of PA. And as
predicates act on terms, this means one can define a predicate relating a formula
(given by it’s code) and the terms for which it’s true (constants, functions etc.).
Moreover note that the bijection of N with Nk means that one can define a unique
number assigning any tuple of naturals to a singular natural.

Remark. It is vital to state that this can only be constructed in "stronger systems";
one of Tarski’s main theorems on Undefinability [3] makes it such that PA cannot
define its own truth predicate. Nor can any system containing Robinson’s arithmetic
(see p. 16)

I claim without proof that it is possible to construct a satisfaction predicate Tr0 on
formulas in ∆0 that is itself in ∆1 (see Hájek & Pudlák Chapter I, 1. d) [4]). This
predicate operates on the coding of a formula and a list of assigned constants for
which it is true (the empty set if said formula is a sentence). We can then meta
inductively create such predicates for all higher fragments. Then given Trn = TrΠn

and φ ∈ Πn:
Trn+1(⌜∃yφ(x, y)⌝, s) := ∃yTrn(⌜φ(x, y)⌝, s[y])

Where s is some assignment of constants and s[y] is an assignment containing y.
In the hierarchy for n ≥ 1, T rn ∈ Σn or Πn

Ordinals in PA

It is also possible to define transfinite ordinals in PA, the method of doing so borrows
exactly from our use of polynomials in Section 2.1.2. It is relatively simple to define
exponents as the composition of the (*) function, then use an inductive application
of the composition of polynomials in exponents to define the higher class of polyno-
mials Poln, done identically as shown in Section 2.1.2. These functions then have
the same properties as discussed in Section 2.1.2, giving us a rigorous formulation of
ordinals up to ϵ0 in PA, more specifically as Σ1 formulas. The identification of the
polynomials can be done via formula as done in Kotlarski [9], ∃n Tr1(⌜Poln(α)⌝)

up to ϵ0.

Furthermore we also adopt the ordering relation
⋃

n∈N ≤n defined previously as
a minor addition to the language of PA.
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2.4 The Theory of Zermelo-Frankel Set Theory

Set theory was developed in the early 20th century as a system for unifying all
disparate forms of mathematics under a single far reaching language. Many mathe-
maticians contributed to its current construction such as Ernest Zermelo and Abra-
ham Frankel(the namesake’s of ZFC) and other’s like Skolem. The construction was
meant to fulfill all the necessary properties one now uses in sets along while avoiding
paradoxical objects like Bertrand’s Paradox.

It is necessary as well with PA to define the specific FOL language of Set Theory.
This language contains only a single fundamental relation and along with all the
usual logical symbols of FOL. Let us define L∈ to be the FOL language such that:

Definition 2.4.1. Let L∈ to be the FOL language such that:

i. Every constant a is a set

ii. The only fundamental predicate is the (∈) inclusion relation

iii. Variables: x, y, z

Remark. Given that the definition of models and languages relied on some form of
sets and relations, it is useful to ask how circular defining set theory by using set
theory is. Chang [2] deals with this; the solution is to use an intuitive set theory
that is prior to the following constructed version. One could assume ZF in making
these definitions but then one loses the power to speak on the effective consistency
of said system as you’re constricted by it.

2.4.1 Axioms of ZF(C)

The following axioms are all canonical though some of them have many names for
the same formula, they are adapted from Kunen [10] ; we present them in order
with intuitive explanations of their consequences following. ZF defines the following
8 axioms:

1. Extensionality: ∀x∀y[∀z(z ∈ x↔ z ∈ y) → x = y]

2. Regularity/ Foundation: ∀x[∃y(y ∈ x) → ∃w(w ∈ x∧¬∃z(z ∈ x∧z ∈ w))]

3. Scheme of Comprehension: for formula ψ with variables in w, x and a⃗:

∀w∀a⃗∃y∀x[x ∈ y ↔ x ∈ w ∧ ψ(x,w, a⃗)]
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4. Pairing: ∀w∀z∃x[w ∈ x ∧ z ∈ x]

5. Union: ∀X∃A∀Y ∀x[x ∈ Y ∧ Y ∈ X → x ∈ A]

6. Scheme of Replacement: For a formula ψ with variables x, y, B, a⃗:

∀B∀a⃗[∀x(x ∈ B → ∃!yψ) → ∃A∀x(x ∈ B → ∃z(z ∈ A ∧ ψ)]

7. Infinity: ∃N [∅ ∈ N ∧ ∀x(x ∈ N → Succ(x) ∈ N)]

8. Power set: ∀x∃y[(z ⊂ x→ z ∈ y]

Extensionality extends set equality to be an if and only if statement, as the converse
of Extensionality: (x = y → ∀z(z ∈ x ↔ z ∈ y))m is necessarily true. Regularity
ensures that there is a disjoint element in any set, while the scheme of comprehen-
sion allows the creation of sets via logical formulas. Pairing ensures that for any
pair there is a set that contains said pair of sets. The axiom of union states that
any set has a corresponding set that contains the elements of its own constituents,
constructive the union of the elements of the original set; therefore a combination
of pairing and union can provide the set containing the union of any two sets. The
scheme of replacement says that the image of a set under a definite function given
by a formula will be a subset of a set. Infinity defines the existence of an infinite
set, more specifically the least such set being ω or N. While the power set axiom
defines the power set of any given set.

Finally the last axiom that has been controversial to some but accepted by most,
is the Axiom of Choice. We will present an equivalent statement under ZF, the proof
of equivalence can be found in Jech [7]:

9. Well-Ordering: ∀X∃R(R well orders X)

Where R is a binary relations satisfying Definition 2.1.2. R can also be a seen as
a set of ordered pairs of elements in X. As with PA, ZFC is clearly not finitely
axiomizable due to the schemes of Comprehension and Replacement.

There are a number of extensions of ZFC that try to deal with things such
as proper classes (the class of all sets) and conglomerates (containing all classes)
in order to contain very abstract fields such as Category Theory fully within an
axiomatised system. Examples being Von Neumann-Bernays-Gödel set theory and
Tarski-Grothendieck set theory respectively.



3. Transfinite Induction

We can now introduce the main interest of this thesis, namely Transfinite Induction
or abbreviated as TI. Transfinite Induction is an extension of natural inductive
inferences to all ordering-types, even beyond countable sets. As a technique of
proof its most common use case is in the abstract settings of Model Theory and Set
Theory, but in section (name section) we will show its use in more familiar settings.
In general the schema for TI is given as follows:

(ψ(0) ∧ ∀β(∀γ < β ψ(γ) → ψ(β))) → ∀α ψ(α) (3.1)

In some setting it is useful to restrict the size of ordinals with which you consider
the applicability of TI. Therefore it is useful to define the restricted schema TI(δ):

(ψ(0) ∧ ∀β < δ(∀γ < β ψ(γ) → ψ(β))) → ∀α < δ ψ(α) (3.2)

It is immediate to see that the unrestricted case certainly implies the restricted one.
In this format one can consider Natural Induction to be equivalent to the restricted
schema TIω, though this is technically a form of strong induction. When proofs
using TI is given it often follows a number of steps similar to natural induction:

Step 1: Prove ψ(0)

Step 2: Prove the successor case: ψ(α) → ψ(α + 1)

Step 3: Prove the limit case: (∀γ < β ψ(γ)) → ψ(β)

(3.3)

While the successor step is often used, it is technically not necessary to implement
the schema, though it may be useful to do so dependent on the structure you wish to
induct on. For example the explicit construction of ordinal arithmetic operations is
done via transfinite induction (see Section 2.1.2), and was intentionally left unmen-
tioned. This is not a circular definition as the arithmetic of ordinals is not necessary
to use transfinite induction, though it may make some applications easier once de-
fined. Considering that ordinals extend to all definable cardinalities, this means that

22
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TI extends induction not only to non-trivial countable sets but also uncountable sets
and the continuum as well (Though which order-type it has is undecidable without
further assumptions).

3.1 TI in Arithmetic

The following set of proofs about PA and transfinite induction were adapted from
Kotlarski [9] but originally given by Mints [11]. In order to show that ordinal
induction works for PA we will first show that PA proves the Least ordinal scheme
L(ρ,Σn):

(∃γ < ρA(γ)) → ∃α(A(α) ∧ [∀β < α¬A(β)] A ∈ Σn

Structurally this is the exact same as the least number scheme for finite ordinals,
but extended to all ordinals up to a certain size. Furthermore this scheme is equiv-
alent to TI, but it is only necessary to show one direction; for which the following
proof is mine.

Lemma 3.1.1. L(ρ,Σn) ⊢ TI(ρ,Πn)

Proof. Given for some ψ ∈ Πn we know that ψ(0) ∧ ∀β < ρ(∀γ < β ψ(γ) → ψ(β)).
Assume ∃ω < ρ¬ψ(ω), then we can apply the scheme of least ordinal onto this so
that ∃α(¬ψ(α) ∧ [∀β < α¬(¬ψ(β))]. As such an ordinal must be less than ρ by
first assumption we can then apply the limit inference assumed in the beginning.
Therefore we know ψ(α) and arrive at a contradiction.

The reverse implication follows the exact same lines as the finite ordinal case,
though care must be taken in ensuring the scheme is applied to formulas according
to its quantifier.

Lemma 3.1.2. IΣm ⊢ L(ωk,Σm)

Proof. Given a formula δ(·) ∈ Σm and assume ∃γ < ωk δ(γ). The aim is to construct
the smallest such ordinal α as the scheme demands. From Section 2.3.2 we know our
ordinal in the assumption must be of the form γ = ωk−1 ·mk−1 · · ·+ω0 ·m0. Therefore
we can construct from the original assumption the following formula M0(mk−1) :

∃⟨mk−2, . . . ,m0⟩ δ(ωk−1 ·mk−1 · · ·+ ω0 ·m0)

then by the assumption that ∃ak−1M0(ak−1) we can use Theorem 2.3.4 and find
the minimal such ak−1. Then we implement a sequence of such formulas where the
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previously found minimal coefficient is implemented, therefore M1(mk−2):

∃⟨mk−3, . . . ,m0⟩ δ(ωk−1 · ak−1 · · ·+ ω0 ·m0)

k iterations of the minimising schema leaves with:

∃α(α = ωk−1 · ak−1 · · ·+ ω0 · a0 ∧ δ(α) ∧ ∀β < α¬δ(α)).

This statement clearly does not show TI for all ordinals, as it is limited by
the finite application of minimum schema. We use the next lemma to extend the
statement to ordinal powers.

Lemma 3.1.3. for ν ≥ ω an ordinal I∆0 + L(ν,Σm+1) ⊢ L(ων ,Σm)

Proof. As before let δ(·) be a formula in Σm, we must translate this problem into
one involving ordinals less than ν in a higher class. We construct the formula for the
smallest possible exponents of the expansion of the ordinal such that ∃α < ων δ(α).
Let the first such formula O0(α0) be:

[∃a0 ̸= 0 ∃t ∃⟨a1, . . . , at−1⟩∃⟨α1, . . . , αt−1⟩∃α (ν > α0 > · · · > αt−1) ∧

(α = ωα0 · a0 + · · ·+ ωαt−1 · at−1) ∧ δ(α)]&

[∀σ < α0∀t ∀⟨a0, . . . , at−1⟩∀⟨α1, . . . , αt−1⟩∀α (ν > σ > · · · > αt−1)

α = ωσ · a0 + · · ·+ ωαt−1 · at−1 → ¬δ(α)]

As a conjunction of Σm and Πm formulas then O0(α0) ∈ ∆m ⊂ Σm+1. We can
then also create a formula on the minimal coefficient as done in the previous proof,
M0(a0):

∃α0[O0(α0)]& [∃t ∃⟨a1, . . . , at−1⟩∃⟨α1, . . . , αt−1⟩∃α (ν > α0 > · · · > αt−1) ∧

(α = ωα0 · a0 + · · ·+ ωαt−1 · at−1) ∧ δ(α)]&

[∀b < a0∀t ∀⟨a0, . . . , at−1⟩∀⟨α1, . . . , αt−1⟩ ∀α (ν > σ > · · · > αt−1)

α = ωα0 · b+ · · ·+ ωαt−1 · at−1 → ¬δ(α)]

Both of these formulas are consequences of the least ordinal and least number
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schemas under assumption. Therefore we can state:

∃α < ων δ(α) → ∃α0, a0[O0(α0) ∧M0(a0)]

We then recursively construct Or,Mr. Given that O1, . . . , Or−1 and M1, . . . ,Mr−1

are already known, then Or is given by:

∃⟨a0, . . . , ar−1⟩∃⟨α0, . . . , αr−1⟩[∀i < r Trm+1(⌜Oi(αi) ∧Mi(ai)⌝)]&

[∃ar∃t ∃⟨ar+1, . . . , at−1⟩∃⟨αr+1, . . . , αt−1⟩∃α(αr > · · · > αt−1) ∧

(α = ωα0 · a0 + · · ·+ ωαt−1 · at−1) ∧ δ(α)]&

[∀σ < αr∀t ∀⟨ar, . . . , at−1⟩∀⟨αr+1, . . . , αt−1⟩∀α (σ > · · · > αt−1)

α = ωαo · a0 + · · ·+ ωσ · ar + · · ·+ ωαt−1 · at−1 → ¬δ(α)]

Mr being defined completely analogously. This formula is still a Σm+1 formula as
∀i < r Trm+1(⌜Oi(αi)∧Mi(ai)⌝) does not affect the class by the collection principle.
It follows then that the formula T (ι) = ∃i T r(⌜Oi(ι)⌝) is also in said class as it is
closed under existential quantifiers. As our initial assumption implies that some ι
fulfills T (ι) and by the assumption of L(ν,Σm+1) we have there is a least ordinal
that satisfies this and that there is an i for which ι satisfies. Given that Cantor
normal form arranges in order of largest to smallest ordinal, this means i is the
least index and ι the least exponent. Then we choose the sequences ⟨α0, . . . , αi⟩,
⟨a0, . . . , ai⟩ such that ∀s ≤ i T rm+1(⌜Os(αs) ∧Ms(as)⌝). Then it is obvious that
α = ωα0 · a0 + · · ·+ ωαi · ai is the least such ordinal that has δ(α).

This lemma then gives us the tools to quickly show that the least ordinal schema,
and therefore TI, holds in all of PA. First we briefly introduce an inductive power
tower for ordinals. Where ω0(ν) = ν and ωn+1(ν) = ωωn(ν). It follows that for any
input the limit of this sequence is ϵ0, safely restricting the size of the ordinals.

Theorem 3.1.4. IΣk+l ⊢ L(ωk+1(n),Σl)

Proof. By Lemma 3.1.2 we know that L(ωn,Σk+l) is true. Then by k iterations of
Lemma 3.1.3 we get our desired result.

Then we can see that for any size tower and any desired class of formula, there
is a fragment of PA which shows this.
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Corollary 3.1.5. ∀n ∈ N and ∀ϱ < ϵ0:

PA ⊢ TI(ϱ,Σn)

3.2 TI in Set Theory

Transfinite induction follows a lot more simply from ZF then it does from PA, this
is due to the transitive set definition of ordinals in the cumulative hierarchy created
by Von Neumann. In fact a much stronger form of induction, called well-founded
induction or Noetherian induction holds in ZF. For our purposes we will show a
slightly weaker version (whose proof is identical to Kunen [10]) called bounded
ϵ−induction:

∀x ∈ A[(∀y ∈ x ψ(y) → ψ(x)] → ∀z ∈ A ψ(z)

Well-founded relations are ones with some minimal element in relation and from the
axiom of Regularity it follows that ∈ is a well-founded relation.

Theorem 3.2.1. ZF ⊢ ϵ−induction

Proof. Given a transitive set A and a formula ψ, assuming that ∀x ∈ A[(∀y ∈
x ψ(y) → ψ(x)]. We then construct using the axiom of comprehension the set
W = {w ∈ A : ¬ψ(w)}, first assume W ̸= ∅ then using the axiom of regularity to
find the ∈-minimal element such that w ∈ W ∧ ¬∃z(z ∈ W ∧ z ∈ w). This then
means that all z ∈ w ψ(z) leading to a contradiction by assumption.

By recognising that ordinals as defined in Section 2.1.2 are in fact transitive sets,
we can easily extend ϵ-induction to the transfinite form.

Theorem 3.2.2. ZF ⊢ TI(ν) for some ordinal ν

Proof. Here we again assume the antecedent of the schema of transfinite induction
and take some arbitrary formula ψ; ψ(0 = ∅) ∧ ∀β < ν(∀γ < β ψ(γ) → ψ(β)). Via
Von-Neumann’s construction of ordinals we recognise that for any ordinal α < β ↔
α ∈ β. Therefore:

[∀β < ν(∀γ < β ψ(γ) → ψ(β)] ↔ [∀β ∈ ν(∀γ ∈ β ψ(γ) → ψ(β))]

Then applying Theorem 3.2.2 we can conclude ∀β < ν ψ(β).

This then shows transfinite induction as a scheme for any ordinal. To conclude
that the scheme is true in an unbounded sense we would have to use ϵ−induction
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in the unbounded sense. This requires a construction of proper classes which can
be done in NBG set theory, as the concept of "all ordinals" cannot be contained
within a set. In practice almost nothing requires the application of all ordinals at
once, since the size of such an object would exceed any definable cardinal.

3.3 An Example of TI on the Reals

So far we have only shown Transfinite Induction in very constructed environments,
which raises the question of the applicability for the "mathematician on the street".
With this in mind, we wish to show an example proof of a statement on the real
numbers that can only be proven using Transfinite Induction or a similar ordinal
process. Necessarily when using transfinite induction on a structure it must have
some form of well-ordering, so as to have an order-type with which to apply your
ordinal analysis. It’s quite easy to see that the regular canonical ordering of the
real numbers is not in fact a well-ordering. The existence of a well-ordering on
the reals only follows from use of the axiom of choice or equivalently the well-
ordering principle. What specific ordering type it has is then itself undecidable
in ZFC without further assumption such as the Continuum or General Continuum
Hypothesis. An explicit construction of the ordering itself is not even possible in
ZFC + GCH.

Luckily transfinite induction only requires the property of well-ordering to be
used. Therefore even without specific knowledge of the reals order-type or the
orderings construction one can still assert it’s existence and use the TI schema. This
of course limits the specificity of the statements one can prove, but not necessarily
how interesting they are.

Proposition 3.3.1. There a exists a set U ⊂ R such that for each r ∈ R/{0} :

∃!{x, y} ⊂ U such that |x− y| = r

In plain English, there is a set of points such that for each real number, it appears
exactly once as a distance between the points in said set (except 0). A similar
statement but with the natural numbers can be made and the proof follows very
simply with natural induction. For this proof it requires the reader to understand the
connection between cardinality and ordinals, specifically the cardinality of an infinite
set is the least such ordinal that is in bijection (not necessarily order preserving)
with said set. Therefore #N = ω, and we let such an ordinal for R to be named c.
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Proof. We label the well-ordered real numbers Rα, with each rα < rγ if α < γ.
Next we will build a series of nested sets Uα ⊂ Rα that satisfies the properties of
the proposed set, up to the the number rα. We then seek to perform transfinite
induction with this:

Base case: For U0 take the set {0, r0}.
Limit induction step: Assume that ∀γ < β where β < c, we have minimal Uγ.
Then take the union of all such sets A =

⋃
γ<β Uγ, then we ask whether rβ appears

as a distance in said set. If it does then we let A = Uβ, else we wish to assert there
is some x ∈ R such that it adds the distance rβ and does not repeat any previous
distance. We then define the following sets given some a ∈ A:

Da = {r ∈ R : |r − a| = rγ, γ < β}

DA =
⋃
a∈A

Da

Rβ = {(r1, r2) ∈ R2 : |r1 − r2| = rβ}

(3.4)

Clearly DA is the set of all such points that would cause a repetition of distances
already in A. While it is obvious that Rβ is bijective with R and therefore has the
cardinality of the continuum c = #R; furthermore (DA)

2 ∩ Rβ ̸= ∅. On the other-
hand if DA is not finite then it is in bijection with (DA)

2 and if it is finite then the
claim easily follows.

We know for each rγ and a that there are only two such points: a itself can be
indexed to at most β (there could be less but there is at least a surjection from β

to A). Moreover each Da has a surjection with β · 2, considering that simple ordi-
nal arithmetic of similar transfinite ordinals does not change the cardinality of the
underlying set this means that #(DA)

2 ≤ #β < c. This must be true as c is the
minimal ordinal with said cardinality and β < c. Therefore Rβ/(DA)

2 ̸= ∅, so there
must exist some pair (r1, r2) such that A ∪ {r1, r2} = Uβ.

Therefore using the TI schema we know that ∃ Uα,∀α < c. Then we take
U =

⋃
α<c Uα and this set clearly fulfills the properties of the proposition.



4. Conclusion

To conclude, we have introduced many essential topics of meta-mathematics and
algebraic logic, such as Theories, Models and Languages, though there is much
more depth to be found in these topics not broached in this thesis. The reader is
encouraged to further research into areas such as Gödel’s incompleteness ([4], [9])
theorems and Tarski’s undefinability theorems [3]. These topics lay large theoretical
restrictions on the ability of mathematics to produce any self-contained "truth"
and invite further thought on the philosophy of mathematics and what a sufficient
system of inference may be.

Transfinite induction as we have seen, is a natural extension of the induction
principles commonly seen throughout mathematics. Further, in some of the most
commonly accepted mathematical systems, PA and ZFC, we have shown that the
technique’s conclusions are consistent and valid. Moreover the technique plays a
special role in investigating these larger meta-mathematical structures; the limits
of infinite constructions and the consistency of said systems. Beyond that it has
potential application on any structure not able to be indexed by the natural numbers,
so long as you take careful precautions on the construction of its ordering. Most
other systems of math that have wide consideration have Zermelo-Frankel set theory
as a sub-theory of the system and so the consistency of transfinite induction follows
simply; yet investigation into it’s applicability in systems of type-theory would be
warranted as an extension of this thesis.
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