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This thesis explores a tableau calculus to prove the validity of statements for Basic
Logic, a Fuzzy Logic framework characterized by the use of continuous t-norms.
To introduce tableau methods, we first examine a tableau calculus for Classical
Propositional Logic, establishing its soundness and completeness. Building on this
foundation, we construct a tableau calculus for Basic Logic that is also sound and
complete. This construction relies on the Decomposition Theorem, which states
that any continuous t-norm can be expressed as an ordinal sum of the Lukasiewicz
and product t-norms.
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1 Introduction

Fuzzy Logic extends Classical Propositional Logic by allowing reasoning with degrees
of truth, rather than limiting statements to being simply true or false. Within this
framework, Basic Logic, which is a formal system based on continuous ¢-norms, plays
a central role. Unlike Classical Propositional Logic, where propositions take truth
values in the discrete set {0, 1}, Basic Logic allows truth values to range continuously
over the entire unit interval [0, 1].

The goal of this thesis is to develop proof system a systematic approach to determine
the validity of logical formulas for Basic Logic called a tableau calculus. We show
that this tableau system is both sound (it never proves something false) and complete
(it can prove every semantically valid formula).

To establish the soundness and completeness of the tableau calculus for Basic Logic,
we first formalize the language of Basic Logic by translating natural language state-
ments into the logical formulas, starting with atomic sentences and building up
through logical connectives illustrated by examples. Following that, we introduce
logical validity and a tableau calculus for Classical Propositional Logic, and prove
that this system is both sound and complete.

This foundation for Classical Propositional Logic provides a preliminary understand-
ing of tableau calculus, which we aim to generalize and extend to Basic Logic. Build-
ing on this, we introduce key fuzzy logic concepts essential to Basic Logic, such as
Lukasiewicz Fuzzy Logic, continuous ¢-norms, and the Decomposition Theorem. Us-
ing these tools, we develop a tableau calculus specifically designed for Basic Logic,
and conclude with formal proofs of its soundness and completeness. The following
chapters correspond to these steps and provide a detailed treatment of each topic.



2 Natural language to language of logic

The aim of this thesis is to design a systematic logic-based method confirm the
validity of statements. To show the validity in a systematic approach, we need a
consistent process to translate statements in our natural language into the language
of logic. This formalization allows us to make use of proven theorems and inference
methods to analyze and solve the problem at hand. This formalization consists of
breaking down an inference into atomic sentences (to which we assign truth values)
and logical connectives. Decomposing these statements into simpler terms allows
us to analyze the inference in a formal framework. In the following subsections, we
describe each component in detail.

2.1 Atomic sentences

This process starts with the most basic building blocks of logic: atomic sentences.
These are the simplest expressions that are formed from symbols that represent
objects and the properties or relations they have.

To define them formally, let us introduce the following definitions. The following
definitions are adapted from [1].

Definition 2.1. An individual constant is a symbol used to refer to a specific
fixed object. Individual constants are recognized by their initial lowercase letter.

Definition 2.2. A predicate symbol is a symbol used to express a property of
individual constants, or a relation between individual constants. Predicate symbols
are recognized by their initial uppercase letter.

Definition 2.3. A sentence formed by a predicate symbol followed by the correct
number of individual constants is called an atomic sentence.

Example 2.4. Suppose we want to translate the natural language sentence:
“The weather is sunny outside.”

Let us introduce the individual constant weather to refer to the weather outside,
and the predicate symbol Sunny to express the property of being sunny. Then, the
corresponding atomic sentence in formal logic is:

Sunny(weather).

Definition 2.5. To such an atomic sentence, we can assign a truth value to
indicate its degree of truth. In classical logic, the set of truth values is typically
{0,1}, where 1 denotes truth and 0 denotes false. In many-valued logic, the set of
truth values may include additional values to represent varying degrees of truth.

Definition 2.6. A subset of the set of truth values is called the set of designated
values. An atomic sentence is considered true if its truth value lies within this
designated subset.



2.2 Connectives

While atomic sentences allow us to express basic facts, real-world examples often
involve a combination of these facts. For example, we may want to state that two
things are true at once, that one thing implies another. To do this, we use logical
connectives.

Logical connectives are symbols used to form complex sentences by combining
atomic sentences (or complex sentences). In this section, we will discuss the fol-
lowing logical connectives: conjunction, disjunction, negation, and implication.

Definition 2.7. The connective conjunction is placed between two atomic sen-
tences and is used to declare that both sentences are true. We will denote the
conjunction by the symbol A.

Definition 2.8. The connective disjunction is often placed between two atomic
sentences and is used to declare that at least one of the sentences is true. We will
denote the disjunction by the symbol V.

Definition 2.9. The connective negation is often placed before an atomic sentence
and is used to declare that the antonym of the sentence is true. We will denote the
negation by the symbol —.

Definition 2.10. The connective implication is often placed between two atomic
sentences and is used to declare that if the first sentence is true, then the second
sentence must also be true. We will denote the implication by the symbol —.

Remark 2.11. Other sources, such as [2], also include the biconditional connective
+» and the falsity constant 1. However, these can be expressed using the connectives
we have already introduced:

A<+B=(A—-B)AN(B—A), L=A-0,

where A and B are arbitrary formulas, and 0 denotes falsity. Therefore, we do not
consider these connectives.

2.3 Example

We continue Example 2.4 to illustrate the application of the logical tools developed
in this thesis. This example will serve as a running case study throughout the
remainder of the paper.

Example 2.12. Consider the inference: “Sunny weather implies no rain, or no
rain implies sunny weather.” In this inference, the atomic sentences are defined as
follows:



e p = “sunny weather”,
e ¢ = “no rain”.

These are connected using the logical connectives of implication and disjunction,
resulting in the following expression:

(p—q)V(g—p).



3 Tableau Methods in Propositional Logic

Now that we have a consistent method for translating natural language statements
into formal logic, we want to determine whether certain conclusions follow logically
from given premises.

To accomplish this, we begin by defining the foundations of Classical Propositional
Logic, which provides a way to evaluate logical consequences. We then introduce
tableau calculus, which is a systematic method for evaluating logical consequences.
Finally, we demonstrate their practical application through examples.

3.1 Logical Validity in Classical Propositional Logic

We begin by introducing basic definitions that define classical propositional logic,
which is a logic where each formula is either true or false. These notions, inspired
by [3], will are required for understanding the tableau calculus.

Definition 3.1. A logic is defined by a triple structure (V,D,{f; : § € C}) where

V is the set of truth values,

D is a set of designated values (with D C V),

C is the set of connectives,
e for each n-ary connective f € C, there is a truth function f;: V" — V.

Definition 3.2. Consider the language £ in Classical Propositional Logic based on
only operators conjunction (A), disjunction (V), negation (—), and implication (—).
Let P = {p; : i € N} be the countable set of propositional atoms. A well-formed
formula (wff) in £ is inductively defined as follows:

(1) All propositional atoms p in P are wils.
(2) If A and B are wfifs, then so are AN B, AV B, ~A, and A — B.

(3) Nothing is a wif unless it is generated by finitely many repeated applications
of (1) and (2).

Definition 3.3. Given a set of propositional atoms P and a logic (V, D, {f; : § € C}),
the interpretation is a function v : P — V which is extended to all formulas by an
inductive definition as follows, using truth functions f. for each n-ary connective c,

V(#(A1, ..., An)) = fi(v(Ar), ..., v(An)).



By the notion of Definition 3.1, Classical Propositional Logic is defined by the triple
structure (V, D, {f; : § € C}) where V = {0,1}, D = {1}, C = {A,V, -, =}, equipped
with truth functions fa, fv, f=, f— which can be described by the truth tables

f= fal0]1 f0]1 f- 101
0|1 0/0]0 001 1|1
10 101 1|11 101

Moreover, the extension of all interpretations v : P — V to all wifs is given by

v(AA B) =min(v(A),v(B)), v(AV B) = max(v(A),v(B)),

v(nA) =1—-v(A), v(A — B) = max(1l —v(A),v(B)). L

Definition 3.4. Let X be a finite set of wifs. We say A is a logical consequence
of ¥ (¥ | A) iff every interpretation v has property that if v(B) € D for all B € X,
then v(A) € D.

If A is a logical consequence of (), then A is called logically valid.

Proposition 3.5. Let X be a finite set of well-formed formulas and A be any wif.
The following are equivalent:

1. A is a logical consequence of X.

2. ( N B) — A is logically valid.
Bex

Proof. By De Morgan’s laws, we know that ¥ — A = -V A.
Moreover, from equation (1), we know that

v ( A B> = min{v(B)}.
Bex

Combining both equalities, we know the following

v<</\ B) —>A> :U<ﬁ</\ B) \/A) :max{l—v</\ B),U(A)}
Bey Bey Bey (2)
= max {1 - gleirzl{v(B)},v(A)} .

(=) : Let A be a logical consequence of . Notice the following:
if v(B) =1 for all B € 3, then v(A) = 1. Else v(B) = 0 for some B € 3.

Inputting both cases in to (2), we obtain that v A B) — A> =1.
Bex



(<) : Assume that v <( A B) — A> = 1. From equation 2, this is equivalent to
Bex

max{l - glirzl{v(B)},v(A)} = 1. For this to be true, we need v(A) = 1 when
€
v(B) =1 for all B € 3. O

Example 3.6. Recall Example 2.12, where we investigate whether the formula
(p — q) V (¢ — p) is logically valid. To determine this, let us observe the following
computation.

v((p = q) vV (¢ = p)) = max{v(p — q),v(qg — p)}
= max{max{1 — v(p), v(q) }, max{1l — v(q), v(p)}}.

Observe that if v(p) = 1, then the second term

max{l —v(q),v(p)} = 1.

On the other hand, if v(p) = 0, then the first term

max{l —v(p),v(¢g)} = L.

Thus, the entire expression

max {max{1 — v(p), v(q)}, max{l — v(q),v(p)}} = 1.

regardless of the values of v(p) and v(gq). Hence, the formula (p — q) V (¢ — p) is
logically valid.

3.2 Tableau Calculus for Classical Propositional Logic

As we saw in Example 3.6, we proved the logical validity of the inference through
a case distinction. While this approach works in simple examples, increasing the
complexity of ¥ or A can quickly make the proof too cumbersome. To address this,
we are interested in a more systematic method.

Instead of proving by case distinctions, we can proceed by contradiction on Definition
3.4. That is, we assume that there exists an interpretation v such that v(B) € D
for all B € X, but v(A) ¢ D. We then attempt to expand this assumption in a
tree-like structure, inspired by [3], in order to reach a contradiction. To formalize
this process, we first define what we mean by a tree.

Definition 3.7. A tree has the structure that looks generally looks like this



The components of a tree are defined as follows:

e A node n is a single element in the tree.!
e The node with no predecessor is called the root.
e A node with no successor is called a leaf.

e A branch, denoted by B, is a path from the root to leaf i.

The height of a node n on a branch B is the number of steps from n to the
leaf I3, and is denoted by h(n,B).

Definition 3.8. Given a finite set of formulas ¥ and a formula A, we construct a
tableau 7 whose root consists of all wifs in ¥ together with —A. The tableau is
then expanded from the root using tableau rules, which are defined below.

Definition 3.9. Let £ be any set of wifs. The tableau rules for Classical Propo-
sitional Logic on the language L are given by:

& £ £ &
. / N\ /N .
A E & £ E —A
B -A -B A B -B
£ £ €
A A B —~(A— B)
| /N .
& & £ A
A -A B -B

'In this thesis, each node contains a set of wifs and each node is generated by a tableau rule.
This contrasts with [3], where each wff represents a node. This choice is necessary for our proof by
induction on the height of a node in Theorem 4.51.



With the tableau rules in place, we need to determine whether a given tableau leads
to a contradiction. To do this, we introduce the definitions that allow us to conclude
when a tableau leads to a contradiction.

Definition 3.10. A branch of a tableau is closed iff there are formulas of the form
A and —A on two of its nodes. We denote a closed branch by the symbol ®. If all
branches are closed, then the tableau itself is closed.

Definition 3.11. A branch of a tableau is complete iff it is closed or all tableau
rules which can be applied on the branch have been applied. If all branches are
complete, then the tableau itself is complete.

Definition 3.12. If there exists a closed and complete tree whose root consists
of the formulas in Y together with the negation of A, then A is called a proof-
theoretic consequence of ¥, which we denote by ¥ - A.

If A is a proof-theoretic consequence of (), then A is provable.

Proposition 3.13. Let 3 be a finite set of wifs and A be any wff. The following
are equivalent:

e A is a proof-theoretic consequence of X.

) < A B) — A is provable.
Bex

Proof. This can be deduced by observing the tableau rules for negated implication
and conjunction in Definition 3.9, which enable us to transform one root into the
other. O

Example 3.14. The tableau calculus offers a systematic way of testing whether an
statement is provable. To illustrate how this method works in practice, let us revisit
the statement from Example 3.6

(p—a) V(g —p)

We will construct a tableau with the negation of this formula at the root and sys-
tematically apply the tableau rules to determine whether the tableau closes.
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~((p—q) V(g —p)

-(p—q)
(¢ = p)

—q
(¢ = p)

As this tableau only develops in a single closed branch, this implies that the formula
is indeed provable.

3.3 Soundness & Completeness for Classical Propositional Logic

Notice that Examples 3.6 and 3.14 show that the inference introduced in Example
2.12 is both logically valid and provable. A natural question that arises is whether
logical validity and provability always coincide.

Intuitively, the connection makes sense. If we construct a tableau whose initial
list consists of the premises together with the negation of the conclusion, and the
tableau closes completely, then we have shown that this combination leads to a
contradiction. Since the premises are assumed to be true, it must be the negation
of the conclusion that is false. Hence, the conclusion must be true.

Conversely, if an inference is logically valid, we expect that any tableau constructed
from the premises and the negation of the conclusion will eventually close.

To prove both relations, we follow a similar approach to that of [3], where mathe-
matical statements about ‘faithfulness’ and ‘interpretations induced by branches’ are
introduced first, as these play a vital role in proving the soundness and completeness
of our tableau calculus.

Definition 3.15. Let v be any interpretation and let B be a branch of a tableau.
We say that v is faithful to B if and only if, for every wff A on B, it holds that
v(A) = 1.

11



The following lemma plays a central role in the proof of the Soundness Theorem.

Lemma 3.16. Let v be an interpretation faithful to a branch B. If a tableau rule
from Definition 3.9 is applied to B, then v is faithful to at least one of the branches
generated by this application.

Proof. The proof is an induction of all the tableau rules mentioned in Definition 3.9
using the extension of the interpretation v in (1).

(A): suppose that v is faithful to B containing A A B. In other words, v(AAB) = 1.
On the same branch, we obtain A and B after applying the tableau rules. Moreover,
for 1 = v(AA B) = min(v(A),v(B)) we need v(A) = 1 and v(B) = 1. Hence, v
makes all formulas on B true.

—(A): suppose that v is faithful to B containing (A A B). In other words, v(—=(A A
B)) = 1. Applying the tableau rules, we obtain two branches. One containing —A
and the other containing —=B. Moreover, for 1 = v(=(AAB)) = 1 —min(v(A4), v(B)),
we need v(A) =0 or v(B) = 0. Hence, v makes all formulas on B true.

(V): suppose that v is faithful to B containing AV B. In other words, v(AV B) = 1.
Applying the tableau rules, we obtain two branches. One containing A and the
other containing B. For v(AV B) = 1, we need v(A) =1, or v(B) = 1. In the first
case, v is faithful to the left branch. In the second, it is faithful to the right.

—(V): suppose that v is faithful to B containing (A V B). In other words, v(—=(AV
B)) = 1. On the same branch, we obtain —A and —B after applying the tableau
rules. Moreover, for 1 = v(=(AV B)) = 1 — max(v(A),v(B)) we need v(—=A) =1
and v(—B) = 1. Hence, v makes all formulas on B true.

—(—): suppose that v is faithful to B containing =—A. In other words, v(—-—A4) = 1.
On the same branch, we obtain A after applying the tableau rules. Moreover, for
l1=wv(=—A4)=1—-(1-v(A)) we need v(A) = 1. Hence, v makes all formulas on B
true.

(—): suppose that v is faithful to B containing A — B. In other words, v(A —
B) = 1. Applying the tableau rules, we obtain two branches. One containing —A
and the other containing B. For v(A — B) =1, we need v(—A) =1, or v(B) = 1.
In the first case, v is faithful to the left branch. In the second, it is faithful to the
right.

—(—): suppose that v is faithful to B containing (A — B). In other words,
v(=(A — B)) = 1. On the same branch, we obtain A and —B after applying the
tableau rules. Moreover, for 1 = v(—(A — B)) =1 — max(1 — v(A),v(B)) we need
v(A) = 1,v(—=B) = 1. Hence, v makes all formulas on B true.

Notice that expanding a branch using the tableau rules in Definition 3.9 will always
lead to at least one faithful branch. This concludes the proof. O

12



Theorem 3.17 (Soundness Theorem). For finite 3, if A is a proof-theoretic conse-
quence of X, then A is a logical consequence of 3.

Proof. We prove the contrapositive. Suppose that ¥ & A. Then there is an in-
terpretation, v, which makes all premises in X true, and A false. Now consider a
completed tableau for the inference. As v is faithful to the initial list, we can use a
repeated application of the Lemma 3.16 so that we can obtain at least one branch
B to which v is faithful. For B to be closed, it would have to contain some formulas
of the form A and —A. By the faithfulness of v, we must have v(A) = v(—-A) = 1,
which cannot be the case. Hence, we arrive at a contradiction, and thus, is open.
In other words, ¥ I A. O

Now that we have proven that a proof-theoretic consequence leads to a logical equiv-
alence, we also want to show the other way. For that, we require the following
preliminary results.

Definition 3.18. Let B be an open branch of a tableau. The interpretation
induced by B is any interpretation, v, such that for every propositional atom, p,
if p appears on B, then v(p) = 1, and if —p appears on B, then v(p) = 0. If p does
not appear at all, then v(p) can be anything.

Lemma 3.19. Let B be an open complete branch of a tableau and let v be the
interpretation induced by B. Then the following implications hold.

o if Aison B, then v(A4) = 1.
o If A is on B, then v(A) = 0.

Proof. Let v be the interpretation induced by B. The proof is based on the induction
of the composition of A.

Base case: if A is a propositional atom, then by Definition 3.18, v(A) = 1 when A
appears on B and v(A) = 0 when = A appears on B

Induction hypothesis: let B, C' be any wif. If B, C' appear on B, then v(B) = v(C) =
1. If =B, —=C appear on B, then v(B) = v(C) = 0.

Induction step: let A be one of the following wifs:

BAC,~(BAC),BVC,~(BVC),~B,~(~B),B — C,~(B — ).

A = BAC: since B is complete, the conjunction rule has been applied. Hence, both
B and C are on the branch. By induction hypothesis, v(B) = v(C) = 1. Hence,
v(A)=v(BAC)=1.

13



A =—=(BAC): since B is complete, the negated conjunction rule has been applied.
Hence, =B or —C'is on the branch. By induction hypothesis, v(B) = 0 or v(C) = 0.
In either case, v(A) = v(~(BAC)) =0.

A = BV CC: since B is complete, the disjunction rule has been applied. Hence, B or
C' are on the branch. By induction hypothesis, v(B) = 1 or v(C) = 1. Either case,
v(A)=v(BVC)=1.

A = (B V C): since B is complete, the negated disjunction rule has been applied.
Hence, =B and —C' appear on the branch. By induction hypothesis, v(B) = 0 and
v(C) = 0. Therefore, v(A) = v(=(BV (C)) =0.

A = —B: since =B is on B. Then, our induction hypothesis and construction of v,
v(B) = 0. Hence, v(A) =v(—-B) = 1.

A=-(-B): v(A) =V (~(-B)) =v(B) = 1.

A = —(B — C): since B is complete, the negated implication rule has been applied.
Hence, both B and —~C are on the branch. By induction hypothesis, v(B) = 1 and
v(C) = 0. Therefore, v(A) = v(=~(B — C)) =0.

A = B — (' since B is complete, the implication rule has been applied. Hence,
—B or C is on the branch. By induction hypothesis, v(B) = 1 or v(C) = 0. Hence,
v(A)=v(B—C)=1.

As the induction step hold, we can assume that if A is on b, then v(A) = 1, and if
—A is on b, then v(A) = 0, where v is induced by B. O

This Lemma lets us proof the completeness of our tableau calculus in a straightfor-
ward way.

Theorem 3.20 (Completeness Theorem). For finite 3, if A is a logical consequence
of 3 then A is a proof-theoretic consequence of X.

Proof. We prove the contrapositive. Suppose that > ¥ A. Consider an open and
complete tableau for the inference and choose an open branch. Lemma 3.19 tells us
that there exists an induced interpretation that makes all the members of ¥ true
and A false. Hence, X ¥ A. O

Theorems 3.17 and 3.20 show that our tableau calculus for Classical Propositional
Logic is both sound and complete. That is, ¥ F A if and only if ¥ - A. As a result,
our tableau calculus provides a systematic and reliable procedure to determine the
validity of propositional arguments.

14



4 Fuzzy Logic

In Classical Propositional Logic, atomic sentences are either true or false. For
instance, in Example 2.12, we considered the inference:

“Sunny weather implies no rain or no rain implies sunny weather.”

Here, atomic sentences are assigned a truth value from the set {0, 1}, where 0 rep-
resents falsehood and 1 represents truth.

However, not all propositions in our natural language are either absolutely true or
absolutely false. Consider instead the sentence “The weather is warm.” Unlike
“sunny weather,” the notion of warmth is vague. For example, we might agree that

e if it is 0°C outside, then “It is warm” is clearly false, so we assign it a truth
value of 0,

e if it is 30°C outside, then “It is warm” is clearly true, so we assign it a truth
value of 1,

e but if it is 2°C for some x with 0 < z < 30, then it would make sense for the
truth value of “It is warm” to lie somewhere between 0 and 1.

To account for such degrees of truth, we turn to many-valued logics, for which we
allow more than just the two truth values 0 and 1. A particularly well-known and
useful form of many-valued logic is Fuzzy Logic, in which the set of truth values is
the interval [0,1]. This allows for a smooth representation of vagueness.

Unlike Classical Propositional Logic, where only the designated value is 1, in Fuzzy
Logic our designated values is the interval [e,1] : € > 0. This corresponds to the
idea that a proposition may be true enough even if its truth value is not exactly 1.

The only component still missing from our Definition 3.1 is the set of connectives
along with their corresponding truth functions. However, in Fuzzy Logic the choice
of these truth functions is not fixed in advance. Instead, it depends on a function
known as a t-norm.

To introduce the notion of a t-norm and how the logical connectives can be con-
structed from it, we now turn our attention to a well-studied example of Fuzzy
Logic: Lukasiewicz many-valued logic.

15



4.1 Lukasiewicz Fuzzy Logic

In Lukasiewicz Fuzzy Logic, the truth functions for the basic connectives are defined
as follows:

fa(z,y) = min(z, y),
No(z,y) = max(z,y),
fa(z) =1—=x, 3

fo(z,y) =min(1,1 — z + y).

Intuitively, these truth functions make sense: a conjunction is as true as its least
true conjunct, and a disjunction is as true as its most true disjunct, the negation of
x becomes more true as the x becomes less true.

The implication is defined by the fact that if x < y, then the implication is absolutely
true; otherwise, the truth value of the implication decreases proportionally to how
much z exceeds y.

The truth functions introduced above for conjunction, disjunction, negation, and im-
plication define Lukasiewicz Logic, one of the most well-known and extensively stud-
ied systems in the field of many-valued logic. Originally proposed by Jan Lukasiewicz
in the early 20" century in [4], this logic extends Propositional Logic by allowing
truth values from the entire interval [0,1] rather than just {0,1}. Its significance
lies not only in its historical impact, but also in its elegant treatment of vagueness,
its applicability in fuzzy control systems described in [5].

A nice property of Lukasiewicz Logic is that the truth functions can be derived from
a single operation called the t-norm. We will now see how this works by formally
introducing t-norms in the next section.

4.2 t-norm

We start this section by defining a t-norm and examining its properties. Afterwards,
we discuss the concept of continuity for a t-norm and show that it induces the unique
operation called the residuum. The following definitions and results are adapted
from [6].

Definition 4.1. A t-norm is a binary operation * : [0,1]> — [0, 1] satisfying the
following axioms for all x,y, z € [0, 1]:

A1l Commutativity: x xy = y x x,
A2 Associativity: xx (y*2) = (z *y) * 2,
A3 Monotonicity: zxy <z xzif y < z,

A4 Boundary Condition: x x1 = z.

16



Corollary 4.2. Let x be a t-norm. From the axioms we deduce that 0 x z = 0 and
1 * Y1 < x2x Yo if 11 <@ and yy < yo.

Definition 4.3. A t-norm * is a continuous t-norm if it is a continuous mapping
in the usual sense.

Proposition 4.4. Let x be a (left) continuous ¢t-norm. Then there is a unique
operation = [0,1]2 — [0, 1] satisfying for all z,y,z € [0, 1]

(x*x2) <yiff z < (z=y).

This unique operation is given by z = y = sup{z : = * z < y} and is called the
residuum of the *.

Proof. This proposition states two things. The first is the ”iff” connection the second
is the uniqueness.

If (xx2) <y, then z <sup{z:z*xz <y} =(xr=y).

If z < (z = y), then using the fact that x is monotonic, commutative and continuous,
we have

zxz<zx(x=y)=x* sup{z:x*xz <y} =sup{zrxz:xxz <y} <y.

As for the uniqueness of the residuum, assume that there exists two residuum func-
tions, =1 and =9, such that for all x,y, z € [0, 1], we have

(xxz)<yiff z<(x=71y)and (r*2) <yiff z < (z =2 y).
Combining this, we obtain

z<(x=1y)iff z<(xr=2vy).

Then take z1;= = =1 y and zo := x =9 y. With these variables, we have the
following

As (x =1 y) < (x=1y), we have (x =1 y) < (z =2 ).
As (x =2 y) < (x =2y), we have (x =2 y) < (z =1 ).

Combining the two inequalities, we obtain that
(x=1y) = (r=2Y)

The next Lemma will state some properties about the residuum.
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Lemma 4.5. Let x be a continuous t-norm with residuum =-. The following hold
for all z,y € [0,1],

l.z<yiffz=y=1.
2.1=zrx=zandx=1=1.

3. If z <y, then x = y * (y = ).

Proof. 1. Suppose z < y. Then x = y = sup{z : zx 2z < y}. As z € [0,1], we
have x x 2z < x x 1 =z < y. Therefore, the supremum is equal to 1.

Suppose (x = y) =1, we know that x =z x 1 < y.
2. 1=z=sup{z:lxz<z}=zandz=1=sup{z:zx2<1} =1

3. Take arbitrary x,y € [0,1] : z < y. Define the continuous function f : [0, 1] =
[0,y]; f(2) = y * z. Notice that f(1) =y and f(0) = 0. By the intermediate
value theorem, there exists zg such that 0 < f(z9) = = < y. As a result, we
have that

y=x=sup{z:zxy <z} =z.

Moreover, x = f(z0) =y * 20 =y * (y = z).
O

Next, we will show that continuous t-norms and their residua are all we need to derive
the truth functions for connectives {A, V, -, —}. Before that, we first introduce the
language in which these operations will be interpreted. This leads us to define Basic
Logic.

Definition 4.6. Following Definition 3.1, Basic Logic is defined by the triple struc-
ture {V,D, fy : § € C} where V = [0,1],D = [1],C = {&, —} equipped with truth
functions fg(x,y) = xxy and f,(x,y) = x = y, where % is any continuous ¢-norm
and = its residuum.

In Classical Propositional Logic, we define well-formed formulas to structure the
language £, where the set of connectives is {A,V,—,—}. We now introduce the
corresponding formation rules for BL, where the language F is structured using the
connectives {&, —}.

Definition 4.7. Let P be the set of propositional atoms. We define the set of
well-formed formulas F of Basic Logic as follows. F is the least set such that

e P U {0}, where 0 represents completely false,
o if Y, € F, then &y, ) — ¢ € F.
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We relate the languages £ and F through the following definition.

Definition 4.8. Let ¢, o € F. Then the connectives {A,V, —} are defined as follows

Y=y — ),
PV o= (Y =) =) Ale—=¢) =),
) =) — 0.
Proposition 4.9 (Lukasiewicz t-norm and residuum). The continuous t-norm cor-
responding to the Logic of Lukasiewicz is defined by the binary operation xi, :
0,12 > [0,1]
x*p,y:=max(0,z +y —1).

Its residuum =, is given by
=g y:=min(l,1 —x+y).

Furthermore, the truth functions for the connectives A, V, = defined in 3 are derivable
from Definitions 4.6 and 4.8. In other words

min{xvy} = f/\(.l',y) = f&(-rv fﬁ(x>y))v
max{x,y} = f\/(wvy) = mln{(fﬁ(‘rv fﬁ(l"y)))hfﬁ(ya fﬁ(y7aj))}>
| r= foa)= fa(,0)

Proof. First, we verify that 1, is indeed a t-norm. Notice that this function is well-
defined as z x;, y = max(0,z +y — 1) € [0,1] for all z,y € [0, 1].

Next, we want to proof that x;, abides every axiom in Definition 4.1. To do so, take
arbitrary elements z,y, z € [0, 1] and observe the following

Al zxpy=max(0,x+y—1) =max(0,y +x — 1) = y *g, x.
A2
x *, (y *1, 2) = z *, max(0,y + z — 1) = max(0,z + max(0,y + z — 1) — 1)
= max(0, max(x — 1,z +y+ 2z — 2)) = max(0,z +y + z — 2),
and
(x %, y) %, z = max(0,z +y — 1), z = max(0, max(0,y + z—1) + 2z —1)
=max(0,max(z — L,z +y+ 2 —2)) = max(0,x +y + z — 2).
A3 if y <z, then z+p, y =max(0,z+y — 1) <max(0,z+ 2z — 1) = z *, 2.

A4 z4, 1 =max(0,z+1-1)==x.
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Therefore, g, is indeed a t-norm
As for the the continuity of the Lukasiewicz t-norm, let (z,,y,) — (x,y) be a

sequence in [0, 1]2. We want to show

lim max(0,an, + b, — 1) = lim x, *, yp, = z*L, y = max(0,z +y — 1).
n—o0 n—oo

Next, we define the new sequence z, := x, + ¥y, and constant z = x +y. With these,
we can define the function

f:[0,2] — [0,1] where f(t) = max(0,t —1).

Notice that this function is piecewise linear and has a kink at ¢ = 1. Therefore, let
us proof that this function is also continuous at ¢ = 1.

f(1) =max(0,0) =0, lim f(¢t)=0, lim f(¢)=0.

t—1— t—1t

As a result, we can conclude that f is a continuous function on [0,2]. Combining
this with the fact this function has the property x x, y = f(z), we have

lm z, *xp, yp = lim f(zp, +yn) = f(x+y) =2 %, .
n—oo n—oo

As (2, yn) is an arbitrary sequence in [0, 1]2, we can conclude that *y, is a continuous
t-norm.

Next, we verify that =, is indeed the residue of x;,. When z < y, Lemma 4.5 tells us
that ¢ =1 y = 1. When z > y, will prove that z =1, y = 1 —x +y by contradiction.
So suppose that x =, y # 1 — 2 + y. In other words,

supA #1—x+y.

where A = {z : max(0,z + z — 1) = x x, z < y}.

Notice that 1 —z+y € Aasx+ (1 —x+y) — 1 =y < y. Next, assume that there
exists an element a € A such that a > 1 —x +y. As a € A, we have that a must
satisfy max(0,z +a—1) <y. Ifz+a—1<0, then a <1—2 <1—x+y, which
we assumed is not true. If x +a — 1 > 0, then z + a — 1 < y, which implies that
a <1—x+y, which we assumed is not true. Hence, we arrive at a contradiction.
Therefore, z =, y=1—2x +y.

To show that min{x,y} = fe(z, f—(x,y)), assume that z < y, then f(z,y) =1
which results in

felz, fo(z,y) = fe(x,1) = 2 = min{zx, y}.

If >y, then f,(z,y) =1 — x 4+ y which results in
f&(l‘?f*)(l'ay)) = f&($71 - l’+y) = maX{0>$+ l—z+y-— 1} =Yy = mln{x,y}
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To show that max{z,y} = fv(z,y) = min{(f>(f=(2,),9)), [~ (f=(y, ), 2)}, as-
sume that x <y, then f(z,y) =1and f,(y,z) =min{l,1 —y+z} =1—y+=x.
If we substitute these equalities and use Lemma 4.5, we obtain

min{f,(1,y), f-(1—y+2z,2)} = min{y, min{1,1 —1+y—z+2}} = y = max{z, y}.

If x >y, then f,(y,z) =1 and f(z,y) = min{l,1 —z+y} =1—z+y. If we
substitute these equalities and use Lemma 4.5, we obtain

min{f_>(1—a:+y,y),f_>(1,a:)} = min{min{l? 1—1—|—x—y+y},x} =T = max{x,y}.

To show that 1 —z = f_,(z,0), notice that
fo(z,0)=2=0=min{l,1 —z+0}=1—=x.
This concludes the proof. ]

Proposition 4.9 shows that the truth functions of Lukasiewicz Logic are derivable
from its t-norm. Similarly how we defined the logical validity for the language £
in Classical Propositional Logic, we now aim to do the same for the language F in
BL. In other words, we seek to define logical validity for all continuous ¢-norms and
their residua.

Definition 4.10. Let x be a continuous ¢-norm and = its residuum. An interpre-
tation V, : P — [0,1] is a function assigning propositional atoms to [0, 1] and can
be extended to F in the following way:

e Vi(0) =0,
e for any ¢, p € F,

- Vi(&ep) = Vi(¥) x Vi(e),
- Vi = ) = Vi(¥) = Vi(o).

Definition 4.11. A wff ¢ in F is logically valid iff V, (1)) = 1 for all continuous
t-norms * and all interpretations V : P — [0, 1].

Example 4.12. Again, we want to check if the wiff (p — ¢) V (¢ — p) is logically
valid. In other words, we want to verify V((p — q)V (¢ — p)) = 1. Using Definitions
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4.6 and 4.8, by substituting ¢ = p — ¢, = ¢ — p we find the following
V(@/}\/(p)
=V([(¢—>90)—>90}/\[(90—>w)—>w])
=V ([ = ) = @&l = 0) = 9) > (p = ¥) = ¥)])
((1/1%@ —><p>*V<[(¢—><p)—>¢] — [(¢—>¢)—>¢D
= (V=0 = V) * (Ve > 9) = 0) = Ve > 6) = v)

= (VW) = Vel = V@) = (V) = Vel = V(e) = (Vie) = Vel = V)]
Now there are two cases. Either V(p) < V(q) or V(p) > V(q).
e Suppose V(p) < V(q). Then, by Lemma 4.5, we know that V(¢) = V(p) =
V(q) = 1. Moreover, from Lemma 4.5, we know that 1 = z =z, 2 = =z = 1.

Combining these equalities, we obtain that [1 = z] = z =1 and [z = 1] =
1 = 1. Using this result, V(¢ V @) trivializes to 1 x 1 = 1.

e The opposite case can be proven similarly

As a result, we conclude that that our (p — q) V (¢ — p) is logically valid.

4.3 Decomposition Theorem

In this section, we will show that every continuous ¢t-norm can be decomposed into
a t-norm called the ordinal sum, whose components are isomorphic to the three
fundamental t-norms: the Lukasiewicz, product, and Godel t-norms, which are given
by
Lukasiewicz : xxp,y = max(0,z +y — 1),
Product: zxpy==x-y, (4)
Godel :  x x¢ y = min(z,y).

The order we prove this is similar to the approach in [6]. In Proposition 4.9, we saw
that x;, is a continuous ¢-norm. Similarly, we can prove that xp and xg are also

continuous t-norms. We will now examine some properties that these three t-norms
have that will help to define the ordinal sum.

Proposition 4.13. 1. For all z,y € [0,1] and any t-norm %, zxy < = *G .

2. The only t-norm satisfying = x x = x for all x € [0,1] is the Gddel t-norm.

Proof. 1. By the boundary axiom of *, we know that
zrxy<zxl=ux, cHxyYy<lxy=y.

Combining these two, we get x xy < min(z,y) = = *g y.
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2. Let x be a t-norm satisfying xxx = x. Without loss of generality, assume that
x < y. As x is monotonic, we have x xgy = x = zxz < x xy. Moreover,
from 1. we know that x xy < x x¢ y. Combining these two, we conclude that
TxY=2T*G Y.

O]

As these fundamental t-norms are continuous, each admits a unique residuum, which
can be derived in the following proposition.

Proposition 4.14. The following operations =: [0,1]> — [0,1] are the residua of
the Lukasiewicz t-norm, the product t-norm, and the Godel t-norm respectively

1. Lukasiewicz implication: = = y =1 -z +yify <z and x = y = 1
otherwise. Alternatively, x =1, y = min{l,1 — z + y}.

2. Product implication: z =py=2ify<zandz=py=1 otherwise.?

3. Godel implication: * =g y =y if y < x and x =¢ y = 1 otherwise.

Proof. In Proposition 4.9, we saw how the residuum of the Lukasiewicz t-norm is
derived. The derivations for the Product and Godel implications proceed similarly
and are therefore omitted. O

Now that we have a better understanding of the three fundamental ¢-norms, we
want to discuss how we decompose an arbitrarily continuous t-norm into them. To
do so, we need the following concepts.

Notation 4.15. Let x be a t-norm and x € [0,1]. We define z} inductively as

20 =1and 27! = 27 x 2.

Definition 4.16. Let x be a t-norm. An element x € [0, 1] is called an idempotent
element of x iff x xz = z. An element x € (0,1) is called a nilpotent element of
* iff there exists some n € N such that xI' = 0.

These idempotent elements allow us to extend Lemma 4.5 as follows:

Lemma 4.17. For each continuous ¢t-norm * and its residuum =, for all z,y € [0, 1],

4. If x <wu <y with u € [0, 1] being an idempotent element, then (z *y) = .

5. If © < y} for every n € N, then there is an idempotent e € [0,1] such that
r<e<uy.

2This implication is often referred as the Goguen implication.

23



Proof. 4. Let x < v < y with u idempotent. As z < u, we can use previous
statement and the commutativity of x to show that.

zxu=ux(u=z)*xu=ux(u=z)==x

Next, notice that we have both zxy < z*x1=z and x = x*xu < z xy, and
thus ¢ = x % y.

5. Take e = inf{y} : n € N} such that z < e < y}. By the continuity of ,

exe=inf{y? :n € N} xinf{y? : n € N} = inf{y/"™ :n + m € N} =e.
U

Moreover, Definition 4.24 provides a classification of various types of t-norms based
on their properties.

Definition 4.18. Let x be a t-norm.

1. % is called strict iff it is continuous and satisfies z x y < x * z whenever x > 0
and y < z.

2. % is called nilpotent iff it is continuous and each u € (0,1) is a nilpotent
element of .

3. x is called Archimedean iff for each (z,y) € (0,1)? there exists an n € N
such that = < y.

The purpose of classifying t-norms into these types is to establish that certain classes
are equivalent, up to isomorphism, to the fundamental t-norms. This correspondence
will be demonstrated in the Decomposition Theorem 4.36. To that end, we require
the following mathematical statements.

Proposition 4.19. Let x be a t-norm. Then * is Archimedean iff for all € (0, 1),

lim z} = 0.
n—oo
Proof. Suppose * is Archimedean. Assume, for contradiction, that lim z% # 0.
n—oo
Then li_)rn ¥ = y by the continuity of x. As z is Archimedean, we know that
n—oo
there exists some m € N such that 27" <y = lim 2. If we apply the Archimedean
n—oo

property again, then we know that there is some s € N such that y{ < x7*. However,
notice that yJ = lim z}. As a result, we arrive at a contradiction.
n—oo

Suppose * has the limit property. Then for all z € (0,1), we have li_>m = 0.
n oo

From Corollary 4.2, we can deduce that 27t < 27, so (27) is strictly decreasing

and bounded below by 0. By the limit property, 2} — 0. Now let z,y € (0,1).
Since x' — 0, there exists n € N such that 27 < y. O
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Proposition 4.20. Every Archimedean t-norm has no idempotent elements except
0 and 1.

Proof. Let x be an Archimedean t-norm. Assume, for contradiction, z € (0,1) is
an idempotent element. In other words, x x x = z. Now take an element y €
(0,z). Notice that for all n € N, 2! = z > y. This contradicts the fact that x is
Archimedean. Therefore, the only idempotent elements of x are 0 and 1. O

Definition 4.21. Let 0 < a < b < 1. We call [a, b] a contact interval of the t-norm
* if u, v are idempotent elements of x and no element of (a, b) is an idempotent. Let
T, be called the family of contact intervals of *.

This allows us to partition the domain of a t-norm * as follows.
[0,1] = Z, U T,

where Z, is defined as in Definition 4.21 and J, = [0, 1]\Z, is the complement of the
contact intervals in [0, 1].

If we now restrict ourselves to a single contact interval [a,b] € Z,, we cannot call
*[q,p] @ t-norm anymore as its domain is not the interval [0,1]. This observation
motivates the following definition.

Definition 4.22. Let a,b € R with a < b. The function * : [a,b]? — [a,b] is a
proto-t-norm iff it satisfies the following axioms

A1l Commutativity: x xy = y x x.

A2 Associativity: zx (y*2) = (z *y) % 2.
A3 Monotonicity: zxy <xzxzify < z.
A4 Boundary condition: x xb = z.

Corollary 4.23. From these axioms, we can conclude x x a = a.

Proof. Suppose not, then zxa > a. Using A1, A2, A4, we can derive the following
inequality
a=bxa>zxa>a.

O]

Similarly to Definition 4.18, we can define idempotent and nilpotent elements, as
well as corresponding classes, for proto-t-norms.

Definition 4.24. Let x be a proto-t-norm. An element x € [a,b] is called an
idempotent element of x iff xxz = z. An element = € (a, b) is called a nilpotent
element of « iff there exists some n € N such that z} = a.
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Definition 4.25. Let * : [a,b]> — [a, b] be a proto-t-norm.

1. x is called strict iff it is continuous and satisfies z x y < = x z whenever z > a
and y < z.

2. x is called nilpotent iff it is continuous and each u € (0,1) is a nilpotent
element of *.

3. x is called Archimedean iff for each (x,y) € (a,b)? there exists an n € N
such that = < y.

Since most of the axioms in Definitions 4.1 and 4.22 are similar, it is natural to
assume two t-norms are equivalent if they behave similarly on their respective do-
mains. This motivates the notion of isomorphisms between proto-t-norms. However,
because proto-t-norms are also monotonic, such isomorphisms must preserve the or-
der on its domain. This leads to the following definition.

Definition 4.26. Let a,b,c,d € R with a < b and ¢ < d, and let 1 : [a, b]? — [a, ]
and % : [c,d]?> — [c,d] be functions. An isomorphism from x; to %y is a strictly
increasing bijection f : [a,b] — [c,d] such that for every z,y € [a, b] we have

flexiy) = f(x) %2 f(y)- (5)

Moreover, x1 and %o are isomorphic iff there is some isomorphism from x; to *o.

As we have defined isomorphisms as strictly increasing bijections with property (5),
the following proposition can be proven.

Proposition 4.27. An isomorphism between two t-norms is also a homeomorphism.

Proof. Consider an isomorphism f : [a,b] — [c,d]. Take an arbitrary point ¢ € [a, b]
and define the two the two one-sided limits

L:= lim f(x)=sup{f(z):x <ax0} and R:= lim+ f(z) =inf{f(x):z >z},

(E*)%O {L'*)IEO

with property L < f(z9) < R. If L = f(x9) = R, then f would be continuous at f.

Suppose, for contradiction, that L < f(zg), then there exists some value y € [c,d] :
L <y < f(z0). As f is a strictly increasing bijection, its inverse f~! is also strictly
increasing. This means that L < y < f(xg) implies that f~1(L) < f~'(y) <
F1(f(x0)) = z0. As f is a bijection, it means that there exists some x € [a, ()
such that f(z) = y. However, this contradicts the fact that L is the supremum of
{f(x) : ® < xo}. As a result, we have L = f(x¢). Similarly, we can show that
R = f(xg). As o € [a,b] was chosen arbitrary, we have that f is continuous on
[a, b]. O
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In addition, isomorphisms preserve several other properties, which we summarize in
the following lemma.

Lemma 4.28. Let a,b,c,d, k,l € Rwith a < band ¢ < d, and let %1 : [a,b]?> — [a, ],

*9

[e,d)> — [c,d], and %3 : [k,1]> — [k,[] be binary operations. Let f be an

isomorphism from x; to %2 and g be an isomorphism from xo to x3 Then:

1.

I A T o

f ~1 is an isomorphism from %5 to 1,

the composition g o f is an isomorphism from x; to xs.

if %1 is continuous, then so is *o.

if x1 is a proto-t-norm, then so is *o.

if %1 is an Archimedean proto-t-norm, then so is *s.

if u € [a,b] is a nilpotent element of %1, then f(u) is a nilpotent element of %o.

if u € [a,b] is an idempotent element of 1, then f(u) is an idempotent element
of *9.

Proof. 1. We want to show that f~! is an isomorphism from %3 to *;. In other

words, we want to show that f~! is a strictly increasing bijection with the
property [~ (zx2y) = [~ (x) %1 [T (y).

f~1 is a bijection by definition. Moreover, take x,y € [c,d] with z < y.
Suppose, for contradiction, f~!(z) > f~(y). If f~1(z) = f~'(y), then we
arrive at a contradiction as f~!' is an injection. Therefore, assume that
fHz) > f~Yy). As f is strictly increasing and f~1(x), f~(y) € la,b],
we have = f(f~'(z)) > f(f~(y)) = y. This contradicts our assump-
tion. Hence, f~! is also strictly increasing. Lastly, we need to show that
[ Haxoy) = f~1(x)%1 f1(y). As f is a bijection, there exists u = f~!(z),v =
f~Y(y) € [a,b]. Using this, we get

FHaxey) = @) x2 f(v) = [T (fluriv) = uxio = FH(z) 1 f7H(y).

. As f and g are both bijections, it follows that go f is also a bijection. Moreover,

to show it that it is also strictly increasing, take elements x,y € [a,b] such
that = < y. As f,g are strictly increasing, we have f(x) < f(y) and (g o

HN@)g(f(x)) < g(f(y)) = (go f)(y). Hence, we can conclude that go f is also
strictly increasing. Lastly, notice that

(go fllxx1y) =g(flzx1y)) = g(f(z) *x2 f(y) = g(f(x)) *3 9(f(y))
= (go f)(z)*3 (g0 f)(y).

As a result, we can conclude that g o f is indeed an isomorphism from x; to
*3.
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3. For convenience of notation, we write x(x,y) := = *y. Notice that for all
x,y € [c,d], we have f~(z), f~1(y) € [a,b]. Using this, we can define

*2 ¢ [e,d]” = [e,d] where %2 (z,y) : =z %2y = f(fH(2) %1 f 7 (y)
= foa(f (@), f 7 (W)
= (fox)(fH(2), F (W)

Using Proposition 4.27 and the assumption, we know that f, f~! and x; are all
continuous functions. Therefore, xo is a composition of continuous functions.
Hence, %5 is also a continuous function.

4. Suppose %1 is a proto-t-norm. To show that xo is a proto-t-norm, we will
check show that %o satisfies the axioms in Definition 4.22. Therefore, take
r,y,z € [c,d] with inverses u = f~(z),v = f~(y),w = f~1(2) € [a,b].

Al 2y = f(u)x2 f(v) = fluxiv) = f(vHx u) = f(v)* f(u) =y* 0.

A2 wxo(y*2z) = f(u)*2(f(v) %2 f(w)) = flu)xe fvrw) = f(ux (vrw)) =
F (e v) w1 w) = Flus v) ¢z fw) = (Fu) s F(0)) %2 £ (1) = (@2 ) %2 %

A3 Ify < z, then f(v) < f(w). As f is a strictly increasing bijection, f(v) <
f(w) implies v = f~1(f(v)) < f~1(f(w)) = w. Using the monotonicity
axiom of %1, we know u*1 v < u*xy w. As f is strictly increasing, we have
rryy = f(u)x2 f(v) = flux1v) < fluxiw) = f(u) 2 fw) =% 2.

A4 Notice that f(b) = d as f is a strictly increasing bijection. Therefore,
zHxyd = f(u)x2 f(b) = f(ux1 b) = f(u) = z.

5. Suppose %1 is Archimedean. Take two arbitrary elements x,y € (¢,d) and de-
note their inverses by u = f~1(z),v = f~!(y) € (a,b). As x; is Archimedean,
there exists some n € N such that uyf) < v. As f is strictly monotone, We
know that this implies f(u,(:f)) < f(v) Next, notice that f(u,(gf)) = f(u )*2 ,
Wthh can easﬂy be proven using induction. Combining these facts, we get

*2 = f(u )*2 < f(v) =y. As z,y € (¢,d) were chosen arbitrarily, we con-
clude that 9 is also Archimedean.

6. Suppose there exists a n € N such that a = u},. Applying f to both sides,
and using 5, we obtain

c=fa) = fup) = FlT) %o flun) = - = f(u)y,.
7. Suppose ux; u = u. By 5, we have

flu) = fuxiu) = f(u) *2 f(u).
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Now that the main properties of isomorphisms between proto-t-norms are estab-
lished, we introduce a lemma for constructing isomorphisms.

Lemma 4.29. Let a,b,c,d € R with a < b and ¢ < d, let %3 : [¢,d]* = [c,d]
be a function and let f : [a,b] — [c¢,d] be a strictly increasing bijection. Define
x1 : [a,b]? = [a, b] by

wx1y = [H(f(@) %2 f(y)),

for z,y € [a,b]. Then f is an isomorphism from *; to *o.

Proof. Applying f on both sides of the equation, we get

flexiy) = F(f7H(f(@) %2 f(y)) = f(z) %2 f(y).

From this and the assumption, we can conclude that f is an isomorphism from xq
to *9. L]

Example 4.30. As an application of Lemma 4.29, consider the linear transforma-

tion
T —a

b—a

This function represents a rescaling on the length of interval [a, b] to match the length
of [c,d], followed by a translation to align the intervals. In particular, this function
is a strictly increasing bijection. Hence, given a proto-t-norm % : [¢, d]? — ¢, d], we
can define a proto-t-norm xi : [a, b]? — [a, b] as

(c+(d—c)-%)*2 <c+(d—c)-%>—c
d—c ’

flx)y=c+(d—c)-

k=

xxy=a+(b—a)-

Recall that we can partition any domain of a t-norm * into the union of Z, and J,
where Z, represents the set of contact intervals of x and J, represents the set of
sub-intervals in [0, 1] which are not contact intervals. Lemma 4.28 tells us that
restricted to [a,b] € Z, is an Archimedean proto-t-norm.

We will show that x|, ), dependent on its class, is isomorphic to either the product
t-norm or the Lukasiewicz t-norm. Before we propose this proposition, we will state
some properties about Archimedean continuous t-norms.

Lemma 4.31. Let x be an Archimedean continuous t-norm. For x € (0,1) and
n € N, there is a unique y such that y! = z.

Proof. Assume that n > 1. Consider the following continuous function f : [0,1] —
[0,1]; f(y) = y?. As x € [0,1], by the intermediate value theorem, there exists some
y € [0,1] such that f(y) = x. To show that this y is unique, let us assume that
f(y) = f(z) = z for some z € [0,1]. Now, consider another continuous function
g:[0,1] — [0,1]; g(t) = y * t. By the intermediate value theorem, there exists some
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t € [0,1] such that yxt = z. If t = 1, then y = 2z, which contradicts our assumption.
If t € [0,1), we can say

Yo =20 =yl x
Continuing this argument, we find y! = y? x t7*" to hold. By Proposition 4.19, we

know that lim ¢]*" = 0. As a result
m— 00

As we considered z € (0,1), we arrive at a contradiction. O

Definition 4.32. Let x : [0,1]% — [0, 1] be a continuous t-norm. For each = € [0, 1],
1

:E(*”) is the unique y € [0, 1] with y = . Moreover, for a rational number r =

we use the following notation.

m
n’

=z

1
. = (z2)y"

Lemma 4.33. Let x : [0,1]> — [0, 1] be an Archimedean continuous ¢-norm.

*s[3

m m/

7

’ m
m m
1. If n == R then .%'*" - .%'*" .

2. 27 xx% = a7t for all z € [0, 1], 7, s positive rational.

1
3. If x > 0, then lim z} =
n—o0

Proof.
1 As ™ = Z‘—,,, there exists some k € Z such that m’ = km and n’ = kn. Using
this,
m! R Lo Lo 1 m
o= (af ) = (2 )" = ()07 = (@) = a8
2. Let r=2 and s = % then

1 1
)i ()Y = () = alte,

Consider the function f : [0,1] — [0,1]; f(y) = y?. Notice that this function is
1
continuous and strictly increasing on (0,1) with inverse f~!(z) = . As a result,
1

the inverse is also strictly increasing. Moreover, the limit lim zf is idempotent.
n—oo

From x > 0 and x being an Archimedean ¢-norm, we can conclude that the limit
must be the trivial idempotent 1. O

The practical applications of these lemmas lie in the proof of the following proposi-
tion.
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Proposition 4.34. Let x be an Archimedean continuous ¢-norm.

1. If % is strict, then « is isomorphic to the product t-norm *p.
2. If x is nilpotent, then * is isomorphic to the Lukasiewicz t-norm xg,.

Remark 4.35. It suffices to consider only ¢-norms instead of proto-t-norms, since
an isomorphism can always be constructed between them, as in Example 4.30.

Proof. This proof is an adaptation of the proof mentioned in [7]. We will prove
both statements as follows. We will construct a function f from x to both t-norms
restricted on their respective dense subsets. Then prove that f; is (i) continuous,
(ii) a strictly increasing bijection, (iii) has property fi(z*1y) = fi(x)*2 f1(y). After
that, we use [8, Lemma 3.1] to uniquely extend our isomorphisms to their whole
domain.

1. Consider the function f; : D1 — Cy, where f1,D1,C; are defined as follows:

17 1 1" 1
. + — ) + =
Dl._{2*.re(@ } Cr {2T.TEQ } f1<2*>. o

. . 1Tn 170
(i) Take an arbitrary convergent sequence (3,") — 3,

that . .
Tn T0
fi <2* ) — f1 <2*>-
1

To do so, consider the mapping g : Qt — ¢g(Q%);g(r) = 5:. This

mapping is continuous and strictly decreasing, which implies that it is a
bijection onto its range. From this, we can conclude that if %i" — 1"

2 b
then 7, = g~ (g(rs)) — g~ 1(g(ro)) = ro. Hence, ’

. 17 . 1 1 170
A fi (2* ) S T N <2* > '

(ii) It is obvious to see that fj is a bijection, as an inverse can easily be

constructed. To show that it is a strictly increasing function, consider

r

%:, %i €Dy:3, < %i This can only be true when r > s. If that is true,
then 2% < 2% Hence, it is strictly increasing.
(iii) Again, consider %:, %i

1" 13 17+s 1 11 1 1 1"
hi (2**2*> =h (2* )W ¥y N (2*)*Pf1<

2. If x is nilpotent, then we will first show that x is isomorphic to x¢p : [i, 1?2 —

[%, 1] and afterwards prove that xcp is isomorphic to xp. As x is nilpotent,

. We want to show

€ Dy and observe the following
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there exists a maximal d € (0, 1) with property d*d = 0. With this, we define
the following:

if r <2,

or otherwise.

Dq := {d::TGQﬂ[O,Q)},CQ = {1 ’T’GQQ[O,2)},fg(di) = {%
4

We will show that fo (i) is continuous, (ii) is a strictly increasing bijection,
(iii) has property fa(z *y) = fa(x) *1 f2(y)-

(i) Take an arbitrary convergent sequence (d}*) — d}° € Da, where roy # 2.

By the continuity of 2%, we know that

T 1 1 T
fdy) =1 =5 = 1= 50 = fo(d?).
If ro = 2, then approaching the limit from below, we obtain
1 1 1
dn) = — = — = — = fo(d?).
f2< * ) 2n - 92 4 f2( *)

(ii) It is obvious to see that f is a bijection, as an inverse an easily be
constructed. To show that it is strictly increasing, consider d, d; € Ds :
d, < dj. This can only be true when r > s. If that is true, then 2% < 2%
Hence, it is strictly increasing.

(iii) Again, consider d},d{ € Dy and observe the following

o . e ifr+s <2,
f2<d**d*):f2(d*+ ) = {%_‘— i
i otherwise.
1 1 L ifr4s<?2
dy) * d) = max< —, =47 ,
faldy)) xcp fa(d}) {4 2’”*3} {i otherwise.

It can easily be shown that D;o and Ci2 are dense using the density of Q
in R. As we have constructed isomorphisms between dense subsets, we know
that there exists a unique extension from their whole domains. Hence, they
are isomorphic.

To show that xcp : [1,1]> = [1,1] is isomorphic to *,, consider the function

h:[0,1] — [%, 1]; h(z) = 22(==1)_ As this mapping is an exponential mapping,
we know that this is a continuous strictly increasing bijection. Moreover, h
satisfies the isomorphism property (5) which can be observed below.

h(zLy) = h(max{0, z+y—1}) = max {h(0), h(z + y — 1)} = max {i 22<Z+92>} :

h(z) xcp f(y) = max {i’ 92(z—1) 22(y1)} — max {1117 22(a:+y2)} '

Therefore, this A is an isomorphism from *;, to xcp.

32



O]

This proposition describes the behavior of any continuous ¢-norm * in the family of
contact intervals Zx. To fully understand x, we also need to analyze its behavior in
the complement set J*. The following theorem provides a complete characterization
of * over the entire interval [0, 1].

Theorem 4.36 (Decomposition Theorem). Let * be a continuous t-norm. Then
the following statements are valid.

1. For each contact interval I, the restriction of x to I is isomorphic either to *g,
or to xp.

2. For all elements z,y € [0, 1], if there is no contact interval I such that z,y € I,
then = xy = x xg y, where % is the Godel t-norm.

3. There are countably many contact intervals of .

Proof. 1. This follows from Proposition 4.34

2. Without loss of generality, assume that x < y. If there is no contact interval
I € 7, such that z,y € I, then it means that [z, y] is no contact interval. In
other words, there exists some idempotent element e € (x,y). Using Lemma
4.17, we can conclude x xy = z = min(z,y) = x *xg y.

3. Take an arbitrary contact interval [a;, b;] € Z,. As Q is countable, we know
that the QN [0, 1] is also countable. Moreover, using the density of Q in R, we
know that there exists a rational ¢; € (a;, b;). Using this rational, we construct
function f : Z, — QN [0,1]; f([as, b;]) = ¢;. As contact intervals are pairwise
disjoint, we know that this function is an injection. This function tells us that
there exists an injection from the set of contact intervals into a countable set.
Hence, the set of contact intervals is also countable.

O

Since * is locally isomorphic to one of the three fundamental ¢t-norms on [a,b] €
T, U Js, we now seek a global function to describe x. This function is called the
ordinal sum.

Definition 4.37. Let ([an,by]) with 0 < a, < b, <1 for all n € € be a family of
pairwise distinct intervals such that every two distinct interval has disjoint interiors.?
Then the ordinal sum Y ([@an,bn],*n) of a family of t-norms (%) is the
function x : [0,1]2 — [0, 1] defined by

o=ttt (e B v o)

min(z, y) otherwise.

3Where € is any countable indexing set.
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The following two theorems show the equivalence between continuous ¢-norms and
ordinal sums of t-norms, each isomorphic to either the Lukasiewicz or the product
t-norm.

Theorem 4.38. Every continuous ¢t-norm is the ordinal sum of a family of ¢t-norms
each of which is isomorphic to either the Lukasiewicz t-norm of the product t-norm.

Proof. The following proof is an adaptation from [6]. Take an arbitrary continuous
t-norm *. For each contact interval [an, b,] € Zs, we know that x4, 5] is isomorphic
to either x;, or xp. In other words, there exists an isomorphism f,, from %, to *xpyp.
Using this isomorphism, we can write x, in the following way

THhp Y = fn_l(fn(fﬁ) *LvP fu(y))-

Next, let us define the two new strictly increasing bijections

by, : [an, bp] — [0,1]; hy(z) = bx—_c;n and g, :[0,1] = [0,1];9n = frn o hyt.

With these functions, we can apply Lemma 4.29 to construct the ¢t-norm *,,, which
is isomorphic to either the Lukasiewicz t-norm or the product ¢t-norm, as follows

Ty = gy (gn (@) *Lvp gn(y)).

By construction, f, ! = h,!og,! and f, = g, o h,. Thus

n

THnlY = fﬁl(fn(x) *LVP fn(y))
= (hy' 0.9, )((9n © Bn) () *vp (gn © hn)(y))

Y T —ap Y — Qp
= fn <gn (gn (bn_an> Lvp dn <bn—an>>>

zan—l—(bn—an)'<x_an . y—an>_

n
b, —an b, — an

When * acts on intervals in Jy, then by the Decomposition Theorem, it behaves like
the Godel t-norm. This concludes the proof. O

Theorem 4.39. Every ordinal sum of family of t-norms, each of which is isomorphic
to either the Lukasiewicz t-norm or the product t-norm is a continuous t-norm.

Proof. Let x be the ordinal sum _ ([an, by], *n) where %, is isomorphic to either
ned
the Lukasiewicz t-norm or the product t-norm. We need to show that x satisfies the

following
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A. x is a well-defined function from [0, 1]? to [0, 1],
B. x is a continuous function,

C. xis a t-norm.

We will denote the isomorphisms for each *,, by g,, and we will denote by h,, :
[an, bn] — [0, 1] a function hy () = == for x € [ay, by]. Note that gy, By g by it
are all strictly increasing bijections. Let us do so step by step

A. For * to be well defined, we need xz xy € [0, 1] for all =,y € [0,1]. Take z,y €
[an, by] and notice that 2= Y=2n ¢ [0 1]. Hence, (=% %, £=—) € [0, 1]

bn—an’ bp—an bn—an brn—an

form which we conclude that a,, + (b, —ay) - ( b b?j:;"n) € [an, by] C [0,1].

If 2,y not both in any contact interval of x, then min{x,y} € [0, 1].

B. We will show that for every sequence (zy),cy and every sequence (yi);cy, if
limg yo0 x = ¢ and limyg_, oo Y = y, then limg oo T x yp = x x y.
Suppose that there is at least one interval [ay, b,]| for some n € € such that
x,y € [an, by|, otherwise we deal with the Goédel t-norm which is continuous

(1) Suppose that z,y € {an,b,} for some n € €. We show the case z =
Yy = a, as the other cases are analogous. Take arbitrary sequences
(1) pen > (Wk)pen such that limg_,oo 2 = 2 and limg ooy = y. We
take subsequences (a) (7},), oy T2 and (b) (2)),cy 4 7 and for all k € N,
z} < by. At least one of them exists.

(a) Take (yj,),cy such that for every k € N, x) < y;. Then by Proposition
2.4, limy_o0 ) * Y), < iMgs00 @), %@ Y) iMps00 ), = & = T * ¥
(b) Select (yy),cn such that for every k € N, either (B1) y;! < an < 27,
or (B2) a, <y < zj. At least (B1) or (B2) is true.
(bl) limpyoo f * Yy = limp o ¥ =y =T * Y.
(b2) limy_yoo ] x Y = x *y by Lemma 2.25 since gy, hn, g5, ', hy, ! are
all strictly increasing bijections, and by Theorem 2.5.
(2) Suppose that zg,yo € (an, b,) for some n € €. Take arbitrary sequences
(k) pen » (Wk)pen such that limg_,oo 7, = 2o and limg oo Y1 = yo. We
take subsequences (z,), .y and (y;),cy such that for every k € N, a, <

), Yy < bp. Then limy_,o0 &) *y;, = o+ yo by Lemma 2.25 and Theorem
2.5.

(3) Suppose there is [a,, b,] such that one of its endpoint, say ¢, is such that
min {zg,yo} < ¢ < max{xo,yo}. Suppose that min{zg,yo} = xo and
max {xg, Yo} = yo. The other case is analogous.

Take arbitrary sequences (2x)cy » (Uk)pen Such that limg_, 2 = 2 and

limg 00 Y& = yo. We take subsequences (z}), .y and (y,)cy such that
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for every k € N, 2} < ¢ < y).. Then limy_,oc ) %y}, = limy_00 7}, = 20 =
o *Yo-

(4) Suppose that b, < zg,yo < an+1, where by, is either 0 or the right endpoint
of an interval and a,41 is either 1 or the left endpoint of an interval.
Suppose that xg < yg. The other case yg < z¢ is similar. Take arbitrary
sequences (Zx) ey > (Uk)pen Such that limg o 23 = 20 and limy_oo Y =
yo- We take subsequences (z},), .y and (y;),cy such that for every k €
N,z), < y;. Then limy_yoo ) * ¥}, = limy_oo ), = 9 = xo * yo. This
completes the proof that *x is continuous.

C. Before we show that x is a t-norm, we will show that * satisfies the following
zrxy <z:z,y€0,1]. (6)

Suppose that z,y € [ay,b,]. Then

_ T — an — An
x*y:anJF(bnan)'gnl(gn <b . )*L\/Pgn (by s >)

As g, (M) < 1, we know that

bn—an

T — Gp Yy — ap T —an T — an
9n *LVP gn < Gn *Lvp 1 = gn
b, — an b, — an b, — an b, — an,
Combined, we conclude the following

x*ygan—l—(bn—an)-ggl (gn(x—an>> = 7.

bn_an

The case that there is no [a,,b,] that z,y belong to, z x y = min(z,y) < x.
This completes the proof of the claim. Now, we will show that % satisfies the
axioms in Definition 4.1.

A1 It is clear from Definition 4.37 to see that x is indeed commutative.

A2 To show that « is associative, we need to show that (zxy)xz = z*(y*z) for
all z,y,z € [0,1]. We will divide this into five cases. Consider arbitrary
contact interval [ay,, by,].

(a) Suppose z,y, z € [an, by]. Then

x*y—an_ 1 T — Qp N Y — an
bn_an =9n gn bn—an LVP 9n bn —ay, .

Using this, we know that (z x y) x z is equal to

_ T — an —an Z—ap
an+(bn_an)gnl<gn (b —a >*L\/Pgn <l§/ —a >*LVPgn <b “a >>
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Similarly, z x (y x z) is equal to

_ T — Qp — ap Z — Gp
an+(bn—an)gn1 <9n (b — 4 ) *LVP 9n <by “a > *LVP 9n (b—a)) .

(b) Suppose z,y € [an,by] and z ¢ [an,by]. There are two subcases:
either z < a, or z > b,. The former yields (x x y) x z = z and
xx(yxz) = z. The latter yields (z*xy)*z = z*xy and xx(y*z) = x*y.

(c) Suppose y, z € [an,by] and x ¢ [a,, by,]. The proof is similar to (b).

(d) Suppose z,z € [an,b,] and y ¢ [an, by,]. The proof is similar to (b).

(e) Suppose there is no [a,, b,] such that at least two x, y, z belong to it.
Then (z *y) x z = min(z,y,z) = z * (y * 2).

A3 For x to be monotonic, it needs to satisfy x x y < z * z for arbitrarily
elements z,y,z € [0,1] with y < z. Again, we will divide this into four
cases. Take an arbitrary contact interval [ay,, by].

(a) Suppose that z,y,z € [an,b,]. Then z xy < x * z by the fact that
Gns Py g5 5, by b are all strictly increasing bijections.

(b) Suppose that z,y € [an,b,] and z ¢ [ay,,b,]. Since z xy < z and
x*y <y < z, by definition of the ordinal sum, x x y < min(z, z) =
T *z.

(c) Suppose z, z € [an, by| and y & [an,by). Then y < a,, and zx z > ay,.
Thus, x x z > y = min(z,y) = z * y.

(d) Suppose there is no interval [a,, b,] such that = and at least one of
y, z belong to it. Then x * y = min(z,y) < min(z, z) = = * 2.

A4 If there exists a contact interval [a,, 1] such that = € [ay,, 1], then x x
1 = z by properties of g,, hn, g, ', h,! and t-norms. Otherwise, z x 1 =
min(z,1) = z.

This completes the proof of the theorem. O

Together, the two theorems yield the following corollary.

Corollary 4.40. The following two statements are equivalent:

1. The function x : [0,1]2 — [0, 1] is a continuous ¢-norm.

2. The function x is the ordinal sum of a family of ¢t-norms each of which is
isomorphic to either the Lukasiewicz t-norm or the product t-norm.

Similarly, as every continuous ¢t-norm admits a unique residuum, we now show how
the residuum can be defined for an ordinal sum.”
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Theorem 4.41. Let x be the ordinal sum ) ¢ ([an,by], %) of t-norms (*,), c¢
such that %, is either isomorphic to the x;, or xp. Let g,, denote the isomorphisms
for #,. Then the residuum of x is given by

1 ifx <y
r=y=<ap+ (by—an)g," (9n (bgi_—%;;) =LVP Yn (bi—_(fl”n>> if x >y and z,y € [an, by)
Y otherwise

3)

Proof. The case for x <y is obvious. Let = > y.

Suppose that z,y € [an,b,]. By Proposition 4.4 and the fact that we can write
[0,1] = [0, an) U [an, by] U (by, 1], we know that

r=y=max sup {zxxz< gy}, sup {xxz<y}, sup {xxz<y},.
z€[0,an) 2€[an,bn] z€(bn,1]
It is easy to check that

sup {zx2 <y} =an, and {z € (by,1] 12 x2 <y} = 0.
z€[0,an)

Therefore, all that is left to compute is sup {x*z <y}. Suppose that on

Ze[a'rubn]
[@n, by] , *p, is isomorphic to the xp. Then

_ T —ap Z— ap
e o (5] o (22)) =

Consider the right inequality. By fixing = and writing z in terms of y, we are able
to obtain the following inequality

(E2)

_ n bn—an

Zﬁan—i-(bn—an)'gnl T\
gn (£22)

Yy—an
Since a, < ap + (by — an) g, ! (W) , we conclude that
9n bp—an

gn (%ﬁ;ﬂ)
x:>y:an—|—(bn—an)‘g;1 z—a
gn (=)

Suppose that on [ay,, by], *;, is isomorphic to the Lukasiewicz t-norm. Then,
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x*zzan"i_(bn_an)'g;l max 4 0, g, — + 9n S -1 <uy.
bn_an bn_an

Again, we can write z in terms of y by fixing z to obtain.

3 T —ap Y — an
ZSan+(bn_an)'gn1<1_gn <b—a>+gn <b —a )>

As ap, < an + (b — ay) -ggl (1 — g (M) + gn ( Yy—an )), we can conclude that

bn —an bn —Qn

a::>y=an+(bn—an)'9nl(1_g"<b—a)Jrgn(by —a >)

Thus,

_ T — ap —ay,
x:y:an'i‘(bn_an)’gnl(gn(b S >:>LVPgn(by “a >)

Suppose now that there is no [an,b,| such that z,y € [an,b,]. Then z = y =
sup{z 1z *xz < y}. If 2 <y, then xxz < zxy =y. If 2 > y, then by 4.13, we
know z x z < min{z, z}, © x 2 < min{x, z} and thus we have z x z < min{y, z} by
assumption of z > y.

Suppose now that there is no [a,,b,] such that x,y € [a,,b,] and z > y. By
Proposition 4.4, we write

r=y=sup{z:z*xz <y}
Take an arbitrary z € [0,1] :  * 2z < y. Notice that =,z ¢ [an,b,] for n € € as
x*z < min{z, 2z} € [an, by and y < a,. By Definition 4.37, min{z,z} = xx 2z < y.
As a & > y, the residuum transforms to

r=y=sup{z:xxz <y} =sup{z:min{z,z} <y} =sup{z: 2 <y} =y

This completes the proof of the theorem. ]

4.4 Tableau Calculus

Having shown that any continuous ¢-norm can be expressed as an ordinal sum of
t-norms, each isomorphic to either the Lukasiewicz or the product t-norm, we now
turn to the construction of the tableau calculus. Similarly to [6], the tableau rules
will be designed with the framework given by the Decomposition Theorem 4.36 in
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mind. Before presenting the tableau rules themselves, we first introduce the formal
framework required to prove the soundness and completeness of the tableau calculus.

This formal framework begins with a method to construct a tableau from a statement
we wish to prove. Unlike in Classical Propositional Logic, where tableau formulas
are wifs in language £, tableau formulas in Basic Logic take the form of binary
relations between terms.

The reason for this difference is because in Classical Propositional Logic, the truth
values of wifs are either 0 or 1, so their validity can be handled through syntac-
tic manipulation of logical formulas. In Basic Logic however, truth values of wifs
range over [0, 1], where logical operations are defined via continuous ¢-norms and
their associated residua. Therefore, reasoning about wffs in Basic Logic necessarily
involves reasoning about equality relations between truth degrees. This motivates
the following definitions.

Definition 4.42. Let Ly = ParU{+, —, min, max, <,<,0,1} and L1 = LoU{*,=}
be signatures, where Par is the set of constants (parameters), 0,1 are constants,
4+, —, min, max %, = are binary function symbols and <, < are binary relation sym-
bols. Let Var be an infinite set of variables.

1. If z,y are Ly terms, then x < y,z < y,x = y are tableau formulas.

2. Let E be the set of tableau formulas s < t,s < t,s = t, where s, t are Lg-terms.
Let o : Var — [0, 1] be a mapping, and M = (R, +, —, min, max, <, <,0, 1, p)
be an Lg-structure, where +, —, min, max, 0,1, <, < are interpreted as usual
and p : Par — [0,1] is a function. The pair (M, o) is a solution of E iff
M,o E \ E. By convention A () = T (verum). We denote by [2]* the value
of Lo-term z in M under the assignment o.

Definition 4.43. Let F be the set of formulas of Basic Logic and T be the set of
Li-terms. Let p: P — Var (we will write u(p) as pp) be a one-to-one mapping
assigning variables to propositional atoms. Then, we define a translation function
7:F — T, inductively:

1.7(0) =0, 7(1)=1, 4. 7(¢v = @) =17(¥) = 7(p),
2. 7(p) = pp for every p e P, 5. 7(¢ V ) = max{7(v), 7(¢)},
3.1 &) =1W)*7(p), 6. 7(YAp)=min{7(s),T(¢)}

Now that we have a method to translate the wifs in F into tableau formulas, we
are ready to define the tableau itself. From Definition 4.11, a formula ¢ is logically
valid in Basic Logic if and only if V, (1)) = 1 for every valuation V,. Following the
general approach of tableau calculus in Classical Propositional Logic, we start by
assuming 7(1) < 1 and attempt to derive a contradiction. We now present the
formal definitions required to construct tableaux for BL.
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Definition 4.44. A tableau 7 for a formula 1 in Basic Logic is a tree whose root
is given by {7(¢)) < 1}. To expand the tableau, we proceed as follows. Select a
leaf from any open branch [ that contains a formula containing either z x y or
x = y with set of parameters Par consisting of elements ag < bg < a1 <b; <--- <
an—1 < b,_1, representing the contact intervals that have been introduced so far
(this set is initially empty). Then there are two cases, either x,y belong to some
contact interval [a, b] € Z, or they do not. We call these cases inclusion case and
exclusion case respectively.

Inclusion case: if we assume that x,y € [a,, by, then there are 5 possible cases.

Case 1. If no parameters have been selected in previous step, then Z = {0 < a,, <
b, < 1},

Case 2. ZT={0<a, < b, <ap},
Case 3. Z={a,=a; <b,=0b;} foreach 0 <i<n-—1,
Case 4. ZT=1{b; <a, <b,<ajy1} foreach 0 <i<n-—2,

Case 5. Z ={bp—1 < a, < b, <1}.

Exclusion: If we assume that x,y are not in the same contact interval, then there
are 6 possible cases.

Case 6. If no parameters have been selected in previous step, then J = 0),
Case 7. J ={0 <z < ap,x # y},
Case 8. J={y<a; <z <b,z#y}foreach 0 <i<n-—1,
Case 9. J ={a; <z <b<y,z#y}foreach 0 <i<n-—1,
Case 10. J ={b; <x < aj41} foreach 0 <i<n-—2,
Case 11. J = {byp—1 <z < 1}.

With these inclusion and exclusion cases, the tableau rules are defined as follows:

%) : node I expands to its new successor [} in the following way:
p B g way

LP rule: | If case 1 - 5 are assumed, then the successor l}; is defined as follows:
U = Igmax{an,x +y —bp}/xxy| UZ U {a, < z,y < by}.

min rule: | If case 6 - 11 are assumed, then the successor lj; is defined as follows:
U == lg[min{z,y}/z*xy] U T.
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=) : node lg expands to its new successor [, in the following way:
p B g way

All rule: | This rule can always be applied to define the successor l}; as follows:
ly = ls[1/z = y] U {= < y}.

LP rule: | If cases 1 - 5 are assumed, then the successor lj; is defined as follows:
ly=1glbp —z+y/z=y|lUTU{a, <y <z < by}

minrule: | If cases 6 - 11 are assumed, then the successor lj; is defined as follows:
lg = lsly/zxy|UT U{y <a}.

Where [5[8 /€] represents every occurrence of € € I, gets replaced by 4.4

Similarly to Classical Propositional Logic, we wish to define provability for any
formula ¢ € F. Therefore, we now state the following definitions.

Definition 4.45. For each branch B of a tableau and each node N € B, we consider
the set N|r, of Lo-formulas in n.

e A solution (M,0) of Ny, is nice iff for every marked x', y' of Lo-terms,
where I' € B, there are no parameters a,b with a < b occurring at any node
of B such that we have [a]* < [2T]M, [yT Mo < []Me.

e We say that B is closed if for some node N € B, N|r, has no nice solution,
otherwise it is open. Tableau 7 is closed if it only contains closed branches.
A tableau 7T is open if it contains an open branch.

Definition 4.46. A branch of a tableau is complete iff it is closed or all tableau
rules which can be applied on the branch have been applied. If all branches are
complete, then the tableau itself is complete.

Definition 4.47. A wif ¢y € F is provable iff its tableau 7 with root {7(¢)) < 1}
closed and complete.

Example 4.48. Again, we wish to verify the provability wif (p — ¢) V (¢ — p).
Consider the root

{T(¥) < 1} = {max{pp = pqg, tg = pp} < 1}.

This tableau formula contains two Li-terms, which would need application of 3
rules (=: All,=: LP-1,=-: min-6), followed by an application of 0, 7, and 7 rules
(=: All,=: LP-1,=: min-6), (=: LP-2,=: LP-3,=: LP-5,=: min-7,=: min-8, =-
min-9,=: min-11), (=: LP-2,=: LP-3,=: LP-5, =: min-7,=: min-8, =: min-9, =
min-11). In total, this would result in 15 different branches. Due to the size of
the paper, we illustrate only a single branch. This branch will describe the rules
(=: LP-1— =: min-7) in order.

4In the proofs of soundness and completeness mentioned in Section 4.5, we will replace 5 by v
as we talk about arbitrary nodes.
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{ max{y, = pg, g = ppy <1}

{ max{by — pp + pig: g = pp} <1,
ag < pig < pip < bo,
0<ag<by<1 }
!
{ max{bo — pp + g, pp} <1,
aOSMq<Mp§bO’
0<ap < b() < 1,
0< Hq < ao, Hq 7& Hp,
Hp < Hq }
This tableau closes as both p, < g1, (also ag < pg and pg < ag). Similarly, we can
prove that the other 14 cases also close. Hence, this formula is provable in Basic
Logic.

4.5 Soundness & Completeness

Both soundness and completeness theorems have been adapted from [6] in a way to
match the syntax for this thesis. Before we prove the soundness and completeness
of our tableau calculus, we will first define the following t-norm and its residue.

Definition 4.49. Let B be a branch of a tableau 7. Let 0 < aqg < by < --- <
an—1 < bp—1 < 1 be parameters introduced by the tableau rules in B. Let I3 be the
leaf of the branch. Suppose that (M, o) is a nice solution of 3.

1. We expand the model M to a Lj-stucture Mg = (R, 4+, —, min, max, <, <
,0,1, p, x5, =5) where the functions x5 and =5 are defined on R? as follows:

b — max{p(ax),v +w — p(bx)} ifv,w € [p(ag), p(br)],0 <k <n-—1,
b min{v,w} otherwise.

(7)

1 if v < w,
v=pw = plby) —v+w ifplag) <Sw <v<pg),0<k<n-1, (8)
w otherwise.

These functions are well-defined, but k in %z is not always unique.

2. A node S of a branch B is B-satisfiable via M, o iff Mg,o0 F A\ S where
the Li-structure Mp is constructed from M as in point 1.
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Now we say that branch B is satisfiable iff there exists M, o such that all nodes of
B are B-satisfiable via M, 0. We denote by [2]*5 the value of Li-term z in Mg
under the assignment o.

Remark 4.50. We constructed these functions such that xp is the ordinal sum
Yo<k<n—1([p(ar), p(br)], *x), where xj isomorphic to the Lukasiewicz ¢-norm, and
its residuum is derived from Theorem 4.41. As a result, we can conclude that both
functions restricted to [0, 1] are continuous.

Theorem 4.51. Let 7 a tableau with a root {7(¢) < 1}. If T has an open branch,
then there is a model N' = ([0, 1], %, =, min, max, 0,1, V'), where % is a continuous
t-norm, = is the residuum of x, and V' : P — [0, 1] such that V,(¢) < 1.

Proof. Suppose that branch B of T is open. In other words, there exists a nice
solution (M, o) of leaf B. Define the following functions

V(p) :=o(up) :p€P, x:=x*slpi, =>==5l01
By Theorems 4.39 and 4.41, x5 is a continuous t-norm and =g is its residuum when
both functions are restricted to [0,1]. All that remains to show is that V,(¢) < 1.
Claim 1. Let 0 be a subformula of ¢. Then V,(0) = o, (7(0)).

Proof. We prove by induction on #. Base case: let § = 0 or § = 1. By Definitions
4.10, 4.43, 4.49

Vi(0) =0 =
1)=1

MB(T(O))7
Vi(1) 5

Mg (T(1))-

Assume the induction hypothesis for § and ¢. We show the claim for § — ¢. The
other cases are familiar.

g o
g o

Vi@ = ) = Vi(0) = V() = Vi(0) =8 Vi(p) = omp(T(0)) =8 ors(1(9))
= o (T(0) = 7)) = [7(0 = )] M.

Claim 2. Every node mpg of B is B-satisfiable via M, 0.

Proof. As B is open, we know that there exists some node mg with a solution (M, o)
We will prove this claim by use of induction on h(mg, B).

Base case: If h(mpg,B) = 0, mp is the leaf of the branch. As we assume B to be
open, we know that there exists a solution (M, o) such that M, o E A\ mg.
Induction hypothesis: Suppose that mg € B is B-satisfiable via M, o.

Induction step: Let mj; € B be the predecessor of mp. In other words, h(mj, B) =
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h(mg,B) + 1. As (mp U mjy, mp —mygz C mp, we have Mp,o E A\(mp U mj) and
Mg, E N(mp —mj).°

We will prove this by induction on the height of node mg of B. As B is open, Iz is B-
satisfiable via M, 0. Let m} be the node on B such that h(mj, B) = h(mg, B) + 1,
where mp is assumed inductively to be B-satisfiable via M,o. Since Mpg,o F
mpg, Mp,o E \(mpUmj) and Mp,o E A(mp —m}). By inspecting mp and mj,
we know which tableau formulas y are in mj; —mp and thus by Definition 3.8, which
branch expansion rule has been applied to generate mg from its predecessor mj.
We know which parameters of {a;,b; : ¢ € N} occur in mp. We show the claim
for one rule and one case. The other rules and cases can be shown analogously.
Suppose that 0 < ag < by < a1 < by < 1 € mpz. Suppose that the active term in
mp is * = y, where x,y are Lo-terms, and the rule and case used to generate mp
is (=)min. Case 9, where i = 0. We have z,y marked and let us denote ™5 and
y™5 as u, v respectively. Thus, in mg — mi we have by < u < a1,v < u,vy[v/u= v
for all v € mjz —mp. Since (M, o) is nice, there are no parameters a,b with a < b
occurring in I such that [u]M&7 [u]M&° € [p(a), p(b)]. By Definitions 4.42, 4.45,
and 4.49,
[[u = U]MB,J — [[UHMB,U =5 [[,U]]MB,O' — [[,U]]MB,U.

So for every formula v € mjz — mp, we have Mp,o E v iff Mp,0 E y[v/u = v].
Since y[v/u = v] € mp — mj, the induction hypothesis gives Mg, o E y[v/u = v].
So Mp, o ~. This holds for all v € mjz — mg. Therefore, Mg, E \(mjz —mpg).
This completes the proof of the claim. O

From these two claim, we can conclude that the root of T is B-satisfiable via M, o,
and thus [7()]M5° = V, () < 1.

O]

Next, we will prove the converse. Before we do so, we need the following Lemmas
alongside their proofs which have been adapted from [6].

Lemma 4.52. Let x1,x2 be continuous t-norms and let f be an isomorphism from
*1 to *9. Let Vi,V2 : [0,1] — [0, 1] be interpretations such that f (Vi(p)) = Va(p)
for every p € P. Then f ((V1),, (v)) = (Va),, (¥) for every ¢ € F.

Proof. The cases for atomic formulas are obvious. Assume the induction hypothesis
for 6, . Then by properties of a t-norm, the induction hypothesis, the semantics of
Basic Logic and the fact that f is an isomorphism from *; to %3,

(V2),, (0&yp) = f ((V1),, (0&¢)) -

SIn this context mp — mj; are the L;-terms appearing in ms but not in mj.
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Let v = 0 — . Take an arbitrary z € [0,1]. Then, by the semantics of Basic
Logic and Proposition 4.4, 2 < (Va),, (0 — ) iff 2% (Va),, (0) < (Va),, (¢). By the
induction hypothesis, this is equivalent to zx2 f ((V1),, (8)) < f ((V1),, (¢)). Since
f is a bijection, there exists t € [0, 1] such that ¢t = f~*(z). Therefore,

zx2 [ ((V1),, () < F((V1),, (9) iff f(t) %2 £ ((V1),, (0)) < f((V1),, ()

By properties of f, this is equivalent to ¢ x1 (V1),, (8) < (V1),, (). By Proposition
4.4, the semantics of BL, we have t < (V1) (0 — ¢), and by properties of f, we
have further equivalence z < f (( 0 — ) Since z is arbitrary,

(V2),, (0 = @) = f ((V1),, (0 = ¢)).

—
e N \_/

O]

Lemma 4.53. Let x; and 2 be the ordinal sums ), ¢ ([an,bn], *1,,) and
> nee ([an, bn] ; ¥2.n), respectively, of t-norms (1), ¢ and (¥2,),,ce» respectively,
such that for each n € €, x1 ;, and *3,, are either both isomorphic to the Lukasiewicz
t-norm or both isomorphic to the product t-norm. Let V; : P — [0,1]. Then there
exists V5 : P — [0,1] and a strictly increasing bijection f : [0,1] — [0, 1] such that
for every ¢ € F,

(Va),, () =  ((V2),, (1))

Proof. Let xq be the ordinal sum ) . ([an,bn], *0,n) Where *q, is isomorphic to
Lukasiewicz t-norm iff 1, is isomorphic to the Lukasiewicz ¢-norm, and *g ,, is the
product t-norm iff *q ,, is isomorphic to the product ¢t-norm. First, we will find an
isomorphism f; from *; to xg and Vj : P — [0, 1].

Let hy, @ [an, bp] — [0,1] be the function such that hy(z) = 7= defined for each
n € €. Let gy, : [0,1] — [0,1] be a strictly increasing bijection such that = %y, y =
971 (gn(®) *Lvp gn(y)). We define function fi : [0,1] — [0,1] in the following way:
fi(@) = (hyt o gnohy) (z) if © € (an,by) for some (necessarily unique) n € € and
fi(z) = z, otherwise. By Lemma 4.28, the two t-norms %; and %o are isomorphic
via fl-

We define V : P — [0,1] as Vp(p) = f1 (Vi(p)) for all p € P. By the previous
lemma, for all ¢ € F

(Vo) ) = f1 (V1),,, (¥))

Similarly, we can find a strictly increasing bijection fy : [0,1] — [0,1] and V5 :
P — [0,1] such that Va(p) = f5* (Vo(p)) for all ¢ € F. Then for all o € F,

f3 (Vo)ey () = (Va),., (&)

Therefore, f is f{l o f1 and V5 is (f{1 o f1) (V1).
This completes the proof of the lemma. O
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The following theorem has been adapted from [9, Theorem 3]. A detailed proof can
be found in the original source.

Theorem 4.54. Let x;;, be a t-norm whose idempotents are 0, %, %, el k—;l, 1 for
some 0 < k < w and is isomorphic to the Lukasiewicz t-norm on each of its contact
intervals [i/k, (i + 1)/k] for 0 < i < k —1. If ¢ € F is not valid, then for some
0 < k < w, ¢ is not valid.

Remark 4.55. By Corollary 4.40, each %1, is a continuous ¢-norm

These mathematical statements give the foundations to proving the converse of
Theorem 4.51 which has been adapted from [6].

Theorem 4.56. Let 7 be a tableau with a root {7(¢)) < 1}. If there is a model
N = ([0,1],*,=, min, max,0,1,V), where x is a continuous t-norm and = is its
residuum, V : PROP — [0, 1] such that V,(¢) < 1, then 7 has an open branch.

Proof. Suppose that there is a model N' = ([0, 1], %, =, min, max, 0,1, V), where
* is a continuous t-norm and = is its residuum, and V' : P — [0, 1], such that
Vi(10) < 1. Therefore, by Theorem 4.54, there exists k < w and V' : P — [0, 1] such
that VJ  (¥) < 1 and by Lemma 4.53, there is an ordinal sum % with isomorphic
components to xyp and Vy : P — [0,1] such that Vi, () < 1, where %o is the
ordinal sum Zf:_ol ([i/k, (i 4+ 1)/k],*;) of Lukasiewicz t-norms. We know that for
every node ng of a branch B, we have ng| Lo © lB, where [ is the leaf of the branch.
Therefore, a branch is open if its leaf Iz has a nice solution. That is, we need to
find a branch B and a nice solution (M, o) of g. First, we take o (1,) = V(p) for
all p € P and o(x) =0 for all z € Var —p(P). Now in (1) below, we construct the
structure M; the process reduces to constructing the mapping p : Par — [0,1]. At
the same time we will be selecting nodes on a branch, we will call it 5. Then, in
(2) we show that branch B is open.

We write A for the root of the tableau. We let o range over {*, =}, and (#,1)
range over {(%, &), (=, —), (min, A), (max, V) }— that is, # is the Li-function symbol
corresponding to the fuzzy connective §, and vice versa. Note that when # €
{min, max}, it is an Lo-function symbol.

Let ¢ be a subformula of 1. We define an L;-term @r for each node I' of the tableau
by induction on d(T'). We let op = 7(p). If T is a successor of IV, the active term
at IV was z oy, and the branch expansion rule that constructed I" from I" replaced
x oy in formulas in T by the Lo-term z, then we define or = pr/[z/z 0 y].

Remark 4.57. Note that for an Li-term t ,

t, if t € Var U{0, 1},
tlz/w oyl =1 2, ift=xzo0y,
f(tilz/zoy],... ,tu[z/xoy]) ift=f(t1,...,tn) #xo0UY.
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Claim 1. For each node I' of the tableau, each term t#u occurring in I', where
# ¢ Lo, is equal to (64¢)r for some (not necessarily unique) subformula 6fp of .

Proof. By induction on d(I'). The only non-atomic terms occurring in the root
{r(¢) < 1} are of the form 7(6f¢) for some subformula Oy of ¢, and 7(0fp) =
(Atp)a by definition above. If T is a successor of I, suppose that the active term at
I was xoy, and that the branch expansion rule that constructed I' from I replaced
z oy in formulas in IV by Lg-term z. By inspection of the tableau rules, we see that
t#u = (U'#u') [z/x o y] for some t'#u’ occurring in IV. By induction hypothesis,
t'#u’ = (0p)r for some subformula 0ty of 1. So t#u = (0fp)r/[z/x o y] = (Ofp)r.
This completes the proof of the claim. O

(1) We will assign values of parameters occurring on B under p to elements of
{0,1/k,..., (k—1)/k,1}. Suppose we have already selected the sequence of nodes
ng,-..,n;, where I > 0,ng is the root of 7 and n;y; is a successor of n; for all
0 < ¢ <. That is, branch B is partially defined and p is defined for all parameters
in these nodes. By comparing n; and its successors, we deduce what the active
term is and thus which of the branch expansion rules has been applied. Suppose
it is (x); the other case is similar. Let I'; be the set of Li-terms in n; that are
not in any of the successors of n;. Let the active term at n; be x x y, say. This
term occurs in n;. So by the claim above, we can choose a subformula &6 of ¢
with « xy = (p&#0),,. We know whether or not there is 0 < ¢ < k — 1 such that
Vio(©), Vi (0) € [i/E, (i+1)/K]. If there is such i, we choose the least one and select
the subrule L. of (x), and depending on the relation of the values of parameters
occurring on n; to i/k, (i + 1)/k, we select the node, say nj, resulting from Cases
1-5. We then assign to the parameters at nj that do not occur in n;, say a,b with
a < b, values p(a) = i/k,p(b) = (i + 1)/k. Suppose now that there is no such i.
Then there are 0 < ¢,7 < k—1 such that i # j and Vi, (¢) € [i/k, (i+1)/k], Vi, (0) €
[7/k, (7 +1)/k]. We know the relations among the values of parameters occurring
in ny, thus we know which of Cases 6-11 match these values under V,,. Therefore,
we can select the subsequent node. In this case there are no new parameters to
assign. We have now selected node n;;1 in the path from the root. The procedure
terminates at a leaf, where there are no Lj-terms occurring, at which point we
selected all nodes in branch B. We also partially defined the function p. To the
parameters that have not received values under p in this procedure, we assign O.
So p: Par — [0,1] is now fully defined. We have now constructed an Lo-structure
M = (R, 4, —, min, max, <, <,0, 1, p).

(2) To show that M,o = Alg, where I is the leaf of branch B, it is sufficient
to prove that for all nodes ng in B, we have Mpg,o = Ang and (M, o) is a nice
solution. First, we show Claim 4, which we will need to prove Claim 5, completing
this direction of the lemma.

Claim 2. Let the node I' € B be arbitrary. Then
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1. For each subformula 68y of 1, if (ff¢)r is not an Lp-term, then (Ofp)r =
Or#er.
2. For each subformula ¢ of 1, if ¢r is an Lo-term, then [or]*57 = V,, ().

:[IMB,U ]:IMB7U.

For each subformula ¢ of v, we have [or = [ea

For each subformula ¢ of ¥, or occurs in T

oo W

For each subformula ¢ of ¥, we have [7(p)[M&7 = V,, (¢).

Proof. We prove 1 - 4 by induction on d(T"). First, let I' = A.
1. By definition of 7.

2. By induction on .
The base case. For ¢ = p € P, by definitions of pp, the translation function 7 and
o, we have

[pa]"57 = [r()IM57 = [pl M5 = 0 (1) = Vi (p)-

The proof for ¢ = 0,1 is easy.

The inductive case. Suppose 0fp is a subformula of 1 such that (0f¢p)n = Oa#on
is an Lg-term, and assume the result for 8, . Then # is an Lg function symbol,
that is, # € {A,V}. If § = A, we have [(0 A ©)A]M57 = [min {04, a5 =
min {[[GA]]MB", [[@A]]MB"’}. By the induction hypothesis,

min {[0A]5 7, [pal 87} = min {Vi, (8), Vio (9)} = Vig (8 A ).

The other case can be proven analogously.
3. Obvious.
4. By definition, ¢p = 7(¢), which is a subterm of 7(¢), and A = {7(¢)) < 1}.

Now suppose that T' is the successor of IV € B. Suppose that the active term at I
was x o y for some Lg-terms x,y, and the branch expansion rule that constructed
I’ from IV replaced z o y in formulas in I by some Lg-term z. Assume inductively
that 1 - 4 hold for I". We prove them for I.

1. Suppose that (64¢)r is not an Lo-term. Then by the induction hypothesis,

(O80)r = (08p)r[z/m oy] = (O #pr) [2/z0y] = O [2/m 0 y|#pr[2/x0y] = Or#for.
Otherwise (ff¢)r would be an Lo-term.

2. In general x5 interpreted in Mg may be different from %g. Let ¢ be a subformula
of v, and suppose that (¢ = (r[z/x o y] is an Lo-term. We need to prove that
[¢r]MB° = Vi (¢). We will do this by induction on (. There are three cases
following Remark preceding Claim 3.
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Case 1: ( is atomic. Then (v is obviously an Lo-term. Then, (r = (p/[z/x 0 y] =
(v, so inductively, [¢p]MB7 = [¢r]MB7 =V, (€).

Case 2: ( = 0fp and (v = x o y. Since (Ofp)r = (v = z oy, which is not an Ly
term, by the induction hypothesis for Part 1 , we have (0fp)r = Op# /. As this
is x oy, we have v = = and o = y, and # = o. As x,y are Lg-terms, so by
the induction hypothesis we have V,,(0) = [2]"5 and V() = [y]5. In (1)
we chose some subformula 'y’ of ¢ with (6’'#¢'), = = oy, and arranged that if
Vi (¢0') = [2]™& and Vi, (¢) = [y]V#7, then

[]M57 = Vi (6") #0Vio (') » (1)

where #q is xg if # = %, and the residuom of *q if # is =. Again, by the induction
hypothesis for Part 1,0, = z and ¢}, = y are Lo-terms. So by the induction
hypothesis Vo (8') = [z]M5 and Vg (¢') = [y]™#. So () holds. Therefore,

[Gr]M57 = [JM5 = Vi (6) #0Vao (¢) = L2157 0 [y]
= Vao (9)#0V*0 (90) =Vao (Gﬁ(p) =V (C)

Case 3: ( = 0ty and (v # x oy. If (1 is an Ly-term, we use the proof of Case 1.
So we assume that it is not an Lp-term. By the induction hypothesis to Part
1,{rr = O/ # . This is not z oy, so

(r=(rlz/zoy] = (Or#pr) [2/z 0 y] = Or[2/x o yl#pr[2/z 0 y| = Or#ter.
This is an Lo-term, so # € {min, max} and hence # € {A,V}. Assume § = A; the

other case can be proven analogously. Then # = min and 60r, ¢r are Lg-terms, so
by induction hypothesis,

[¢]57 = [min {6r, or}]*57 = min {[0r]"57, [or[M7}
= min {V;o(e)v ‘&0(@)} = V*o(e A 90) = V*O(C)

3. In (1) we chose some subformula §'8¢’ of ¢ with (§'8¢’), = xoy, and arranged

that if V,, (0') = [z]M5° and Vi, (¢') = [y]*#7, then

[:]57 = [z o y]™B (t)
By the induction hypothesis for Part 1,6, = = and ¢}, =y. As z,y are Ly~ terms,

by the inductive hypothesis for Part 2 we have Vi, (¢') = [z]M57 and V,, (¢') =
[y]#5°. So (1) holds. Thus by ( f ) and the induction hypothesis,
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[erl™ee = [pr[z/z 0 y[ME7 = [pr ][5 = [pa] V5.
4. By the induction hypothesis and inspection of the tableau rules.

This completes the induction. Now we prove Part 5. Let Iz be the leaf of B. By
Part 4, ¢, occurs in lg. Since only Lo-terms occur in g, ¢j, is an Lo-term. By
definition of ¢ and Parts 3 and 2, [7(p)]M57 = [pa]M57 = [, M5 = Vi ().
This proves the claim.

O]

Claim 5. For every node ng of B, Mp,0c = Anp and (M, o) is a nice solution.

Proof. By induction on d(np). For the base case: d(ng) = 0, i.e. ng = A. By
Claim 4 Part 5 and the initial assumption, [7(¥)[M&° = V,,(¥) < 1. Therefore
Mg, 0 =7(¢) <1, ie. Mp,o = Ang.

Assume the induction hypothesis for a non-leaf node ng of branch B. We need to
show that if Mp,o = Ang, then Mg,0 = Anj, where ng € B and d(ng) =
d(np)+ 1.

By inspecting ng, njz, we know which tableau formulas + are in ng — nj. Suppose
that (p&60)n,; = x %y is the active term of v € ng — nj; the other cases are similar.
By (1) above, we know which case and which subrule of which branch expansion
rule are used to generate nj. Thus, suppose that it was Rule (x) L. Case 1. We will
show one more case below and other cases can be proven analogously. Let a,b be
the new parameters occurring at njz. Thus, {0 < a <b < ap} C ng—ng, where g is
a parameter occurring at nz. By (1) above, we know that 0 < p(a) < p(b) < p(ag)-
The other elements of njz —np are (a) a <z < b, (b) a <y < b, (¢) y[max{a,z+y—
b}/x xy] for all v € ng —nj. By (1) above and Claim 4 Part 2, the Lo-formulas in
(a) and (b) are B-satisfiable via M, o and z,y are not marked since Vj, (0), Vi, (@) €
[p(a), p(b)]. Now we show that Li-formulas in (c) are B-satisfiable via M,o. Let
z = max{a,x +y — b}. By (1) above, z was substituted for the active term = * y in
the step from ng to nj. So (p&0),,, = (p&0)ny[2/z*y] = (xxy)[z/z*y] = 2. By
Claim 4 Part 3, [2]MB7 = [[((p&@)n%]]MB’” = [(p&0)p, [MB° = [z % y]M57. Now
by the induction hypothesis, all v € ng—n/; are B-satisfiable via M, 0. The formulas
in (c) are of the form v[z/x x y| for v € ng — nz. Since [2]M&7 = [z x y[M57, all
formulas in (c) are B-satisfiable via M, 0.

Now, suppose that the rule that was selected is Rule (x) min. Case 6. The marked
terms are 25 and y"%. We denote 25 and y”IB as u, v, respectively. Thus ng—npg =
{0 <u<ap} U {ymin{u,v}/uxv]:ve€ng}. By (1) above, we know that there
are 0 < 4,7 < k — 1 such that i # j,(i + 1)/k < p(ao), and V,,(0) € [i/k, (i +
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1)/k], Vio (@) € [j/k, (j + 1)/k]. By (1) above and Claim 4 Part 2, the Lo-formulas
in njz — np are B-satisfiable via M, 0. By (1) above and Claim 4 Part 3, the L;-
formulas in njz — np are B-satisfiable via M, o using the same argument as above.

Thus, Mp,o = A\nj.

We show that (M, o) is a nice solution with respect to all parameters in njz. By (1)
and Claim 4 Part 2, if terms x,y are marked by I' € B, then there is no ¢ < k such
that [2]M57, [y]M5° € [i/k, (i + 1)/k]. Since for all parameters a; < b; € B, we
have p(a;) = i/k and p(b;) = (i + 1)/k for some i < k, it follows that there is no
pair of parameters a; < b; such that Mp,o |=a; < z,y < bj. So (Mg, o) is nice.

O

By Claim 5, in particular M, o = Ang|y, for all ng € B. We have now proved that
in particular M, o = Alg. Thus, there is a nice solution (M, o). Therefore B is
open.

O]

5 Conclusion and Discussion

In this thesis, we began by defining a method to translate natural language state-
ments into the formal language of logic. Following this, we introduced a tableau
calculus for Classical Propositional Logic to prove the validity of formulas.

Continuing from these foundations, we presented a sound and complete tableau
calculus for Basic Logic, based on the framework of continuous ¢t-norms and their
ordinal decomposition. Our system generalizes the Classical Propositional Tableau
by adapting it to many-valued logic, replacing manipulations of formulas in Classical
Propositional Logic with inequalities between truth values in Basic Logic.

Through this development, we have demonstrated how Fuzzy Logic, via continuous
t-norms, can be integrated into tableau methods, providing a method for reasoning
in many-valued logical systems.

It is worth noting that this thesis works under several strong restrictions. Exploring
our tableau is both sound and complete while relaxing these assumptions would
be an interesting direction for future research. For example, what happens when
we extend our logic to first-order or even higher-order BL, which would involve
introducing quantifiers such as V and 3, as well as introducing additional connectives
such as strong conjunction and disjunction. These features would complicate the
studies further, as new definitions would be required to define logical validity and
provability.

Another restriction we imposed on ourselves is that the designated values of Basic
Logic is the singleton set 1. However, one may wonder what happens if we instead
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consider the designated values to be the interval [e, 1] with e < 1. This would be
natural in contexts where a more flexible interpretation of truth is desired.

Finally, the design of our tableau system makes it suitable for creating an algorithm
that checks the validity of formulas in Basic Logic. This is possible because we
restrict ourselves to finite sets of formulas and only have a finite amount of rules
which we can apply.

These prospects highlight both the richness of Basic Logic as a formal system and
the versatility of tableau methods for advancing theoretical and practical work in
Fuzzy Logic.
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