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Abstract: Test-time scaling methods have seen a rapid increase in popularity for its computa-
tional efficiency and parameter-independent training to improve reasoning performance on Large
Language Models. One such method is called budget forcing, a decoding intervention strategy
which allocates extra compute budget for thinking and elicits the inherent self-correcting behav-
ior of the model. However, this relies on supervised fine-tuning (SFT) on long-context reasoning
traces which causes performance degradation on smaller models due to verbose responses. For
this reason, we offer a framework integrating reinforcement learning (RL) to improve token effi-
ciency and boost the performance of a 1.5B model for mathematical reasoning. We demonstrate
this using only 1.5K training samples and found that our SFT+RL model performed better on
the GSM8K dataset with varying compute budgets. Our main findings showed an overall higher
accuracy while significantly reducing its token usage by over 40% compared to the SFT model,
revealing how RL can recover the losses due to long-context training and altogether improving
performance in mathematical reasoning.

1 Introduction

Recent advances in Large Language Models
(LLMs) have shown significant improvement in
mathematical problem solving skills (Shao et al.,
2024; Guo et al., 2025; Yang et al., 2024). Train-
ing LLMs to solve math problems typically re-
quire post-training methods such as supervised
fine-tuning (SFT) to initialize reasoning behavior
and reinforcement learning (RL) to encourage ex-
ploration over possible solutions (Luo et al., 2024;
Yu et al., 2023; P. Wang et al., 2023). Notably, these
methods scale up train-time compute which relies
on updating the model parameters through back-
propagation (Hoffmann et al., 2022; Kaplan et al.,
2020).
However, a new scaling paradigm has emerged

called test-time scaling whereby model responses
are improved by allocating more compute during
inference, allowing the model to “think” before giv-
ing its final output. There have been promising
research both on its trade-off between pretrain-
ing—introducing a new scaling law for test-time

compute (Snell et al., 2024; Wu et al., 2024; Brown
et al., 2024)—and as an alternative to SFT and RL
(Cobbe et al., 2021a; X. Wang et al., 2022; Shinn et
al., 2023; Madaan et al., 2023; Brown et al., 2024;
C. Huang et al., 2025; J. Chen et al., 2025; E. Zhao
et al., 2025). Recent releases have shown its viabil-
ity in combination with large scale RL, with fron-
tier models such as OpenAI’s o-series models (Ope-
nAI, 2024, 2025), the DeepSeek-R1 model (Guo et
al., 2025), the k1.5 model (Team et al., 2025) and
Google’s Gemini models (DeepMind, 2025). These
models exhibited state-of-the-art performances on
notoriously difficult math benchmarks, perform-
ing multi-step reasoning process using Chain-of-
Thought (CoT) prompting in their training phase,
which elicits intermediate reasoning steps before
outputting their final answer (Wei et al., 2022).
However, these models required vast amounts of
high-quality training data and millions of samples
to train (Shao et al., 2024; Guo et al., 2025; Team
et al., 2025), which makes it intractable for smaller
compute budget and difficult to scale up.
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Figure 1.1: Example generation using budget
forcing. At first, the model outputs an incor-
rect answer due to its faulty reasoning step.
Then, the appended “Wait” token prompted the
model to revise its reasoning and corrects itself.

A simple approach by Muennighoff et al. (2025)
is called budget forcing. Budget forcing explicitly
controls the number of “thinking tokens” gener-
ated by the model during inference. In practice,
when the model is about to stop its CoT too
early, a special token—often "Wait"—is injected
to compel additional reasoning steps, thereby al-
lowing the model to self-correct and self-verify its
answers. Conversely, if the model exceeds the pre-
determined token budget, an end-of-thinking de-
limiter is enforced to truncate the reasoning pro-
cess and prompt the final answer. Figure 1.1 shows
an example generation with budget forcing. This
novel approach forgoes the need for data-intensive
post-training, requiring only a thousand specially
curated reasoning data during SFT, and instead re-
lies on the model’s ability to self-correct. And while
initializing self-correcting behavior during SFT has
been shown to compliment RL training (Ma et al.,
2025; Kumar et al., 2024; J. Zhang & Zuo, 2025),
the current implementation of budget forcing by
Muennighoff et al. (2025) relies solely on SFT.

Previous studies have shown that employing SFT
and RL is crucial for optimal test-time scaling for
mathematical reasoning (Setlur et al., 2025; Hou

et al., 2025; Havrilla et al., 2024; X. Zhang et al.,
2025). Moreover, budget forcing with SFT alone
often performs suboptimally and even degrades ac-
curacy as compared to its base model for smaller
LLMs (X. Zhang et al., 2025). Indeed, studies
have shown that increasing the token budget often
causes models to “overthink” (Sui et al., 2025), in-
creasing computational overhead due to persistent
back-and-forth between formulating answers and
self-correcting itself, even on relatively simple ques-
tion, and oftentimes ending up backtracking from
the correct answer (Zeng et al., 2025; X. Chen et
al., 2025). Moreover, we found that this sometimes
leads the model to use up all of its token budget
and outputs an incomplete generation where the
model is cut-off from giving its final answer.

To address these problems, this study offers a
framework which combines budget forcing with
reinforcement learning for mathematical problem
solving. In this framework, the model is first initial-
ized using a modestly-sized reasoning SFT dataset
after which RL is employed to refine its reason-
ing strategies in efficiently utilizing its token bud-
get. We hypothesize that this phase will not re-
quire sample-intensive training, echoing the find-
ings of Ye et al. (2025) that good performance is
still achievable with less compute. During inference,
budget forcing is applied to dynamically control the
generation of “thinking tokens”, ensuring that the
model effectively utilizes its latent reasoning capa-
bilities without excessive compute. At the end, the
model will be evaluated on a range of math bench-
marks across several baselines and metrics to as-
sess the effectiveness of incorporating RL training
in employing budget forcing.

2 Methodology

In this section, we will first briefly outline each
phase in the three-stage pipeline of the framework,
starting with the SFT, RL and finally to the infer-
ence phase where we employ budget forcing during
evaluation. We will discuss the core concepts be-
hind these methods, the issues and setbacks with
regards to implementing SFT and RL for mathe-
matical reasoning and the solutions which we adopt
to mitigate them. At the end, we provide several
metrics to measure the effectiveness of employing
these improvements.
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Figure 1.2: Pipeline of the framework. We start with the default model and apply supervised fine-
tuning on a reasoning dataset to get our SFT model, and finally we use reinforcement learning to
get our SFT+RL model. All three models will be tested using the same budget forcing inference
scheme.

2.1 Supervised Fine-Tuning

Initializing reasoning behavior into the model re-
quires a curated dataset containing reasoning traces
in the form of intermediate steps for math prob-
lems towards the final solution (Yu et al., 2023;
Shao et al., 2024; Guo et al., 2025; Ye et al., 2025;
Muennighoff et al., 2025; Shen et al., 2025). Other
than this, self-correction must also be present in
the SFT dataset as budget forcing relies on self-
correction. Though LLMs already possess intrinsic
capacity for self-correction, they nevertheless fall
short on accurately detecting errors and correcting
them (J. Huang et al., 2023; Zeng et al., 2025) with-
out additional fine-tuning (Gao et al., 2024; Kamoi
et al., 2024).
It has been shown that a small and highly cu-

rated dataset containing no more than 1000 train-
ing samples (Ye et al., 2025; Sun et al., 2025; Muen-
nighoff et al., 2025), and even as little as 500 is suffi-
cient for this task (Sun et al., 2025). Moreover, Shen
et al. (2025) showed that the length of the reasoning
trace also plays an important role in enhancing per-
formance. Therefore, a modestly-sized, specialized
reasoning dataset with a sufficiently long sample
length is enough to initialize reasoning behavior.

2.2 Reinforcement Learning

RL has proven to enhance mathematical reason-
ing on top of SFT (Ma et al., 2025; Kumar et al.,
2024; J. Zhang & Zuo, 2025; X. Zhang et al., 2025),
as well as in scaling test-time compute (Havrilla

et al., 2024; Hou et al., 2025). However, naive
implementations of RL are often resource inten-
sive and sample-inefficient with poor reward assign-
ment, which risks unstable training, reward hack-
ing and poor generalizability (Kumar et al., 2024;
Havrilla et al., 2024; Hou et al., 2025; Setlur et al.,
2024; P. Wang et al., 2023; Lightman et al., 2023;
Shao et al., 2024). The core challenges with RL are
therefore in the learning algorithm and designing
robust reward models, both of which we will dis-
cuss in this section.

2.2.1 Overview of Algorithm

A novel algorithm called Group-Relative Policy Op-
timization (GRPO) addresses these issues by refor-
mulating reward optimization as a group-relative
comparison task (Shao et al., 2024; Guo et al.,
2025). By calculating advantages as deviations from
a response group’s mean reward, GRPO implic-
itly rewards reasoning patterns that correlate with
success. This approach not only mitigates reward
hacking—as models cannot game static rules—but
also reduces sample complexity through variance-
normalized training.

Unlike traditional PPO methods (Schulman et
al., 2017) that rely on training a separate value
function, GRPO estimates advantages by compar-
ing each response within a group to the mean per-
formance of that group. This design eliminates the
need for a value network, significantly reducing
training overhead.

3



2.2.2 Formulation

Concretely, given a question q, a group of G sam-
pled outputs {o1, o2, · · · , oG} is drawn from the old
policy πold. Each output is evaluated by a reward
model to obtain a scalar reward ri, and the normal-
ized advantage is computed as:

Ai =
ri − r̄

σr
(2.1)

where r̄ is the mean reward of the group and σr

is the standard deviation. This variance normal-
ization helps mitigate reward variance across sam-
ples, thus improving sample efficiency. Formally,
the GRPO algorithm is defined as:

JGRPO(θ) = E
[
q ∼ P (Q), oi ∼ πold(o|q)

]
1

G

G∑
i=1

(
min

(
riAi, clip(ri, 1− ε,

1 + ε)Ai

)
− β DKL(πθ∥πref)

)
(2.2)

Where P (Q) is the probability distribution over
questions Q and ϵ and β are hyperparameters con-
trolling clipping and the KL divergence. πθ and πref

are the current and reference policy respectively.
GRPO closely resembles the original formulation
of PPO in that it preserves the clipped surrogate
objective and the adaptive KL divergence penalty
term, ensuring policy updates are stable.

2.2.3 Reward Models

Two distinct reward models guide the learning pro-
cess, based on traditional implementations (Shao et
al., 2024; Guo et al., 2025):

1. Accuracy Reward Model: Scores the final
answer’s correctness by comparing it with the
ground-truth labels. However, this is precon-
ditioned by how well the model can follow the
prompt instruction in how to format its answer
for extraction.

2. Format Reward Model: Evaluates whether
the model outputs within a specified format.
Usually, the outputs are structured in a tem-
plate format with <think> and <answer> tags
(Guo et al., 2025), but in the case of the SFT
dataset, it uses the model’s chat template and
a \boxed{} format to enclose the final answer.

For this reason, we chose not to implement for-
mat reward models in our experiment since the
model would have already been trained to out-
put in that format.

Figure 2.1: Accuracy rewards of 16 randomly
generated (correct) dummy samples, following
Equation 2.4 Samples with token length exceed-
ing the sample mean receives a reward of < 1.0
and vice versa.

GRPO then integrates these signals in an outcome
supervision framework, where the computed advan-
tage is broadcasted across all tokens of the respec-
tive output. Though it is possible to incorporate
outcome-level supervision, it leaves the model sus-
ceptible to reward hacking; moreover, Guo et al.
(2025) reported failures on implementing it in their
experiments.

However, challenges still remain with regards to
binary reward signals, lacking differentiation and
weak learning gradients. Furthermore, given the
long CoT trajectories during the SFT stage, the
model will have been trained to output verbose re-
sponses. Following J. Zhang & Zuo (2025), we mod-
ify the reward model to include a length-dependent
accuracy rewards and a penalty term for incorrect
solutions. Given a correct response o, the standard-
ized length deviation is defined as:

z =
|o| − µ

σ − ϵ
(2.3)

Where ϵ > 0 is a small constant for numerical sta-
bility. Hence, the final reward accuracy is:

Raccuracy(o | q) =

{
exp

(
−αz

)
, if o is correct,

−1.0, if o is incorrect.

(2.4)
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Where α > 0 is a tunable hyperparameter control-
ling the strength of length penalization.
Figure 2.1 visualizes how the rewards are dis-

tributed for correct responses of varying length.
Shorter responses are encouraged to steer the model
towards conciseness and avoids verbosity.
We also implemented an additional penalty func-

tion to address the issue of incomplete generations
where we penalize −1.0 for any incomplete genera-
tions.

Rcompletion(o) =

{
−1.0, if o is incomplete

0, otherwise
(2.5)

This addition is crucial since rather than a reward
gradient to address verbosity, a strict penalty term
ensures explicit discouragement for truncated re-
sponse.

2.3 Budget Forcing

In addition to fine-tuning-based methods, we adopt
budget forcing as a test-time strategy to control
and scale a model’s reasoning capability at infer-
ence time.

2.3.1 Overview of Budget Forcing

Formally, let Tthink denote the number of tokens al-
located to the reasoning phase. Budget forcing con-
trols Tthink by intervening during decoding to limit
or extend the model’s generation. If the model gen-
erates more than a predefined threshold Tmax, we
terminate the thinking phase forcibly by append-
ing a delimiter token, thereby shifting the model to
answer generation. Conversely, if we aim to extend
the thinking duration, we can instead append the
"Wait" token to prompt the model to continue its
reasoning.

2.3.2 Reinforcement Learning as a Correc-
tive Mechanism

Numerous studies have already shown the neces-
sity of employing RL on top off SFT for opti-
mal performance (Setlur et al., 2025; Hou et al.,
2025; Havrilla et al., 2024; X. Zhang et al., 2025;
Chu et al., 2025). Employing budget forcing with
SFT alone will predictably present some challenges.
X. Zhang et al. (2025) have found that SFT actu-
ally degrades model performance on smaller LLMs

Figure 2.2: Average completion lengths during
RL training (smoothed over 50 steps). During
the first 2000 steps, the model consistently hits
the token budget limit, but then it decreases
and settles at around 350 tokens.

due to the long-context samples used in the dataset.
We observed several distinct issues that comes with
long-context SFT on smaller LLMs. Most notably is
verbose responses, causing the model to backtrack
and overthink its response (See Figure A.3). More-
over, even when prompted for the final answer, the
model sometimes keeps self-correcting and ended
up using all its token budget and cutting off its
generation mid-sentence (See Figure A.4). Another
issue found was language mixing and redundant re-
sponses which could be seen cluttering the reason-
ing traces (See Figure A.5 and Figure A.6).

RL have been shown to alleviate this problem
(X. Zhang et al., 2025; Liu et al., 2025; J. Zhang &
Zuo, 2025) by designing appropriate reward models
to penalize those behavior. Moreover, Guo et al.
(2025) have shown that employing RL resolves the
issue of language mixing. We will introduce several
metrics to assess these behaviors across our models.

2.3.3 Metrics

1. Scaling: Repeated applications of appending
the"Wait" token can linearly increase the aver-
age number of reasoning tokens and thus push
the model to deeper levels of analysis (Muen-
nighoff et al., 2025; X. Zhang et al., 2025; Sui et
al., 2025). Quantitatively evaluating this scal-
ing effect, we adopt the metric proposed by
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Muennighoff et al. (2025):

Scaling =
1(|A|
2

) ∑
a,b∈A,b>a

f(b)− f(a)

b− a
(2.6)

This captures how much accuracy improves as
more reasoning tokens are allowed, where A is
the set of token budgets used during evaluation
and f(a) is the accuracy at budget level a. It’s
the average slope of the accuracy-vs-compute
curve—higher means better utilization of extra
compute.

2. Incomplete Generations: We will also mea-
sure the model’s ability to comply with the to-
ken budget in giving a full-length, completed
response for each thinking step and final an-
swer step.

Incomplete Gen. =
1

|Sa|
∑
s∈Sa

ft(s) (2.7)

This measures the proportion of incomplete
steps, where Sa = {s0 . . . sL} is the set of all
steps at budget level a and ft is a function
which checks whether it is incomplete, which
could either happen due to a truncated step,
i.e. when the appended "Wait" token cut off
the previous step before giving its boxed an-
swer, or at the final answer segment when the
model continued reasoning even after being
prompted to finalize its answer and ran out
of token budget. And it is worth noting that
all cases of redundancy are also cases of incom-
plete generetions.

3. Average Token Length: We measure the
model’s verbosity from the average complete
output token length |o| per sample, where
Oa = {o0 . . . oL} is the set of all complete out-
puts, corresponding to 1319 samples from the
GSM8K test set. A lower response length does
not always mean better performance, but it is
indicative of how well the model utilizes its rea-
soning budget. We will discuss this at a later
section.

Average Token Length =
1

|Oa|
∑
o∈Oa

|o| (2.8)

4. Accuracy: We use the zero-shot accuracy as
our main metric to measure model perfor-
mance.

3 Experiment

In this section we describe the configuration of our
training procedure and the inference scheme we
used during evaluation.

3.1 Models

We conducted the experiment following the three-
stage pipeline using the Qwen2.5-1.5B-Instruct
model (Qwen et al., 2025), using said model as
our baseline. However, our main comparison will be
between the SFT-only model versus the SFT+RL
model.

3.2 Dataset

For the SFT stage we will be using the tokenized
s1k-1.1 dataset by Muennighoff et al. (2025), con-
sisting of 1K math questions focused on quality,
diversity and difficulty with a average response
length of 10K tokens. Importantly, the reason-
ing traces contain keywords such as "Wait" or
"Alternatively" followed by revisions to the pre-
vious step to encourage the desired self-correcting
behavior during training. However, due to resource
limitations we only use a subset of samples with
a maximum token length of 10K, which amounts
to 525 samples in total. And for the RL stage we
will use a subset of 1K training samples from the
GSM8K dataset by OpenAI (Cobbe et al., 2021b).

3.3 Training Setup

We conducted the SFT training using two NVIDIA
A100 40GB GPUs and had FSDP enabled (Y. Zhao
et al., 2023), and we used only a single GPU for the
RL training. In both stages we trained the model
using the TRL library (von Werra et al., 2020), and
we implemented Flash Attention 2 (Dao, 2023) and
loaded the model in BF16 to minimize VRAM us-
age. The hyperparameter configurations are shown
in Table A.1.

3.4 Evaluation

We evaluated all our models under these two bud-
get forcing inference scheme:
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Figure 2.3: Zero-shot accuracy score (Left) and average tokens per sample (Right) of all three
models under the Step-Level condition on the GSM8K test set. The SFT+RL model scores the
highest in accuracy in all five thinking steps, while the SFT model performs similarly with the
Default model in 1-2 thinking steps but gradually surpasses it. However, the SFT model outputs
the most tokens while the SFT+RL model shows similar token consumption as the Default model.

1. Baseline Full: For each question we allow the
model to generate an answer with the maxi-
mum token length for the Qwen2.5 family of
models (32K) without apportioning its gener-
ation for thinking.

2. Step-Level: We evaluated the model multi-
ple times with a thinking steps, where a ∈
[1, 2, 4, 8, 16]. Each step the model is allotted
a thinking budget of 218 tokens and an addi-
tional 512 for the final answer, hence each cor-
responding to A = {218, 512, 1024, 2048, 4096}
thinking token budgets. We chose 256 tokens
as our per-step token budget because we found
this value to have the highest accuracy score
compared to 128 and 512 tokens. (See Table
A.2).

For each condition and model, we measure the
metrics outlined in Section 2.3.3 (except for Scal-
ing in the Baseline Full condition). We used vLLM
(Kwon et al., 2023) to speed up inference on a sin-
gle A100 40GB GPU. For the sampling parameters
we used greedy decoding and set the rest to the
default values.

4 Results and Discussions

Figure 2.3 compares the accuracy on all three of the
models. SFT+RL performs the best with a higher

accuracy on all five thinking steps. Under the Step-
Level condition, it gained an average accuracy over
the default model of 14.0% across all conditions
and 9.2% over the SFT model. Moreover, we see a
14.1% decrease in the average token length com-
pared to the default model and a significant drop
of 41.8% compared to the SFT model. However,
we also observe the SFT model showing the steep-
est performance gain as thinking steps increase. In
Table 4.1 the SFT model has the highest scaling
factor compared with the rest, with an increase of
3.73% accuracy per extra reasoning step, suggest-
ing that pure SFT alone benefits more from bud-
get forcing, while we see the default model improv-
ing more moderately (scaling factor 2.77%) rather
than failing to benefit.

On the other hand, the SFT model was found to
be incredibly inefficient and verbose. Given a sin-
gle thinking step, 75.02% of its responses reached
the token limit and were truncated, and 85.28%
given 16 thinking steps. This is expected because of
the long-context data on which it was trained, and
more to the fact that smaller LLMs tend to per-
form worse after SFT (X. Zhang et al., 2025). We
see in Figure 2.3 the SFT model scored the same
in accuracy with the baseline model using a sin-
gle thinking step, then gradually surpasses it with
more steps. This shows that SFT increases its ac-
curacy given more inference token budget. Hence
why we see in the Baseline Full inference scheme
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Model Steps Accuracy Avg Tokens Incomplete Gen. (%) Scaling (%)

Default

BF 0.58 508 0.76

2.77

1 0.32 224 20.09
2 0.42 389 18.15
4 0.50 726 18.13
8 0.53 1493 25.90
16 0.52 3389 51.18

SFT

BF 0.67 5158 1.44

3.73

1 0.32 638 75.02
2 0.43 851 79.73
4 0.54 1317 84.67
8 0.62 2258 86.97
16 0.62 4128 85.28

SFT+RL

BF 0.65 669 0.88

3.32

1 0.43 268 36.69
2 0.58 401 31.36
4 0.65 677 26.96
8 0.66 1319 27.35
16 0.67 2681 28.77

Table 4.1: Performance metrics on the GSM8K dataset for 256 thinking tokens. For Incomplete
Gen. and Average Tokens, lower is better. Numbers with boldface are the best across models,
while the ones underlined are conditional for each model (excluding BF = Baseline Full).

the model performing at its best with the highest
accuracy on par with the SFT+RL model and only
a handful of incomplete generations.

However, we observe in both models a perfor-
mance cap just beneath 70%. We suspect that this
is mainly due to the model’s baseline capability. De-
spite the fact that it was adequately supplied with
reasoning traces during SFT and further trained
using conciseness rewards during RL, the SFT+RL
model showed no further improvement beyond 68%
accuracy. We hypothesized that it is due to the in-
sufficient parameter size to fully capture the self-
correcting behavior present in the SFT dataset. In
other words, the model wasn’t large enough to gen-
eralize its reasoning and overfitted on the training
data. We confirmed this by evaluating on the AIME
and MATH500 benchmarks, and found that they
didn’t score well enough to be worth including here.

5 Conclusion

In this paper, we have demonstrated that in-
tegrating reinforcement learning with supervised

Metric ∆ Default ∆ SFT

Accuracy +0.14 +0.092
Avg. Tokens (%) -14.1 –41.9
Incomplete Gen. (%) +3.54 –52.11
Scaling (%) +0.55 –0.41

Table 4.2: Mean improvements of the SFT+RL
model over the Default and SFT model, exclud-
ing the Baseline Full condition (reductions in
Avg. Tokens (%) and Incomplete Gen. (%) are
better).

fine-tuning substantially enhances the effective-
ness of budget forcing for mathematical reason-
ing, mitigating some setbacks introduced by long-
context training data. On the GSM8K test set, our
SFT+RL model achieved a zero-shot accuracy of
67% at 16-step level, yielding an average gain of
14.0% accuracy over the Default model and 9.2%
over the SFT model. It also reduced average token
length to 1,069 tokens on average—41.9% lower
than SFT and 14.1% lower than Default. How-
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ever, incomplete generations were not eliminated:
under the 256-token budget they remained between
26.96% and 36.69%. We also see that the accu-
racy of all models scales positively with the num-
ber of thinking steps, with the SFT model bene-
fiting most per additional step, whereas SFT+RL
primarily lifts the baseline accuracy but offers a
smaller marginal return. Finally, we see substan-
tial accuracy improvements from the Baseline-Full
condition, with an accuracy surpassing even the 16-
step run for the Default and SFT model with a few
incomplete generations.
Despite these gains, our study has several lim-

itations. First, the 1.5B parameter backbone may
not fully capture the complexity of self-correcting
behavior in the SFT dataset, suggesting potential
overfitting to the relatively small training sets. Sec-
ond, evaluation was confined to GSM8K because
our 1.5B model was not capable enough to score
meaningful results on other benchmarks even with
a high inference token budget. We hope that future
work will explore scaling to larger models and ex-
tending evaluations to multiple reasoning domains
to investigate the broader potential of budget forc-
ing and other test-time scaling methods.
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A Appendix

Figure A.1: Training and evaluation loss during SFT training. We achieved a final loss of 5.4%
and 3.6% respectively.

Figure A.2: Completion and Accuracy Rewards plots over 12500 training steps. We achieved a
final reward of -0.33 and 0.06 respectively.
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Figure A.3: Example of backtracking and overthinking. The model initially arrives at the correct
answer, but begins to overthink and ventures into irrelevant reasoning trajectories which ended
up giving an incorrect final answer.
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Hyperparameter SFT RL

Learning rate 3× 10−5 5× 10−5

Scheduler Cosine with 20% warmup Cosine with 20% warmup
Per-device batch size 1 16
Epoch 10 2
Gradient accumulation 4 8
Maximum sequence length 10000 512
Optimizer AdamW [0.90, 0.999]
Weight decay 1× 10−3

Maximum gradient normalization 0.1
G 6

Table A.1: Hyperparameters for the SFT and RL training.

Figure A.4: Example of incomplete generation in the final answer segment. Despite being prompted
for the final answer, the model continues to reason until it hits the maximum token limit.
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Figure A.5: Example of language mixing in the reasoning trace.

Figure A.6: Example of redundancy in the reasoning trace. This will always result in incomplete
generations.
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(a) 128 thinking tokens

Model Steps Accuracy Avg Tokens Incomplete Gen. (%) Scaling (%)

Default

1 0.34 206 46.10

0.599
2 0.33 300 44.57
4 0.38 521 64.22
8 0.39 988 68.98
16 0.40 1987 79.59

SFT

1 0.23 525 78.85

3.68
2 0.31 646 84.56
4 0.43 856 87.78
8 0.52 1330 91.83
16 0.58 2325 94.77

SFT+RL

1 0.18 180 51.59

5.84
2 0.36 270 60.00
4 0.56 469 55.36
8 0.62 889 53.34
16 0.63 1790 57.80

(b) 512 thinking tokens

Model Steps Accuracy Avg Tokens Incomplete Gen. (%) Scaling (%)

Default

1 0.27 257 3.98

3.74
2 0.48 437 3.13
4 0.51 833 4.76
8 0.52 1919 15.13
16 0.53 5494 45.85

SFT

1 0.48 835 66.91

1.99
2 0.57 1306 73.62
4 0.62 2193 75.98
8 0.62 3868 72.79
16 0.61 6919 62.99

SFT+RL

1 0.56 339 8.26

1.38
2 0.63 491 7.61
4 0.65 849 8.95
8 0.66 1677 11.09
16 0.65 3466 13.22

Table A.2: Performance metrics on the GSM8K dataset for 128 (a) and 512 (b) thinking tokens. As
thinking tokens increase, we see a higher baseline accuracy and 2x-3x increase in token usage while
substantially reducing incomplete generations for the Default and SFT+RL model. Furthermore,
scaling factor drops for the SFT and SFT+RL model, but increases for the Default model.
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