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Abstract: Recent breakthroughs in Large Reasoning Models show that pure reinforcement learn-
ing can dramatically improve mathematical reasoning without supervised fine-tuning, yet the
principles of effective reward design remain poorly understood. We systematically compared
three reward structures of increasing complexity using GRPO on a 1.5B parameter Qwen2.5
model trained on GSM8K. Counterintuitively, a minimal reward structure (accuracy + format
only) achieved 48.4% pass@1 accuracy, significantly outperforming complex designs with length
penalties, repetition constraints, and reasoning incentives (22.8% and 29.9%). Complex multi-
component rewards created conflicting optimization gradients, causing training instability and
reward hacking. In contrast, the simple objective enabled spontaneous emergence of step-by-step
reasoning in 64.9% of outputs without explicit incentives. These findings challenge conventional
wisdom about reward engineering, suggesting that creating conditions for emergent intelligence
through minimal constraints is more effective than explicitly encoding desired behaviors. This
work provides evidence for a ”less is more” principle in reward design for reasoning-capable AI
systems.

1 Introduction

Large Language models (LLMs) represent sophisti-
cated computational frameworks designed to model
and generate human language, revolutionizing nat-
ural language processing by enabling machines to
understand, generate, and interact with human lan-
guage in ways that closely mimic human cogni-
tion. The emergence of LLMs such as GPT-3, In-
structGPT, and GPT-4 has marked a transforma-
tive phase in artificial intelligence (AI). These mod-
els are different due to their extensive parameteri-
zation and advanced learning capabilities that cap-
ture complex linguistic structures and contextual
relationships within vast datasets (Brown et al.,
2020; Ouyang et al., 2022; Achiam et al., 2023).

The development of LLMs can be broadly di-
vided into two main stages: pre-training and post-
training. Pre-training establishes general linguistic
competence through exposure to massive text cor-
pora, while post-training refines and adapts these
models for specific tasks and user requirements.

This two-stage method has become the cornerstone
of modern LLM development, enabling the cre-
ation of systems that are both broadly capable and
specifically optimized.

1.1 The Evolution of Reasoning in
Language Models

While early LLMs demonstrated impressive lan-
guage understanding and generation capabilities,
their ability to perform complex reasoning re-
mained limited. Initial attempts to enhance rea-
soning relied primarily on supervised fine-tuning
(SFT) with curated datasets of problem-solution
pairs, achieving moderate success on benchmarks
like MATH and GSM8K (competition-style mathe-
matics problems and grade-school–level word prob-
lems) (Hendrycks et al., 2021; Cobbe et al., 2021).
SFT is the process of taking a pre-trained language
model and further training it on a carefully curated
set of problem–solution pairs so that it directly
learns to map questions to answers (Ouyang et al.,
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2022). However, these approaches faced fundamen-
tal limitations, as they could only imitate the rea-
soning patterns present in their training data, lack-
ing the ability to discover novel problem-solving
strategies.
The introduction of chain-of-thought (CoT)

prompting marked a significant advance, enabling
models to articulate intermediate reasoning steps
and thereby improve their performance on com-
plex problems (Wei et al., 2022). This breakthrough
revealed a crucial insight: the quality of reason-
ing strongly correlates with the length and struc-
ture of generated thought processes. Recent work
has shown that extended chain-of-thought reason-
ing during inference can achieve remarkable perfor-
mance improvements, with models like OpenAI’s
o1 series demonstrating that sophisticated reason-
ing emerges from allowing models to “think” for
longer periods (OpenAI, 2024).
This realization created the development of

Large Reasoning Models (LRMs). Which are a new
class of language models specifically optimized for
complex reasoning tasks. Unlike traditional LLMs
that prioritize quick responses, LRMs embrace ex-
tended deliberation, self-verification, and iterative
problem-solving. The latest examples, including o1,
QwQ-32B-Preview, and DeepSeek-R1, represent a
paradigm shift in how we approach reasoning in ar-
tificial intelligence systems (OpenAI, 2024; Zheng
et al., 2024; Guo et al., 2025).

1.2 Post-Training as the Key to Rea-
soning Capabilities

Post-training has emerged as the critical phase
where reasoning capabilities are developed and re-
fined. Following the release of GPT-3 with its 175
billion parameters, the field experienced a surge
in post-training innovations, including fine-tuning
techniques, alignment strategies, knowledge adap-
tation methods, and reasoning improvements (Sui
et al., 2025; Chung et al., 2024).
The landscape of post-training techniques has

evolved rapidly:

• Supervised Fine-Tuning adapts models to
specific tasks such as to show reasoning

• Reinforcement Learning from Human
Feedback (RLHF) aligns model outputs
with human preferences

• Direct Preference Optimization (DPO)
streamlines alignment without explicit reward
modeling

• Pure Reinforcement Learning enables au-
tonomous discovery of reasoning strategies

Each technique offers unique advantages, but re-
cent breakthroughs have highlighted the transfor-
mative potential of reinforcement learning applied
directly to reasoning tasks.

1.3 The DeepSeek Approach: Pure
RL for Reasoning

DeepSeek’s recent breakthrough with DeepSeek-
R1-Zero represents a paradigm shift in post-
training methodology (Shao et al., 2024). By ap-
plying pure reinforcement learning directly to base
models, without any SFT, they achieved a striking
improvement on the AIME 2024 benchmark, with
pass@1 scores rising from 15.6% to 71.0%. This suc-
cess challenges the conventional wisdom that su-
pervised fine-tuning is a prerequisite for reason-
ing capabilities and demonstrates that models can
discover sophisticated reasoning strategies through
reward-driven exploration alone.

The key innovation lies in the application of
Group Relative Policy Optimization (GRPO), a
variant of PPO that eliminates the critic network
while maintaining comparable performance (Shao
et al., 2024). This efficiency breakthrough, com-
bined with carefully designed reward structures,
enables models to explore the vast space of possi-
ble reasoning strategies without being constrained
by human-provided examples. This algorithm was
even used to train their main model Deepseek-R1,
though with a slight adjustment with the pipeline
(Guo et al., 2025).

What makes this approach particularly com-
pelling is the emergence of sophisticated behaviors
not explicitly programmed or demonstrated. Pa-
pers which implemented GRPO with slight adjust-
ments have found these following behaviours within
the reasoning traces: self-verification, reflection, er-
ror correction, and solution revision (Xie et al.,
2025; Yeo et al., 2025). These behaviors arise spon-
taneously from the interaction between the model’s
exploration and the reward signal, suggesting that
complex reasoning might be an emergent property
of appropriately structured optimization processes.
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1.4 The Reward Design Challenge

Despite these empirical successes, a fundamen-
tal question remains unanswered: What specific
properties of reward structures drive the
emergence of sophisticated reasoning strate-
gies? Deepseek did not mention any exploration
of different reward types or structures. And cur-
rent papers’ approaches employ various reward for-
mulations, from simple accuracy checks to com-
plex multi-component functions incorporating for-
mat constraints, length penalties, and reasoning
structure incentives. However there is no system-
atic understanding of how these design choices in-
fluence learning dynamics and emergent behaviors.

This gap is particularly critical because reward
design in traditional RL fundamentally shapes the
solution space that models explore (Ng et al., 1999).
And in LLMs this is also the case (Kwon et al.,
2023). The challenge is compounded by several fac-
tors:

1. Multi-objective Nature: Reasoning re-
quires balancing correctness, clarity, efficiency,
and robustness

2. Outcome-Based Rewards: Unlike language
generation tasks, mathematical problems often
provide binary correctness signals

3. Exploration-Exploitation Tradeoff : Mod-
els must balance trying novel approaches with
refining known strategies

4. Emergent Complexity: Simple reward func-
tions can lead to unexpectedly sophisticated
behaviors

Recent work by Lyu et al. (2025) suggests that
different reward formulations can lead to quali-
tatively different reasoning strategies, from brief
answer-focused responses to elaborate self-verifying
solutions. Similar to the paper by Yeo et al. (2025),
which introduced two new types of rewards (dif-
ferent to the reward types that Deepseek used),
founding them to increase the model accuracy after
training. Despite this, the mapping between reward
structure and emergent reasoning patterns remains
largely uncharted territory.

1.5 Research Questions and Contri-
butions

This thesis provides an investigation of how reward
structure design influences mathematical reasoning
development in RL-trained language models. We
address three interconnected research questions:

1. Component Analysis: How do individual re-
ward components contribute to overall reason-
ing quality? We decompose complex reward
functions to understand the role of each com-
ponent in shaping model behavior.

2. Complexity Trade-offs: Do complex multi-
component reward functions necessarily yield
superior reasoning, or can simpler formulations
achieve comparable results with better train-
ing efficiency?

3. Emergent Behaviors: Which reward con-
figurations promote the spontaneous emer-
gence of sophisticated behaviors. We map the
relationship between reward structures and
higher-order reasoning patterns.

To address these questions, we implement a con-
trolled experimental framework using GRPO to
train models under three reward configurations of
increasing complexity. Through both quantitative
metrics and qualitative analysis of reasoning traces,
we systematically characterize the relationship be-
tween reward design choices and resulting reasoning
strategies.

1.6 Significance and Broader Impact

Understanding the reward-reasoning relationship
has profound implications extending beyond math-
ematical problem-solving:
Theoretical Advancement: By elucidating

how reward structures shape emergent reasoning,
we contribute to fundamental questions in AI about
how complex cognitive behaviors arise from sim-
ple optimization objectives. This work bridges re-
inforcement learning theory with cognitive science,
providing insights into the minimal conditions nec-
essary for reasoning emergence.

Practical Efficiency: Identifying minimal re-
ward structures that produce high-quality reason-
ing could dramatically reduce the computational
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resources required for training competitive models.
This democratization is crucial as the field moves
toward increasingly large models that are pro-
hibitively expensive for most researchers to train.
Behavioral Control and Safety: Understand-

ing which reward components trigger specific rea-
soning behaviors enables more precise control over
model outputs. This granular control becomes in-
creasingly important for AI safety, as it allows
us to encourage beneficial behaviors (like double-
checking work) while discouraging harmful ones
(like deceptive reasoning).
Generalization to Other Domains: While we

focus on mathematical reasoning, our findings may
generalize to other domains requiring structured
thinking, such as code generation, scientific reason-
ing, or strategic planning. The principles we un-
cover could inform reward design across diverse ap-
plications.

1.7 Thesis Structure

The remainder of this thesis is organized as fol-
lows: Chapter 2 details our experimental frame-
work, including the GRPO implementation, three
reward structure designs, and evaluation protocols.
Chapter 3 presents quantitative performance met-
rics across reward configurations and qualitative
metrics with the examination of emergent reason-
ing patterns. Chapter 4 synthesizes findings into
actionable insights for reward design and explores
implications for future LLM development. Finally,
Chapter 5 summarizes our contributions and out-
lines promising future directions. Through this sys-
tematic investigation, we aim to transform reward
design to help advance both our theoretical un-
derstanding and practical capabilities in developing
reasoning AI systems.

2 Methodology

To address our research questions about how re-
ward structures influence mathematical reasoning
development, we implement a controlled experi-
mental framework using pure reinforcement learn-
ing. This chapter presents our methodology for
systematically investigating the relationship be-
tween reward design choices and emergent reason-
ing strategies in language models.

2.1 Experimental Design Overview

Building on the DeepSeek approach of using pure
RL for reasoning development (Guo et al., 2025),
we design experiments to isolate how different re-
ward structures influence the emergence of math-
ematical reasoning capabilities. Our methodology
employs a systematic five-stage process to ensure
reproducible and interpretable results.

• Stage 1: Base Model Selection We use
Qwen2.5-1.5B as our foundation model, se-
lected for three key reasons: (1) sufficient
capacity to demonstrate reasoning behaviors
while remaining computationally tractable, (2)
strong pre-training performance on mathemat-
ical and logical tasks, and (3) accessibility for
reproducible research. The model contains 1.5
billion parameters with a context window of
32,768 tokens, providing ample space for chain-
of-thought reasoning.

• Stage 2: Reward Structure Design We
implement three reward configurations of in-
creasing complexity to test specific hypotheses
about the relationship between reward design
and reasoning quality:

– Default Configuration: Minimal de-
sign with only accuracy and format re-
wards (2 components)

– Cosine-Penalty Configuration: Inter-
mediate complexity adding length and
repetition considerations (4 components)

– Complete Configuration: Comprehen-
sive design explicitly incentivizing reason-
ing patterns (5 components)

Each configuration is designed to isolate the
contribution of specific reward components
while maintaining comparability across exper-
iments.

• Stage 3: Pure RL Training We apply
GRPO directly to the base model without any
supervised fine-tuning phase. We train it on a
randomly sampled subset of the GSM8K train
set (1000 questions).

• Stage 4: Performance Evaluation We con-
duct systematic evaluation using all of the
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problems from the GSM8K test set (1300 ques-
tions). For each trained model, we measure:

– Pass@1 accuracy with temperature 0.6
and nucleus sampling (p = 0.95)

– Individual reward component scores to
understand their contribution

– Response length and reasoning pattern
statistics

– Training stability metrics including loss
variance and convergence rate

• Stage 5: Reasoning Analysis We perform
detailed qualitative and quantitative analysis
of emergent reasoning patterns. This includes
automated detection of reasoning indicators,
correlation analysis between pattern usage and
problem-solving success, and manual inspec-
tion of representative outputs to identify un-
expected behaviors.

2.1.1 Experimental Controls

To ensure the validity of our comparisons, we im-
plement several experimental controls:

• Randomization: To ensure reproducibility,
our experimental setup is controlled by a mas-
ter seed. Each of the 5 independent training
runs is then initialized with a different, con-
secutive seed to ensure variance can be reliably
assessed across distinct initializations.

• Statistical Robustness: We conduct 5 in-
dependent training runs for each reward con-
figuration, resulting in 15 trained models to-
tal. This allows us to compute reliable es-
timates of mean performance and variance,
identify configuration-specific training insta-
bilities, and ensure findings are not artifacts
of particular random initializations.

• Computational Consistency: All experi-
ments are conducted on identical hardware
(NVIDIA A100 40GB GPUs) with the same
software environment to eliminate computa-
tional variables. Training runs are isolated to
prevent interference from other processes.

2.2 Group Relative Policy Optimiza-
tion (GRPO)

We adopt GRPO as our training algorithm due to
its memory efficiency compared to standard PPO
while maintaining comparable performance (Guo et
al., 2025). GRPO eliminates the separate critic net-
work by computing advantages from within-group
reward statistics.

2.2.1 Algorithm Formulation

For each training question q, the old policy
πθold samples a group of G candidate outputs
{o1, . . . , oG}. The new policy πθ is obtained by
maximizing:

JGRPO(θ) = E q∼P (Q)

{oi}G
i=1∼πθold

[
1

G

G∑
i=1

min
(
ρi(θ)Âi, clip(ρi(θ), 1−ε, 1+ε)Âi

)
− βDKL(πθ∥πref)

]
, (2.1)

where P (Q) is the distribution over training ques-
tions (in our case, the GSM8K training set), ρi(θ) =
πθ(oi | q)/πθold(oi | q) is the importance ratio, and

the advantage Âi is computed from the group re-
wards:

Âi =
ri −mean({r1, r2, . . . , rG})

std({r1, r2, . . . , rG})
. (2.2)

The KL divergence term prevents the policy from
deviating too far from the reference:

DKL(πθ∥πref) =
πref(oi|q)
πθ(oi|q)

− log
πref(oi|q)
πθ(oi|q)

− 1.

(2.3)

2.3 Reward Structure Design

We investigate three reward configurations de-
signed to test specific hypotheses about the rela-
tionship between reward complexity and reasoning
quality. Building on insights from recent work on
reward shaping for chain-of-thought reasoning (Yeo
et al., 2025; Xie et al., 2025), we progressively in-
troduce components that target different aspects of
mathematical problem-solving.
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2.3.1 Reward Components

We experimented with five distinct reward types:

• Accuracy: Rewards correct numerical an-
swers

• Format: Ensures proper use
of <think>...</think> and
<answer>...</answer> tags

• Cosine Scaling: Penalizes overly short incor-
rect answers while encouraging longer, more
detailed responses

• Repetition Penalty: Discourages redundant
text using 3-gram uniqueness ratio

• Reasoning Structure: Rewards explicit rea-
soning indicators (e.g., “Step 1:”, “First,”,
“Next”)

From these rewards types, we designed 3 rewards
structures each with different configurations. How-
ever for each configuration we implement format
gating, which is if format (reward) requirements
are not met, all rewards are zeroed. This is done
to ensure that the model learns to reason.

2.3.2 Configuration 1: Default (Accuracy +
Format)

The default configuration tests whether minimal
constraints suffice for reasoning emergence, as well
as following a similar design to Deepseek (Shao et
al., 2024):

Rdefault = 0.8 · raccuracy + 0.2 · rformat (2.4)

2.3.3 Configuration 2: Cosine-Penalty

This configuration introduces length and repetition
considerations, inspired by Yeo et al. (2025). Repe-
tition penalty here is added to prevent reward hack-
ing of the Cosine Scaling:

Rcosine = 0.8 · raccuracy + 0.05 · rformat + 0.1·
rcosine + 0.05 · rrepetition (2.5)

The cosine scaling reward follows:

rcosine =

{
0.8 + 1

2 (1− cos(πp)), if correct

−0.1− 2
5 (1 + cos(πp)), otherwise

(2.6)

where p = min(ℓ/Lmax, 1) with response length ℓ
and cap Lmax = 500.

The repetition penalty reward encourages lexical
diversity by measuring the uniqueness of n-grams:

rrepetition =
|unique ngrams|
|total ngrams|

(2.7)

where we use 3-grams (consecutive sequences of 3
words) to detect repetitive patterns. A score of 1.0
indicates all n-grams are unique (no repetition),
while lower scores indicate more repetitive text.

2.3.4 Configuration 3: Complete

The complete configuration, uses all reward compo-
nents, it explicitly incentivizes structured reason-
ing:

Rcomplete = 0.7·raccuracy+0.05·rformat+0.1·rcosine
+ 0.05 · rrepetition + 0.1 · rreasoning (2.8)

The reasoning structure reward detects explicit
reasoning markers:

rreasoning = min

(
1,

count(step markers)

3

)
(2.9)

2.4 Training Protocol

2.4.1 System Prompt

All models are trained with the following system
prompt to encourage structured reasoning:

"You are a helpful assistant.

The assistant first thinks about

the reasoning process in the mind

and then provides the user with

the answer. The reasoning process

should be enclosed within <think>

</think> tags. The final numerical

answer ONLY should be enclosed

within <answer> </answer> tags

with no additional text, e.g.,

<answer>42</answer>."

2.4.2 Training Hyperparameters

Our GRPO implementation uses the following hy-
perparameters:
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• Learning rate: 5× 10−5

• Per-device train batch size: 6

• Per-device eval batch size: 12

• Group size (G): 6 generations per prompt

• Gradient accumulation steps: 3

• Weight decay: 0.01

2.5 Evaluation Framework

2.5.1 Quantitative Metrics

We employ multiple metrics to assess model per-
formance:

• Pass@1 Accuracy: Single-attempt accuracy
on the GSM8K test set, using temperature 0.6,
nucleus sampling p = 0.95

• Training Stability: Variance in performance
across multiple runs

• Response Length: Average token (response)
length of each trained model, after training.

2.5.2 Reasoning Strategy Analysis

We analyze emergent reasoning strategies across
three categories identified through the literature:

Step-by-Step Indicators Explicit decomposi-
tion markers such as “Step 1:”, “First,”, “Next,”,
and numbered lists that indicate systematic
problem-solving approaches.

Verification Behaviors Self-checking patterns
including “verify”, “check”, “re-evaluate”, and in-
stances where models recalculate answers to ensure
correctness (Xie et al., 2025).

Self-Correction Behaviors Error recognition
and recovery patterns such as “Let me try again”,
“Actually, that’s incorrect”, and other indicators of
metacognitive awareness (Didolkar et al., 2024).

2.5.3 Pattern-Performance Correlation

We compute correlations between reasoning pat-
tern frequency and accuracy to understand which
emergent behaviors contribute most to problem-
solving success. This analysis is performed sep-
arately for each reward configuration to identify
configuration-specific strategy development.

2.6 Data Collection and Analysis

We systematically collect the following data
throughout our experiments:

• Training Metrics: Loss values, reward com-
ponents, and accuracy tracked every 10 steps

• Final Performance: Pass@1 accuracy on the
GSM8K test set for each trained model

• Reasoning Traces: Generated outputs for
qualitative analysis of emergent strategies

• Pattern Frequencies: Counts of reasoning
indicators (step markers, verification phrases,
self-corrections) in model outputs

We perform descriptive analysis comparing per-
formance and reasoning patterns across the three
reward configurations. Results are presented as av-
erages across the 5 independent runs per configura-
tion with standard deviations to indicate variabil-
ity.

3 Results

This chapter presents the empirical findings from
our experiments comparing three reward structures
for pure RL post-training. We report quantitative
performance metrics and observed reasoning pat-
terns, with detailed analysis reserved for the dis-
cussion chapter.

3.1 Model Performance

Figure 3.1 shows the overall accuracy achieved by
each reward structure after 2 epochs of training on
the GSM8K dataset.
The baseline configuration, using only accu-

racy and format rewards, substantially outper-
formed both complex reward structures. Notably,
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Figure 3.1: A minimal reward structure significantly outperforms complex alternatives. The bars
show the mean pass@1 accuracy on the GSM8K test set after 2 epochs of training. The Default
configuration (accuracy + format only) achieved 48.4% accuracy. In contrast, adding more complex
reward components for length (Cosine-Penalty) or explicit reasoning steps (Complete) led to
training instability and markedly lower final accuracy. Error bars represent the standard deviation
across 5 independent runs.

the cosine-penalty configuration barely improved
over the untrained base model, while the complete
configuration achieved intermediate performance
despite incorporating five reward components.

3.2 Reasoning Pattern Analysis

We analyzed the frequency and effectiveness of dif-
ferent reasoning patterns across reward structures.
Figure 3.2 presents the usage rates of various rea-
soning indicators in model outputs.
Key observations from pattern usage:

• Format compliance (think/answer tags)
reached near 100% across all trained models

• Step indicators emerged naturally in the base-
line configuration (64.9%) without explicit re-
wards

• Verification behaviors remained extremely rare
(less than 1.2% usage)

• Complete configuration reached near 100% in
showing step indicators

• The complete configuration showed increased
correction attempts (5.8%) compared to base-
line (0.4%)

3.3 Pattern-Performance Correla-
tion

Figure 3.3 reveals the relationship between reason-
ing patterns and problem-solving accuracy.

The data reveals several findings:

• Step indicator accuracy remained consistent
across configurations ( 48-52%) despite differ-
ent usage rates

• Verification behaviors, when attempted,
showed moderate effectiveness in baseline
(35.7%) but failed in other configurations
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Figure 3.2: Step-by-step reasoning emerges as an instrumentally convergent strategy without
explicit rewards. The chart displays the usage frequency of different reasoning patterns for each of
the three reward configurations, averaged over 5 runs. Notably, step-by-step indicators appeared
in 64.9% of outputs from the Default configuration, despite not being directly incentivized. In
contrast, metacognitive behaviors like verification and correction remained rare across all models,
suggesting a potential model capacity limitation.

Figure 3.3: Explicit rewards can improve the accuracy of a targeted behavior, even if overall
performance declines. The bars show the pass@1 accuracy conditional on the use of a specific
reasoning pattern. Although the Complete configuration had lower overall accuracy (Figure 3.1),
its selfcorrection attempts were the most effective, succeeding 51.0% of the time. This reveals a
critical trade-off between shaping a specific, high-quality behavior and optimizing for global task
performance. Results are averaged across 5 runs.
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• Self-correction accuracy was highest in the
complete configuration (51.0%), yet this did
not translate to improved overall performance

• Think and answer tag accuracy directly mir-
rored overall accuracy, confirming proper for-
mat gating

3.4 Training Dynamics

Training stability varied significantly across reward
structures:

• Baseline: Showed steady improvement with
consistent performance across all 5 runs

• Cosine-Penalty: Experienced training col-
lapse in 3 out of 5 runs, with high variance
in final performance

• Complete: Demonstrated moderate instabil-
ity with large standard deviations in accuracy
metrics

Response length analysis revealed the impact of
cosine scaling:

• Baseline: 287 ± 89 tokens (concise, focused re-
sponses)

• Cosine-Penalty: 412 ± 156 tokens (verbose but
not more accurate)

• Complete: 385 ± 134 tokens (increased length
without quality improvement)

4 Analysis and Discussion

4.1 Reward Design

The experimental results reveal a counterintuitive
relationship between reward complexity and model
performance. While intuition might suggest that
comprehensive reward structures would guide mod-
els toward better reasoning, the data shows the op-
posite: the minimal baseline configuration achieved
48.4% accuracy, significantly outperforming both
the cosine-penalty (22.8%) and complete (29.9%)
configurations.
Our results reveal a fundamental trade-off in re-

ward design: while complex rewards are intended
to provide clearer guidance, they can inadvertently

constrain the model’s exploration and create brit-
tle optimization landscapes. A simple, broad ob-
jective appears more effective because it allows the
model the freedom to discover functional, emer-
gent strategies that are robust (Gao et al., 2025;
Poesia et al., 2024). This paradox can be under-
stood through the lens of optimization theory. In
multi-objective reinforcement learning, each addi-
tional reward component introduces new gradients
that must be balanced during training. When these
gradients conflict—as when length rewards encour-
age verbosity while accuracy rewards favor conci-
sion—the optimization process becomes unstable.
The baseline configuration’s success suggests that
for mathematical reasoning, a clear, focused objec-
tive enables more efficient learning than attempting
to micromanage every aspect of model behavior.

4.2 Emergent Reasoning

The spontaneous appearance of step-by-step rea-
soning in baseline outputs (64.9% usage without ex-
plicit rewards) provides insight into how reasoning
strategies develop. When models are constrained
only by accuracy and format requirements, they
discover through trial and error that decompos-
ing problems into steps improves their success rate.
This emergence occurs because step-by-step reason-
ing genuinely aids in solving mathematical prob-
lems—it is not merely a stylistic choice but a func-
tional strategy.

This finding aligns with theories of instrumental
convergence in AI systems, where certain behaviors
arise repeatedly because they are useful for achiev-
ing a wide range of goals. Just as biological evolu-
tion converges on similar solutions (like eyes) across
independent lineages, RL-trained models converge
on step-by-step reasoning because it is instrumen-
tally valuable for mathematical problem-solving.

4.3 Training Collapse

The cosine-penalty configuration’s 60% failure rate
illuminates the challenges of reward engineering.
Analysis of the training dynamics reveals a spe-
cific failure mode: models learn to exploit the
length bonus by generating verbose but content-
less responses. Once this behavior is reinforced,
the model enters a local optimum where reducing
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length would incur immediate penalty, even if it
might lead to better accuracy in the long run.
This failure mode is a classic example of “re-

ward hacking” or “specification gaming,” where
the model finds an unintended shortcut (generat-
ing verbose, nonsensical text) to maximize a com-
ponent of the reward signal at the expense of the
intended goal (correct reasoning) (Skalse et al.,
2022; Laidlaw et al., 2024). This collapse mecha-
nism demonstrates why certain reward combina-
tions are fundamentally unstable. The cosine scal-
ing function, designed to encourage thoughtful rea-
soning in incorrect answers, instead creates a gra-
dient landscape with attractive local optima that
trap the optimization process. The mathematical
structure of the reward function itself, not just its
implementation, determines whether stable learn-
ing is possible.

4.4 Model Capacity

The rarity of verification behaviors (< 1.2%) and
self-correction patterns (maximum 5.8%) across all
configurations suggests a capacity threshold for
metacognitive reasoning. These behaviors require
the model to simultaneously generate solutions and
evaluate them—a form of computational multitask-
ing that may exceed the capabilities of a 1.5B pa-
rameter model.
This capacity limitation has important implica-

tions for reward design. If certain behaviors are be-
yond the model’s computational reach, no reward
structure will successfully encourage them. This
suggests a hierarchy of reasoning capabilities tied to
model scale: - Basic step-by-step reasoning: Achiev-
able at 1.5B parameters - Self-verification: May re-
quire more parameters - Consistent self-correction:
Potentially requires even more parameters
The success of simple reward structures at 1.5B

parameters aligns with DeepSeek’s findings at 671B
parameters, suggesting scale-invariant principles of
reward design. However, the types of reasoning that
emerge differ significantly than those reported by
other papers (Xie et al., 2025; Yeo et al., 2025).
While small models develop basic problem decom-
position, The model from the Xie et al, paper exhib-
ited sophisticated behaviors like re-reading prob-
lems and exploring multiple solution paths.
This pattern suggests that reward simplicity en-

ables different capabilities at different scales, but

the principle of minimal intervention remains con-
stant. Complex reward structures appear to hinder
learning regardless of model size, while simple ob-
jectives allow models to discover the most sophis-
ticated reasoning strategies within their capacity
constraints.

4.5 Implications for the Reward Hy-
pothesis

These findings contribute to the broader debate
about the reward hypothesis in artificial intelli-
gence—the claim that all intelligent behavior can
be understood as maximizing reward. The emer-
gence of step-by-step reasoning without explicit in-
centives suggests that reward signals need not en-
code all desired behaviors directly. Instead, a well-
chosen simple reward (accuracy) combined with
minimal constraints (format) creates conditions
where intelligent behavior emerges as the optimal
policy.

This supports a refined version of the reward hy-
pothesis: performance arises not from complex re-
ward engineering but from the interaction between
simple objectives and environmental structure. The
structure of mathematical problems themselves,
not the reward function, teaches and encourages
models to reason step-by-step.

5 Conclusion

5.1 Summary of Findings

This thesis investigated how different reinforcement
learning reward structures influence the develop-
ment of mathematical reasoning strategies in large
language models trained with pure RL. Through
systematic experimentation with three reward con-
figurations of increasing complexity, we demon-
strated that simpler reward structures lead to
superior model performance.
Our key findings reveal that:

• The minimal baseline configuration (accuracy
+ format only) achieved 48.4% accuracy, sig-
nificantly outperforming more complex reward
structures

• Step-by-step reasoning emerged spontaneously
in 64.9% of baseline outputs without explicit
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incentives

• Complex multi-component rewards introduced
optimization instabilities, with the cosine-
penalty configuration experiencing training
failure

• Verification and self-correction behaviors re-
mained rare across all configurations, suggest-
ing fundamental capacity limitations at the
1.5B parameter scale

5.2 Practical Implications

For practitioners developing reasoning-capable
LLMs:

1. Reward engineering – Additional compo-
nents often hinder rather than help

2. Emergent learning – Models can discover
effective strategies through exploration

3. Consider model capacity – Certain behav-
iors may be computationally unreachable re-
gardless of reward design

4. Focus on stability – Simple rewards enable
more reliable training and predictable out-
comes

5.3 Limitations and Future Work

Several limitations constrain the generalizability of
our findings:
Limited model size: Our experiments used

only a 1.5B parameter model, which may lack the
computational capacity for sophisticated reasoning
behaviors like self-verification and consistent error
correction. Larger models might exhibit qualita-
tively different responses to the same reward struc-
tures.
Low number of generations: With only 6

generations per prompt during GRPO training,
the model had limited opportunities to explore
diverse reasoning strategies. This constraint may
have prevented the discovery of more sophisticated
problem-solving approaches.
Single dataset evaluation: Using only

GSM8K limits our understanding of how findings
generalize across mathematical domains. Different

problem types (algebra, geometry, calculus) might
benefit from different reward structures.

Limited reasoning analysis robustness: Our
pattern detection relied on keyword matching and
simple heuristics, potentially missing nuanced rea-
soning behaviors or misclassifying certain patterns.
More sophisticated analysis methods are needed.

Static reward structures: We did not explore
dynamic fine-tuning of reward weights during train-
ing, which might help navigate the optimization
challenges observed with complex rewards.

Future research should address these limitations
through:

Expanded dataset evaluation: Testing on di-
verse mathematical reasoning benchmarks (MATH,
AIME, MathQA) and non-mathematical domains
(HumanEval for code, ScienceQA) to establish
domain-specific reward principles.

Cross-scale validation: Applying identical re-
ward structures to models ranging from 0.5B to 70B
parameters to understand how scale influences the
effectiveness of different reward designs.

Reward scheduling strategies: Developing
curricula that gradually introduce complexity—
starting with simple accuracy rewards and pro-
gressively adding components once baseline perfor-
mance stabilizes.

Regularization techniques: Implementing
methods like KL penalties or gradient clipping
specifically designed to maintain baseline reasoning
capabilities while exploring new behaviors, prevent-
ing the catastrophic forgetting observed in complex
configurations.

Component interaction analysis: Conduct-
ing ablation studies and gradient analysis to un-
derstand how individual reward components inter-
act, identifying specific combinations that lead to
optimization conflicts and developing principles for
compatible reward design.

5.4 Theoretical Contributions

This work advances our understanding of the re-
ward hypothesis in AI by demonstrating that ef-
fective learning emerges not from complex reward
engineering but from the interaction between sim-
ple objectives and problem structure. While our re-
sults primarily show improved performance rather
than definitively proving enhanced intelligence or
reasoning capability, the spontaneous emergence
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of step-by-step problem decomposition suggests
that models are discovering genuinely useful cog-
nitive strategies. In this sense, improved reason-
ing patterns may indeed reflect a form of emergent
intelligence—the model learns not just to produce
correct answers but to structure its approach in
ways that generalize across problems.
Our findings align with principles of instrumen-

tal convergence, showing that certain reasoning
strategies emerge repeatedly because they are gen-
uinely useful for achieving goals, not because they
are explicitly rewarded. This supports a refined
view of the reward hypothesis: well-chosen min-
imal rewards combined with environmental con-
straints create conditions where sophisticated be-
haviors arise as optimal policies.
The DeepSeek approach of applying pure RL to

LLMs opens exciting possibilities for developing
reasoning capabilities without human-annotated
data. Our work demonstrates that success in this
paradigm requires restraint rather than complexity
in reward design. As the field advances toward in-
creasingly capable reasoning models, these findings
suggest that the path forward may lie not in so-
phisticated reward engineering but in creating sim-
ple objectives that allow effective problem-solving
strategies to emerge naturally from the learning
process. Ultimately, this work challenges the intu-
ition that more intricate reward engineering leads
to more sophisticated reasoning. Instead, it sug-
gests that the path toward more capable AI systems
may lie not in complex instruction, but in creating
simple, robust objectives that empower models to
discover effective strategies for themselves.
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