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Chapter 1

Introduction

Quantum optimal control provides a powerful framework for precisely controlling the dynamics of
quantum systems by designing control fields which drive the system to a desired target state. In
this presentation, we will first introduce the basic theory of quantum optimal control, including key
theorems on controllability and on the absence of local (non-global) optima for control pulses. We
will then introduce quantum optimal control algorithms and provide demonstrations of how they
work in practice. Finally, we will explore how quantum optimal control can be used to identify
system parameters based on experimental data. First, benchmarking this method using fabricated
data, before applying it to real-world experimental data.

In this thesis, we will focus on quantum optimal control, which aims to understand how to pre-
cisely control the dynamics of quantum systems using control fields which drive the system to a
desired quantum state with high accuracy. It has many applications, from control single atoms
and molecules [1], steering chemical reactions [2] to creating stable quantum computers [3], to
quantum metrology [4], the science of precisely measuring properties of quantum systems.

Quantum optimal control provides a powerful theoretical and computational framework to solve
such problems. It allows us to translate such control problems to an optimisation task for which
we have a large suite of tools to attack.

In Chapter 2, we will provide an introduction to quantum mechanics for the more mathematically-
minded reader. We explain quantum mechanics using functional analysis and even provide the
mathematical reasoning behind the bra-ket notation. We will discuss the axioms of quantum
mechanics before discussing two-level quantum systems in such a way as to provide analytical
solutions to the systems we will discuss in later chapters. We will then finish off by discussing
open quantum systems, which will allow us to describe decay phenomena like excited state decay
rigorously in quantum mechanics.

In Chapter 3, we will discuss rigged Hilbert spaces, an extension of the typical way that quantum
mechanics is taught, which will allow for a fully rigorous description of infinite-dimensional sys-
tems, where both eigenstates of operators and physically realisable states have their own spaces
that are well-defined and cooperate nicely.
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2 CHAPTER 1. INTRODUCTION

In Chapter 4, we will introduce optimal control theory, which is used to find the optimal method
of controlling a system, whilst also shaping the controls to some desired form. We will then apply
it to quantum mechanics and show the optimal control solution to a simple two-level problem. We
will then showcase some theorems about quantum optimal control, for example, the controllabil-
ity of quantum systems and the non-existence of locally optimal control solutions, which are not
globally optimal. These two results combine to explain why quantum optimal control problems
have seemingly so few issues finding a globally optimal solution. These results will then be used
to explain the GRAPE and GOAT algorithms in later chapters.

In Chapter 5, we will present the GRAPE algorithm, which allows us to numerically solve quantum
optimal control problems. Its core simplification is to represent control functions as piecewise con-
stant functions. This allows us to optimise for a very wide class of control functions. We can also
impose an additional cost depending on the shape of the control functions. We will analytically
show the relationship between those additional costs and the effectiveness of the pulse in driving
the system to the target. We will then apply the GRAPE algorithm to some two-level systems.

In Chapter 6, we will describe the GOAT algorithm, which is a more advanced version of the
GRAPE algorithm and its main innovation is that it allows us to describe the control functions
and smooth, parametrised functions. This allows us far more control over the final optimal control
functions and drastically lowers the number of degrees of freedom over which we optimise. How-
ever, because of this lower amount of independent variables, the optimal control problem is not
necessarily controllable anymore and non-global locally optimal solutions start to exist. This leads
to issues with convergence towards the global optimal solution. Which leads to the introduction
of global optimisation algorithms such as the Basin-Hopping algorithm.

In Chapter 7, we will elucidate upon double-pulse excitation experiments. Where two Gaussian
pulses successively interact with a single molecule, with a fixed delay time between them. By vary-
ing this delay time and recording the final excited state population, we can infer the lifetimes of
certain decay processes and determine unknown parameters of the quantum system. In this chap-
ter, we will focus on simulations to showcase the effects of certain decay processes upon the system.

In Chapter 8, we will showcase the parameter-identification algorithm, which will perform fits on
experimental data with two- and three-level systems, enabling us to identify key unknown param-
eters of the system. The chapter starts with a short overview and mathematical introduction,
before performing the algorithm on multiple benchmarks to assess the effect of experimental noise,
for example. Afterwards, we will apply parameter identification on two different data sets.

For more specifics on the simulations and the IPYNB notebooks used to create the plots in this
thesis, check out this Github repository:
https://github.com/RoyRodenburg/MasterProjectQuantumOptimalControl.

This thesis is submitted for the completion of a double degree in physics and mathematics. Chap-
ters 2 and 7 consist of purely physics content, whilst Chapters 4 consist of mainly mathematics

https://github.com/RoyRodenburg/MasterProjectQuantumOptimalControl
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content. The remaining Chapters are decidedly more mixed, with Chapter 3 providing a mathe-
matically rigorous introduction to quantum mechanics with non-compact operators and the last
remaining chapters being focused on quantum optimal control algorithms.

ChatGPT and Mistral were used for assistance in literature review. Grammarly and ChatGPT
were used to aid in improving the readability of the text. GitHub Copilot was used for the
programming aspect of the thesis.
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Chapter 2

Introduction to Quantum Mechanics for
Mathematicians

We will now introduce the basics of quantum mechanics for the mathematically-minded reader to
understand the rest of the text. This is, of course, not a comprehensive introduction, but refer-
ences will be provided for supplementary material. The goal of quantum mechanics is to accurately
describe the physics at the atomic scale, where classical mechanics ceases to be accurate. Particles
are no longer localised at one point in space and start to gain wave-like properties.

Most quantum states, which we will discuss, are quantised: they are only allowed to have a discrete
set of values for energy, momentum and spin. A quantum particle is typically in a combination of
such states, meaning that its true energy is uncertain until measurement, which causes the wave
function to collapse into one of these quantised states. This is totally contrary to classical sys-
tems, where the measurement of a particle’s momentum is treated as a simple observation, which
does not affect the system. Many aspects of quantum mechanics are unintuitive and call for a
philosophical investigation; however, this chapter will focus on treating quantum mechanics with
mathematical rigour, without discussing many famous experiments, like the double-slit experiment.

In the following section, we will briefly discuss the prerequisites of a mathematically rigorous in-
troduction to quantum mechanics, explain the postulates upon which quantum mechanics is built
and introduce the Schrödinger equation. Afterwards, we will discuss the two-level system and give
analytic solutions using the rotating-wave approximation. Lastly, we will introduce open quantum
systems and the Lindblad master equation, which, contrary to the Schrödinger equation, is able
to include decay processes into the system dynamics.

A good basic introduction would be [5]. For a more mathematically rigorous introduction, [6] can
be used.

5



6 CHAPTER 2. QUANTUM MECHANICS FOR MATHEMATICIANS

2.1 Hilbert spaces

The fundamental object of quantum mechanics is the Hilbert space. Any quantum state of a
system is an element of the Hilbert space associated with the system. Hilbert spaces will allow
us to apply linear algebra and calculus to infinite-dimensional spaces. We will assume all of our
Hilbert spaces to be complex vector spaces. Although real vector spaces can be Hilbert spaces,
they have no application in quantum mechanics.

Definition 2.1.1 (Hilbert space). A complex vector space H equipped with an inner product (·, ·) :
H×H → C is a Hilbert space if for all x, y, z ∈ H,

1. The inner product is conjugate symmetric in its arguments: (x, y) = (y, x)∗, where ∗ denotes
the complex conjugate.

2. It is linear in the 2nd argument: (x, ay + bz) = a(x, y) + b(x, z) with a, b ∈ C.

3. The inner product is positive definite: (x, x) ≥ 0 with equality if and only if x = 0.

4. Equipped with the norm |x| =
√
(x, x), the metric space (H, | · |) should be complete, meaning

that any Cauchy sequence converges1 to a point in H.

A Hilbert space is separable if it has a dense countable2 subset, which is equivalent to having a
countable orthonormal basis.

Therefore, infinite-dimensional Hilbert spaces can be separable as long as they are countable
infinite-dimensional [7], and all the Hilbert spaces which we will consider after this chapter will be
separable.

In the mathematics literature, the inner product is typically assumed to be linear in its first
argument. However, we will follow the physics convention and require the inner product to be
linear in its second argument. Combining points 1 and 2, it follows that the inner product is
conjugate linear in its first argument: (ax+ by, z) = a∗(x, z) + b∗(y, z) for all a, b, x, y, z ∈ C.

Example 2.1.2. For certain often-used Hilbert spaces, there is a standard choice of inner product,
which we give here. These will come up often.

• If H = Cn, we can write the standard inner product as (v, w) = v†w for v, w ∈ H. Where
the dagger operation ·† : Cn×m → Cm×n denotes the complex conjugate transpose. When
we apply it to column vectors in Cn, they get converted into row vectors in C1×n. In the
mathematics literature, the meaning of the ∗− and †− operations is interchanged, but in this
thesis, we will follow the physics convention.

1A sequence {xj}j∈Nis Cauchy if for every ϵ > 0, there exists a positive integer N such that |xn − xm| < ϵ for
all integers n,m > N .

2A set is countable if it is finite or if it has a one-to-one correspondence to the set of positive integers N, meaning
that each element of the set can be assigned a unique integer.
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• If H = l2(N), the space of square-summable infinite sequences u = {uk}∞k=0 ⊂ C such that∑∞
k=0 |uk|2 <∞, then the standard inner product is:

(u, v) =
∞∑
k=0

u∗kvk. (2.1)

• Let M be a manifold. If H = L2(M), the space of square-integrable functions f : M → C,
then the standard inner product is

(ψ, ϕ) =

∫
M

ψ∗(x)ϕ(x)dx, (2.2)

for ψ, ϕ ∈ L2(M).

The first postulate of quantum mechanics relates to the state space associated to a quantum
system.

Postulate 2.1.3. The state of an isolated physical system at a fixed time t is represented by a
state vector |ψ⟩ belonging to a Hilbert space H called the state space.

The state vector |ψ⟩ ∈ H is part of the Bra-ket notation in quantum mechanics, which we will
now discuss. We will also generally assume that the elements of the Hilbert space are normalised:
(|ψ⟩ , |ψ⟩) = 1.

2.1.1 Bra-ket (Dirac) Notation

The Bra-ket or Dirac notation is one of the most commonly used ways to describe the state vectors
used in quantum mechanics. The state vector |ψ⟩ is an element of a Hilbert space H. If the Hilbert
space is separable, it can be represented by a column vector, which can be finite-dimensional or
countably infinite-dimensional.

The bra ⟨ϕ| is an element of the dual space H∗. If the Hilbert space is separable, the bra can be
viewed as the transpose of the ket and thus as a row vector. We can now define an isomorphism
between the bra and ket states using the Riesz representation theorem.

Theorem 2.1.4 (Riesz representation theorem [8, Theorem 2.1.18]). For all functionals ⟨ϕ| ∈ H∗,
there exists an unique vector f⟨ϕ| ∈ H such that

⟨ϕ| (|ψ⟩) = (f⟨ϕ|, |ψ⟩), ∀ |ψ⟩ ∈ H. (2.3)

Here we can identify f⟨ϕ| := |ϕ⟩. As a corollary, we can state:

Corollary 2.1.5. The canonical map Φ : H → H∗ provides an isometric conjugate-linear3 iso-
morphism between the Hilbert space and its dual space. It is defined by:

3Meaning that Φ(a |ψ⟩+ b |ϕ⟩) = a∗Φ(|ψ⟩) + b∗Φ(|ϕ⟩), for all a, b ∈ C and |ψ⟩ , |ϕ⟩ ∈ H.
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Φ : |ψ⟩ 7→ (|ψ⟩ , ·) := ⟨ψ| . (2.4)

Its inverse Φ−1 : H∗ → H is given using the above Riesz representation theorem to be:

Φ−1 : ⟨ϕ| 7→ f⟨ϕ| := |ϕ⟩ . (2.5)

Combining the bra and the ket gives you a natural inner product. The main simplification in the
bra-ket notation is the dropping of the parentheses in equation (2.3), i.e:

⟨ϕ|ψ⟩ := ⟨ϕ| (|ψ⟩) = (Φ−1(⟨ϕ|), |ψ⟩). (2.6)

Elements of H which only differ by a global phase factor: |ϕ⟩ = eiφ |ψ⟩ are considered equivalent
since a global phase factor is not relevant to the dynamics of the system.

In parts of the physics literature, the bra is considered to be part of the Hilbert space. That rarely
causes issues because of the isomorphism given in Corollary 2.1.5. However, for bra states, different
transformation rules apply, which are more naturally explained if you view it as the dual of the ket.

We require that the state space of a quantum system is a Hilbert space, because we make heavy
use of the inner product, and also because the dual of a separable Banach space may itself not be
separable. This means there can’t exist an isomorphism between the bras and kets, which would
also cause many issues.

2.2 Linear Operators

Linear operators acting on Hilbert spaces are crucial in quantum mechanics because they represent
measurements of physical observables, such as energy or position. We will now work towards the
second postulate of quantum mechanics, which governs how measurements can be taken of a
quantum system and how the system is affected by these measurements.

Definition 2.2.1 (Linear operator on Hilbert space). A linear operator on the Hilbert space H is
a linear map Â : D(Â) → H, where D(Â) ⊆ H is the domain of Â. Such an operator can fulfil the
following properties:

• An operator Â is called bounded if there exists a constantM ∈ R+ such that |Â |ψ⟩ | ≤M | |ψ⟩ |
for all |ψ⟩ ∈ D(Â).

• A bounded linear operator Â is called non-negative if (|ψ⟩ , Â |ψ⟩) ≥ 0 for all |ψ⟩ ∈ D(Â).

• If Â |ψ⟩ = λ |ψ⟩ holds for some |ψ⟩ ∈ D(Â) and λ ∈ C, then λ and |ψ⟩ are referred to as an
eigenvalue and eigenvector of the operator Â.

All operators on the Hilbert space are equipped with a hat: Â : D(Â) → H, which is a convention
in large parts of the physics literature.
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Bounded linear operators are equivalent to continuous linear operators on Hilbert spaces. For
infinite-dimensional operators, the notion of eigenvalues and eigenvectors can be extended to the
notion of the spectrum of an operator, which is defined in Definition 2.2.7.

We will now also introduce the operator norm, as we will have to use it later.

Definition 2.2.2 (Operator norm). The operator norm of Â : D(Â) → H is defined as

||Â|| = inf{c ≥ 0 : |Â |ψ⟩ | ≤ c| |ψ⟩ |, ∀ |ψ⟩ ∈ D(Â)}. (2.7)

The space of bounded operators on H is denoted B(H).

Bounded operators have the nice property that they can also be extended to the entire Hilbert
space H, using the Hahn-Banach theorem.

Theorem 2.2.3 (Hahn-Banach theorem, [9, theorem 6.13]). Let Â0 : D(Â0) → H be a bounded
linear operator, with D(A0) ⊂ H a linear subspace of H, then there exists an extension Â : H → H
such that ||Â0|| = ||Â|| and Â|D(Â0)

= Â0.

From now on, we will assume that all bounded linear operators are defined on the entirety of H,
as otherwise, the operator could be extended using the Hahn-Banach theorem.

However, not every operator defined on the entire Hilbert space is bounded. Consider, for example,
the Hilbert space H = l2(N), with the operator Â : |j⟩ 7→ j |j⟩, for j = 0, · · · ,∞. Where |j⟩ are
the unit basis vectors of the Hilbert space. This operator is clearly defined on the entire Hilbert
space, but it is also not bounded because

||Â|| ≥ lim
j→∞

|Â |j⟩ | = lim
j→∞

|j |j⟩ | = ∞. (2.8)

Unless mentioned otherwise, every operator we discuss is assumed to be bounded, because the vast
majority of operators which we will come across will be bounded. We will now define the adjoint
of an operator.

Definition 2.2.4 (Adjoint of an operator). For a linear operator Â : D(Â) → H, its adjoint
operator Â† : D(Â†) → H is defined as the unique operator such that:

(Â†u, v) = (u, Âv), u ∈ D(Â†), v ∈ D(Â), (2.9)

where the domain of the adjoint is:

D(Â†) = {u ∈ H : ∃ w ∈ H : (u, Âv) = (w, v), ∀v ∈ D(Â)}. (2.10)

A linear operator Â is called self-adjoint if Â = Â† and D(Â) = D(Â†).

Using the Riesz representation theorem 2.1.4, we can show that the adjoint of a bounded operator
is defined on the entire Hilbert space and is also bounded. Assume that Â is bounded and define
the map Π : H → H∗, which is defined as Π : |ϕ⟩ 7→ Π|ϕ⟩ with:
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Π|ϕ⟩ : |ψ⟩ 7→ (|ϕ⟩ , Â |ψ⟩). (2.11)

We can now apply the isomorphism Φ−1 : H∗ → H to Π|ϕ⟩, which is provided in Corollary 2.1.5.
So, Φ−1(Π|ϕ⟩) = fΠ|ϕ⟩ with fΠ|ϕ⟩ ∈ H such that

Π|ϕ⟩(|ψ⟩) = (fΠ|ϕ⟩ , |ψ⟩), ∀ |ψ⟩ ∈ H. (2.12)

This we can use to write the following:

(|ϕ⟩ , Â |ψ⟩) = Π|ϕ⟩(|ψ⟩) = (fΠ|ϕ⟩ , |ψ⟩). (2.13)

Here we can identify the adjoint operator as Â† |ϕ⟩ := fΠ|ϕ⟩ , for all |ϕ⟩ ∈ H. This shows that Â†

is defined on the entire Hilbert space. We can then also define Π|ϕ⟩ := ⟨ϕ| Â†, where the adjoint

Â† acts on the operator to the left of itself. Since the isomorphism Φ is isometric, we can deduce
that ||Â†|| = ||Â||, showing that the adjoint is also bounded. Self-adjoint operators are often
called Hermitian in quantum mechanics, and the adjoint operator Â† operation is often called the
Hermitian conjugate of Â.

In the physics literature, you will often come across terms like ⟨ϕ|Â|ψ⟩, where it is unclear whether
Â acts upon the bra or the ket. If Â is Hermitian, as almost all operators which we will be dealing
with are, then this notation is no longer ambiguous. For all |ψ⟩ , |ϕ⟩ ∈ H, we have:

(Â |ϕ⟩ , |ψ⟩) = (|ϕ⟩ , Â |ψ⟩). (2.14)

Rewriting both sides in bra-ket notation, we get

(⟨ϕ|Â)|ψ⟩ = ⟨ϕ|(Â|ψ⟩). (2.15)

This shows that we are actually allowed to drop the brackets and write ⟨ϕ|Â|ψ⟩. If an operator is
not Hermitian, this notation is not well-defined and should thus be avoided. We will now briefly
state a few important properties of adjoint operators without proof.

Lemma 2.2.5. For linear bounded operators Â, B̂ : H → H, the following properties hold:

•
(
Â†
)†

= Â,

•
(
ÂB̂
)†

= B̂†Â†,

•
(
λÂ+ B̂

)†
= λ∗Â† + B̂† with λ ∈ C,

•
∣∣∣∣∣∣Â∣∣∣∣∣∣ = ∣∣∣∣∣∣Â†

∣∣∣∣∣∣.
• If Â is Hermitian, then ⟨ϕ|Â|ϕ⟩ is real, for any |ϕ⟩ ∈ H.
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Using these basics, we can move towards trying to express states and operators using an orthonor-
mal basis. We will find that compact operators have the required properties to make this work
nicely.

Definition 2.2.6 (Compact operator [8, Definition 2.3.1]). An operator Â : H → H is said to be

compact if there exists a neighborhood U around the origin in H such that the closure Â(U) is a
compact subset of H.

On finite-dimensional Hilbert spaces, all linear operators are bounded. Consider a neighbourhood

around the origin U , then Â(U) is bounded and closed and thus compact. Therefore, all linear
operators on finite-dimensional spaces are compact.

This does not generalise to infinite-dimensional spaces, where you have to be more careful. By
the spectral theorem 2.2.9, which will follow, it can be shown that the eigenvectors of compact
operators generate a basis for the Hilbert space. But generic infinite-dimensional operators might
not even have any eigenvectors. For infinite-dimensional Hilbert spaces and operators, the idea of
eigenvalues and eigenvectors can be extended through the notion of the spectrum of an operator.

Definition 2.2.7 (Spectrum of infinite-dimensional operators). The spectrum of a potentially
unbounded Hermitian operator Â : D(Â) → H is the set σ(Â), where λ ∈ C is part of σ(Â) if
Â− λÎ is not invertible, i.e. doesn’t have a bounded inverse. Here Î : H → H denotes the identity
operator.

If λ ∈ C is an eigenvalue of Â, it is included in its spectrum, but the converse is not necessarily
true. Meaning that there doesn’t necessarily have to be an eigenvector |ψ⟩ ∈ D(Â) which satisfies

Â |ψ⟩ = λ |ψ⟩ . (2.16)

We have the following lemma for Hermitian operators.

Lemma 2.2.8 ([6, theorem 1, 2–3]). If the operator Â is Hermitian, all its eigenvalues are real.
The eigenvectors belonging to distinct eigenvalues are orthogonal.

Eigenvalues can still be degenerate, meaning it has multiple associated linearly independent eigen-
vectors. We can now state the spectral theorem, which is one of the pillars of operator theory and
guarantees that we have an orthonormal basis to work with.

Theorem 2.2.9 (Spectral theorem for compact Hermitian operators [10, Theorem 2.3.5]). Suppose
Â is a compact Hermitian operator on a Hilbert space H. Then there is a countable orthonormal
basis of H consisting of eigenvectors of Â.

These eigenvectors form a complete orthonormal basis in Hilbert space and, therefore, any vector
can be expressed using this eigenvector basis. Given an operator which satisfies the conditions in
Theorem 2.2.9, we can generate an orthonormal basis for the Hilbert space H. Depending on the
cardinality of the Hilbert space dimension, we will denote the eigenvector basis differently.
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If the Hilbert space has dimension N , we will denote its basis set as {|n⟩}n=0,··· ,N−1. The eigenkets
are ordered by increasing eigenvalue, with the eigenket corresponding to the smallest eigenvalue
denoted as |0⟩. If the basis set is countable infinite, then it can be denoted as {|n⟩}n∈N, if there
is no lower and upper bound on the eigenvalues, Z can be used to index the set of eigenvalues. If
the basis is uncountable infinite-dimensional, it will be indexed by its eigenvector itself, so

{|α⟩ : Â |α⟩ = λα |α⟩ and ⟨α|α⟩ = 1}. (2.17)

Assuming that the basis dimension is finite or countable infinite, we use the basis to write any
state |ψ⟩ as a column vector. The component of |ψ⟩ along the nth eigenvector is given by the inner
product ψn := ⟨n|ψ⟩. Using this, we can write

|ψ⟩ =
∑
n

⟨n|ψ⟩ |n⟩ =
∑
n

ψn |n⟩ =

ψ1

ψ2
...

 . (2.18)

Because the basis is orthonormal and we assume that ⟨ψ|ψ⟩ = 1, we can show by Parseval’s identity
[11], that

∑
n | ⟨n|ψ⟩ |2 = 1, which means that the infinite sum over the eigenvectors is well-defined.

This suggests we can view the state |ψ⟩ as a vector in the basis generated by the eigenvalues of
an operator satisfying the requirements of Theorem 2.2.9. By convention, |ψ⟩ is considered to be
a column vector.

This also invites us to define a basis for the identity operator: Î :=
∑

n |n⟩ ⟨n|. Applying it to the
state |ψ⟩, we get:

|ψ⟩ =

(∑
n

|n⟩ ⟨n|

)
|ψ⟩ =

∑
n

ψn |n⟩ , (2.19)

which is equal to |ψ⟩, as discussed above. We can apply the same method to operators:

Â = ÎÂÎ (2.20)

=

(∑
n

|n⟩ ⟨n|

)
Â

(∑
m

|m⟩ ⟨m|

)
(2.21)

=
∑
mn

Amn |n⟩ ⟨m| , (2.22)

with Amn = ⟨n|Â|m⟩ and we can thus also write Â as a matrix with elements Amn, where we
use a matrix basis elements |n⟩ ⟨m|. In matrix representation, Hermitian operators are complex-
conjugate matrices since
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Amn = ⟨n|Â|m⟩ (2.23)

= ⟨m|Â†|n⟩
∗

(2.24)

= ⟨m|Â|n⟩
∗

(2.25)

= A∗
nm. (2.26)

Finally, we can also write the bras as row vectors:

⟨ϕ| =
∑
n

ϕ∗
n ⟨n| = (ϕ∗

1, ϕ
∗
2, · · · ). (2.27)

This ensures that the inner product ⟨ϕ|ψ⟩ can also be viewed as a product of row and column
vectors which results in a scalar.

2.3 The Measurement Postulates of Quantum Mechanics

In quantum mechanics, a measurement is an active operation that impacts the system tremen-
dously, in stark contrast to the classical world. Physical observables, such as energy, position,
momentum, and angular momentum, are represented by Hermitian operators. For a system in
state |ψ⟩, the expectation value of the measurement of a physical observable is

⟨ψ|Â|ψ⟩ , (2.28)

where Â is the operator associated with the physical observable. The assumption that Â is Her-
mitian ensures that this expectation value is real.

When the eigenvalue spectrum is discrete, the physical quantity is considered quantised. Often, the
observables considered cannot be represented by compact operators, which leads to some technical
complications, because the eigenkets are no longer included in the Hilbert space. These issues will
be addressed using the rigged Hilbert space formalism in Chapter 3. However, in this chapter, we
will only work with finite-dimensional operators, so all of our operators are compact, and we do
not require the rigged Hilbert space formalism.

We will now present the measurement postulates without using the rigged Hilbert space formalism.
At the end of Chapter 3, the measurement postulates will be reinstated in the rigged Hilbert space
formalism.

Postulate 2.3.1. Every measurable physical quantity is associated with a Hermitian operator
Â : D(Â) → H. The result of measuring a physical quantity must be one of the eigenvalues of the
corresponding observable Â.

Therefore, when the system is in any arbitrary state, the value which a physical quantity is allowed
to take is still restricted to the spectrum of its associated operator. The quantum state of the
system, in turn, determines the probability that the physical quantity will take a particular value
after measurement, which is determined through the following postulate.
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Postulate 2.3.2. When a physical quantity associated with the operator Â is measured on a system
in a normalized 4 state |ψ⟩, the probability of obtaining the eigenvalue an with associated eigenket
|ψn⟩ is given by P[an] = | ⟨ψn|ψ⟩ |2 in the case of a non-degenerate discrete spectrum. In the case of
a non-degenerate dense spectrum, it is given by the probability measure dP[α] = | ⟨α|ψ⟩ |2da, where
|α⟩ is the eigenket associated with the eigenvalue α.

Now we discuss the effect of the measurement on the system. If, immediately after the first
measurement, you perform a second measurement, it would only make sense that this second
measurement will produce the same result as the first. This suggests that the quantum state has
collapsed into the eigenspace of the measured eigenvalue, meaning that, contrary to the classical
world, the act of measurement changed the quantum state.

Postulate 2.3.3. If the measurement of the physical quantity associated with Â on the system in
the state |ψ⟩ gives the result α, then the state of the system immediately after the measurement is
the normalised projection of |ψ⟩ onto the eigensubspace associated with α:

|ψ⟩ 7→ P̂α |ψ⟩√
⟨ψ|P̂α|ψ⟩

, (2.29)

Where P̂α is the projection operator to the eigensubspace belonging to α, if α is a nondegenerate
eigenvalue, then the projection operator is given by:

P̂α = |α⟩ ⟨α| . (2.30)

For compact operators, we know from the Spectral Theorem 2.2.9 that their eigenkets are part
of the Hilbert space. However, this does not hold for non-compact operators, like the position
and momentum operators, which we will discuss in Section 3.3. Therefore, the collapse of the
wavefunction after a position measurement is ill-defined unless we move to the rigged Hilbert
space formalism, which we discuss in Chapter 3.

2.4 Time Evolution Postulate

Although you can derive the Schrödinger equation for the time evolution of the system from a basic
set of assumptions, we are going to assert it as a postulate, like many other texts on the topic.
One pertinent way to derive the Schrödinger equation is actually through Bellman’s equation
from optimal control theory [12]. However, it is not one of the mainstream derivations, and is
unfortunately outside of the scope of this text to discuss.

Postulate 2.4.1. The time evolution of the state vector |ψ(·)⟩ : R → H is governed by the
Schrödinger equation:

iℏ
d

dt
|ψ(t)⟩ = Ĥ(t) |ψ(t)⟩ , (2.31)

4a normalized state has the unit norm: ⟨ψ|ψ⟩ = 1.
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where Ĥ : R × H → H is the observable associated with the total energy of the system, which is
also often called the Hamiltonian of the system.

The Hamiltonian is the operator associated with the energy of the system. In the case of a time-
independent Hamiltonian Ĥ : H → H, the solution of the Schrödinger equation can be immediately
written down using the matrix exponential:

|ψ(t)⟩ = e−iĤt/ℏ |ψ(0)⟩ . (2.32)

If we are using the energy eigenvector basis for both the quantum state and the Hamiltonian itself,
then the Hamiltonian operator can be written as a diagonal matrix: Ĥ = diag(E1, E2, · · · , En),

with E1,2,··· ,n ∈ R its eigenvalues. The matrix exponential e−iĤt/ℏ, then simply becomes:

e−iĤt/ℏ = diag(e−iE1t/ℏ, e−iE2t/ℏ, · · · , e−iEnt/ℏ). (2.33)

Which means that in the energy eigenvector basis of a time-dependent Hamiltonian, the solution
of the Schrödinger equation is rather straightforward. However, we will often deal with composite
Hamiltonians like: Ĥ(t) = Ĥ0 + ĤI(t), with a time-independent part Ĥ0 and a time-dependent
part ĤI(t), in such cases, we will still write the quantum states in the eigenvector basis generated
by Ĥ0, but the Schrödinger equation evolves using the composite Hamiltonian Ĥ(t), meaning that
the Schrödinger equation is no longer easily solvable.

We can also easily show that if the state |ψ(t)⟩ is normalised at the time t = t0, it will remain
normalised forever because d

dt
(⟨ψ|ψ⟩) = 0. To show this, we can take the Hermitian conjugate on

both sides of the Schrödinger equation to get:

iℏ
d

dt
⟨ψ(t)| = −Ĥ(t) ⟨ψ(t)| . (2.34)

Using that, we can compute:

d

dt
(⟨ψ(t)|ψ(t)⟩) =

(
d

dt
⟨ψ(t)|

)
|ψ(t)⟩+ ⟨ψ(t)|

(
d

dt
|ψ(t)⟩

)
(2.35)

=
i

ℏ

(
⟨ψ(t)|Ĥ(t)|ψ(t)⟩ − ⟨ψ(t)|Ĥ(t)|ψ(t)⟩

)
. (2.36)

= 0. (2.37)

Which shows that quantum states do remain normalized under time evolution by the Schrödinger
equation. In Section 2.6, we will give an example of a Hamiltonian operator on the Hilbert space
H = C2.

2.5 Heisenberg Representation of Quantum Mechanics

We will now use the Heisenberg representation of quantum mechanics, where the operators carry
the time dependency of the system, and quantum states are time-independent. In contrast to
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the Schrödinger representation introduced in postulate 2.4.1, where the quantum states are time-
varying according to the Schrödinger equations and the operators are static. These two pictures
end up being physically equivalent. The Schrödinger and Heisenberg representations can be written
as follows:

⟨ψ(t)|ÂS|ϕ(t)⟩ = ⟨ψ(0)|ÂH(t)|ϕ(0)⟩ , (2.38)

where ÂS denotes the operator in the Schrödinger picture and ÂH(t) denotes it in the Heisenberg
picture. We would like to now deduce the equation of motion of the operator in the Heisenberg
picture. We can start by writing:

|ϕ(t)⟩ = Û(t, 0) |ϕ(0)⟩ . (2.39)

Where it can be argued through applying the Schrödinger equation that

d

dt
Û(t, 0) =

i

ℏ
ĤS(t). (2.40)

We can then write

⟨ψ(t)|ÂS|ϕ(t)⟩ = ⟨ψ(0)|Û †(t)ÂSÛ(t)|ϕ(0)⟩ (2.41)

Meaning that we can set

ÂH(t) = Û †(t)ÂSÛ(t). (2.42)

We can then take the time derivative on both sides:

d

dt
ÂH(t) =

d

dt

(
Û †(t)

)
ÂSÛ(t) + Û †(t)ÂS

d

dt

(
Û(t)

)
+ Û †(t)

∂ÂS

∂t
Û(t), (2.43)

=
i

ℏ
Û †(t)ĤS(t)ÂÛ(t)−

i

ℏ
Û †(t)ÂĤS(t)Û(t) + Û †(t)

∂ÂS

∂t
Û(t), (2.44)

=
i

ℏ

[
Û †(t)ĤS(t)Û

†(t)Û(t)ÂÛ(t)− Û †(t)ÂÛ †(t)Û(t)ĤS(t)Û(t)
]
+

(
∂ÂS

∂t

)
H

, (2.45)

=
i

ℏ

[
ĤH(t)ÂH(t)− ÂH(t)ĤH(t)

]
+

(
∂ÂS

∂t

)
H

, (2.46)

=
i

ℏ

[
ĤH(t), ÂH(t)

]
+

(
∂ÂS

∂t

)
H

. (2.47)

In the last line, we use the commutator operation [Â, B̂] := ÂB̂ − B̂Â. In the case that the
Hamiltonian is time-independent, we have that it commutes with Û(t) and therefore, d

dt
HH(t) = 0,

meaning that ĤH = ĤS. If the Hamiltonian Ĥ and the operator ÂS are both time-independent,
the equation of motion for the operator ÂH in the Heisenberg representation becomes

d

dt
ÂH(t) =

i

ℏ

[
Ĥ, ÂH(t)

]
. (2.48)
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2.6 Two-level Quantum Systems

Whilst moving towards the quantum systems upon which we will apply quantum optimal control,
we will start by discussing the simplest non-trivial quantum system, those with just two basis
states. Their Hilbert space is H = C2. All quantum states should, of course, be normalised, but if
we ensure that our initial quantum states are normalised, the Schrödinger equation will preserve
this normalisation. Because this Hilbert space is finite-dimensional, we won’t have to resort to the
rigged Hilbert space formalism.

We will now give some basic explanations about the real-world quantum systems we are trying to
model with two-level quantum systems for readers with a mathematical background. However, it
is not feasible to treat everything in full detail. If interested, any introductory quantum mechanics
textbook like [13] would be a good starting point.

Many real-world systems can be modelled using a two-level system, as long as only two quantum
states are relevant in the system. For example, the electron of a hydrogen atom interacting with
an external laser can be treated as a two-level system if the laser can only transfer the electron
between the ground state and the first excited state.

The Bohr model states that an atom consists of a positively charged nucleus consisting of protons
and neutrons, surrounded by orbiting electrons, as depicted in Figure 2.1. It is one of the simplest
quantum models, which can still predict the approximate energy levels of hydrogen.

The Bohr model of the hydrogen atom states that the electron can be in energy levels En ∝ − 1
n2 ,

for n ∈ N+. The ground state |1⟩ is most tightly bound by the proton, and as you increase n,
the electron is further separated from the proton. The electron can only transfer between different
energy levels using a laser if the frequency of the laser corresponds to the difference in energy
between those energy levels. In the real world, things are more complicated due to the conserva-
tion of spin and angular momentum. However, in this thesis, we will not discuss these complexities.

Atoms larger than hydrogen can also be modelled using the Bohr model. However, because of the
complex interplay between the electrons when you have multiple, it is extremely difficult to re-
trieve theoretical predictions of the energy levels from the Bohr model without applying additional
approximations. One common approximation is only computing the energy level of the outermost
electron, while reducing the effective nuclear charge of the nucleus to account for screening by the
inner electrons. The field of Quantum Chemistry concerns itself with accurately computing the
energy levels of larger atoms and molecules by applying such approximations.

The energy related to a certain energy level can be theoretically predicted through the Bohr model
(or more advanced methods). However, since we are taking a modelling approach, we will often
simply impose each level to have a certain energy. Only the energy differences between states
matter; you can arbitrarily shift the energy of the levels up or down, and it will only produce a
global phase factor, which is not relevant.
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Figure 2.1: A schematic of the hydrogen atom in the Bohr model [14], the yellow point marked
with a minus sign represents the electron moving around the nucleus shown as a white circle with
a plus. Image taken from [15].

According to the Bohr model, an atom has many energy levels. However, oftentimes only two
energy levels are relevant, for example, when the laser and the atom’s internal dynamics don’t
push the atom into any third state. That means that there are no relevant decays which push the
atom into a third state, and the laser energy is such that it is only resonant with the difference in
energy between our two energy levels. In this thesis, we will often a priori impose the quantum
system to have a certain number of states.

Internal Dynamics of Two-Level System

When the two-level system is not influenced by an outside force, the population of each quantum
state will remain stable unless there is a decay process from a higher energy state to a lower energy
state. Although it is possible to determine which decays are allowed or disallowed in physics, we
will not describe this in detail. To describe quantum systems where states can decay with rigour
in quantum physics, we will have to work with so-called open quantum systems, which we discuss
in Section 2.9.

Quite often, the lifetime of a state with respect to a certain decay process is orders of magnitude
larger than the time interval of the dynamics you are looking at; in those cases, we will not consider
this decay process in our models.

The two-level quantum system has the Hilbert space H = C2. By the Spectral Theorem 2.2.9, we
are assured that it is possible to write the Hamiltonian of the two-level system using an orthonormal
basis consisting of its own eigenvectors. The Hamiltonian representing the dynamics of the electron
in the atom, without the presence of an external electric field, can be written as:

Ĥ0 =

[
E0 0
0 E1

]
, (2.49)

where the coordinate basis used is generated from the eigenvectors of the Hamiltonian Ĥ0, with



2.6. TWO-LEVEL QUANTUM SYSTEMS 19

|0⟩ =
[
1
0

]
and |1⟩ =

[
0
1

]
being the associated eigenvectors. E0,1 are the possible energy levels of the

electron. We set E1 > E0. Any state |ψ⟩ can be written as

[
c1
c2

]
, with c1,2 ∈ C and |c1|2+ |c2|2 = 1

to ensure normalisation.

Laser Interaction

In its simplest form5, lasers are devices which output a focused beam of electromagnetic waves
with a single frequency ω, some initial phase ϕ and time-varying amplitude A(t). Here, ê is a unit
vector which sets the polarisation of the electromagnetic wave; it determines the direction in which
the electric field points. The electric field experienced by the electron, which is fixed in space, can
be written as:

E(t) = A(t)ei(ωt+ϕ)e⃗. (2.50)

Only the real part of the electric field is physically relevant; however, we will now describe it using
a complex exponential and discard the complex part later, as that will ease the computations.

We will now examine how the laser light interacts with the quantum system. Our system, which
is an electron bound by a nucleus, for simplicity, other electrons are ignored. Since the system
is electrically neutral, its centre of mass will not move under the influence of an external electric
field. However, the positively charged nucleus and the negatively charged electron move in oppo-
site directions in the presence of an electric field.

This separation of charge can be described using the electric dipole moment, defined as:

µ⃗ =
∑
j

qj r⃗j, (2.51)

where qj and r⃗j are the charge and position6 of the jth point particle of the system.

When the external uniform electric field emitted by the laser is introduced, the potential energy
of the classical system changes with:

∆U = −µ⃗ · E⃗(t). (2.52)

To simplify our computations, we want to get rid of that dot product in the equation above,

∆U = −µE||(t), (2.53)

5In the framework of quantum mechanics, the particle-wave duality implies that a laser can be viewed as a device
emitting photons which all have the same energy. When this photon energy is equal to the difference between two
energy levels of a system, the photon can be absorbed, bringing the electron from the lower to the higher state.
However, this quantum-mechanical treatment of the laser is often unnecessary. Whenever appropriate, we will treat
the laser output as an electromagnetic wave and describe it using classical electromagnetic theory.

6For neutral systems, the reference point from which we measure positions is not relevant.



20 CHAPTER 2. QUANTUM MECHANICS FOR MATHEMATICIANS

where E|| : R → R denotes the electric field parallel to the dipole moment over time and µ = |µ⃗|.

After the two-level system is quantised, the electric dipole moment scalar µ becomes the operator
µ̂ : C2 → C2. In classical mechanics, observables are scalar functions of the state of the system;
however, in quantum mechanics, operators represent physical observables, and their expected value
is given by ⟨ψ|µ̂|ψ⟩, which is a scalar itself. The electric dipole moment operator can be represented
as the Hermitian matrix:

µ̂ =

[
0 µ01

µ∗
01 0

]
. (2.54)

Computing µ01 ∈ C for a system of quantum particles is more complicated than for a system of
classical particles because it requires integrating over each particle’s wave function. However, we
will not compute terms like µ01 from underlying principles, so we can skip over those difficulties.
Generally, µ01 can be a complex number; however, we will absorb its complex phase into the com-
plex phase of the electric field, such that we can simply work with a real dipole momentum µ.

The Hamiltonian of the two-level system represents the energy of the system. From a classical
perspective, the electric field introduces an energy shift of −E||(t)µ. Therefore, we should add the
term −E||(t)µ̂ to the Hamiltonian:

Ĥ(t) = Ĥ0 − E||(t)µ̂. (2.55)

This can be written in matrix form as:

Ĥ(t) =

[
E0 µ∗E||(t)

µ(E||(t))
∗ E1

]
=

[
E0 −µA(t)ei(ωt+ϕ)

−µA(t)e−i(ωt+ϕ) E1

]
(2.56)

Here, we have to take the complex conjugate of the electric field to ensure that the Hamiltonian
remains Hermitian. For the laser electric field to resonantly drive the state transfer, it will require
that ω0 =

E1−E0

ℏ . For simplicity, we will set ℏ = 1 as is common in parts of the physics literature7,
so we will also set ω0 = E1 − E0.

We can now write down the Schrödinger equation, using the basis coefficients cj(t) = ⟨Ψ(t)|j⟩, for
j = 1, 2 as follows:

i
∂

∂t

[
c1(t)
c2(t)

]
=

[
E0 −µA(t)ei(ωt+ϕ)

−µA(t)e−i(ωt+ϕ) E1

]
·
[
c1(t)
c2(t)

]
. (2.57)

To ensure normalisation, we set |c1(0)|2 + |c2(0)|2 = 1. To simplify the dynamics, we assume that
the electric field is resonant with the internal dynamics: ω = ω0, and then we apply the time-
dependent transformation B(t) = diag(e−iE0t, e−iE1t). Such that |Ψ̃(t)⟩ = B(t)−1 |Ψ(t)⟩. Which
leads to:

7This is often done to avoid needing to write ℏ’s everywhere; for the final result, the ℏ’s can always be put back
through dimensional analysis.
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i
∂

∂t

[
c̃1(t)
c̃2(t)

]
=

[
µA(t) 0
0 µA(t)

] [
c̃1(t)
c̃2(t)

]
. (2.58)

We can define u(t) := µA(t). We can now split c̃1,2(t) into their real and imaginary parts, c̃j(t) =
xj(t) + iyj(t), for j = 1, 2. Doing this, and writing the system of coupled differential equations in
terms of xj(t) and yj(t), we get:

ẋ1(t) = u(t)y2(t), (2.59)

ẋ2(t) = u(t)y1(t), (2.60)

ẏ1(t) = −u(t)x2(t), (2.61)

ẏ2(t) = −u(t)x1(t). (2.62)

Notice that both x21(t) + y22(t) = α1 and x22(t) + y21(t) = α2 are conserved quantities with α1,2 ∈ R
being determined by the initial conditions. We can then parametrise them as:

x1(t)
x2(t)
y1(t)
y2(t)

 =


α1 cos(θ(t))
α2 cos(ϕ(t))
α1 sin(ϕ(t))
α2 sin(θ(t))

 (2.63)

The differential equations then turn into just two equations:

θ̇(t) = −u(t), (2.64)

ϕ̇(t) = −u(t). (2.65)

Which can be tackled using standard control theory. Systems with more states can be reformulated
to control problems on the surfaces of higher-dimensional spheres. For example, the three-state
system can be formulated as a control problem on a three-dimensional sphere.

Supposing that a pulse starts in the ground state, it would be completely transferred to the excited
state when θ = −π

2
, therefore, we get the condition that:

π

2
=

∫ T

0

u(t)dt. (2.66)

A control function u(t) which satisfies the above equation is a π-pulse. If u(t) is constant, it satisfies
u(t) = π

2T
. We define the Rabi frequency as the speed at which population inversion occurs. If the

electric field amplitude is constant over time, the population of the ground state: |x1(t)|2+ |x2(t)|2
oscillates at a frequency of ωR = 2µA, this is thus becomes the Rabi frequency.

The electric field interaction is thus:

µE||(t) =
π

2T
ei(ω0t+ϕ), (2.67)
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where the phase ϕ is arbitrary. However, only the real part of the electric field is physically relevant,
so we should only use the real part:

µE||(t) =
π

2T
cos(ω0t+ ϕ). (2.68)

Note that if we would double the amplitude u(t) of the pulse, then you get θ(T ) = 2π, meaning
that you are back in the ground state again and that at some time T ′ < T , θ(T ′) = π and the
system was fully in the excited state. If you would triple the amplitude A(t), we would get that
θ(T ) = 3π, meaning that the system is again fully in the excited state after already experiencing
a full population inversion process.

Looking at the above equation, it becomes clear that if the system is initially in the excited state,
then by adding laser light, you can force the system to transfer to the ground state. Since the
laser light is adding energy to the system, this phenomenon does not make sense at first glance.
The laser light is forcing the electron to emit radiation itself at the same frequency as the laser,
through a process called stimulated emission. Unfortunately, we do not have space to discuss the
origins of this process further, but any quantum physics textbook, like [13], will discuss it in detail.

2.7 Rotating Wave Approximation

We will now more closely examine the time dependence of the electric field E||(t), we will no longer
require that its frequency matches the internal frequency ω0 of the two-level system.

We rewrite the Hamiltonian Ĥ(t) as follows using the Pauli operators 8:

Ĥ0 = −1

2
ω0σ̂z, (2.69)

ĤI(t) = −µE||(t)σ̂x. (2.70)

Here, Ĥ0 and ĤI(t) denote the static and interaction part of the Hamiltonian, respectively.
Using the Heisenberg equation of motion for the Pauli operators,

d

dt
σ̂j(t) =

i

ℏ
[Ĥ(t), σ̂j], j = x, y, z, (2.71)

and the commutation relationship for Pauli operators:

[σ̂j, σ̂k] = 2iϵjklσ̂l, (2.72)

where ϵijk is the Levi-Civita symbol9, we obtain the equations of motion for the Pauli operators:

8The Pauli operators are the set of matrices (σ̂x, σ̂y, σ̂z) =

((
0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 −1

))
. The set

{iσ̂x, iσ̂y, iσ̂z} forms a basis of the Lie algebra of SU(2) and are fundamental to quantum mechanics.
9If (ijk) is an even permutation of (xyz), it is equal to one, if (ijk) is an odd permutation, it is equal to minus

one and if there are repeated entries, it is equal to zero.
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d

dt

σ̂x(t)σ̂y(t)
σ̂z(t)

 =

 0 ω0 0
−ω0 0 2µE||(t)
0 −2µE||(t) 0

 ·

σ̂x(t)σ̂y(t)
σ̂z(t)

 , (2.73)

where ω0 =
E1−E0

ℏ . We can replace the Pauli operators σ̂j(t) with their expectation values sj(t) :=
⟨ψ|σ̂j(t)|ψ⟩, for j = x, y, z; this is allowed because we are treating the laser field classically.

d

dt

sx(t)sy(t)
sz(t)

 =

 0 ω0 0
−ω0 0 2µE||(t)
0 −2µE||(t) 0

 ·

sx(t)sy(t)
sz(t)

 . (2.74)

It can be shown that s21(t) + s22(t) + s23(t) = 1, for all t ∈ R if the equality holds at t = 0, meaning
that the probability is conserved at all times.

We can write equation (2.74) using a cross product as follows:

d

dt
s⃗(t) = Ω⃗F (t)× s⃗(t), (2.75)

with the vector Ω⃗F (t) =
[
−2µE||(t) 0 −ω0

]T
. We assume that ω ≃ ω0, meaning that the

frequency of the laser is close to the internal frequency of the atom, and the laser can drive a
transition between the two levels. That means that we can write:

E||(t) = A(t) cos(ωt+ ϕ). (2.76)

We assume that ω0 ≫ ωR = |2µA(t)| because otherwise, the dynamics induced by the laser are
happen at a similar frequency as the internal dynamics of the system, which would invalidate the
rotating wave approximation. Additionally, we assume the amplitude A(t) changes adiabatically,
meaning that it changes slowly compared to the other dynamics involved; therefore, in the equa-
tions of motion, it can be treated as a constant. This is a broader concept in quantum mechanics,
called the adiabatic theorem. For more information, consider [16].

We can decompose the vector ΩF (t) into three parts: a stationary part, a clockwise-rotating part
and a counter-clockwise-rotating part:

Ω⃗F (t) = Ω⃗0 + Ω⃗−(t) + Ω⃗+(t), (2.77)

with

Ω⃗0 =

 0
0

−ω0

 , Ω⃗±(t) =

−µA(t) cos(ωt)∓µA(t) sin(ωt)
0

 . (2.78)

With a external electric field amplitude A(t) = 0, the solution is

s⃗A=0(t) =

 cos(ω0t)
− sin(ω0t)

0

 . (2.79)
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We will set s1(0) = 1, s2(0) = s3(0) = 0 as initial conditions for simplicity. Because we assume
|2µA(t)| ≪ ω0, we can treat the electric field as a small perturbation and apply first-order pertur-
bation theory to analyse its effects. We can expand s⃗(t) as:

s⃗(t) = s⃗A(t)=0(t) + δs⃗(t) +O
(
(µA(t))2

)
, (2.80)

where sA(t) is the unperturbed solution and δs⃗(t) is the first-order correction. Substituting the
above equation into (2.74) and keeping all terms of order O (µA(t)), we get

d

dt
δs⃗(t) = (Ω⃗−(t) + Ω⃗+(t))× s⃗A(t)=0(t). (2.81)

The rotating wave approximation drops terms with a frequency of ω + ω0 and keeps terms with a
frequency of ω − ω0 because the latter precesses so fast, that on average, they don’t influence the
dynamics on the timescales relevant to the system.

The term Ω⃗−(t)× s⃗A(t)=0(t) produces such a high-frequency term.

Ω⃗−(t)× s⃗(t)A(t)=0 = −µA(t) [cos(ωt) sin(ω0t) + sin(ωt) cos(ω0t)] (2.82)

= −µA(t) sin ((ω + ω0)t) (2.83)

However, Ω⃗+(t)× s⃗A(t)=0(t) produces a term with a frequency of ω−ω0 and thus Ω⃗−(t) is discarded

and Ω⃗+(t) is kept. This is the core approximation of the rotating-wave approximation. That leaves
us with

d

dt
s⃗(t) =

(
Ω⃗0 + Ω⃗+(t)

)
× s⃗(t), (2.84)

=

 −ω0s2(t)− µA(t)s3(t) sin(ωt)
+ω0s1(t) + µA(t)s3(t) cos(ωt)

−µA(t)[s2(t) cos(ωt)− s1(t) sin(ωt)].

 (2.85)

We can then make a coordinate transformation to a rotating frame with a frequency of ω:

ρ⃗(t) =

u(t)v(t)
w(t)

 =

 cos(ωt) sin(ωt) 0
− sin(ωt) cos(ωt) 0

0 0 1

 · s⃗(t). (2.86)

In this new coordinate frame, the dynamics are:

d

dt
ρ⃗(t) =

 0 −∆ 0
+∆ 0 µA(t)
0 −µA(t) 0

 ρ⃗(t), (2.87)

with ∆ = ω0 −ω. We call this the optical Bloch equations, the nice thing is that we have no more
terms of order O (ω), meaning that ρ⃗(t) no longer evolves at optical frequencies like s⃗(t) did, which
is a great improvement if you want to solve it analytically.
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It can be checked that u2(t)+v2(t)+w2(t) = 1 holds at all times. Take |ψ(t)⟩ = c0(t) |0⟩+c1(t) |1⟩,
then u(t)v(t)

w(t)

 =

 c1(t)
∗c0(t) + c1(t)c0(t)

∗

−i(c1(t)∗c0(t)− c1(t)c0(t)
∗)

|c0(t)|2 − |c1(t)|2,

 (2.88)

where w(t) is called the inversion and is related to the population difference of the two states,
v(t) is called the absorptive component, which enables energy transfers between the atom and the
electric field. Lastly, u(t) is the dispersive component, which governs the coherence between the
two energy levels.

In the case of a constant amplitude pulse, when the laser frequency ω is slightly off-resonant
compared to the internal frequency ω0, the Rabi frequency ωR = 2µA is affected by the detuning
of the pulse and will shift upwards:

ωR,∆ =
√
∆2 + (2µA)2. (2.89)

Additionally, it will no longer be possible to fully transfer the atom from the ground state to the
excited state, instead the maximal excited population which is achieved becomes:

Pexc(∆) =
(2µA)2

∆2 + (2µA)2
=
ω2
R,0

ω2
R,∆

. (2.90)

To recap, we have transformed the original Hamiltonian (2.69), to the following Hamiltonian:

Ĥ(t) = −1

2
∆σ̂z − µA(t)σ̂x, (2.91)

with A(t) being obtained from E||(t) using the relation:

E||(t) = A(t) cos(ωt+ ϕ). (2.92)

Analytic solutions are easier to obtain from this Hamiltonian because ∆ ≪ ω0, thus if the laser
is near-resonance, the Hamiltonian will not produce any rapid oscillations. For the rotating wave
approximation, we need the following relations to hold: ωR ≪ ω0 ≃ ω. We will employ the
rotating wave approximation in Section 4.4, and the optical Bloch equations (2.87) will be used
for simulations in Chapter 7.

2.8 Density Matrix Formalism

Before we can go and discuss open quantum systems, we first have to introduce the concept of the
density matrix, which will prove to be a very useful new way to write down quantum states. We
will follow the introduction given in [17] in the remaining sections of this chapter.

Definition 2.8.1 (Density matrix). A density matrix is defined as a linear combination
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ρ̂ :=
∑
j

pj |ψj⟩ ⟨ψj| , pj ∈ R+, |ψj⟩ ∈ H (2.93)

where the |ψj⟩ are (not necessarily orthogonal) state vectors in the Hilbert space. The populations
pj give the probability of the system being in the jth state. The density matrix ρ̂ is a positive
semi-definite Hermitian operator, which satisfies Tr[ρ̂] = 1.

If we want to work in a pre-specified Hilbert space basis {|i⟩ for i = 1, · · · , N}, then any density
matrix can be written as:

ρ̂ =
∑
i,j

ρij |i⟩ ⟨j| , (2.94)

where Tr[ρ̂] = 1 and the diagonal elements ρii represent the probability of being in the ith state.
The off-diagonal elements ρij are called the coherences and are conjugate-symmetric: ρij = ρ∗ji.

You can have pure states and mixed states in the density matrix formalism. Density matrices of
pure states can be written down using just one state. For example, consider:

ρ̂ =
1

2
[|0⟩ ⟨0|+ |0⟩ ⟨1|+ |1⟩ ⟨0|+ |1⟩ ⟨1|] , (2.95)

which can be written as ρ̂ = |ψ⟩ ⟨ψ|, with |ψ⟩ = 1√
2
[|0⟩+ |1⟩].

Density matrices for mixed states can’t be written down using just one state. Equivalently, we
have that pure states have Tr[ρ̂2] = 1 and mixed states fulfil Tr[ρ̂2] < 1. One example of such a
mixed state is:

ρ̂ =
1

2
[|0⟩ ⟨0|+ |1⟩+ ⟨1|]. (2.96)

A brief sketch of the proof is that only for pure states, there exists a basis transformation such

that ρ̃00 = 1, which clearly means that Tr
[
˜̂ρ2
]
= 1, because basis transformations preserve trace,

also Tr[ρ̂2] = 1. However, for mixed states, such a basis transformation is impossible by definition
and thus Tr[ρ̂2] < 1.

Given a state |ψ⟩ =
∑

j cj |j⟩, we can write the associated density matrix as

ρ̂ =
∑
j,k

cjc
∗
k |j⟩ ⟨k| . (2.97)

Therefore, in the two-level system the density matrix is given by:

ρ̂ =

[
|c0|2 c0c

∗
1

c∗0c1 |c1|2.

]
(2.98)

Which means that it indeed makes sense to talk about populations and coherences. The expected
value of a state operator Ô is given as
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⟨Ô⟩ := ⟨ψ|Ô|ψ⟩ = Tr
[
Ôρ̂
]
, (2.99)

this can be checked by writing everything out in the same basis.

The time evolution of the density matrix is governed by the von-Neumann equation

d

dt
ρ̂ = − i

ℏ
[Ĥ, ρ̂] := Lρ̂, (2.100)

where L is called the Liouvillian superoperator. Through routine computations, it can be checked
that this is consistent with the Schrödinger equation. It can also be shown that the purity of the
system is conserved over time: d

dt
Tr[ρ̂2] = 0.

2.9 Open Quantum Systems

We will now discuss composite systems, which consist of multiple connected subsystems, for which
we need to introduce a new postulate for quantum mechanics to describe them. We will primarily
work with open quantum systems, where our system of interest interacts with its environment.

The environment itself is too large to be affected by our system of interest and is modelled as
a thermodynamic heat bath. Moreover, we only care about our system of interest, so we must
find a way to only describe it together with its interactions with the environment, but not the
environment itself.

Postulate 2.9.1 (Composite systems). The Hilbert space of a system contains N subsystems is
the tensor product of the Hilbert spaces belonging to the subsystem: H = H1 ⊗ · · · ⊗ HN . A state
of the composite system is a unit vector in H, and it can be written as the tensor product of the
state in each subsystem: |ψ⟩ = |ψ1⟩ ⊗ · · · ⊗ |ψN⟩.

We will clarify the definition of the tensor product of Hilbert spaces in the case of the tensor
product of two Hilbert spaces. However, it can readily be extended to the tensor product of an
arbitrary number of Hilbert spaces. The underlying vector space of H = H1 ⊗H2 is spanned by
the set:

{|α⟩1 ⊗ |β⟩2 | α ∈ A, β ∈ B)}, (2.101)

where A and B are the basis sets of H1 and H2 respectively. The inner product associated to H
is defined as:

(|ϕ1⟩ ⊗ |ϕ2⟩ , |ψ1⟩ ⊗ |ψ2⟩) = (|ϕ1⟩ , |ψ1⟩)1 · (|ϕ2⟩ , |ψ2⟩), ∀ |ϕj⟩ , |ψj⟩ ∈ Hj, j = 1, 2. (2.102)

Which is extended by linearity to satisfy:

(|ϕ1⟩⊗|ϕ2⟩ , |ψ1⟩⊗|ψ2⟩+|π1⟩⊗|π2⟩) = (|ϕ1⟩ , |ψ1⟩)1 ·(|ϕ2⟩ , |ψ2⟩)+(|ϕ1⟩ , |ψ1⟩)1 ·(|π2⟩ , |π2⟩), (2.103)
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for all |ϕj⟩ , |ψj⟩ , |πj⟩ ∈ Hj, j = 1, 2. Through this extension, H now satisfies all the requirements
to be considered a Hilbert space.

A basis for the composite Hilbert space can be created by taking the tensor product of all possible
combinations of basis elements from each subsystem. For example, for a system containing two
two-level subsystems, a possible basis is the set:

{|0⟩ ⊗ |0⟩ , |0⟩ ⊗ |1⟩ , |1⟩ ⊗ |0⟩ , |1⟩ ⊗ |1⟩} . (2.104)

We might be interested in only studying the dynamics of one of the subsystems, although it might
still interact with the other subsystems. We can do this using the reduced density matrix, which
is defined as follows in a system containing just two subsystems a and b:

ρ̂a := Trb ρ̂, (2.105)

with the partial trace defined as:

Trb

[∑
i,j,k,l

|ai⟩ ⟨aj| ⊗ |bk⟩ ⟨bl|

]
:=
∑
i,j

|ai⟩ ⟨aj|Tr

[∑
k,l

|bk⟩ ⟨bl|

]
. (2.106)

When we study open quantum systems, we want to study the dynamics of a system which is
affected by its environment. We do not care about the environment itself, so we can trace out the
environment such as to only study the reduced density matrix of the system of interest.

2.10 Derivation of the Lindblad master equation

We will now study the Lindblad master equation, which combines the time evolution from the
Schrödinger equation with the evolution due to the collapse of the wave function caused by inter-
actions with the environment. We start with a Hilbert space HT = HS⊗HE, which is decomposed
into a system and environment subspace. For this derivation, we will use [18]. Our starting point
is the von-Neumann equation:

˙̂ρT (t) = − i

ℏ
[ĤT , ρ̂T (t)]. (2.107)

From here onwards, we will set ℏ = 1 in this section. The quantity which we are interested in is
ρ̂S(t) = TrE[ρ̂T (t)]. We can decompose the Hamiltonian into a system, environment and interaction
Hamiltonian:

ĤT = ĤS ⊗ 1̂E + 1̂S ⊗ ĤE + αĤI , (2.108)

where α is the coupling strength between the system and the environment. The coupling strength
α is assumed to be weak: α ≪ 1, to allow for a first-order treatment of the interaction effects.
From now on, we will also drop the identity operators 1E or 1S if their presence is clear from
context. We can write the interaction Hamiltonian as a sum of tensor products:
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ĤI =
∑
j

Ŝj ⊗ Êj, (2.109)

with Sj and Ej bounded linear operators on their respective Hilbert spaceHS andHE. We will now
use the interaction picture of quantum time evolution, which is a mix between the Schrödinger
and Heisenberg pictures. In this picture, density matrices evolve according to the interaction
Hamiltonian ĤI and operators evolve according to the internal Hamiltonians ĤS and ĤE. For any
bounded operator Ô on the Hilbert space HT , its time-dependency is given by

Ô(t) = ei(ĤS+ĤE)tÔe−(ĤS+ĤE)t. (2.110)

For a density matrix ρ̂T (t) : HT → HT , we have

d

dt
ρ̂T (t) = −iα[ĤI(t), ρ̂(t)]. (2.111)

Using perturbation theory, this equation can be rewritten, up to second order in α, as:

d

dt
ρ̂T (t) = −iα[ĤI(t), ρ̂T (0)]− α2

∫ t

0

[ĤI(t), [ĤI(s), ρ̂T (t)]]ds+O
(
α3
)
. (2.112)

We are only interested in the system density matrix ρ̂S, so we trace out the environment

d

dt
ρ̂S(t) = TrE

[
d

dt
ρ̂T (t)

]
. (2.113)

However, we have still not removed the dependency on ρ̂T (t). We need to make a few more
assumptions. Firstly, we assume that the total system is in a separable state initially, meaning:
ρ̂T (0) = ρ̂S(0) ⊗ ρ̂E(0), and that the system is in the ground state initially. This means there
are no entanglements or correlations between the system and its environment. This is a sensible
assumption if the coupling strength is weak and any correlations which do arise decay on short
timescales. Secondly, we assume that the initial state of the environment is thermal, meaning:

ρ̂E(0) =
exp
(
−ĤE/(kBT )

)
Tr
[
exp
(
−ĤE/(kBT )

)] (2.114)

where kB is the Boltzmann constant. Thirdly, we assume that the system is in the ground state
at time T = 0, for simplicity. Using these assumptions, it can be shown that the first term of the
right hand side of equation (2.112) is zero, leaving us with:

d

dt
ρ̂S(t) = −α2

∫ t

0

TrE[ĤI(t), [ĤI(s), ρ̂T (s)]]ds. (2.115)

To continue, we now need to make a rather strong assumption, namely that the system and envi-
ronment are uncorrelated at all times and that the environment state is always thermal. Meaning
that we can write ρ̂T (t) = ρ̂S(t) ⊗ ρ̂E(0). This assumption is still reasonable if any correlations
between the system and the environment quickly decay, because the environment is far larger
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than the system, and the coupling strength α is weak, so the system can’t significantly affect the
environment. We now have an equation which only depends on the system:

d

dt
ρ̂S(t) = −α2

∫ t

0

TrE[ĤI(t), [ĤI(s), ρ̂S(s)⊗ ρ̂E(0)]]ds. (2.116)

To simplify the above equation, we will use the Markovian approximation ρ̂S(s) = ρ̂S(t), making
the equation local in time. This approximation is justified because there are no correlations between
the system and the environment. By a change of variables s→ t−s and extending the upper limit
of integration to ∞, we get the following:

d

dt
ρ̂S(t) = −α2

∫ ∞

0

dsTrE[ĤI(t), [ĤI(s− t), ρ̂S(t)⊗ ρ̂E(0)]], (2.117)

which is the Redfield equation [19]. We are justified in taking the integration limit to infinity
because it can be shown that the integrand decays to zero exponentially at timescales beyond the
correlation time scale.

Using the Redfield equation to evolve density matrices over time, the density matrices do not stay
positive semi-definite as required in their definition 2.8.1 in some cases. To ensure that they stay
positive semi-definite, we should apply the rotating wave approximation.

First, define the Liouvillian superoperator L̂S by

L̂SÂ := [ĤS, Â], (2.118)

for all Â ∈ B(HS)
10.

Let {|n⟩} be a set of eigenvectors of the system Hamiltonian ĤS. Then by the spectral theorem,
this forms an orthonormal basis for HS. In turn, {|n⟩ ⟨m|} is a basis for B(HS). It can then be
easily verified that each basis element of B(HS) is an eigenvector of the Liouvillian superoperator
L̂S. Remember that we decomposed the interaction Hamiltonian ĤI in equation (2.109). We can
decompose each system term contained in ĤI into a sum of its eigenvectors.

Ŝj =
∑
ω

Ŝj(ω) (2.119)

Which have the eigenvalues

[ĤS, Ŝj(ω)] = −ωŜj(ω). (2.120)

It can be checked that the Hermitian conjugate Ŝ†
j (ω) has eigenvalue +ω. After some algebraic

manipulation, we will encounter oscillatory terms like ei(ω−ω′)t, where we will make the assumption
that only resonant (ω = ω′) terms affect the dynamics at the time scales relevant for the system.
After discarding off-resonant terms, we are left with:

10Which denotes the set of bounded linear operators on HS .
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d

dt
ρ̂S(t) =

∑
ω,k,l

[
Γkl(ω)[Ŝl(ω)ρ̂(t), Ŝ

†
k(ω)] + (Γlk(ω))

∗ [Ŝl(ω), ρ̂(t)Ŝ
†
k(ω)]

]
, (2.121)

where we use the expressions:

Γkl(ω) :=

∫ ∞

0

eiωsTrE[
ˆ̃E†
k(t)

ˆ̃El(t− s)ρ̂E(0)]ds, (2.122)

ˆ̃El(t) := eiĤEtÊle
−iĤEt. (2.123)

We can now divide the Γkl(ω) factor into a Hermitian and anti-Hermitian part:

Γkl(ω) =
1

2
γkl(ω) + iπkl(ω). (2.124)

To account for the energy shift of the system due to interactions with the vacuum surrounding it,
we also need to add a Lamb shift Hamiltonian term. The Lamb shift was first discovered in the
energy levels of hydrogen using quantum electrodynamics, which is beyond the scope of this thesis.

Using quantum electrodynamics, the Lamb shift was later explained to originate from the interac-
tions the electron of the hydrogen atom has with virtual photons, which are energy fluctuations of
the vacuum electromagnetic field. These fluctuations are very small and short-lived, so the virtual
photons disappear quickly after interacting with the electron.

ĤLs =
∑
ω,k,l

πklŜ
†
k(ω)Ŝl(ω) (2.125)

Combining everything into one equation, we get:

d

dt
ρ̂S(t) = −i[Ĥ + ĤLs, ρ̂S(t)] +

∑
ω,k,l

γkl(ω)

[
Ŝl(ω)ρ̂S(t)Ŝ

†
k(ω)−

1

2
{Ŝ†

k(ω)Ŝl(ω), ρ̂S(t)}
]
. (2.126)

It can be shown that the matrix with coefficients Γkl(ω) is diagonalizable. Written in the diagonal
form, we have the Lindblad master equation

d

dt
ρ̂S(t) = −i[Ĥ + ĤLs, ρ̂S(t)] +

∑
j,ω

[L̂j(ω)ρ̂(t)L̂
†
j(ω)−

1

2
{L̂†

j(ω)L̂j(ω), ρ̂S(t)}]. (2.127)

Where the L̂j are often called jump operators, they can, for example, represent the decay of an
electron from the excited state to the ground state. Because decay from the excited state to the
ground state means that the energy of the system is not conserved, it cannot be modelled by the
Schrödinger or Heisenberg equations of motion.
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2.11 Overview

In this chapter, we have discussed the essential concepts of quantum mechanics, which will be used
in this thesis. The foundation of quantum mechanics, of the bra-ket notation, linear operators and
postulates has been treated in mathematical detail. After which, we introduced two-level quantum
systems and their dynamics. And lastly, we introduced the Lindblad master equation and collapse
operators, which will be required for formally treating decay and dephasing processes in quantum
systems.

We will continue our mathematical treatment of quantum mechanics by resolving the issues caused
by using non-compact operators. In Chapter 3, we will rigorously define position and momentum
states and operators, and explain in which kind of spaces they reside.

In Section 4.3, we will discuss the problem of quantum optimal control. In Section 4.4, we will
apply this theory to two-level systems and show that the π-pulse discussed in Section 2.6 is the
optimal solution to an optimal control problem where you seek to minimise control pulse amplitude
whilst under the constraint that the system is fully in the excited state at the end.

In Chapter 5 and 6, quantum optimal control algorithms are tested on two- and three-level systems.
The collapse operators and Lindblad equation will also be used in Chapter 7 and 8.



Chapter 3

Rigged Hilbert Spaces and the Problem
of non-Compact Operators

In this chapter, we will go into more depth regarding the issues with non-compact operators in
quantum mechanics. Although non-compact operators like the position and momentum operators
are fundamental to quantum mechanics, most textbooks, even those aimed at mathematicians, do
not rigorously treat the case of non-compact operators and the complications arising from them.
We will follow [20] by introducing the rigged Hilbert space formalism. Here, ’rigged’ is meant in
reference to the rigging of a ship; a less awkward term would be equipped Hilbert space.

Since the domain of the position and momentum operators is not the entire Hilbert space, we will
take a subset of the Hilbert space to be the physically realisable space Φ, such that you can freely
apply the position and momentum operators on states from this space, without producing a state
which is not part of the Hilbert space.

The eigenkets of the position and momentum operators are not included in the Hilbert space;
therefore, we should have an extension of the Hilbert space, which includes such eigenkets. These
eigenkets can be represented as distributions, like the Dirac delta distribution. These eigenkets
will turn out to be part of the continuous conjugate-linear dual space of Φ, which we will denote
as Φ×. The eigenbras will be part of the dual space Φ∗. The original Hilbert space is sandwiched
between these two sets:

Φ ⊂ H ⊂ Φ×, (3.1)

this is referred to as the rigged Hilbert space formalism1. We will first introduce the mathematical
concept of measure theory and distributions such that we can describe the eigenkets of non-compact
operators.

1In a broader context, they are referred to as Gelfand triples [21]

33
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3.1 Measure Theory

To better understand these issues, we should first start by understanding how to integrate elements
of Hilbert spaces. To start with, we first introduce the σ-algebra and the concept of a measure.
Using this, we can give a rigorous footing to the definition of L2 spaces, which are one of the
fundamental types of infinite-dimensional Hilbert spaces. The textbook of Stroock [22] can be
used as a reference for further information.

Definition 3.1.1 (σ-Algebra). A σ-algebra on a set X is a set Σ containing subsets of X, which
is closed under complements, countable unions and countable intersections.

Definition 3.1.2 (Measure space). Let X be a set, and Σ a σ-algebra derived from X. The
function µ : Σ → R≥0 ∪ {∞} is a measure on (X,Σ) if:

1. µ(∅) = 0,

2. µ (
⋃∞

k=1Ek) =
∑∞

k=1 µ(Ek), if the {Ek}∞k=1 are pairwise disjoint.

The triple (X,Σ, µ) forms a measure space. If for all S ⊂ X, S ⊆ N ∈ Σ and µ(N) = 0 implies
that S ∈ Σ, then the measure space is complete. The Lebesgue measure λn on Rn is a complete
translation invariant measure with λn ([0, 1]n) = 1.

To define integration using the Lebesgue measure, we must first clarify which class of functions
can be integrated with respect to a specific measure. These are the so-called measurable functions.

Definition 3.1.3 (Measurable functions). Let (X,Σ, µ) and (Y,Ξ, λ) be measure spaces. f : X →
Y is measurable if for all Z ∈ Ξ,

f−1(Z) ∈ Σ. (3.2)

Let us now move forward in defining Lebesgue integration. We will use the Lebesgue measure on
any subset of Rn unless stated otherwise.

Definition 3.1.4 (Indicator function). Let S ⊆ X be a measurable set, then its associated indicator
function 1S : X → {0, 1} is:

1S(x) =

{
1 if x ∈ S
0 if x /∈ S

. (3.3)

The integral of an indicator over a measurable set Y ⊆ X is∫
Y

1Sdµ = µ (S ∩ Y ) . (3.4)

This allows us to define simple functions.

Definition 3.1.5 (Simple Functions). A simple function ϕ : X → R is a linear combination of
indicator functions:
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ϕ =
N∑
k=1

ak1Sk
. (3.5)

with ak ∈ R and the sets Sk disjoint and measurable. The integral of a simple function over a
measurable set Y ⊆ X is ∫

Y

ϕdµ =
N∑
k=1

akµ (Sk ∩ Y ) . (3.6)

Definition 3.1.6 (Lebesgue integration for non-negative functions). Let f : X → R be a non-
negative function. Then we define Lebesgue integration of f over a measurable set Y ⊆ X as
follows ∫

Y,Lebesgue

fdµ = sup

{∫
Y

ϕdµ : ϕ(y) ≤ f(y),∀y ∈ Y and ϕ is simple

}
. (3.7)

This can be extended to general function f : X → R through separating the positive and negative
parts of f = f+ − f−, where f± are both non-negative, assuming that the Lebesgue integral of f±
are both finite.

Having now put our understanding of integrals on a firm mathematical footing, we can now properly
define Lp spaces.

Definition 3.1.7 (Lp space). Let (X,Σ, µ) be a measure space and let 1 ≤ p <∞. Then Lp(X,µ)
is the set of all measurable function f : X → C such that

||f ||p :=
(∫

X

|f |pdµ
)1/p

<∞. (3.8)

We can now show that the Dirac delta distribution does not work as intended if we use the
Lebesgue measure. Even ignoring that the Dirac delta distribution doesn’t map into R, but rather
into R ∪ {∞}, through the following proposition.

Proposition 3.1.8. Let (X,Σ, µ) be a measure space and let f, g : X → C. If f
a.e.
= g, then∫

fdµ =
∫
gdµ.

Here, f
a.e.
= g means that the equality f(x) = g(x), with x ∈ X, only fails to hold on a set which

have zero measure.

That shows that the Dirac delta distribution would integrate to zero if we were to assume it to be
Lebesgue measurable. That means we need to expand our concept of a function by also looking at
distributions. Because the Dirac delta distribution integrates to zero, it can’t be used as a basis
function like we would like to use for L2 spaces. To address these issues, we will introduce rigged
Hilbert spaces, which are Hilbert spaces augmented with a distribution space, which can serve as
a kind of generalised basis for L2.
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3.2 Distributions

Distribution theory was developed to formalise the use of objects such as the Dirac delta distri-
bution. Although the Dirac delta is often referred to as a function, it is not well-defined at x = 0
when viewed as a function. Instead, the Dirac delta distribution can be defined through its action
on a space of test functions.

Let us quickly introduce some helpful notation. Let K ⊆ X, then f ∈ Ck(K) if and only if
f ∈ Ck(X) and supp(f) ⊆ K. Let Ck

c (X) denote the space of functions in Ck(X) with compact
support. Functions f ∈ C∞

c (X) are referred to as test functions. Let us first define the convergence
of test functions for measure spaces which are subsets of Rn. This section is based on [23].

Definition 3.2.1 (Convergence of a sequence of test functions). Let X an open subset of Rn. The
sequence of test functions {ϕj}j∈N ⊂ C∞

c (X), is said to converge to ϕ ∈ C∞
c (X) as j → ∞:

lim
j→∞

ϕj = ϕ ∈ C∞
c (X) (3.9)

if the following two conditions hold:

• There exists a compact subset K of X such that supp(ϕj) ⊂ K for all j ∈ N.

• For every multi-index β⃗ ∈ Nn, the sequence {Dβ⃗ϕj}j∈N converges uniformly to ∂β⃗ϕ on X,
using the multi-index notation:

Dβ⃗ := ∂β1

1 ∂
β2

2 · · · ∂βn
n . (3.10)

Definition 3.2.2 (Distributions). A distributions on X is a linear functional u : C∞
c (X) → C,

which is continuous in the sense that:

lim
j→∞

u(ϕj) = u(ϕ), (3.11)

for any sequence of test functions {ϕj}j∈N ⊂ C∞
c (X), which converges to ϕ on X.

The Schwarz space S(Rn) is the function space of all functions whose derivatives decrease rapidly
as they approach infinity, they will form an important component of the rigged Hilbert space.

Definition 3.2.3 (Schwarz space). Let Nn be the n-fold Cartesian product of N. Then the Schwartz
space is defined as:

S(Rn) :=
{
f ∈ C∞(Rn)| ∀α⃗, β⃗ ∈ Nn, ||f ||α⃗,β⃗ <∞

}
. (3.12)

With the semi-norm2 || · ||α⃗,β⃗:

||f ||α⃗,β⃗ := supx∈Rn

∣∣∣xα⃗ (Dβ⃗f
)
(x)
∣∣∣ . (3.13)

2A semi-norm is a norm which doesn’t need to be positive definite, however, it is still non-negative.
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using the multi-index notation:

xα⃗ := xα1
1 x

α2
2 · · · xαn

n , (3.14)

Dβ⃗ := ∂β1

1 ∂
β2

2 · · · ∂βn
n , (3.15)

Its dual S∗ is called the space of tempered distributions and can indeed be considered a subspace of
distributions.

The space of test functions is a subset of the Schwartz space since the Schwartz space does not re-
quire functions to have compact support. The Fourier transform is an automorphism on Schwarz
space [24][Theorem 3.3]. The Dirac delta distribution is the distribution δ which is defined as
δ(f) = f(0) for any test function f ∈ C∞(Rn).

It can also be shown that S(Rn) is dense in the Hilbert space H = L2(Rn). In Section 3.4, we will
show that for H = L2(Rn), the Schwartz space S(Rn) is the space of physically realisable states Φ
and its conjugate-linear dual is the space Φ× containing all eigenvectors of non-compact operators.

3.3 Coordinate and Momentum Representations of Quan-

tum states

Until now, we have not given physical meaning to specific quantum states, such as their location
in space. To enable us to make such a measurement, we will introduce the coordinate operator x̂,
which will be a non-compact operator with a continuous eigenvalue spectrum, meaning we can’t
carry over all our results for compact operators such as the spectral Theorem 2.2.9. One key point
is that the eigenkets of the position and momentum operators will not be included in the Hilbert
space H, but they will be included in Φ× in the rigged Hilbert space formalism. A good reference
for more details on the position and momentum operators is [5].

Take as the Hilbert space H = L2(Rn), which is equipped with the Lebesgue measure on Rn.
Consider the position bra ⟨x0| to be defined as the Dirac delta distribution centred at x0 ∈ Rn:

⟨x0|ψ⟩ = |ψ⟩ (x0), (3.16)

since |ψ⟩ ∈ L2(Rn), it is a function from Rn to C, and we can thus assign a scalar to |ψ⟩ (x0). The
corresponding ket |x0⟩ will act like a conjugate-linear Dirac delta distribution by setting:

⟨ψ|x⟩ := (⟨x|ψ⟩)∗, ∀ |ψ⟩ ∈ H. (3.17)

The position bras ⟨x0| and kets |x0⟩ are not included in the Hilbert space since they are distribu-
tions. Instead, they are part of the linear dual space Φ∗ and the conjugate-linear dual space Φ×

respectively.

The set of all position kets: {|x⟩ : x ∈ Rn} forms a complete (uncountable) orthonormal basis by
the Gelfand-Maurin Theorem [20], which we will not discuss in further detail here. This means
that we can write any state |ψ⟩ as:
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|ψ⟩ =
∫
ψ(x) |x⟩ dnx, (3.18)

with ψ : Rn → C often referred to as the wave function. Since |ψ⟩ ∈ L2(Rn), we can easily trans-
late it to a wave function by setting: ψ(x) := ⟨x|ψ⟩. The wave function ψ : Rn → C and the ket
|ψ⟩ ∈ H are the same objects; however, the wave function is primarily viewed as a function and
the ket is primarily viewed as a more abstract Hilbert space element. It depends on the context
which perspective is more beneficial to take.

If the integration domain is not specified, it is assumed to be over the entire range of the integra-
tion variable. The probability density that the state is localised at a given point x in space after
measurement is given by: |ψ(x)|2dx, as discussed in Postulate 2.3.2.

The position operator x̂j : D(x̂j) → H, corresponding to the jth basis vector of Rn is defined as
the operator:

x̂j :=

∫
xj |x⟩ ⟨x| dnx, (3.19)

where xj is the jth coordinate of x ∈ Rn. We can now show that the position kets |x0⟩ for x0 ∈ Rn

are eigenkets of the position operator x̂j:

x̂j |x0⟩ =
∫
xj |x⟩ ⟨x| |x0⟩ dnx (3.20)

=

∫
xj |x⟩ δ(x− x0)d

nx (3.21)

= (x0)j |x0⟩ . (3.22)

its associated eigenvalue is thus (x0)j.
When we apply the position operator x̂j to an arbitrary state |ψ⟩, we get:

x̂j |ψ⟩ =
∫
xj |x⟩ ⟨x|ψ⟩ dnx, (3.23)

=

∫∫
xjψ(y) |x⟩ ⟨x|y⟩ dnxdny, (3.24)

=

∫
xjψ(x) |x⟩ dnx, (3.25)

where we applied the Gelfand-Maurin theorem in the second line.

The domain of the operator x̂j is D(x̂j) = {|ψ⟩ : x̂j |ψ⟩ ∈ H}, which corresponds to the condition
that the function g(x) = xjψ(x) is square integrable. This condition does not always hold for
every ψ ∈ H. Take for example the wave function ψ ∈ L2(R), with ψ(x) = 1√

x2+1
, which is square
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integrable. However, xψ(x) = x√
x2+1

is obviously not.

To prevent issues, where (x̂j)
k |ψ⟩ is no longer square integrable for some k ∈ N+, we should only

accept states which decay exponentially to zero as x → ∞. Later, we will show that it is the
Schwartz space S(Rn) which satisfies these requirements.

Similarly to {|x⟩ : x ∈ Rn}, the momentum states, {|p⟩ : p ∈ Rn}, also form a complete or-
thonormal basis by the same Gelfand-Maurin theorem. Momentum kets have a single well-defined
momentum. In quantum mechanics, such objects correspond to plane waves, with a wavelength of
2πℏ
|p| . Through the Fourier transform, they can be defined as:

|p⟩ =
∫
e

i
ℏp·x |x⟩ dnx, (3.26)

where ℏ is there as a scaling factor, to ensure that the exponent is dimensionless. In physics, it is
referred to as the reduced Planck constant. The inverse Fourier transform is given as:

|x⟩ = 1

(2πℏ)n

∫
e−

i
ℏp·x |p⟩ dnp. (3.27)

The factor 1
(2πℏ)n is a choice of convention for the definition of the Fourier transform; other refer-

ences might use a factor of 1
(2πℏ)n/2 in front of both equations.

The expressions for the inner product in coordinate and momentum representation are, respec-
tively:

⟨ϕ|ψ⟩ =
∫

⟨ϕ|x⟩ ⟨x|ψ⟩ dnx, (3.28)

⟨ϕ|ψ⟩ = 1

(2πℏ)n

∫
⟨ϕ|p⟩ ⟨p|ψ⟩ dnp, (3.29)

and they are equal by the Parseval–Plancherel identity [25]. The factor 1
(2πℏ)n comes from our

chosen Fourier transform convention. Similarly, we have the following expressions for the identity
operator Î:

Î =

∫
|x⟩ ⟨x| dnx, (3.30)

Î =
1

(2πℏ)n

∫
|p⟩ ⟨p| dnp. (3.31)

Because both |x⟩ and |p⟩ form a complete basis on the Hilbert space, we can compute the inner
product of |x⟩ and |p⟩ as follows:

⟨x|p⟩ = ⟨x|
(∫

eip·x
′/ℏ |x′⟩ dnx′

)
= eip·x/ℏ. (3.32)
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Let’s have a look at the momentum operators p̂j, for i = 1, · · · , n, which are defined on the
momentum basis as: p̂j |p′⟩ = p′j |p′⟩. We would also like to find the momentum operator in the
coordinate representation, which can be deduced using the Fourier transform between |x⟩ and |p⟩:

⟨x|p̂j|ψ⟩ =
1

(2πℏ)n

∫
⟨x|p̂j|p⟩ ⟨p|ψ⟩ dnp (3.33)

=
1

(2πℏ)n

∫
pj ⟨x|p⟩ ⟨p|ψ⟩ dnp (3.34)

=
1

(2πℏ)n

∫
pje

ip·x/ℏ ⟨p|ψ⟩ dnp (3.35)

=
ℏ
i

1

(2πℏ)n
d

dxj

∫
eip·x/ℏ ⟨p|ψ⟩ dnp (3.36)

=
ℏ
i

d

dxj
⟨x|ψ⟩ (3.37)

=
ℏ
i

d

dxj
ψ(x). (3.38)

Where in the third line, we applied the relation: pje
ip·x/ℏ = ℏ

i
d

dxj
eip·x/ℏ. This means we can also

write the momentum operator using the derivative: p̂j =
ℏ
i

d
dxj

. The momentum operator is thus

ill-defined for states whose wave functions in position space are not smooth. Therefore, we want
to ensure that all wave functions are smooth. The Schwartz space S(Rn) satisfies this property
and is therefore still our candidate for the space of physically realisable states Φ.

3.4 Rigged Hilbert space

We are now finally at the point where we can define the rigged Hilbert space. As discussed before
at the start of this chapter, it will be a triple of function spaces, which are the original Hilbert space
H, which we assume to be L2(Rd) for simplicity in this section, the space of physically realizable
states Φ, and its conjugate-linear dual, which will be a space of distributions which is a superset
of H and contains the eigenvectors of unbounded operators such at the position and momentum
operators. The rigged Hilbert space is an example of a Gelfand triple from functional analysis,
which is further discussed in [26]. In this section, we largely follow [20]; however, the proof of
Lemma 3.4.2 is my own. The Hilbert space is sandwiched between Φ and the conjugate-linear dual
Φ×:

Φ ⊂ H ⊂ Φ×. (3.39)

In the following section, the Hamiltonian operator Ĥ is used to define the Rigged Hilbert space.
The Hamiltonian operator can measure the energy of a given quantum state and, through the
Schrödinger equation, will generate the time evolution of the system. We will discuss it in more
detail in Subsection 2.4.
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Definition 3.4.1. Define Φ to be the largest set that remains invariant under the application of
any of the position operators x̂j, momentum operators p̂j or the Hamiltonian Ĥ associated with
the quantum system. Equivalently, this can be written down as the infinite intersection:

Φ =
∞⋂
k=0

{
D

(
k∏

j=1

X̂j

)∣∣∣∣ ∀j ≤ k, X̂j ∈ {x̂1, · · · , x̂n, p̂1, · · · , p̂n, Ĥ}

}
, (3.40)

where the domain of an operator is:

D(Â) :=

{
|ψ⟩ ∈ L2(Rn)

∣∣∣∣ ⟨ψ|Â2|ψ⟩ <∞
}
. (3.41)

You can view Φ ⊂ H as the set of physically realisable states since for all states in Φ, all mea-
surable quantities can be associated with well-defined values. All states are also associated with a
smooth continuous function, whereas in H, states can be discontinuous and are only required to
be Lebesgue integrable.

Consider for example f(x) = e−xθ(x) on H = L2(R), where θ(x) is the Heaviside function3. The
function f : R → R is normalizable, however, p̂f(x) /∈ L2(Rn) because f ′(0) is not well-defined,
where we use the expression p̂ = ℏ

i
d
dx

for the momentum operator. In general, the requirement
that (p̂)mf ∈ L2(Rn) for any m ∈ N ensures that f is smooth.

Lemma 3.4.2. If Ĥ can be written as a multivariate polynomial of x̂j, p̂k with complex coefficients,
meaning that it can be written as:

Ĥ =
∑
α⃗,β⃗

cα⃗,β⃗ êα⃗,β⃗. (3.42)

With a finite number of cα⃗,β⃗ ∈ C which are non-zero. Here we borrow the multi-index notation of
definition 3.2.3, and the basis operators êα⃗,β⃗ are defined as:

êα⃗,β⃗f = x̂α⃗p̂β⃗f, (3.43)

then Φ is the Schwartz space S(Rn).

Proof. If f ∈ Φ, then f ∈ D(x̂α⃗p̂β⃗) for any choice of α⃗, β⃗, therefore, f ∈ S(Rn). If f ∈ S(Rn),
then we have that x̂f(x), p̂f(x) are also in S(Rn). For the operator Ĥ, we can write:

∣∣∣∣∣∣Ĥf ∣∣∣∣∣∣
γ⃗,δ⃗

=

∣∣∣∣∣∣
∣∣∣∣∣∣
∑
α⃗,β⃗

cα⃗,β⃗ êα⃗,β⃗f

∣∣∣∣∣∣
∣∣∣∣∣∣
γ⃗,δ⃗

≤
∑
α⃗,β⃗

∣∣∣∣∣∣cα⃗,β⃗ êα⃗,β⃗f ∣∣∣∣∣∣
γ⃗,δ⃗
. (3.44)

Since every eα⃗,β⃗f ∈ S(Rn), its norm is bounded and because there are a finite number of sum-

mands, we can conclude that ||Ĥf ||γ⃗,δ⃗ <∞, for any γ⃗, δ⃗.

3θ(x) =

{
0 if x < 0
1 if x ≥ 0
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Therefore, Ĥf ∈ S(Rn) and S(Rn) is invariant under application of x̂, p̂, Ĥ. Note that if you set
Ĥ = 0, then Φ = S(Rn), by definition. Therefore, for general Ĥ, Φ ⊆ S(Rn).

Since Φ is defined to be the largest invariant set under application of x̂, p̂ and Ĥ, we must have
that Φ = S(Rn).

The eigenbras are a part of Φ∗ and the eigenkets are a part of Φ×. If Φ = S(Rd), then Φ∗ is the
space of tempered distributions, and Φ× is the space of conjugate-linear tempered distributions,
and we finally know which spaces constitute the rigged Hilbert space formalism.

When an operator Â : H → H is compact, it is defined on the entirety of the Hilbert space, and we
do not have to employ the rigged Hilbert space formalism. However, when it is non-compact and
can be written as a multivariate polynomial of position and momentum operators, like in Lemma
3.4.2, then we have to use the rigged Hilbert spaces formalism. In that case, we can still use the
measurements Postulates 2.3.1 and 2.3.2, additional condition that the quantum states |ψ⟩ are
part of Φ and their eigenkets of the operator Â are part of Φ×.

3.5 Generalized Uncertainty Principle

One of the most fundamental features of quantum mechanics is the uncertainty principle, which
states that certain pairs of observables cannot be simultaneously measured with full accuracy. For
the Hilbert space H = L2(Rn), one such pair is position-momentum, for which the uncertainty
principle asserts:

σxj
σpk ≥ ℏ

2
δjk, (3.45)

where xj and pk represent the position and momentum along the jth and kth basis vector of Rn,
and σxj

and σpk their standard deviations, δjk is the Kronecker delta4. This means that in quantum
mechanics, the phase-space formalism of classical mechanics runs into trouble such we can’t know
a particle’s position and momentum at the same time.

The standard deviation of an arbitrary operator Â is defined as:

σ2
A = ⟨ψ|

(
Â− ⟨Â⟩

)2
|ψ⟩⟩ , (3.46)

where ⟨Â⟩ := ⟨ψ|Â|ψ⟩ is the expected value of Â. The wave functions ψ(x) and ψ̃(p) in the po-
sition and momentum space are Fourier transforms of each other, if the wavefunction ψ(x) has
a sharp spike, then ψ̃(p) will naturally be more spread out, and the variance of our momentum
measurements increases.

We will now briefly discuss the mathematical formalism behind the uncertainty principle for arbi-
trary Hermitian operators.

4It is defined such that δjk = 1 if j = k, else δjk = 0.
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Definition 3.5.1 (Compatible operators). The pair of operators Â, B̂ are called compatible if

[Â, B̂] := ÂB̂ − B̂Â = 0̂ (3.47)

Where 0̂ is the zero operator such that 0̂ |ψ⟩ = 0 for all |ψ⟩ ∈ H. Notice that any compatible pair
of operators commute with each other: ÂB̂ = B̂Â, therefore, the bracket [Â, B̂] is often called the
commutator. For a compatible pair of operators Â, B̂, you can find a complete set of states which
are eigenstates of both Â and B̂. Non-commutativity imposes a lower bound on the product of
the standard deviations σAσB,

σAσB ≥ ℏ
2
|[Â, B̂]|, (3.48)

this the uncertainty principle for arbitrary pairs of operators. If we apply it to the position and
momentum operator, we get:

[x̂j, p̂k] |ψ⟩ =
i

ℏ

[
x̂j

d

dxk
|ψ⟩ − d

dxk
(x̂j |ψ⟩)

]
(3.49)

=
i

ℏ

∫ [
x′j

d

dxk
ψ(x′) |x′⟩ − d

dxk

(
x′jψ(x

′) |x′⟩
)]
dx′ (3.50)

=
i

ℏ

∫ [
x′j∂kψ(x

′) |x′⟩ − x′j∂kψ(x
′) |x′⟩ − δjkψ(x

′) |ψ⟩
]
dx′ (3.51)

=
ℏ
i
|ψ⟩ . (3.52)

Showing that equation (3.45) does hold indeed.
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Chapter 4

Introduction to Optimal Control Theory

In this chapter, we will briefly introduce the basics of control theory before moving on to quan-
tum control theory, which will use the framework with some adjustments because the Schrödinger
equation is a complex PDE instead of a real PDE and because we will start working with the
time-evolution of wave functions instead of the time-evolution of a (system of) particles.

We will be working with the modern formulation of (optimal) control theory, where we reduce
the higher-order ODEs which are found in the formulation of the problem into a linear system of
coupled first-order ODEs, which we will then solve and investigate using linear algebra. In this
section, we will follow the book by van der Schaft and Meinsma [27].

4.1 Calculus of variations

We will start by introducing calculus of variations, which aims to optimise a function and is
a simplified version of control theory, where we optimise over the outcomes stemming from a
differential equation. Calculus of variations deals with the minimisation of expressions of the
form: ∫ T

0

F
(
t, x(t), ẋ(t)

)
dt, (4.1)

for all functions x : [0, T ] → Rn which are sufficiently smooth. Where F : R × Rn × Rn → R
is some given function. Here ẋ(t) := dx

dt
(t) denotes the time derivative of the function. Calculus

of variations has deep connections to physics through Hamilton’s principle of least action, which
states that a particle follows the path that minimises its action. The principle of least action
allows you to derive the Euler-Lagrange equations of motion. We will start by discussing calculus
of variations in its simplest form.

Definition 4.1.1 (Simplest problem in the calculus of variations). Given a final time T > 0 and
a function F : [0, T ] × Rn × Rn → R, with x0, xT ∈ Rn, the simplest problem in the calculus of

45
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variations is to minimise the cost functional J defined as:

J [x] =

∫ T

0

F
(
t, x(t), ẋ(t)

)
dt, (4.2)

over all function x : [0, T ] → Rn which are sufficiently smooth that satisfy the boundary conditions
x(0) = x0 and x(T ) = xT .

The functional J is called the cost functional, and is not called a function, because it takes a
function as its argument and then applies some operations like integration on it. The associated
integrand function F is the Lagrangian. When necessary, it will be specified what it means to be
sufficiently smooth; often, a function being C1 or C2 suffices. A function f being Cn means that it
and its derivatives up to and including the nth order exist and are continuous.

The famous Euler-Lagrange equations give a necessary condition for a function to minimise the
cost function.

Theorem 4.1.2 (Euler-Lagrange equation, necessary condition for optimality). Suppose that the
Lagrangian F is C1. To solve the problem stated in Definition 4.1.1, it is a necessary condition for
a C1 function x∗(t) to satisfy the differential equation:(

∂

∂x
− d

dt

∂

∂ẋ

)
F
(
t, x∗(t), ẋ∗(t)

)
= 0, ∀t ∈ [0, T ]. (4.3)

Here, ∂
∂x

represents a column vector of partial derivatives:
∂

∂x1
...
∂
∂x

 , (4.4)

this means that equation (4.3) represents n independent differential equations. In many appli-
cations, you will come across time-independent Lagrangians. For such Lagrangians, the Euler-
Lagrange equations can be reduced to the Beltrami identity if ẋ(t) is non-zero almost everywhere
on its domain in the measure theoretic sense.:

F (x, ẋ)− ẋT
∂F

∂ẋ
= C0, (4.5)

where C0 ∈ R is a constant determined by the boundary conditions. The term ẋT , transposes ẋ
into a row vector, which when multiplied by a column vector, turns into an inner product.

In quantum optimal control theory, solutions are constrained by differential equations like the
Schrödinger equation. In calculus of variations, the equivalent of those constraints are integral
constraints of the form: ∫ T

0

M
(
t, x(t), ẋ(t)

)
dt = C0, (4.6)
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with M : [0, T ] × Rn × Rn → R is some given function. Such problems can be solved using
Lagrange multipliers, which we will now briefly explain.

Consider minimising a function J : Rn → R with the constraint that the solution is part of the
kernel of G : Rn → Rk: {

minz∈RnJ(z),

subject to G(z) = 0.
(4.7)

The core idea behind the Lagrange multiplier method is to translate the constrained problem to
an unconstrained problem with optimisation variables (z, λ), with λ ∈ Rk, which has the cost
function:

J (z, λ) := λTG(z) + J(z). (4.8)

Under the assumption that J is sufficiently smooth, the pair (z∗, λ∗) is a stationary solution of
the unconstrained optimisation problem if and only if:

∂J
∂z

= 0,
∂J
∂λ

= 0, (4.9)

which implies that G(z∗) = 0 and therefore, J (z∗, λ∗) = J(z∗). Under some mild assumptions,
the first-order conditions on the unconstrained problems are equivalent to the conditions on the
constrained problem, and we have thus found a solution to the constrained problem.

Theorem 4.1.3 (Euler-Lagrange equation for integral constrained optimisation). Suppose F,M :
R× Rn × Rn → R are C1 functions and x∗ : R → R is a C2 function, which is the minimizer of:

J [x] =

∫ T

0

F
(
t, x(t), ẋ(t)

)
dt, (4.10)

subject to the boundary conditions x(0) = x0;x(T ) = xT , and the integral constraint:∫ T

0

M
(
t, x(t), ẋ(t)

)
dt = C0, with C0 ∈ R. (4.11)

Then either there exists a Lagrange multiplier µ∗ ∈ R such that(
∂

∂x
− d

dt

∂

∂ẋ

)(
F
(
t, x∗(t), ẋ∗(t)

)
+ µ∗M

(
t, x∗(t), ẋ∗(t)

))
= 0, (4.12)

for all t ∈ [0, T ] or M satisfies the Euler-Lagrange equations itself,(
∂

∂x
− d

dt

∂

∂ẋ

)
M
(
t, x∗(t), ẋ∗(t)

)
= 0, ∀ t ∈ [0, T ]. (4.13)
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4.2 Optimal Control Theory

In calculus of variations, you are allowed to choose any function x(t) as long as it is sufficiently
smooth. However, in physical reality, systems always follow physical laws, and our control over
them might not be complete. To take such constraints in account, we assume that the state
x : [0, T ] → Rn follows a differential equation.

Definition 4.2.1 (Problem of Optimal control). Given a final time T > 0. The state function
x : [0, T ] → Rn evolves according to

ẋ(t) = f(x(t), u(t)), x(0) = x0, (4.14)

with f : Rn × Rm → Rn determining the dynamics of the system and u : [0, T ] → U ⊆ Rm being
the control functions, which we are free to control. We aim to minimise the cost functional

J [u(·)] :=
∫ T

0

F (x(t), u(t))dt+G(x(T )), (4.15)

whilst ensuring that the state satisfies equation (4.14). We refer to G : Rn → R as the final cost
and F : Rn × U → R as the running cost.

To ensure that equation (4.14) is satisfied, we can introduce the Lagrange multiplier function
p : [0, T ] → Rn. Let L : Rn×Rn×U×Rn → R be the running cost augmented with the Lagrange
multiplier function p:

L(x, ẋ, u, p) = pT
(
f(x, u)− ẋ

)
+ F (x, u). (4.16)

The Lagrange multiplier function p : [0, T ] → Rn is created in analogy with the Lagrange mul-
tipliers used in calculus of variations in the previous section. We want to further investigate the
stationary solutions (x∗, p∗, u∗) of the optimal problem, where the Lagrange multiplier is incorpo-
rated through the total cost:

J [x(·), p(·), u(·)] :=
∫ T

0

L(x(t), ẋ(t), u(t), p(t))dt+G(x(T )). (4.17)

It can be shown through Beltrami’s identity, that the so-called optimal control Hamiltonian H :
Rn × Rn × U → R,

H(x(t), p(t), u(t)) = p(t)Tf(x(t), u(t)) + F (x(t), u(t)), (4.18)

is constant along any stationary trajectory (x∗(·), p∗(·), u∗(·)). The optimal control Hamiltonian
is also often referred to as the Pontryagin Hamiltonian. Here, p is the Hamiltonian co-state of
x, in analogy to momentum being the co-state to position in Hamilton’s equations of motion for
classical mechanics, meaning that the pair (x, p) satisfies Hamilton’s equations. This can be shown
using Pontryagin’s Minimum Principle1, a core result of optimal control theory.

1It is often called the maximum or minimum principle in literature, depending on the sign convention used for
the Hamiltonian. To avoid confusion, we call it Pontryagin’s Minimum Principle.
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Theorem 4.2.2 (Pontryagin’s Minimum Principle). Let U = Rm, x0 ∈ Rn and consider f(x, u),
∂f
∂x
(x, u), F (x, u), ∂F

∂x
(x, u), G(x) and G′(x) to be all continuous. Suppose u∗ : [0, T ] → U is a

solution of the optimal control problem and assume it is piecewise continuous. Let x∗ : [0, T ] → Rn

be the resulting optimal state. Then there exists an unique p∗ : [0, T ] → Rn such that:

ẋ∗(t) =
∂H

∂p

(
x∗(t), p∗(t), u∗(t)

)
, x∗(0) = x0, (4.19)

ṗ∗(t) = −∂H
∂x

(x∗(t), p∗(t), u∗(t)), p∗(T ) =
∂G

∂x
(x∗(T )), (4.20)

H
(
x∗(t), p∗(t), u∗(t)

)
= minu∈UH

(
x∗(t), p∗(t), u

)
, ∀t ∈ [0, T ], (4.21)

where u∗(t) is continuous. The optimal control Hamiltonian is constant along optimal trajectories:

H(x∗(t), p∗(t), u∗(t)) = C0 ∈ R, ∀ t ∈ [0, T ]. (4.22)

Pontryagin’s minimum principle allows you to restate optimal control problems into a form which
is easier to solve analytically or numerically. We will now move to apply the Pontryagin’s minimum
principle to quantum systems, which are governed by the Schrödinger equation.

4.3 Quantum Optimal Control

We have now finally arrived at the point where we are able to begin discussing quantum optimal
control. In this section, we will follow [28]. We will be working with Hilbert spaces of the form
H = Cn, unless otherwise specified. Throughout the thesis, we will consider Hamiltonians Ĥ :
U → (H → H) of the form:

Ĥ(u(t)) = Ĥ0 +
Nc∑
k=1

uk(t)Ĥk, (4.23)

where Ĥ0 : H → H is the so-called drift Hamiltonian and represents the system’s time dynamics
with no control applied. For k = 1, · · ·Nc, the functions uk : [0, T ] → R are the control functions
and Ĥk : H → H are the control Hamiltonians. For brevity, we write u(t) = [u1(t), · · · , uNc(t)]

T .
We aim to minimise the cost functional J :

J [u(·)] :=
∫ T

0

F
(
|ψ(t)⟩ , u(t)

)
dt+G(|ψ(T )⟩), (4.24)

with F : H× U → R and G : H → R being the running and final cost, respectively. However, the
ket |ψ(·)⟩ : [0, T ] → H must still satisfy the constraints provided by the Schrödinger equation:

d

dt
|ψ(t)⟩ = − i

ℏ
Ĥ(t) |ψ(t)⟩ , ∀ t ∈ [0, T ], (4.25)

with the normalized initial condition |ψ(0)⟩ = |ψ0⟩. From now on, we use ℏ = 1. Similarly to the
classical case, we can introduce an adjoint quantum state ⟨χ(·)| : [0, T ]×H → R, which will act
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as a Lagrange multiplier which ensures that |ψ(·)⟩ satisfies the Schrödinger equation.

We can now introduce the Lagrangian augmented with the Lagrange multiplier ⟨χ(·)| associated
with the Schrödinger equation:

L
(
|ψ(t)⟩ , |ψ̇(t)⟩ , ⟨χ(t)| , u(t)

)
= F (|ψ(t)⟩ , u(t)) + Re

{
⟨χ(t)|ψ̇(t)⟩+ i ⟨χ(t)|Ĥ(u(t))|ψ(t)⟩

}
.

(4.26)
However, we have to take care to only work with real variables, so each quantum state vector
|ψ(t)⟩ has to be split into its real part Re{|ψ(t)⟩} ∈ Rn and its imaginary part Im{|ψ(t)⟩} ∈ Rn.

The conjugate variables of Re{|ψ(·)⟩} : [0, T ] → Rn and Im{|ψ(·)⟩} : [0, T ] → Rn, are Re{⟨χ(·)|} :
[0, T ] → R1×n and Im{⟨χ(·)|} : [0, T ] → R1×n respectively. For simplicity, we take R1×n to
represent the dual space of Rn, so that we can work intuitively with column and row vectors. They
satisfy the equations:

Re{⟨χ(t)|} =
∂L

∂ Re
{
|ψ̇(t)⟩

}(|ψ(t)⟩ , |ψ̇(t)⟩ , ⟨χ(t)| , u(t)), (4.27)

Im{⟨χ(t)|} =
∂L

∂ Im
{
|ψ̇(t)⟩

}(|ψ(t)⟩ , |ψ̇(t)⟩ , ⟨χ(t)| , u(t)). (4.28)

This can be deduced using the following term from equation (4.26):

Re
{
⟨χ(t)|ψ̇(t)⟩

}
= Re{⟨χ(t)|}Re

{
|ψ̇(t)⟩

}
+ Im{⟨χ(t)|} Im

{
|ψ̇(t)⟩

}
. (4.29)

Note that in the equations (4.27) and (4.28), a ket derivative produces a bra state; this convention
ensures that we don’t have to take the transpose of vectors everywhere, but it also makes sense on
a broader level. For example, consider the function f : Rn → R, with f(x) = aTx and a ∈ Rn. In
this case, it is most straightforward to use the convention that ∂f

∂x
= aT .

Through the Euler-Lagrange equations for Re{|χ(·)⟩} and Im{|χ(·)⟩}, we arrive at the real and
imaginary parts of the Schrödinger equation separately:

Re
{
|ψ̇(t)⟩

}
= Re

{
−iĤ(u(t)) |ψ(t)⟩

}
, (4.30)

Im
{
|ψ̇(t)⟩

}
= Im

{
−iĤ(u(t)) |ψ(t)⟩

}
. (4.31)

Together, they ensure that the Schrödinger equation is satisfied. So even though we only try to
conserve the real part of the Schrödinger equation in equation (4.26), we get the conservation of
the imaginary part for free.

We can write down the cost functional for an optimal control problem as:
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J
[
|ψ(·)⟩ , ⟨χ(·)| , u(·)

]
= G

(
|ψ(T )⟩

)
(4.32)

+

∫ T

0

F
(
|ψ(t)⟩ , u(t)

)
+Re

{
⟨χ(t)|ψ̇(t)⟩+ i ⟨χ(t)|Ĥ(u(t))|ψ(t)⟩

}
dt.

(4.33)

Which is the sum of the final and integrated running cost augmented by the Lagrange multipliers
associated with the Schrödinger equation. We can then define the Pontryagin Hamiltonian HP :
H×H∗ × U → R in analogy to equation (4.18):

HP

(
|ψ(t)⟩ , ⟨χ(t)| , u(t)

)
= Re

{
⟨χ(t)|ψ̇(t)⟩

}
+ χ0F

(
|ψ(t)⟩ , u(t)

)
. (4.34)

Here χ0 ≤ 0 is the abnormal multiplier, in most cases it can be considered to be negative, and
then subsequently normalised to −1. However, in some special cases, setting χ0 = 0 is required.
For full generality, we will not set χ0 = −1 here. Using the Schrödinger equation, it can also be
written as:

HP

(
|ψ(t)⟩ , ⟨χ(t)| , u(t)

)
= Im

{
⟨χ(t)|Ĥ(u(t))|ψ(t)⟩

}
+ χ0F

(
|ψ(t)⟩ , u(t)

)
. (4.35)

Now that we have a Hamiltonian, we would like to compute Hamilton’s equations as well. However,
we are now differentiating by complex wave functions, so care is required. Following [28], we define
the complex derivative as:

∂

∂ |ψ⟩
=

1

2

[
∂

∂ Re{|ψ⟩}
− i

∂

∂ Im{|ψ⟩}

]
. (4.36)

This introduces a factor of two into Hamilton’s equations:

|ψ̇∗(t)⟩ = 2
∂HP

∂ ⟨χ|
(|ψ∗(t)⟩ , ⟨χ∗(t)| , u∗(t)) = −iĤ(u(t)) |ψ∗(t)⟩ , (4.37)

⟨χ̇∗(t)| = −2
∂HP

∂ |ψ⟩
(|ψ∗(t)⟩ , ⟨χ∗(t)| , u∗(t)) = i ⟨χ∗(t)| Ĥ(u(t))− 2χ0

∂F

∂ |ψ⟩
(|ψ∗(t)⟩ , u∗(t)). (4.38)

In addition, the adjoint state satisfies a boundary condition at the final time T :

|χ∗(T )⟩ = 2χ0
∂G

∂ |ψ⟩
(|ψ∗(T )⟩). (4.39)

The final equation of the Pontryagin’s minimum principle becomes:

HP

(
|ψ∗(t)⟩ , ⟨χ∗(t)| , u∗(t)

)
= minu∈U HP

(
|ψ∗(t)⟩ , ⟨χ∗(t)| , u

)
, ∀ t ∈ [0, T ]. (4.40)

A typical choices for the final and running costs are:
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G(|ψ(T )⟩) = 1− | ⟨ψtarget|ψ(T )⟩ |2, (4.41)

F (|ψ(t)⟩ , u(t)) = λ1
2
u(t)Tu(t), (4.42)

with λ1 ≥ 0. We will now take the time to apply quantum optimal control to a simple toy problem,
the two-level system.

4.4 Quantum Optimal control of two-level System

We will again study the two-level system, this time using the formalism of quantum optimal control
theory. So the Hilbert space is H = C2. We start with the Hamiltonian from equation (2.69):

Ĥ(t) = −1

2
ω0σ̂z − µE||(t)σ̂x (4.43)

Like in Section 2.7, we can apply the rotating wave approximation to it, under the assumption
that the frequency ω of the electric field E||(t) matches the internal frequency ω, which results in
the new Hamiltonian:

Ĥ(t) = u(t)σ̂x, (4.44)

where u(t) = −µA(t), with A(t) being the pulse amplitude of E||(t). Our goal is to minimise the

time it takes to reach the |ψ(T )⟩ = eiθ |1⟩ =
(

0
eiθ

)
exactly, as fast as possible, the phase θ ∈ R is

arbitrary and not physically relevant, whilst also minimising for control cost amplitude:

G(|ψ(T )⟩) = 1− | ⟨1|ψ(T )⟩ |2, (4.45)

F (|ψ(t)⟩ , u(t)) = 1

2
λ1(u(t))

2. (4.46)

The running cost F (|ψ(t)⟩ , u(t)) is proportional to the instantaneous energy density of the electric
field produced by the laser. The energy density of the electric field parallel to the dipole moment
µ⃗ is given by ϵ0(E||(t))

2, with ϵ0 being the vacuum permittivity constant. This means that the
integral of this choice of running cost is proportional to the total energy of the pulse. Therefore,
we will frequently look to minimise it in future chapters. Averaging over time due to the fast
oscillation caused by the laser frequency ω, we get:

⟨U⟩ = 1

2
ϵ0(A(t))

2, (4.47)

which means that F (|ψ(t)⟩ , u(t)) = µ2 ⟨U⟩, therefore, we will use the control cost amplitude as a
proxy for the energy in the electric field.

We can write the Pontryagin Hamiltonian HP : H×H∗ × U → R as:
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HP = Im
{
⟨χ(t)|Ĥ(t)|ψ(t)⟩

}
+

1

2
χ0λ1(u(t))

2, (4.48)

= u(t)Sx(t) +
1

2
χ0λ1(u(t))

2. (4.49)

Where χ0 ≤ 0 is the abnormal multiplier and we define:

Sj(t) := Im{⟨χ(t)|σ̂j|ψ(t)⟩}, j = x, y, z. (4.50)

The resulting Hamilton’s equations are then:

|ψ̇(t)⟩ = −iu(t)σ̂x |ψ(t)⟩ , (4.51)

|χ̇(t)⟩ = −iu(t)σ̂x |χ(t)⟩ . (4.52)

Using Pontragrayin’s Minimum principle, we can state that

∂HP

∂u

(
|ψ∗(t)⟩ , ⟨χ∗(t)| , u∗(t)

)
= Sx(t) + χ0λ1u∗(t) = 0. (4.53)

Which will be useful later. We can rewrite these equations in terms of time derivatives of Si=x,y,z(t):

Ṡj(t) = Im
{
⟨χ̇(t)|σ̂j|ψ(t)⟩+ ⟨χ(t)|σ̂j|ψ̇(t)⟩

}
, (4.54)

= Re
{
⟨χ(t)|Ĥ(u(t))σ̂j|ψ(t)⟩ − ⟨χ(t)|σ̂jĤ(u(t))|ψ(t)⟩

}
, (4.55)

= Re
{
⟨χ(t)|[Ĥ(u(t)), σ̂j]|ψ(t)⟩

}
. (4.56)

Which in our case translates into the linear differential equation:

⃗̇S(t) =

0 0 0
0 0 −2u(t)
0 2u(t) 0

 · S⃗(t) (4.57)

This means that Sx(t) is a constant of motion, meaning that u(t) = − 1
χ0λ1

Sx(0) := u0. Plugging
this into the Schrödinger equation, we get:

|ψ̇(t)⟩ = −i
[

0 u0
−u0 0

]
|ψ(t)⟩ . (4.58)

If we start in the ground state, then the solution is

|ψ(t)⟩ =
[
cos(u0t)
sin(u0t)

]
, (4.59)

the requirement |ψ(T )⟩ = |1⟩ turns into u0T = π
2
+kπ, with k ∈ Z. To globally optimise for control

amplitude cost, we pick u0 = ± π
2T
. Reverting the rotating wave approximation, we get that the

electric field amplitude
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E|| =
π

2µT
cos(ω0t+ ϕ) (4.60)

is the optimal control function. This is exactly the π-pulse solution which was presented in equation
(2.68).

4.5 Quantum Controllability

We will now discuss some important concepts in quantum optimal control, which will aid in under-
standing the quantum control simulations which we discuss later. Some basic questions which we
can ask are: Is the system controllable? Meaning that we can reach any arbitrary final state. Do
there exist sub-optimal local minima of the cost function? We will find that under a very general
set of conditions, the quantum control problem is surprisingly easy, as also expressed in [29]. How-
ever, the introduction of additional terms to the cost functions will complicate matters significantly.

Following [30], we can define the idea of controllability in quantum systems and highlight a theorem
which will allow us to determine whether a system is controllable with relative ease.

Definition 4.5.1 (Projective state controllable quantum system). A quantum system is said to be
projective state controllable if for all initial and target states |ψ0⟩ , |ψtarget⟩, there exists a time T > 0
and control u : [0, T ] → U such that |ψ(T )⟩ = eiϕ |ψtarget⟩, for some arbitrary phase ϕ ∈ [0, 2π).

In quantum mechanics, the complex phase of the entire system is not relevant because it does not
affect Schrödinger’s equation or probability distribution for any observable. Therefore, it is easier
not to care about the phase of the system at t = T . We can now state the following theorem.

Theorem 4.5.2 (Lie Algebra Condition for Quantum Controllability [30, Theorem 2.2]). Let
H = Cn, the quantum system governed by the Heisenberg equation of motion for the unitary
propagator Û(t):

dÛ

dt
= − i

ℏ

(
Ĥ0 +

Nc∑
k=1

uk(t)Ĥk

)
Û(t), Û(0) = În×n, (4.61)

with Ĥl : Cn → Cn for l = 0, · · ·Nc as the Hamiltonian operators, which can simultaneously be
considered as matrices in Cn×n and uk=1,···Nc(t) are real-valued control functions. This quantum
system is projective state controllable if and only if the Lie algebra generated by the commutators
of the set {−iĤ0, · · · ,−iĤNc} is isomorphic to sp(n/2) or su(n) if n is even or to su(n) if n is
odd.

Here su(n) denotes the group of skew-Hermitian n× n complex matrices and sp(n/2) denotes the

group of block matrices

[
A B
C −AT

]
such that A,B,C ∈ Rn/2×n/2 and B,C are symmetric.

Typically, the conditions of Theorem 4.5.2 are easily met, and the system is projective state
controllable; an example is given in Section 5.7.
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4.6 Sub-Optimal Extrema of the Infidelity

Optimising the control functions solely to achieve maximal overlap between the final and target
state is often remarkably easy to achieve. Gradient-based optimisation algorithms never seem to
get stuck on sub-optimal local extrema for the majority of quantum optimal control (QOC) sys-
tems. This is a very attractive property of a large variety of QOC systems. However, before we
move forward and depend blindly on this, we should determine for which QOC systems this holds
specifically.

The overlap between the final state |ψ(T )⟩ and target state |ψtarget⟩ is often called the fidelity of
the final state in the literature. We define the fidelity and infidelity as:

F :=
∣∣∣⟨ψtarget|Û(T, 0)|ψ0⟩

∣∣∣2 , ∆F = 1−F , (4.62)

where |ψ0⟩ is the initial state of the system at T = 0 and is fixed. The time evolution operator
Û(t2, t1) : H → H evolves the state from t = t1 to t = t2:

Û(t2, t1) |ψ(t1)⟩ = ψ(t2). (4.63)

Following [31], we will give an analytic expression of the gradient of the infidelity cost function,
and based on that, we can make statements about, for example, the existence of sub-optimal local
infidelity minima. We will assume that the system is fully controllable since, otherwise, it is not
guaranteed that a global optimum with zero infidelity exists.

Consider the system Hamiltonian with one control Hamiltonian:

Ĥ = Ĥ0 + u(t)Ĥ1, (4.64)

with initial state |ψ0⟩ and target state |ψtarget⟩. We let the system evolve from t = 0 to t = T .
Assume the cost function takes the form:

J [ψ(·), χ(·), u(·)] = 1−
∣∣∣⟨ψtarget|Û(T, 0)|ψ0⟩

∣∣∣2 + Im

{∫ tf

0

⟨χ(t)
∣∣∣∣iℏ ∂∂t − Ĥ0 − u(t)Ĥ1

∣∣∣∣ψ(t)⟩ dt}.
(4.65)

The first term minimises the infidelity of the final state, and the second term acts as a Lagrange
multiplier term such that the Schrödinger equation is satisfied. Additionally, we assume that
⟨ψtarget|ψ0⟩ = 0 to simplify some of our later calculations. We now wish to compute the stationary
points of this cost function. Applying the Euler-Lagrange equations gives us the three equations:

iℏ
∂

∂t
|ψ(t)⟩ =

[
Ĥ0 + u(t)Ĥ1

]
|ψ(t)⟩ , |ψ(0)⟩ = |ψ0⟩ , (4.66)

iℏ
∂

∂t
|χ(t)⟩ =

[
Ĥ0 + u(t)Ĥ1

]
|χ(t)⟩ , |χ(T )⟩ = −2

ℏ
|f⟩ ⟨f |Û(T, 0)|i⟩ , (4.67)

δJ

δu(t)
= Im

{
⟨ψ(t)|Ĥ1|χ(t)⟩

}
. (4.68)
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Where δJ
δu(t)

gives the infinitesimal change in J as you make an infinitesimal change in the value u

at time t. Using the expression for |χ(T )⟩, the last equation can be rewritten to:

δJ

δu(t)
= −2

ℏ
Im
{
⟨ψ0|Û †(t, 0)Ĥ1Û(t, 0)Û

†(T, 0)|ψtarget⟩ ⟨ψtarget|Û(tf , 0)|ψ0⟩
}
, (4.69)

= −2

ℏ
Im
{
⟨ψ0|Ĥ1(t)|q⟩

}
= 0, (4.70)

with the second line using the following expressions:

Ĥ1(t) = Û †(t, 0)Ĥ1Û(t, 0), (4.71)

|q⟩ = Û †(T, 0) |ψtarget⟩ ⟨ψtarget|Û(T, 0)|ψ0⟩ . (4.72)

With this, we will now perform an analysis of the gradient at the global extrema and any potential
non-global extrema.

Gradient at points such that F = 0

Let us first look at the points of the quantum control landscape which we definitely wish to avoid,
namely the points which minimise the fidelity of the final state: ⟨ψtarget|ψ(T )⟩ = 0. This will serve

as a warm-up. By assumption, we have ⟨ψtarget|Û(T, 0)|ψ0⟩ = 0. Which implies that |q⟩ = 0. In
turn, meaning that δJ

δu(t)
= 0 at all times.

This makes sense since if this were not true, you could pick a small perturbation ∆u(·) such that
J [u(·)+∆u(·)] < 0, whilst still satisfying the Schrödinger equation, meaning that you have negative
fidelity, which is not possible. A similar argument will hold for control functions with F = 1.

Gradient at points such that F = 1

Since we consider the norm of the fidelity to be one, we thus have that the final state is Û(T, 0) |ψ0⟩ =
eiϕ |ψtarget⟩, where ϕ ∈ R is an arbitrary phase. This means that |q⟩ = |ψ0⟩, so the expression for
δJ

δu(t)
= 0 turns into:

δJ

δu(t)
= −2

ℏ
Im
{
⟨ψ0|Ĥ1(t)|ψ0⟩

}
= 0 (4.73)

which holds at all times because Ĥ1(t) is Hermitian and thus ⟨ψ0|Ĥ1(t)|ψ0⟩ is real at all times.
This shows that points with zero infidelity are indeed extrema.

Gradient at points such that 0 < F < 1

Now we move onto the most interesting point, namely whether there exist sub-optimal local ex-
trema. Luckily, we will see that they don’t exist for a rather general class of systems.
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We seek solutions such that δJ
δu(t)

= 0 for all times. Which in turn requires that ∂n

∂tn

(
δJ

δu(t)

)
= 0 at

all times and all n ∈ N. We can use the Heisenberg equation of motion:

dÂ

dt
(t) =

i

ℏ

[
Ĥ(t), Â(t)

]
. (4.74)

Which, for Ĥ1 becomes:

dĤ1

dt
(t) =

i

ℏ

[
Ĥ0(t), Ĥ1(t)

]
. (4.75)

Using these expressions, we can write down the first and second time derivative of δJ
δu(t)

as:

∂

∂t

δJ

δu(t)
= −2

ℏ
Im

{(
i

ℏ

)
⟨ψ0|

[
Ĥ0(t), Ĥ1(t)

]
|q⟩
}

= 0, (4.76)

∂2

∂t2
δJ

δu(t)
= −2

ℏ
Im

{(
i

ℏ

)2

⟨ψ0|
[
Ĥ(t),

[
Ĥ0(t), Ĥ1(t)

]]
|q⟩

}
= 0. (4.77)

Where further derivatives also consist of nested commutators. These commutators depend on the
set of commutators generated by Ĥ0 and Ĥ1. These same commutators of Ĥ0 and Ĥ1 are used to
determine the controllability of the system in Theorem 4.5.2. We have assumed that the system
is fully controllable. Meaning that the Lie algebra generated by these commutators is isomorphic
to sp(n/2) or su(n). It can be shown that this implies that not all time derivatives of δJ

δu(t)
are

zero. Therefore, δJ
δu(t)

= 0 can’t be satisfied at all times, so no sub-optimal extrema can exist if
the system is controllable. This means that any reasonable gradient-based optimisation algorithm
should always be able to find zero-infidelity states.

4.7 Quantum Control Landscape

For two-level quantum systems, with two smooth control fields u1,2 ∈ L1([0, T ]) and the final time
T as a free variable, the system is considered strongly controllable and it can be shown that the
kernel of ∆F [u] is path-connected in the space of control functions [32].

This implies that if you wish to minimise a second quantity like the total control amplitude, you
don’t necessarily have to leave the zero-infidelity subspace, although it might be significantly more
computationally expensive to converge to the optimal solution. The recent paper [33] shows, us-
ing numerical simulations, that there are paths in the low-infidelity subspace connecting different
zero-infidelity points. An example of such a path is given in Figure 4.1.
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Figure 4.1: Schematic of the path-connectedness of the zero-infidelity subspace. Taken from [33].

For a N -level system, the Hessian at u∗ is given by the matrix δ2∆F
δu(t)δu(t′)

[u∗] has at most 2N − 2
eigenfunctions with positive eigenvalues. Meaning that if the number of control variables exceeds
2N − 2, then we are guaranteed to have a path-connected zero-infidelity subspace. The trace of
the Hessian provides a measure of the robustness of the control pulse, as it is equal to the sum
of all of the (positive) eigenvalues of the Hessian. When we employ the GRAPE algorithm, we
typically use hundreds of control variables [34], meaning that the zero-infidelity subspace will not
only be connected, but also have a very large number of dimensions.

4.8 Overview

In this chapter, we introduced the optimal control framework, which we will continue to use in this
chapter. It is also the starting point from which we will describe the GRAPE and GOAT opti-
mal control algorithms. The core result, which was discussed, is Pontryagin’s Minimum Principle;
however, even its quantum variant is not directly used in either the GRAPE or GOAT algorithm.
Nevertheless, it is still an important jumping-off point; for example, the GRAPE algorithm also
relies on adjoint states.

The theoretical results on controllability and the lack of non-global local extrema will be verified
numerically throughout the following two chapters. The control landscape will play a key role in
Section 5.4, however, we will have no space to further explore the control landscape.



Chapter 5

GRAPE Algorithm

Having now established the governing equations of quantum optimal control in the previous sec-
tion, we will now attempt to numerically determine the optimal control fields. We will start by
discussing the GRAPE quantum optimal control algorithm, which is conceptually the simplest.

In this chapter and Chapter 6, we will use arbitrary units for our numerical simulations of quantum
systems. In Chapters 7 and 8, we will discuss more realistic models and will therefore use a more
appropriate unit system.

The GRAPE algorithm was developed in 2005 [35] and it is widely used for QOC-problems. It
models the control pulses as piecewise constant functions with n segments, and it performs a
gradient descent algorithm1 using the gradient of the fidelity function with respect to the pulse
amplitude at each time interval. The primary innovation is the computation of these gradients. It
is able to find high-fidelity solutions using this gradient descent algorithm easily.

The one downside compared to other algorithms is the limited ability to constrain the shape of
the optimised pulse. You can either add constraints to the gradient descent algorithm, or you can
optimise for a cost function which includes a fidelity term and a term which penalises any deviation
of the control pulses from their desired shape. Our introduction to the GRAPE algorithm will
follow [28].

5.1 Mathematical Model

We will now discuss the mathematical background of the GRAPE algorithm, assume that the
Hilbert space is H = CNd and that the control Hamiltonian is similar to the control Hamiltonian
in Section 4.3, except the general control function uk(t) : [0, T ] → R are replaced by piecewise
constant functions fpc : [0, T ]× Rn → R parametrised by u(k) ∈ Rn:

1Contrary to the full name of the GRAPE algorithm, our objective will be to minimise infidelity, which is
equivalent to maximising the fidelity. However, when solutions reach near-perfect fidelity on the range of F =
1− 10−12, working with the infidelity becomes easier.

59
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Ĥ(t;u(1), · · · , u(Nc)) = Ĥ0 +
Nc∑
k=1

fpc(t;u(k))Ĥk, (5.1)

where fpc generates a piecewise constant function with n segments of size ∆t = T
n
with values

given by u(k). The segment pieces are:

Sl =

{
[(l − 1)∆t, l∆t) for l = 1, · · · , n− 1,

[(n− 1)∆t, T ] for l = n,
(5.2)

We can now define the piecewise constant function fpc as:

fpc(t;u) =
n∑

l=1

ul1Sl
(t), (5.3)

where the indicator functions 1Sl
: [0, T ] → {0, 1} are defined in Definition 3.1.4.

The control Hamiltonians are Ĥk : CNd → CNd . For the following discussion, Nd is arbitrary,
and we will set Nc = 1 for simplicity, and we will assume that Ĥ0 and Ĥ1 do not commute. How-
ever, you can also perform the GRAPE algorithm with multiple control functions at the same time.

The GRAPE algorithm can also be used to perform quantum optimal control when working with
open quantum systems, where density matrices represent the state of the system. However, for
simplicity, we will perform the mathematical derivation of the GRAPE algorithm in the bra-ket
formalism, see the original paper [35] for the density matrix formalism.

We have now transformed the infinite-dimensional control problem into a finite-dimensional prob-
lem to optimise the control inputs u ∈ Rn. We will now work to find the gradient of the infidelity
function with respect to the control inputs u.

Figure 5.1: Illustration of the GRAPE algorithm, where the piecewise constant function illustrates
the initial pulse and the attached arrows signify one iteration of the gradient descent algorithm.
Taken from [35].

Define the evolution operator Ûl : R× CNd → CNd , which evolves the state from t = (l − 1)∆t to
t = l∆t as:
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Ûl(ul) := Û
(
l∆t, (l − 1)∆t

)
= exp

(
−i∆t

(
Ĥ0 + ulĤ1

))
, (5.4)

for l = 1, · · · , n. Additionally define,

|ψl⟩ := Ûl(ul) · · · Û1(u1) |ψ0⟩ = |ψ(l∆t)⟩ , for l = 1, · · ·n, (5.5)

with |ψ0⟩ being the initial state at t = 0. The infidelity function ∆F : Rn → [0, 1] is defined as:

∆F(u) = G(Ûn(un) · · · Û1(u1) |ψ0⟩) = G(|ψn⟩), (5.6)

where G : Cn → R give the infidelity of the control pulse and is typically given as:

G(|ψn⟩) = 1− | ⟨ψtarget|ψn⟩ |2, (5.7)

where the ket |ψtarget⟩ is the target state of the quantum control optimisation. The infidelity

function has the fastest decrease in the −∂(∆F)
∂ul

direction. Therefore, we update ul according to
the gradient descent algorithm:

u′l = ul − ϵ
∂(∆F)

∂ul
(u). (5.8)

Where the parameter ϵ > 0 is tuned to be small enough to ensure convergence, but still large
enough for speedy convergence. However, the derivative ∂(∆F)

∂ul
(u) is difficult to compute, and its

efficient computation forms the core innovation of GRAPE. We will now show its derivation.

Using the chain rule, we can write:

∂(∆F)

∂ul
(u) =

∂G

∂ |ψn⟩
(|ψn⟩)

∂ |ψn⟩
∂ul

(u) +
∂ ⟨ψn|
∂ul

(u)
∂G

∂ ⟨ψn|
(|ψn⟩), (5.9)

=
∂G

∂ |ψn⟩
(|ψn⟩)Ûn(un) · · ·

∂Ûl

∂ul
(ul) · · · Û1(u1) |ψ0⟩ (5.10)

+ ⟨ψ0| Û †
1(u1) · · ·

∂Û †
l

∂ul
(ul) · · · Ûn(un)

∂G

∂ ⟨ψn|
(|ψn⟩), (5.11)

Now we should compute ∂Ûl

∂ul
(ul), which is not straightforward since Ĥ0 and Ĥ1 do not compute.

However, that can be achieved using Wilcox’s formula [36] for a matrix operator Â : R → (CNd →
CNd) depending on a real parameter θ:

∂(etÂ(θ))

∂θ
= etÂ(θ)

∫ t

0

e−t′Â(θ)∂Â

∂θ
(θ)et

′Â(θ)dt′. (5.12)

Plugging Â(θ) = −i(Ĥ0 + θĤ1) into the above equation, it can be shown that,

∂Ûl

∂ul
(ul) = −i∆tÛl(ul)Ĥ1(ul). (5.13)
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with Ĥ1(ul) being the time-average of Ĥ1 in the Heisenberg representation:

Ĥ1(ul) =
1

∆t

∫ ∆t

0

eit
′(Ĥ0+ulĤ1)Ĥ1e

−it′(Ĥ0+ulĤ1)dt′. (5.14)

If we let ∆t → 0, then Ĥ1(ul) → Ĥ1. When doing numerical work, later in this thesis, we
often set ∆t pretty small such that the control pulses resemble smooth functions. Therefore, we

approximate Ĥ1(ul) to be equal to Ĥ1. Additionally, this approximation only leads to an error in
the computation of the gradient, not in the computation of the fidelity itself. In our numerical
work, it does not seem to affect the convergence of the gradient descent algorithm. So we can say:

∂Ûl

∂ul
(ul) ≃ −i∆tÛl(ul)Ĥ1. (5.15)

From the initial conditions from equation (4.39), we have that the adjoint state satisfies the fol-
lowing boundary condition at the final time T :

⟨χn| = ⟨χ(n∆t)| = ⟨χ(T )| = 2χ0
∂G

∂ |ψn⟩
(|ψn⟩). (5.16)

We can then define the adjoint state at t = l∆t through backward propagation in time:

⟨χl| = ⟨χn| Ûn(un) · · · Ûl+1(ul+1), for l = 0, · · ·n− 1. (5.17)

Then using equation (5.9), we can state:

∂(∆F)

∂ul
(u) = −i∆t(⟨χl|Ĥ1|ψl−1⟩+ ⟨ψl−1|Ĥ1|χl⟩), (5.18)

= 2∆t Im
{
⟨χl|Ĥ1|ψl−1⟩

}
. (5.19)

We have thus finally arrived at the desired expression

u′l = ul − ϵ Im
{
⟨χl|Ĥ1|ψl−1⟩

}
, (5.20)

where the 2∆t factor got absorbed into the arbitrary parameter ϵ. We can augment the cost
function with any term C, where ∂C

∂ul
is only a function of u itself. Like, for example, C(u) =

1
2

∑n
l=1 u

2
l . Additional terms, which also depend on ψ(t), like a running cost, would require serious

adjustments of any computer package which you are using to run GRAPE. However, you can
extend the derivation above to include a running cost.

5.2 Software Implementation

The numerical simulation work done in this thesis is all done using the QuTiP Python package [37]
and its offshoot packages Qutip-qtrl [38] and Qutip-qoc [39], which specialise in quantum optimal
control. There are multiple layers of code required to discretise the problem at hand and apply
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numerical optimisation to it.

An overview of the Qutip-qtrl is given in Figure 5.2. In the Qutip-qtrl codebase, everything rele-
vant to a numerical quantum optimal control optimisation is gathered in the Optimizer object. It
contains the parameters and termination conditions provided to the optimisation algorithm and
also contains the dynamics object, which deals with the fidelity-related, timeslot-related and prop-
agation computations.

Usually, we don’t have to interact with most parts of the code case. We have made large changes to
the FidelityComputer part, to allow for cost functions which are not only dependent on infidelity
but also on the control pulses themselves. An adjusted version of the Optimizer object was also
written to accommodate the various control cost functions, which will be discussed in the following
sections.

For more specifics on the adjusted codebase and the IPYNB notebooks used to create the plots in
this thesis, check out the Github repository:
https://github.com/RoyRodenburg/MasterProjectQuantumOptimalControl.

Figure 5.2: Overview of the dependencies of the Optimizer object in the qutip-qtrl package, adopted
from [40].

We will now briefly discuss the generic setup, which we use when we try to numerically solve a
quantum optimal control problems with the GRAPE algorithm.

We start with the GRAPE Hamiltonian

Ĥ(t;u(1), · · · , u(Nc)) = Ĥ0 +
Nc∑
k=1

f(t;u(k))Ĥk. (5.21)

The infidelity, which is to be minimised is defined as:

∆F(u) := 1− | ⟨ψtarget|Ûn(un) · · · Û1(u1)|ψ0⟩ |2, (5.22)

The gradient descent algorithm will work using the gradient-based BFGS optimisation algorithm,
which is discussed in appendix A. The BFGS algorithm uses the gradients provided through the

https://github.com/RoyRodenburg/MasterProjectQuantumOptimalControl
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GRAPE algorithm and uses a numerical estimation of the second derivative to speed up the gra-
dient descent.

We will do our first GRAPE optimisation on one of the most basic quantum system: the two-level
system H = C2 with the Hamiltonian:

Ĥ(u(t)) = Ĥ0 + u(t)Ĥ1, (5.23)

with the Hamiltonians Ĥ0,1 : C2 → C2 being given using Pauli matrices:

Ĥ0 = −1

2
σ̂z =

[
−1/2 0
0 1/2

]
, Ĥ1 = σ̂x =

[
0 1
1 0

]
. (5.24)

At time t = 0, the system is in the ground state |ψ0⟩ = |0⟩ and we set the target state as
|ψtarget⟩ = |1⟩.

This system is very similar to the system in Section 2.6, except that it only has the real part of the
laser field. In quantum optimal control, we work with real control fields; therefore, we require two
separate control fields, which represent the real and imaginary parts of the laser field. However,
adding a second control field slightly complicates matters, so we will start with just one control
field. In Section 5.3, we will use two control fields, to recreate a π-pulse using the GRAPE algo-
rithm.

The termination conditions for the GRAPE algorithm are: a minimal infidelity ∆F of 10−15, a

minimal infidelity gradient
∣∣∣∂(∆F)

∂ul

∣∣∣ of 10−15 and the maximal number of gradient descent steps is

set at 400. The number of timeslots is 200, although the optimisation is not very sensitive to this
parameter as long as it is not too small. If the optimisation is set up correctly, it should finish
rather quickly, so setting very strict termination conditions is not an issue.

As an initial guess, we use the uniform probability distribution on [0, 1] to assign a value to each
element of u.

Adam’s Method

The default integration method used to solve the Schrödinger equation in the QuTiP package is
the implicit Adam’s method, using the Scipy implementation. The implicit Adam’s method is a
generalisation of Euler’s method, providing additional accuracy and stability. When we have the
differential equation y′ = f(t, y), then the next sequence element is:

yn+1 = yn +

∫ tn+1

tn

f(t, y)dt. (5.25)

Euler’s method approximates f as a constant function, assuming a constant step size ∆t, this leads
to:
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yn+1 = yn +∆tf(tn, yn). (5.26)

Instead, the implicit Adam’s method uses an estimation of the average function value of f over
the time interval [tn, tn+1] to gain better accuracy. The second-order implicit Adam’s method uses
the following update equation:

yn+1 = yn +
∆t

2
(f(tn, yn) + f(tn+1, yn+1)). (5.27)

This update equation is called implicit, because yn+1 is included on both sides. To efficiently
solve such an equation numerically, we can use so-called predictor-corrector pairs: first, we get a
predicted ỹn+1 using the explicit Adam’s method:

ỹn+1 = yn +
∆t

2
(3yn − yn+1) (5.28)

and then plugging this into the implicit Adam’s method, we get the corrected yn+1:

yn+1 = yn +
∆t

2
(f(tn, yn) + f(tn+1, ỹn+1)). (5.29)

This method leads to a great amount of accuracy and stability for non-stiff problems. Scipy uses
this type of Adam’s method, with variable order: if the error between the predictor and corrector
grows, the stepsize decreases, and the order of the Adam’s method also decreases.

5.3 π-pulse Recreation

We will now work to recreate the π-pulse using the GRAPE algorithm, which will smoothly
transfer the system from the ground state to the excited state using one control pulse, as discussed
in Section 2.7.

Ĥ(t;u) = −1

2
σ̂z + fpc(t;u)σ̂x. (5.30)

To recreate the π-pulse, we will impose a cost on the control amplitude:

C1(u) =
∆t

2

n∑
k=1

u2k, (5.31)

the factor ∆t = T
n
is added such that the cost C1(u) stays approximately the same as the amount

of pulse segments n is increased. The total cost to be minimised becomes:

C(u) = ∆F(u) + λ1C1(u), (5.32)

with cost parameter λ1 ≥ 0. The GRAPE algorithm works with a gradient descent algorithm,
which requires the derivative ∂C

∂uk
. Because we have added the cost term C1(u), we should also

provide its derivative to the GRAPE algorithm to work:
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∂C
∂uk

=
∂(∆F)

∂uk
+ λ1∆tuk. (5.33)

If the optimised pulses would recreate a π-pulse, than u(t) would be a sine function with amplitude
A = π

2T
and have an angular frequency of 1 as discussed at the end of Section 2.6.

In Figure 5.3, we can see that adding a non-zero control amplitude cost term λ1 drastically lowered
the total control amplitude. Additionally, it also simplified the state transfer process, leading to a
smoother transition from the ground state to the excited state.

Figure 5.3: The results of the optimisation are shown above. In the upper plot, it can be seen
that not optimising for control amplitude produces a rather jagged curve; the fidelity error of
the co-optimised pulse is rather small. The fidelity errors are < 1 · 10−16 and 5.0 · 10−5 for the
optimisation with λ1 = 0 and λ1 = 0.01 respectively. The amplitude cost term C1(u1, u2) are 0.128
and 0.078 respectively. The final time T is 10π.

As will become evident later, for a wide range of choices of λ1, the optimised control pulses will
remain largely similar. However, when the optimal control problems become too complicated,
small values of λ1 will get stuck at local minima of the infidelity, with final control pulses which
have near-zero infidelity, but unnecessarily large control inputs. However, when λ1 is set to be too
large, the algorithm might choose to only optimise for control amplitude, preventing the system
from reaching the target state.

The optimised control pulse, which corresponds to the π-pulse solution, which we discussed at the
end of Section 2.6. There, we assumed that the control pulse would have an angular frequency of
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E1 −E0 = 1, which corresponds to our solution. The constant amplitude of the sine waves of u(t)
can be explained through the introduction of C1, since a constant amplitude would minimise the
total squared control amplitude. From Section 1.7, it is predicted that A = π

2T
, which leads to a

control amplitude of A = π
T
= 0.1, which corresponds to what we see in the figure.

The introduction of a non-zero cost parameter λ1 means that you have to balance between min-
imising infidelity and control amplitude cost, which leads to a higher infidelity, compared to the
case that λ1 = 0. It can be shown that there is a quadratic relationship between the infidelity and
λ1, which we will discuss in the next section.

We can also use two control pulses for the GRAPE optimisation:

Ĥ(t;u1, u2) = −1

2
σ̂z + fpc(t;u1)σ̂x + fpc(t;u2)σ̂y. (5.34)

with the control cost becoming:

C1(u1, u2) =
∆t

2

2∑
i=1

n∑
k=1

u2i,k, (5.35)

and the total cost function being:

C(u1, u2) = ∆F(u1, u2) + λ1C1(u1, u2), . (5.36)

Optimising this cost function using the GRAPE algorithm, we get the following in Figure 5.4. You
can see that the state transfer is a lot smoother compared to Figure 5.3, when a cost parameter
λ1 = 0.01 is imposed. Because with two pulses, at least one control pulse is non-zero at all times.
The control pulses are both sine waves, which are π

2
out of phase with each other. Note that the

control amplitude of each pulse is halved compared to the situation with only one pulse.
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Figure 5.4: The results of the optimisation are shown above. In the upper plot, it can be seen that
not optimising for control amplitude produces a rather jagged curve; the fidelity error of the co-
optimised pulse is rather small. The fidelity errors are 1.6 ·10−15 and 1.2 ·10−5 for the optimisation
with λ1 = 0 and λ1 = 0.01 respectively. The amplitude cost term C1(u1, u2) are 0.0766 and 0.0196
respectively. The final time T is 10π.
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5.4 Power Law Relationship between Infidelity and Cost

Parameter

When you optimise for a linear combination of infidelity and control pulse amplitude, like in equa-
tion (5.32), you will no longer get that the optimised control pulse achieves zero infidelity. Rather,
for small choices of λ1, the infidelity will be small, but still non-zero. We would like to quantify
the relationship between the cost parameter λ1 and the infidelity.

Suppose that u∗ is an optimal solution of the optimal control problem, such that ∆F(u∗) = 0 and
the cost function C1(u) is also separately locally optimised with the constraint that the infidelity
is zero.

However, we know that the zero-infidelity subspace of the control landscape is not zero-dimensional
and can be very complex, as is discussed in Section 4.7. Therefore, we have to careful to not assume
that the optimum we are looking for is isolated, usually there is a high-dimensional subspace of
the control landscape which all have the same resulting cost.

To start, we will write the fidelity function ∆F as a multi-dimensional Taylor expansion of the
variable δu = u− u∗:

∆F(δu) ≈ 1

2
δuTHessu∗(∆F)δu. (5.37)

This Taylor expansion is valid as long as |δu| is sufficiently small. The matrix H := Hessu∗(∆F)
is the Hessian matrix of ∆F , where the matrix elements are:

Hjk =
∂2∆F
∂uj∂uk

(u∗), for j, k ≤ n. (5.38)

We know that the Hessian matrix H is positive semi-definite, because otherwise, we would be able
to achieve a negative infidelity, which is not allowed.

For this derivation, we will only use values of δu such that δu · u∗ < 0, because only then C1 is
lowered. This choice of δu must lead to an increase in infidelity; otherwise, our assumption that
we locally optimised for the cost function under a zero-infidelity constraint is false. Therefore, we
will assume that H is positive definite and thus invertible in the following text.

We will now write the cost function C1 as Taylor expansion of δu:

C1(δu) =
1

2
(δu+ u∗) · (δu+ u∗) =

1

2
δu · δu+ δu · u∗ +

1

2
u∗ · u∗. (5.39)

Combining these two Taylor expansions, we can write the Taylor expansion of the total cost
function C(δu):

C(δu) ≈ 1

2
δuT [H + λ1I] δu+ λ1u∗ · δu+

1

2
λ1u∗ · u∗. (5.40)
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When we optimise for this total cost function, the derivative with respect to δu should be the zero
vector:

∂C
∂(δu)

= [H + λ1I] δu+ λ1u∗ = 0. (5.41)

Because H is positive definite, it follows that H + λ1I is also positive definite for λ1 > 0, and thus
also invertible. Therefore, we can write:

δu = −λ1 (H + λ1I)
−1 u∗, (5.42)

δuT = −λ1uT∗ (H + λ1I)
−1 , (5.43)

here the second equation stem from the fact that H + λ1I is a symmetric matrix. We can write
this matrix inverse using an perturbative expansion for small λ1:

(H + λ1I)
−1 ≈ H−1 − λ1H

−2 +O
(
λ21
)
. (5.44)

Plugging this into the infidelity function, we get:

∆F(δu) =
1

2
λ21u

T
∗ (H + λ1I)

−1H (H + λ1I)
−1 u∗, (5.45)

=
1

2
λ21u

T
∗
[
H−1 − 2λ1H

−2 +O
(
λ2
)]
u∗, (5.46)

In Figure 5.5, the relationship between the cost parameter λ1 and the infidelity is depicted, which
shows that the power law relationship is indeed quadratic at first order.

This result might generalise to general control functions u(t) in the framework of quantum optimal
control, which we discussed in Section 4.3. However, because the control functions are no longer
piecewise constant, but instead smooth functions u : [0, T ] → R, the linear algebra techniques used
in this section are no longer directly applicable. It is unclear whether letting n→ ∞ for piecewise
constant control functions is sufficient to approximate smooth control functions in this context.
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Figure 5.5: The infidelity of control pulses optimised with varying cost parameter values λ1 is
plotted. The same quantum control problem setup as in Section 5.3 is used. The figure shows that
the power law relationship ∆F ∝ λ21, holds clearly, until around ∆F = 10−15, which makes sense,
since at point we are getting close to the precision of the Python float datatype, which can only
distinguish numbers which are more than 10−16 apart.

5.5 Minimizing Rapid Changes in Control Amplitude

In real-world experiments, there are often constraints on the control pulse. In the previous section,
we already discussed minimising the control pulse amplitude to ensure that the energy of the
pulse is as small as possible whilst achieving the desired result. Another common experimental
constraint is that the control pulse is not allowed to vary too quickly over time. We can minimise
the rapid changes in the control amplitude by adding an additional term C2 : Rn → R≥0 to the
cost function, which quantifies the total squared sum of the derivative:

C2(u) =
1

2∆t

n−1∑
k=1

(uk+1 − uk)
2, (5.47)

where the factor 1
∆t

is added such that C2(u) stays approximately constant as n is varied. Note
that here we are penalising changes in control pulse amplitude, we are not directly penalising
the existence of high-frequency terms: a low-frequency wave with a large amplitude might have
a higher cost C2 than a high-frequency wave with low amplitude. However, high-frequency terms
are indirectly suppressed this way.

The GOAT algorithm discussed in Chapter 6.1 will prove to be far better suited for constraining
high-frequency terms, so we will not attempt more techniques to penalise high-frequency terms in
the GRAPE algorithm.

The resulting total cost function C : Rn → R≥0 is:
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C(u) = ∆F(|ψ(T )⟩) + λ1C1(u) + λ2C2(u), (5.48)

with cost parameters λ1,2 ≥ 0. Because the GRAPE algorithm uses a gradient descent algorithm,
it also requires the derivative of the cost function C2:

∂C2
∂uk

=
1

∆t
(2uk − uk+1 − uk−1), for k = 2, · · · , n− 1. (5.49)

We have to be careful with the start and end of the control pulse: u1 and un. We have three
options. The simplest option is to not only compute the one-sided derivative at the endpoints:

∂C2
∂u1

=
1

∆t
(u1 − u2),

∂C2
∂un

=
1

∆t
(un − un−1). (5.50)

We can also assume that the pulse is periodic:

∂C2
∂u1

=
1

∆t
(2u1 − u2 − un),

∂C2
∂un

=
1

∆t
(2un − un−1 − u1). (5.51)

Or finally, can ensure a smooth turn-on and turn-off of the pulse by setting:

∂C2
∂u1

=
1

∆t
(2u1 − u2),

∂C2
∂un

=
1

∆t
(2un − un−1), (5.52)

which penalises any non-zero values of u1,n. This is equivalent to setting the missing neighbouring
control segment of u1,n to zero. This results in a relatively smooth turn-on and off.

In Figure 5.6, the effects of imposing the cost term λ2 = 0.1 are displayed on the generic GRAPE
setup discussed in Section 5.2. The resulting pulse is still smooth and looks similar to the pulse
optimised using λ1 = 0.1, except that it is shifted upwards and thinned out. This shows that the
C2 had the desired effect. Both pulses have a small infidelity on the order of ∼ 10−4, which for
practical purposes is more than good enough.

As highlighted in Figure 5.7, the one-sided derivative and periodic endpoint conventions produce
the same results, which happened because the optimal pulse with the one-sided derivative conven-
tion already happened to be periodic. It could also happen that the optimal pulse starts and ends
at zero as well, and that all three conventions produce the same results.
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Figure 5.6: The GRAPE algorithm was applied to the quantum optimal control problem discussed
in Section 5.2 for different values of λ1,2. The blue pulse was optimised for infidelity and amplitude
cost C1, the orange pulse was optimised for infidelity and derivative cost C2. The control values
of the orange pulse are larger, but their variability is smaller, as expected. The corresponding
infidelities are 1.1·10−4 and 5.6·10−5, the amplitude costs C1 are 0.116 and 0.501, and the derivative
costs C2 are 0.106 and 0.063. The one-sided derivative convention is used for the endpoints.

Figure 5.7: The GRAPE algorithm was applied to the quantum optimal control problem discussed
in Section 5.2 with three different endpoint conventions. They have the same cost parameters:
λ1 = 0 and λ2 = 0.1. You can see that the zero endpoints convention indeed produces a pulse
which starts and ends at zero, and the periodic convention also produces a pulse which is periodic.
The one-sided derivative convention produces a pulse which entirely overlaps with the one-sided
pulse.
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In Figure 5.8, a power law relationship between the cost parameter λ2 and the final infidelity
is displayed. It can be seen that over a range of about six orders of magnitude, a quadratic
relationship holds very well. The analytic proof from Section 5.4 could potentially be adjusted to
work with C2 instead of C1, by writing C2(u) = uTAu for some matrix A ∈ Rn×n, however, such a
derivation is outside the scope of this text.

Figure 5.8: The same quantum control problem as described in Section 5.3 is used, with varying
values of λ2. The figure shows that the power law relationship ∆F ∝ λ22 holds clearly over
approximately six orders of magnitude of λ2.
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5.6 Shape Functions

One of the other experimental constraints is that a control pulse requires a smooth turn-on and
off. To ensure this constraint is satisfied for control pulses produced by the GRAPE algorithm, we
can use shape functions S : [0, T ] → R>0, which can be incorporated into C1 as follows:

C1(u) =
∆t

2

n∑
k=1

u2k
S(k∆t)

. (5.53)

The shape function should be close to 1 in the middle of the interval [0, 1], but should decrease
when we get closer to t = 0 or t = T , such as to penalise large control amplitudes at t = 0, T .
That means pulses benefit in terms of cost by having control amplitudes close to zero at the start
and end. Our typical choice for the shape function is:

f1(t) =


1 + (β − 1)

(
t−tstep
tstep

)n
if t < tstep

1 if tstep ≤ t ≤ T − tstep

1 + (β − 1)
(

T−t−tstep
tstep

)n
if t ≥ T − tstep

(5.54)

with tstep = T
5
and β = 0.1. Other options are S(t) = sin2

(
π t

T

)
or S(t) = exp

{
−32( t

T
− 1/2)2

}
[30]. For the former function, we can avoid division by zero issues by adding a small constant ϵ.
In Figure 5.9, the plots of the two shape functions which we are going to use are displayed.

Figure 5.9: Plots of the two shape functions which are used for GRAPE optimisation

In Figure 5.10, the GRAPE optimisation results using various shape functions is displayed. You
can see that the shape functions indeed have the desired effect and smooth turn-on and off is
achieved.
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Figure 5.10: The GRAPE algorithm was applied to the quantum optimal control problem discussed
in Section 5.2 for three different shape functions. For each optimisation, λ1 = 0.1 was used. For
the shape function f1(t), we used the parameters β = 0.1 and tstep = 4. Compared to the S(t) = 1
case, the other choices of the shape functions do achieve their aim of ensuring a smooth turn-on
and off.
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5.7 Controllability Example

We will now briefly showcase an example of a system which satisfies the conditions of the quantum
controllability Theorem 4.5.2. The following four-level system has just one control Hamiltonian:

Ĥ0 =


0 0 0 0
0 1 0 0
0 0 2 0
0 0 0 3

 , Ĥ1 =


0 1 1/2 1/4
1 0 1 1/2
1/2 1 0 1
1/4 1/2 1 0

 . (5.55)

It can be shown that the Lie Algebra generated by {−iĤ0,−iĤ1} satisfies the conditions of the
quantum controllability theorem; therefore, it should be able to reach any state given enough time.
We use the GRAPE algorithm to find the control pulse which brings the system from the ground
state to the highest excited state |4⟩ at the final time T = 16.

If you pick λ1 to be too small, it will get stuck too soon in a nearby zero-fidelity solution, in-
stead of exploring more of the control landscape and finding another zero-infidelity solution with
significantly lower control amplitude cost C1(u). Therefore, the state transfer process is more
chaotic-looking than necessary, as depicted in Figure 5.11.

However, if you pick λ1 to be too large, it will converge to the global minimum of the cost function,
but the infidelity might be significant, and the state transfer process will look wonky as seen in
Figure 5.12.

We can use a trick to ensure that we get the best possible convergence, first we pick λ = 0.1,
as depicted in Figure 5.12 and then we use the resulting control pulse as the initial guess for a
GRAPE optimisation, with a significantly smaller λ1 = 10−4, the final result, as depicted in Figure
5.13, is a very symmetric-looking state transfer process with low infidelity and a smooth control
pulse. With this method, you can find a local minimum of the control cost function under the
constraint of zero infidelity.

For this method to be guaranteed to work, we need the fact that there are no sub-optimal local
minima of the infidelity, as discussed in Section 4.6. Because that fact ensures that you can always
find a zero-infidelity solution using a gradient descent algorithm, of course, that might not be the
zero-infidelity solution which is nearest to the initial guess, but when the infidelity of the initial
guess is small, like in the case with λ = 0.1, then the zero-infidelity solution produced by the
gradient descent algorithm is likely rather close by.

You can see that all these control pulses have some degree of periodicity. The internal frequencies
of the system are given by the difference in energy levels of the system, since the only energy
differences are 1, 2 and 3, we should see periodic behaviour with periods of T = 2π, π, 2

3
π. Which

makes sense because the time differences between the pulse maxima with u ∼ 0.3 are 6.1 and 6.5,
which seems to agree with a periodicity of T = 2π which is suggested by the energy levels.
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Figure 5.11: The GRAPE algorithm was performed using the control Hamiltonian (5.55) and λ1 =
10−4. The cost parameter turns out to be too small since there exists another zero-infidelity solution
with lower control amplitude cost, which can be found using repeated GRAPE optimisation as
shown in Figure 5.13.

This suggests that there might be a minimal required time for the system to transfer the system
from the ground state to the highest excited state. In appendix B. It can be seen that around the
final time T = 2, the optimisation starts to fail, even if you don’t impose a cost parameter λ1 on
the optimisation and you leave the GRAPE algorithm unconstrained to optimise for infidelity.
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Figure 5.12: The GRAPE algorithm was performed using the control Hamiltonian (5.55) and
λ1 = 0.1. The control amplitude cost C1(u) is significantly lower than in Figure 5.11. However, the
state transfer process looks slightly asymmetric, suggesting that there is some trade-off between
control amplitude cost and infidelity.
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Figure 5.13: The GRAPE algorithm was performed using the control Hamiltonian (5.55) and
λ1 = 0.1. Then another GRAPE optimisation is performed, but now with the previous optimised
control pulse as the initial guess and λ1 = 10−4. The control pulse also looks smooth, and the
state transfer process is also highly symmetric along the T = 8 vertical line and has very small
infidelity; those are indications that the cost function has been successfully optimised (at least
on a local level), because an arbitrary control pulse would be extremely unlikely to contain such
characteristics as well. However, the state transfer still looks very similar to the state transfer in
Figure 5.12, which suggests that the second GRAPE optimisation with λ1 = 10−4 did not change
the pulse too much.



Chapter 6

GOAT Algorithm

6.1 Gradient Optimization of Analytic Controls (GOAT)

Algorithm

The GOAT algorithm is a gradient-based optimisation method which allows you to optimise the
parameters of analytic control pulses. This means that you have more control over the shape of the
optimised control pulse than through GRAPE, and the number of optimised parameters can be
far lower. The method was first introduced in [41], which we will also follow for our presentation
of the mathematics behind the GOAT algorithm.

Let the Hilbert space beH = CNd , and assume that the Hamiltonian Ĥ : [0, T ]×Rd1×· · ·×RdNc →
(CNd → CNd) to be of the form:

Ĥ(t;α1, · · ·αNc) = Ĥ0 +
Nc∑
i=k

fk(t;αk)Ĥk (6.1)

with parametrised control functions fk : [0, T ]×Rdk → R. For simplicity, we will again set Nc = 1.
However, d1 ∈ N will be left unrestricted. This control Hamiltonian differs from the Hamiltonian
used for the GRAPE algorithm, because instead of the control functions being piecewise constant,
they are now smooth functions which are parametrised by α. An example of a possible parametrised
control function is f : [0, T ]× R3 → R, which is a sine wave parametrised by α:

f(t;α) = α1 sin(α2t+ α). (6.2)

The GOAT algorithm works to minimise the infidelity:

∆F(α) := 1− | ⟨ψtarget|Û(T ;α)|ψ0⟩ |2, (6.3)

where |ψtarget⟩ and |ψ0⟩ are the target and initial states, respectively. The operator Û(T ;α) is the
evolution operator, which is given by:

Û(T ;α) = T
[
exp

(∫ T

0

− i

ℏ
Ĥ(t;α)dt

)]
. (6.4)

81
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In the above expression, T is the time-ordering operator and plays a crucial role. To compute
Û(T ;α), you have to use a power series expansion for the matrix exponential. As the length of this
series grows, the approximation improves1. However, because when the Hamiltonian is evaluated
at different times, it doesn’t commute with itself:[

Ĥ(t1), Ĥ(t2)
]
̸= 0, (6.5)

the order of the Hamiltonian operators matters. To resolve this, we introduce the time-ordering
operator, which ensures that operators are chronologically ordered: the operator corresponding
with t = 0 occurs first, and the operator corresponding with t = T is at the end of the multiplica-
tion.

Since we are working in a finite-dimensional Hilbert space, we can view operators as matrices, for
which the necessary addition, integration, and exponentiation operations are well-defined.

The GOAT algorithm contains two parts. An efficient computation of ∂αk
(∆F)(α), and a generic

gradient descent optimisation method over the parameter space, generic in the sense that we can
use the same numerical optimisation method for both GRAPE and GOAT. The gradient descent
algorithm updates the parameters as follows:

α′
k = αk − ϵ

∂(∆F)

∂αk

(α), (6.6)

for k = 1, · · · , d1. Define A := ⟨ψtarget|Û(T ;α)|ψ(0)⟩, then we have:

∂αk
(∆F)(α) = −[⟨ψtarget|∂αk

Û(T ;α)|ψ(0)⟩A∗ + ⟨ψ(0)|∂αk
Û †(T ;α)|ψtarget⟩A] (6.7)

= −2Re
{
A∗ ⟨ψtarget|∂αk

Û(T ;α)|ψ(0)⟩
}
. (6.8)

There is, however, no closed-form expression for ∂αÛ(t;α). Because Û(t;α) is the time evolution
operator and we are working in the Schrödinger picture, the operator Û(t;α) evolves according to
the Schrödinger equation, this can be shown by plugging in the identity: |ψ(t)⟩ = Û(t;α) |ψ(0)⟩
and then dropping the ket |ψ(0)⟩, leading to:

∂tÛ(t;α) = − i

ℏ
Ĥ(t;α)Û(t;α). (6.9)

However, it can be expressed as the solution of the differential equation:

∂t

(
Û

∂αÛ

)
= − i

ℏ

(
Ĥ 0

∂αĤ Ĥ

)(
Û

∂αÛ

)
(6.10)

The equation for ∂t∂αÛ(t;α) is given by

1For brevity, we will omit the proof of the convergence of the power series expansion.
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∂t∂αÛ(t;α) = ∂α∂tÛ(t;α) = ∂α

(
− i

ℏ
Ĥ(t;α)Û(t;α)

)
(6.11)

= − i

ℏ

[
∂αĤ(t;α)Û(t;α) + Ĥ(t;α)∂αÛ(t;α)

]
(6.12)

Additionally, ∂αĤ(t;α) = ∂αf1(t;α)Ĥ1 can be computed by applying the chain rule to equation
(6.1). Using the differential equation (6.10), we can then find a solution for ∂αÛ(t;α), which we
can use for the derivative of the fidelity (6.7), which in turn can be used for the gradient descent
algorithm.

Summarising, the main steps of the GOAT algorithms are:

1. Pick an initial guess α0

2. Initiate a gradient-driven search to minimize ∆F(α), which requires the computation of Û
and ∂αÛ for specific values of α.

3. The values of Û and ∂αÛ are computed by a numerical forward integration of equation (6.10).
For which numerical integration methods like Runge-Kutta methods with adaptive step sizes
may be used.

Constraints on the parameters α can also be easily added to this problem through the gradient
descent algorithm.

6.2 GOAT Optimisation of Two-Level System

We start with a simple example of a sine wave control function, which will bring a simple two-level
system from the ground state to the excited state. The Hamiltonians are given by:

Ĥ0 = −1

2
σ̂z =

[
−1

2
0

0 1
2

]
, Ĥ1 = σ̂x =

[
0 1
1 0

]
. (6.13)

With the sine wave control function being f : U → ([0, T ] → R):

f(t;α) = α1 sin(α2t+ α3), (6.14)

U : = [−1, 1]× [−10, 10]× [−π, π]. (6.15)

with U being the set of allowed parameters for the sine wave. These constraints help the conver-
gence of the algorithm by limiting the parameter space to only control pulses whose amplitude and
frequency are small enough to smoothly transfer the system from the ground state to the excited
state.

In preparation for using the GOAT algorithm on open quantum systems with jump operators
which represent coherence decay, we will move to density matrices to describe the quantum state
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of the system. We start in the state ρ̂0 = |0⟩ ⟨0| and our target state is ρ̂target = |1⟩ ⟨1|. This means
that we also have to change the way we compute the infidelity of the state transfer. We have to
move to the trace difference method:

F =
1

2
Tr
[
(ρ̂target − ρ̂(T ))†(ρ̂target − ρ̂(T ))

]
:=

1

2
||ρ̂target − ρ̂(T )||2td. (6.16)

We can show that this trace is positive real, by setting σ̂ := ρ̂target− ρ̂(T ) =
∑

i,j σij |i⟩ ⟨j|. Writing
it out, we get:

F =
1

2
Tr

(∑
k,l

σkl |k⟩ ⟨l|

)†∑
i,j

σij |i⟩ ⟨j|

 , (6.17)

=
1

2
Tr

[∑
k,l

σ∗
kl |l⟩ ⟨k|

∑
i,j

σij |i⟩ ⟨j|

]
, (6.18)

=
1

2
Tr

[∑
l,i,j

σ∗
ilσij |l⟩ ⟨j|

]
, (6.19)

=
1

2

∑
i,j

σ∗
ijσij =

1

2

∑
i,j

|σij|2 ≥ 0. (6.20)

Therefore, the trace-difference method is equivalent to the squared sum of the matrix elements of
σ̂ := ρ̂target − ρ̂(T ), just written in a coordinate-free way.

Unless otherwise specified, we let the integrator pick its own time steps We set an infidelity target
of 10−10. For the gradient descent algorithm, we used the BFGS algorithm, and we set the number
of gradient descent iterations to 100.

We have heavily constrained the number of parameters in the optimal control problem, reducing
it to three parameters instead of ≥ 100 parameters in the GRAPE algorithm for the piecewise
constant pulses. On the one hand, this makes the problem more tractable since you have fewer
parameters and more control over the resulting optimised control pulse.

However, we have become very restricted in the control pulses which we can choose, and therefore,
Theorem 4.5.2 on quantum controllability becomes invalid. This means that we can no longer
determine beforehand whether any zero-infidelity solutions will exist. Additionally, it is no longer
true that there exist no suboptimal local minima of infidelity. That means that the gradient de-
scent algorithm can get stuck in minima whose infidelity is not zero.

To combat this issue, we employ non-local optimisation algorithms. The QUTIP-qoc package
supports both the Basin-hopping and Dual Annealing algorithms. We will use the former. The
basin-hopping algorithm first performs a local optimisation. It records these solutions and then se-
lects a perturbed version of the previous optimisation result as the initial guess, and then performs
the gradient descent algorithm again. It does for multiple iterations, and the globally optimised
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result is the locally optimised result, which has the lowest objective cost. In our setup, we set the
number of basin-hopping iterations to 100.

We can also include a cost function for the parameters, such that we also penalise excessively large
choices of parameters, and find the zero-infidelity optimisation solution which has the smallest
possible choice of parameters.

C1(α) =
d1∑
k=1

1

2
λ1,k

α2
k

α2
k,max

. (6.21)

In this optimisation setup, we pick λ1 = ( 1
10
, 0, 0), since we only want to impose a cost on the am-

plitude of the sine wave, not its frequency or phase. We already know that the optimal frequency
of the sine wave should be α2 = 1, and the starting phase of the sine wave is not of importance to us.

We will start with one control Hamiltonian:

Ĥ(t;α) = −1

2
σ̂z + f(t;α)σ̂x. (6.22)

The results of the GOAT optimisation are presented in figure 6.1. We can see that the state
transfer process is not one smooth line, but has many plateaus where no state transfer occurs. To
remedy this, we introduce a second control Hamiltonian Ĥ2 = σ̂y, which will help to smooth these
plateaus out and achieve a more efficient state transfer.

We will now work with two control Hamiltonians:

Ĥ(t;α1, α2) = −1

2
σ̂z + f(t;α1)σ̂x + f(t;α2)σ̂y. (6.23)

Based upon our discussion on π-pulses in Subsection 2.7, we expect that:

f(t;α1) + if(t;α2) = Aeiω(t+ϕ), (6.24)

with ω = 1 and A = π
2T

= 0.0625. It can be seen that this corresponds very well with the
optimised control parameters presented in Figure 6.2. The infidelity of the control pulse predicted
by theory is surprisingly large: ∆F ≈ 2 · 10−2; however, this error starts to decrease when you
increase the final time T , suggesting that this infidelity comes from the fact that the rotating wave
approximation does not exactly hold.
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Figure 6.1: We use the control cost parameter vector: λ1 =
(

1
10
, 0, 0

)
and set the final time T = 8π.

The optimised control parameters are: (−0.12496,−1.0018, 2.24101). For comparison, we also plot
the sine wave predicted by π-pulse theory, which produces a similar state transfer. The infidelities
of both control pulses are small: ∼ 3 · 10−6 and ∼ 2 · 10−2, respectively.

Figure 6.2: We use the control cost parameter vectors: λ1 = λ2 =
(

1
100
, 0, 0

)
and set T = 8π.

The optimised control parameters are very close to the expected values, and the phase difference
of π

2
between the two sine waves is also present as predicted. The infidelity is also very low at

∆F ≈ 10−4. In orange, the two waves are plotted with the parameters predicted in equation
(6.24). The shifted phase has no significant effect on the dynamics.



Chapter 7

Double-Pulse Excitation Experiments

7.1 Introduction

In this chapter, we will work on simulations of double-pulse excitation experiments. In such ex-
periments, a single molecule, which we model as a two-level quantum system, is hit by two pulses,
where the second pulse is delayed by some delay time ∆t compared to the first pulse.

Our primary sources of experimental measurements will be: [42] and [43]. Based on this data, un-
known parameters of the system can be inferred. In those papers, those parameters were inferred
by fitting possible simulation curves by hand. However, the main focus of these papers was to
show that it is experimentally possible to manipulate and observe the quantum states of single
molecules on femtosecond time scales and at room temperature.

We will use the GOAT algorithm to provide a gradient-based optimisation of the fit to enable us to
determine the range of parameters which are compatible with the experimental measurements. We
will consider multiple extensions of the two-level quantum system discussed in the original papers
and compare the quality of the resulting fits. Because we use the GOAT algorithm to provide the
fits, we can easily fit the data using multiple different models.

The experimental setup consists of single molecules of terrylenediimide (TDI) dispersed in a film
of polymethyl methacrylate (PMMA). The laser will then be near-resonant to a purely electronic
transition of the TDI. Because it is resonant to one electronic transition, we will initially model it
as a two-level system; however, we will later also describe it using a three-level system.

In this chapter and the following chapter, we will use femtosecond units, one femtosecond is equal
to 10−15 seconds.

The experimental laser pulse consists of two Gaussian pulses, with a time delay between them.
We also have control over the relative phase of the two pulses. Generally, they will have the same
phase. The pulse width was fixed in the experiment as τp = 75 fs, our convention for the definition
of pulse width is given in equation (7.2).
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In this text, we will only discuss the basics of the experiment and will not delve into the details of
the experiment, which can be found in [42] and [43].

In the experiments, single TDI molecules were excited by phase-locked double pulse sequences
from their ground state to an excited state. Here, phase-locked means that the two pulses have
the same frequency, and thus their phase difference remains constant over time; we assume this
phase difference is zero, unless otherwise specified. We will model this process using a two-level
quantum system. However, in reality, there are many energy levels close together, but only a few
will be close to being resonant with the frequency of the laser pulse.

One experimental complication is that the orientation of the TDI molecule in space is randomised,
meaning that we don’t know the orientation of its electronic dipole moment, which means we can’t
predict the parallel electric field amplitude E||, which determines the strength of the interaction
between the laser pulse and the molecule. This means that the interaction strength parametrised
by the Rabi frequency ωR,max of the laser pulse will become a fitting parameter in the next chapter.
However, since the plots of excited state population versus delay time, the so-called delay traces,
were performed on a single molecule, the Rabi frequency is the same for each data point in the
delay trace.

Typical time delays range between 0 and 600 fs for the experimental data, so we will follow that
in the simulation work. There is also population decay in the system. The excited state lifetime
is 3.5 ns, which is an order of magnitude larger than the timescales of the system dynamics and is
therefore ignored. This excited state decay emits photons, which are measured in the experiment.
These photon emissions are linearly correlated with the excited state population after interaction
with the laser pulse.

One distinctive aspect of this experiment is that it was carried out at room temperature, which
was unique at the time. At such relatively high temperatures, the coherence of a quantum state
quickly decays, causing the system to completely lose the memory of the first pulse by the time
that the second pulse typically arrives. However, thanks to the use of the femtosecond-length
pulses, this experiment successfully measured the coherence decay lifetime of a single molecule.

This coherence decay is caused by electronic dephasing, which is caused by interactions with the
environment. It causes a loss of coherence between the ground and excited state, because their
energy levels are disturbed by the environment. These disturbance means that the phase relation-
ship between the two states becomes uncertain, which is modelled by an exponential decay of the
u, v variables in Equation (2.87) or by adding a collapse operator to the quantum mechanical sys-
tem. This coherence decay means that subsequent pulses are less efficient at transferring the system
from one state to the other, because these pulses’ effect depends on being in-phase with the system.
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7.2 Mathematical Model

The first model, which we will discuss, is a two-level system with a decay parameter for coherence
loss. It was also used as the theoretical model in the experimental papers. In later sections, we
will expand this model. The system Hamiltonian Ĥ(t) = Ĥ0 + Ĥ1(t) is given by:

Ĥ0 = −∆

2
σ̂z, Ĥ1(t) = −1

2
Ω(t)σ̂x, (7.1)

where ∆ is the detuning parameter, which indicates the frequency offset between the laser pulse
and the transition frequency, the Hamiltonian corresponds to the one discussed in Section 2.7. The
function Ω : R → R is the pulse envelope function and consists of the sum of two Gaussian pulses,
it is given as:

Ω(t) = ωR,max

[
e−t2/2τ2p + e−(t−∆t)2/2τ2p

]
, (7.2)

where τp is the pulse width, and ∆t is the time delay between the first and second pulse. The
parameter ωR,max is the peak Rabi frequency achieved by the pulse when the detuning ∆ is zero,
when ∆ ̸= 0, then the Rabi frequency shifts, as given in equation (2.89).

In our simulations, we will set τp = 31 fs, corresponding with the pulses used in the experiments,
which are described as having a FWHM (Full Width at Half Maximum) of 75 fs.

Because of interactions with the environment, there is a loss of coherence of the two-level system
due to electronic dephasing, which is represented with the dephasing collapse operator:

ĉdephasing =

√
1

T2
σ̂z, (7.3)

where T2 is the coherence lifetime, typical values of the coherence lifetime are 400 to 800 fs, and
one goal of the experiments is to determine this lifetime by fitting the simulations with the delay
traces produced by the experiments. Collapse operators were introduced in Section 2.10.

The system starts in the ground state and is then hit by the two laser pulses, with a time delay ∆t
in between. We can extend the rotating wave approximation equations (2.87), to include electronic
dephasing as follows by including an exponential decay of the coherences ρ1,2(t) with a rate of 1

T2
:

d

dt
ρ⃗(t) =

− 1
T2

−∆ 0

+∆ − 1
T2

µA(t)

0 −µA(t) 0

 ρ⃗(t). (7.4)

7.3 Simulations

We will now showcase some simulations of the model described in this chapter to further explain
the effects of the detuning and dephasing parameters. We will start with a simple π-pulse. All the
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simulations in this section are done using QuTiP-based Python code, with the Hamiltonian given
in equation (7.1).

Gaussian π-pulse

We will start by constructing a simple |0⟩ → |1⟩ transfer using a single Gaussian pulse. The
detuning ∆ of the system is set to zero, and electronic dephasing is not included in the simulations.
We know that the pulse area should follow equation (2.66):∫ ∞

−∞

1

2
Ω(t)dt = π (7.5)

Using that the integral of a Gaussian pulse is:∫ ∞

−∞
e−t2/2τ2pdt =

√
2πτp, (7.6)

we can show that the peak Rabi frequency ωR,max of the pulse to ensure a smooth transfer to
excited state should be:

ωR,max =

√
π

2

1

τp
. (7.7)

Which is verified in Figure 7.1. The first subfigure shows the time evolution of the expectation
values of the Pauli matrices, which relate to u, v, w in the optical Bloch equation (2.87). The second
subfigure shows that the system is smoothly fully transferred to the excited state |1⟩. The third
subfigure shows the pulse amplitude of the Gaussian pulse over time. Restricting the simulation
to ±200 fs around the peak does not meaningfully affect the system dynamics.

Final excited state population versus Detuning

For a constant pulse with height ωR,0, our discussion on the rotating wave approximation in Section
2.7 provides an analytic solution for the maximal excited state population given the detuning (2.90):

Pext(∆) =
ω2
R,0

ω2
R,0 +∆2

. (7.8)

This equation agrees with our simulations, as depicted in Figure 7.2. It must be emphasized
that we plot the maximal excited state population achieved during the time interval and not the
excited state population at final time T , because the frequency of population inversion also changes
depending on the detuning ∆ as given in equation (2.89):

ωR,∆ =
√
ω2
R,0 +∆2. (7.9)

Figure 7.2 depicts what the maximal excited state population achieved during a constant pulse is.
The simulations completely agree with equation (7.8). However, the Rabi frequency itself shifts
because of the detuning according to equation (7.9), the excited state population at T = 100 fs is
lower than the maximum, unless ωR,∆ is a multiple of π

100
.
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Figure 7.1: Example of a Gaussian pulse which almost perfectly transfers the state to the excited
state. The maximum Rabi frequency is ωR,max =

√
π
2

1
τp

≈ 0.042 fs−1, with τp = 30 fs. The final

infidelity is ∆F ≈ 4 · 10−5.

However, we have no such analytic solution for Gaussian pulses when the length of the Gaussian
pulse is similar to the characteristic timescale for detuning, which is Tdetuning = 2π

∆
. Because the

pulse is no longer constant, it becomes harder to quantify the effect of the pulse becoming out
of phase with the system. Another complication is that the Rabi frequency ωR,∆ becomes time-
dependent since the Rabi frequency ωR,0 has a Gaussian profile.

In Figure 7.3, we show the effect of detuning on the maximal excited state population for a Gaussian
π-pulse and we have a graph of equation (7.8) as well, to show where this approximation is valid,
however, whereas it is easy to ascribe a singular pulse amplitude to a constant pulse, this is more
difficult for a Gaussian pulse. For a π-pulse, the peak amplitude is

√
π
2

1
τp
, as given in equation

(7.7). As an ansatz, we can pick 1
τp

to represent the ’average’ pulse amplitude of a π-pulse. Leading

to the following formula for the excited state population:

Pexc(∆) =
1

1 + ∆2τ 2p
. (7.10)

It can be seen in the Figure 7.3 that it provides a good approximation for small values of detuning.
In Figure 7.4, it is shown that it is a good approximation up to ∆ ≈ 0.03 fs−1, which is sensible
because at that point the detuning gets to a similar scale as 1

τp
and the detuning means that the

latter half of the Gaussian pulse becomes out of phase.
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Figure 7.2: The simulation is the same as before, except that the pulse is now constant, Ω(t) = π
T
,

with T = 100 fs. We see that the maximal excited state population achieved during this 100 fs
interval aligns perfectly with the theoretical predictions. Note that the excited state population
at the final time T = 100 fs is lower because the population inversion frequency depends on the
detuning ∆. The green and blue curves meet at ∆ ∼ 0.088 fs−1. For that detuning, P (∆) = 3ωR,0,
meaning that peaks for at T ′ = 100

3
fs and then peaks for a second time at T = 100 fs.

Coincidentally, the Taylor series of f(x) = 1
1+x2 centred at x = 0 also has a radius of convergence

of 1, which might be related to the divergence between the experimental data and equation (7.10)
around ∆ = 1

τp
.
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Figure 7.3: The experimental data are shown in blue, together with three fitted curves. The middle
fit, shown in red, is best for small detunings ∆ < 0.04 fs−1. The other two fits demonstrate that
varying the fitting parameter does not improve the fit. The fitting errors of each curve are shown
in Figure 7.4.

Figure 7.4: The absolute errors of each fit are displayed. The error of the red fit is consistently
low up to around ∆ = 1

τp
, where the fit starts to fail. The other fits fail at smaller detunings. The

orange fit happens to be better for high detunings because its function values are smaller than
those of the red fit.
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Electronic Dephasing

We will now examine the effect of including electronic dephasing into our simulations. Electronic
dephasing leads to coherence loss between the ground and excited state and is modelled using the
following collapse operator:

ĉdephasing =

√
1

T2
σ̂z, (7.11)

where T2 is the coherence lifetime, electronic dephasing leads to control pulses becoming less ef-
fective at changing the state populations of the system, because the phase relations between the
ground and excited states are smeared out. For example, Rabi oscillations will get damped expo-
nentially with a rate of 1

2T2
, as depicted in Figure 7.5.

Typical values of T2 in the experimental data are on the order of 100s of femtoseconds, which
is significantly larger than the pulse width τp of our Gaussian pulses, meaning that during the
Gaussian pulse, electronic dephasing will not be significant. In the next section, we will discuss
the effect of electronic dephasing when a delayed double Gaussian pulse is used.

Figure 7.5: A constant pulse Ω(t) = π
100

interacts with a two-level system with zero detuning. The
electronic dephasing lifetime is T2 = 150 fs. As can be seen in the middle plot, the amplitude
of the Rabi oscillations is well described by exponential decay through the function: f(t) =
1
2
[1± exp(−t/2T2)].

7.4 Delay Traces

In experiments, so-called pump and probe pulses are often used, with the excited state population
after the final pulse being recorded. By varying the delay between the pump and probe pulse, you
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can create a graph of the excited state population as a function of this delay. Such experiments
allow you to determine unknown parameters of the system, and they will be our focus in the next
chapter on parameter identification.

We parametrise the delayed double Gaussian pulse as follows:

Ω(t) = ωR,max

[
e−t2/2τ2p + e−(t−∆t)2/2τ2p

]
, (7.12)

with ωR,max the peak Rabi frequency and ∆t > 0 being the delay between the two pulses. The
first pulse is not strongly affected by the electronic dephasing, but for long enough decay times,
the second pulse will be very diminished in efficiency as the coherences of the system will have
decayed, as shown in Figure 7.5. It depends on the state of the system after the first pulse, how
that will affect the final state of the system: If the first pulse puts the system almost completely in
the excited state, then having a long delay for the second pulse, such that its effect is diminished,
ensures that the system remains mostly in the excited state.

On the flip side, if the first pulse only puts the system half in the excited state, then a very short
delay for the second pulse ensures that its effect on the system is large enough to finish the job
and put the system mostly in the excited state.

One common way to visualise such effects is through delay traces, which graph the final excited
state population as a function of the delay ∆t between the two pulses. These graphs are our
primary source of experimental data and will become the centrepiece of the next chapter on pa-
rameter identification.

Let’s start with the delay trace of a system, as described in Section 7.2, with parameters ∆ = 0.03
fs−1, τp = 30 fs and ωR,max = 1

2

√
π
2

1
τp

≈ 0.021 fs−1, meaning that each Gaussian pulse has an area

of π
2
and thus puts the system halfway to the excited state in the situation of zero detuning. The

delay trace of this system is depicted in Figure 7.6.

The period between peaks corresponds to 2π
∆

≈ 210 fs. One curious aspect is that the peaks at
∆t = 0 fs are smaller than their respective peaks at ∆t ≈ 200, 400 fs. This is because the pulse
amplitude is larger at T = 0 fs as the two pulses completely overlap. Using equation (7.10), we
get that the predicted maximal excited state population is ∼ 0.55, which corresponds with the
simulation data.

When the two pulses no longer overlap, the situation becomes more complicated, because the peak
pulse amplitude is now lower, equation (7.8) suggests that the effects of detuning should become
even more significant. However, because the second pulse arrives when the laser and the system
are momentarily in phase together again, this means that the effects of the detuning are severely
lessened and the pulse transfer becomes more efficient.
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Figure 7.6: Delay trace of the system described in Section 7.2, with parameters ∆ = 0.03 fs−1, τp =
30 fs and ωR,max = 1

2

√
π
2

1
τp

≈ 0.021 fs−1. Each Gaussian pulse has an area of π
2
. The trace shows

oscillations with a period of 2π
∆

≈ 210 fs.

Delay Trace: Electronic Dephasing

Here we have a system as described in Section 7.2, with electronic dephasing lifetime T2 = 300 fs
and detuning ∆ = 0 fs−1. You can see that it neatly follows an exponential decay after the delay
between the two pulses becomes large enough such that they can be considered separate.

For small values of ∆t, the assumption that the dephasing primarily happens during the delay
between the two pulses falls apart, because the dephasing which occurs during the pulses becomes
relevant as well.

7.5 Conclusion

In this chapter, we began by examining the effects of parameters such as detuning and electronic
dephasing lifetime on two-level systems dynamics, by first considering the case of a constant pulse
before moving to Gaussian pulses. Afterwards, we moved to the delay traces which are produced
by double-pulse excitation experiments, which will form the foundation of the next chapter, where
we will aim to identify the values of parameters like the detuning and the electronic dephasing life-
time based upon the delay traces themselves by introducing a parameter identification algorithm,
which employs the GOAT algorithm.

One aspect which we have not discussed in this chapter, but which will become important, is
experimental noise and modelling uncertainties. In the next chapter, these will play a far larger
role.
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Figure 7.7: Delay trace of the system as described in Section 7.2, with parameters T2 = 300 fs,∆ =
0 fs−1, τp = 30 fs and ωR,max = 1

2

√
π
2

1
τp

≈ 0.021 fs−1. Each Gaussian pulse has an area of π
2
. The

trace confirms that the exponential decay rate is indeed 300 fs.
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Chapter 8

Parameter Identification Using GOAT
Algorithm

We will now look into parameter identification of quantum systems using the GOAT algorithm.
Parameter identification is the process of using experimental data to determine the system Hamil-
tonian and its related decay parameters. This process might seem unconnected to optimal control;
however, they employ similar methods to achieve different goals. Quantum control aims to find
the system Hamiltonian which takes the system to some pre-specified state. We can therefore use
a quantum control algorithm like GOAT to determine which pulses can reproduce the experimen-
tal data. In the paper [44], the well-posedness of Hamiltonian Identification problems and the
uniqueness of their solutions are discussed.

In 2003, [45] discussed the idea of optimal identification, where the goal is to design experiments
in such a way that the data is as sensitive as possible to the parameter you wish to identify as
well. Because of experimental noise and/or different sets of system parameters producing similar
experimental data, situations might occur where a parameter can not be restricted to a small
possible interval, in Figure 8.4, such a situation is depicted.

Oftentimes, the aim in optimal identification is to find the control function which maximises
the quantum Fisher information, which is a metric of the sensitivity of the quantum state to a
parameter. The formula for the Fisher information for a control function u : [0, T ] → R and a
Hamiltonian Ĥ(t;α), with α ∈ R, has the following equation, for the Fisher information centred
at α0:

F [u](α0) = lim
δα→0

4

(δα)2
||ρ̂α0(T ;u)− ρ̂α0+δα(T ;u)||td . (8.1)

Where T is the final time and we use the trace-difference norm given in equation (6.16). In this
chapter, we will not directly work with quantum Fisher information; however, based on our simu-
lations, we can numerically estimate the quantum Fisher information.

We will take pre-existing experimental data, so the quantum Fisher information is not maximised
for every parameter, and we might find that we can not conclusively determine a parameter based

99
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upon the available data. However, this in itself is valuable information, because if you try to de-
termine the parameters of a system by fitting a simulated curve to the experimental data yourself,
it is difficult to quantify how sensitive this fit is to perturbations of the parameter, and you might
draw false conclusions.

We will use the GOAT algorithm for parameter identification; without it, it would be impossi-
ble to do parameter identification for the experimental data we have, because in the experiment,
Gaussian pulses were used, and we have their peak Rabi frequency ωR,max as a fitting parameter.
With the GRAPE algorithm, it is rather complicated to ensure that the optimised control pulse
has a Gaussian profile. To the knowledge of the author, no applications of the GOAT algorithm
for parameter identification are present in the literature.

The usage of the GOAT algorithm has some possible benefits, such as being able to perform a
gradient-based optimisation of the fit between the simulated and experimental data. However,
due to the relatively few control parameters, which through the control pulse parameterisation are
all mutually dependent, the gradient-based algorithm often fails to converge to a global optimum.
Therefore, global optimisation algorithms such as the basin-hopping algorithm have to be used;
this requirement partly negates the benefits of having access to gradient information. Especially
in Section 8.4, such issues with convergence arise.

Another potential benefit is that the GOAT algorithm employs parameterised control pulses, mean-
ing that it can be used for parameter identification after the experiment has been performed. In
contrast, in the optimal identification method, the quantum Fisher information of the control
pulse is first optimised using an algorithm. Then the optimised control pulse is implemented in an
experiment, which means that this method can not be used retroactively, and it might be difficult
to ensure that this optimised control pulse can be implemented in an experiment. However, the
potential downside of using the GOAT algorithm without also designing the experiment to have a
high quantum Fisher information is that even in conditions where experimental noise is negligible
and the underlying model is known, a parameter still can not be determined with high accuracy;
this issue is illustrated in Section 8.3.

However, even with these difficulties, the parameter identification algorithm does allow for a very
systemic way of finding good fits to delay traces, because a large amount of the human bias involved
with fitting a curve by hand are removed, additionally, it also becomes easier to quantify to what
degree a fit and its associated parameters are unique in producing a fit with such an infidelity. In
the Sections 8.5 and 8.6, fits are presented that fit within the error bars caused by experimental
noise.

8.1 Mathematical Model

We will use the GOAT algorithm to identify the parameters which best fit the experimental delay
traces reported in [42] and [43]. That means that we will run multiple quantum optimal control
problems simultaneously, one for each data point of the delay trace, and minimising the sum of
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their cost functions.

We will consider the following three-level quantum system as a model to explain the experimental
data. However, by setting restrictive bounds to some control parameters, we can effectively turn
it into a two-level quantum system.

We have the control pulse basis Hamiltonians:

Ĥ12 =

0 1 0
1 0 0
0 0 0

 , Ĥ13 =

0 0 1
0 0 0
1 0 0

 . (8.2)

In this model, we consider the laser to be near-resonant with both the |1⟩ → |2⟩- and |1⟩ →
|3⟩-transitions, so the same control pulse can drive two different transitions, the Hamiltonians
parametrising the detuning of the laser pulse compared to the |1⟩ → |2⟩ and |1⟩ → |3⟩-transitions
are:

Ĥdetuning,1 =

−1
2

0 0
0 1

2
0

0 0 1
2

 , Ĥdetuning,2 =

0 0 0
0 −1 0
0 0 0

 , (8.3)

where the second detuning Hamiltonian is used to create an energy level difference between the
second and third levels and is expected to be small compared to the energy level splitting between
the first level and the other levels.

The control function for the delayed double Gaussian pulse is:

f(t;ωR,max,∆t) = ωR,max

[
exp

(
−(t− T/4)2

2τ 2p

)
+ exp

(
−(t− T/4−∆t)2

2τ 2p

)]
. (8.4)

We assume that this pulse is resonant with both the |1⟩ ↔ |2⟩- and |1⟩ ↔ |3⟩-transitions to some
degree, which will be regulated by their respective Rabi frequencies ω12 and ω13. Ideally, this should
also be related to the energy level splittings between the second and third levels. However, in the
following sections, this relationship between detuning and Rabi frequency will not be enforced.

The first pulse peaks at t = T
4
, with T = 1000 fs, and this is done such that our simulations can

run from t = 0 to t = T .

All of these Hamiltonians combine into the following system Hamiltonian:

Ĥ(t,∆t;ω12, ω13,∆1,∆2) = f(t;ω12,∆t)Ĥ12 + f(t;ω13,∆t) + ∆1Ĥdetuning,1 +∆2Ĥdetuning,2. (8.5)

With (ω12, ω13∆1,∆2) thus being the control parameters of the problem for which the GOAT al-
gorithm will optimise.

The collapse operators related to electronic dephasing and vibrational decay are:
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ĉ12 =
√
γ2

−1 0 0
0 1 0
0 0 0

 , ĉ13 =
√
γ2

−1 0 0
0 0 0
0 0 1

 , ĉvib =

√
1

τvib

0 0 0
0 0 1
0 0 0

 . (8.6)

The vibrational decay collapse operator ĉvib leads to an exponential decay from |3⟩ to |2⟩; vibra-
tional decay is possible because the excited states are assumed to be close in energy, suggesting
they can be considered to be a part of the same vibrational energy band.

In our model, we don’t care whether the state is in |2⟩ or in |3⟩; we assume that both lead to
the same emission after they decay to the ground state |1⟩. We don’t attach a cost function to
the control parameters, since we are only trying to identify the original physical parameters. We
will put bounds on the control parameters to restrict the search space of the optimisation algo-
rithm; however, the bounds should be chosen such that the optimal solution lies within the bounds.

The combined cost function is:

C =
∑
∆t∈A

(P|0⟩(∆t)− | ⟨0|ψ(T ; ∆t)⟩ |)2, (8.7)

with the set A containing all of the decay times which we include in our parameter identification
algorithm, and P|0⟩(∆t) := | ⟨0|ψdata(T ; ∆t)⟩ | the ground state population inferred from the ex-
perimental data. This cost function enables us to quantify the quality of the fit of the simulated
delay trace with the experimental data.

However, the decay parameters γ2 and τvib can’t be part of the GOAT optimisation, because
we don’t have access to the derivative ∂(∆F)

∂γ2
through the GOAT algorithm. However, in [46], a

GRAPE-style algorithm is discussed, which does allow for gradient-based decay parameter opti-
misation. This suggests that it could perhaps be possible to extend the GOAT algorithm to allow
for decay parameter optimisation; however, no such extension is available in the literature.

Therefore, we will use a simple grid search method to find the optimal combination of decay pa-
rameters. For every combination (γ2, τvib), we will then perform a GOAT optimisation to find the
best possible fit by changing the remaining parameters. This can then be used to produce a heat
map, which shows which decay parameter combinations best fit the data. We will put constraints
on the control parameters (ω12, ω13,∆1,∆2), to help the basin-hopping algorithm find a reasonable
optimum quicker.

This grid search method is rather resource-intensive, since we have to perform Nτvib · Nγ2 · N∆t

different GOAT optimisations. Therefore, we used the Nieuwpoort cluster of the University of
Groningen to perform these optimisations in parallel. Using the cluster, the most resource-intensive
of these plots still took less than a day using two CPUs with fourteen cores each.
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8.2 Benchmarking the Parameter Identification Algorithm

We will first apply the parameter identification (PI) algorithm to fit simulated data. This will
firstly let us check that the algorithm actually identifies the correct parameter, and secondly, it
lets us see the sensitivity of the fit to certain parameters. It could be that increasing a parameter
by 100% barely affects the fit, whilst changing another parameter by 10% would produce signifi-
cant effects.

We can then look at whether the PI algorithm produces the same pattern of parameter sensitivity
on the experimental data. Any mismatch could either be caused by the noise of the experimental
data washing out the fingerprints of a certain parameter or a sign that our model has too many de-
grees of freedom, meaning that we can’t decide which combination of parameters is the most likely.

One nice thing about the PI algorithm is that it takes away the human skill when fitting by hand,
allowing us to also find optimal fits with more complicated models. It also allows us to more
quantitatively decide which models explain the experimental data the best.

Our benchmark model follows the model discussed at the start of this chapter with the following
parameters:

ω12 = 0.01 fs−1, ω13 = 0.056 fs−1, (8.8)

∆1 = 0 fs−1, ∆2 = 0.0048 fs−1, (8.9)

γ2 = 0.008 fs−1, τvib = 500 fs. (8.10)

In Figure 8.1, the delay trace of the benchmark model is shown. One of its interesting character-
istics is the initial dip in excited-state population, which was selected because it is similar to left
side of the experimental delay trace which is examined in Section 8.6.

We will now use the parameter identification algorithm to find the parameters of the benchmark
system. We can choose how many parallel optimisations we want to perform: how many data
points we want to take from the delay trace to sum to create the total objective function. Below
we perform the PI algorithm with seven, ten and fourteen data points.

We can see that in Figure 8.2, the optimal parameters which the algorithm found are slightly off;
however, the correct decay parameters are still part of the low-infidelity region, in the heatmaps
generated from fitting with ten and fourteen data points, depicted in Figures 8.3 and 8.4, the
correct parameters are identified. However, due to the grid search method with a grid of 41 by
41 elements, the algorithm only has a limited amount of choices for τvib and γ2 that it can consider.

In all three heat maps, it is clear that there is a very sensitive dependence on the vibrational
decay time τvib, but very much not so on the electronic dephasing γ2. Because of the absence
of experimental noise, the algorithm still identifies the correct value of γ2. However, if this had
been a real experiment, it would have needed to have been designed in such a way as to produce
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Figure 8.1: Delay trace of the benchmark model using the parameters specified in equations (8.8)-
(8.10). Data points are sampled at 50 fs increments.

a higher quantum Fisher information with respect to γ2 to ensure that we could identify γ2 with
reasonable precision. These plots suggest that having ten or more data points ensures that the
correct parameters are identified. In the following sections, we will use fourteen data points to
ensure no issues occur from not sampling enough data points of the delay trace.
In Figure 8.5, we can see that the fits really don’t strongly depend on γ2, and that all three
fits almost perfectly agree, meaning that the GOAT algorithm found the correct combination
of the remaining fitting parameter to recreate the target curve. The differing choices of γ2 are
primarily accounted for by shifting ω12 and ω23 as displayed in Table 8.1. This shows that the
parameter identification algorithm is capable of compensating for a different γ2 by changing the
other parameters. However, this seems not possible for τvib.

γ2 τvib [fs] ∆1 ∆2 ω12 ω13 ∆F
0.008 500 0.00000 0.00479 0.01000 0.05600 0
0.006 500 -0.00003 0.00001 0.01332 0.05358 2.77× 10−6

0.008 500 0.00034 -0.00515 0.00985 0.05604 1.19× 10−9

0.010 485 -0.00126 0.02210 0.00750 0.05805 1.25× 10−7

Table 8.1: The first row displays the benchmark parameters, the last three rows show the optimal
fits identified by the parameter identification algorithm, when γ2 is fixed at 0.006 fs−1, 0.008 fs−1

or 0.010 fs−1 respectively. All quantities have units of fs−1 except for τvib. It can be seen that the
fit with γ2 = 0.008 fs−1 has fitting parameters which correspond with the benchmark, however,
that is not the case for the other two fits.
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Figure 8.2: Heat map of Infidelity, the optimal infidelity is 1.62 × 10−9, with decay parameters
which are close to the benchmark parameters themselves.

Figure 8.3: Heat map of infidelity, the optimal infidelity is 1.99 × 10−9, with the correct decay
parameters identified. Here, the optimal infidelity is larger than in the case with 7 data points;
however, this is because we have summed more infidelities for each data point together.
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Figure 8.4: Heat map of infidelity, the optimal infidelity is 1.19 · 10−9, with the correct decay
parameters identified.

Figure 8.5: Delay trace of the benchmark model with differing choices of γ2 and τvib. The other
fitting parameters are displayed in Table 8.1 and were obtained using the parameter identification
related to Figure 8.4.
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8.3 Benchmark with Added Noise

We will now repeat the same parameter identification experiments, but will now include some
random uncorrelated noise to each data point of the delay trace, as shown in Figure 8.6. The
experimental noise was modelled by adding to each data point a random number drawn from a
Gaussian distribution with a standard deviation of 0.003, 0.01 or 0.03, respectively.

Figure 8.6: Here the original delay trace of Section 8.2 is displayed together with three traces,
where Gaussian noise is added with standard deviations of 0.003, 0.01 and 0.03 respectively.

In Figure 8.7, the benchmark decay parameters are still almost correctly identified; however the
optimal infidelity has significantly increased compared to Figure 8.4, where no experimental noise
was present.

In Figure 8.8, interestingly enough, the model parameters are identified with good accuracy; how-
ever, the combination of a higher optimal infidelity and a larger region of decay parameters which
produce close-to-optimal infidelity, compared to the previous figure, suggests that this may have
happened by chance.

In Figure 8.9, the correct decay parameters are no longer recovered, the optimal infidelity is now
associated with a set of decay parameters in the bottom-left of the heat map, creating a region
of low infidelity which is disconnected from the benchmark parameters, which suggests that with
this level of experimental noise, parameter identification, even with large error bars, is no longer
possible.
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Figure 8.7: Heat map of infidelity, obtained using the parameter identification algorithm for a delay
trace with Gaussian noise with a standard deviation of 0.003. The optimal infidelity is 3.0× 10−6,
which is three orders of magnitude larger than in Figure 8.4.

Figure 8.8: Heat map of infidelity, obtained using the parameter identification algorithm for a delay
trace with Gaussian noise with a standard deviation of 0.01. The optimal infidelity is 4.0× 10−5,
which is one order of magnitude larger than in Figure 8.7.
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Figure 8.9: Heat map of infidelity, obtained using the parameter identification algorithm for a delay
trace with Gaussian noise with a standard deviation of 0.01. The optimal infidelity is 2.3× 10−4,
which significantly larger than in Figure 8.8.
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8.4 Benchmark with Scale Factor

One complication when comparing the experimental data and the Python simulations is the issue
that the experimental data provide only a proxy for the excited state population: namely, the
measurement photon counts per second coming from excited state decay. We can assume that the
emission is linearly correlated with the excited state population; however, the conversion factor
between the two is difficult to determine at times.

There are two ways for dealing with this: either a scale factor is selected manually based on
best estimates, or the scale factor S ∈ R+ becomes part of the optimisation algorithm In our
approach, we handle this by first translating the emissions counts using a fixed ratio to excited
state populations P|2⟩,|3⟩(∆t) using a reasonable estimate and then we introduce a scale factor
S ∈ R+, which is generally restricted to S ∈ [1

2
, 2], which allows us the scale the initial excited

state populations as follows:

P ′
|2⟩(∆t) = SP|2⟩(∆t), (8.11)

P ′
|3⟩(∆t) = SP|3⟩(∆t). (8.12)

This means that the ground state population changes like this:

P ′
|1⟩(∆t) = 1− P ′

|2⟩(∆t)− P ′
|3⟩(∆t), (8.13)

= 1− S(P|2⟩(∆t) + P|3⟩(∆t)), (8.14)

= 1− S(1− P|1⟩(∆t)). (8.15)

This is incorporated into the cost function as follows:

C =
∑
∆t∈A

(
1− S(1− P|1⟩(∆t))− | ⟨1|ψ(T ; ∆t)⟩ |

)2
, (8.16)

with the GOAT algorithm being provided the following derivative:

∂C
∂S

= 2
∑
∆t∈A

(P|1⟩(∆t)− 1)
[
1− S(1− P|1⟩(∆t))− | ⟨1|ψ(T ; ∆t)⟩ |

]
. (8.17)

In Figure 8.10, the results of the parameter identification algorithm, with the scale factor S as an
optimisation parameter, are displayed. On the left side of the heat map, a checkerboard pattern
seems to emerge; such drastic changes of infidelity for neighbouring decay parameter pairs suggest
that the GOAT algorithm has issues reaching a global infidelity minima due to the introduction
of the scale factor parameter.

The parameter identification algorithm takes significantly more resources when the scale factor
is introduced, even if the termination conditions of the underlying GOAT algorithm are left un-
changed. That suggests that the termination conditions don’t happen to be slightly too restrictive
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after including the scaling factor; instead, the convergence has become more inefficient because of
the scaling factor.

This suggests that the introduction of the scaling factor as an optimisation variable is likely not an
efficient solution; a better solution would likely be to run the parameter identification algorithm
for a few different fixed scaling factors.

Figure 8.10: Heat map of infidelity, obtained using the parameter identification algorithm on the
benchmark delay trace, but including the scaling factor as an optimisation variable. The optimal
infidelity, which is achieved, is four orders of magnitude compared to the benchmark from Figure
8.4. The decay parameters identified as optimal also do not correspond to the benchmark decay
parameters.
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8.5 Fit of Experimental Data using Two-Level System

We will now start with applying the parameter identification algorithm to real-world experimental
data. We will start with a delay trace that looks rather simple; it resembles an exponential decay.
We thus restrict ourselves to a two-level system in the parameter identification algorithm, we will
use the mathematical model provided in Section 7.2.

The only form in which this experimental data is available to us is the graphs from the paper itself.
That means that we have to manually extract the data points from these graphs. One complica-
tion is that the experimental data points are plotted as continuous, but jagged black lines. All the
peaks in the graph are, of course, data points, but if a point is not a local minima or maxima, it
might be hard to distinguish it from the line segment connecting its neighbours. We took every
part of the graph where the derivative of the line changes to be a data point, which resulted in
the data points from Figure 8.11. We used the website automeris.io to aid with the data point
retrieval from the graphs. It determines the location of each data point by measuring its pixel
distance away from the axis. We manually selected the pixels which would count as our data points.

Our procedure for selecting which data points of the experimental delay trace to include in the
fitting process was kept simple. In this case, every fourth data point was kept, and the remainder
were discarded. This was a rather rudimentary method, and it did happen to create some bias in
the results, unfortunately. We can not include every data point of the delay trace due to compu-
tational resource constraints of the parameter identification algorithm.

Figure 8.11: In blue and orange, all the data points extracted from the delay trace in Figure
2a of [43]. The orange points are specifically the data points which are used in the parameter
identification algorithm.

In Figure 8.12, the optimised infidelity resulting from the parameter identification algorithm is
shown. The optimised infidelity is minimal for γ2 = 0.00345 fs−1. It is clear that including the
scaling factor turns the optimisation less reliable.

automeris.io
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Figure 8.12: The optimised infidelity resulting from the parameter identification algorithm using a
given electronic dephasing lifetime γ2 is depicted in this figure. For the blue curve, the scale factor
is not included as an optimisation variable, and we see a smooth change in optimised infidelity.
For the orange curve, the scale factor is included, and the curve is rather spiky, suggesting that
the GOAT algorithm again had issues consistently finding the global optima of infidelity.

In Figure 8.13, multiple sample delay traces are depicted with control parameters given in Table
8.2. The green and red delay traces follow the data points used in the parameter identification
algorithm very well. However, due to bias in the sampling of the data points, the parameter iden-
tification algorithm suggests that smaller values of γ2 produce better results, but it is clear that
these delay traces fail to capture the trend of the entire data set.

In the original paper, a Rabi frequency of ωR,max = 0.01 fs−1 and a γ2 between 0.02 fs−1 and
0.04 fs−1 is suggested as a suitable fit. The purple and brown delay traces in Figure 8.13 have
similar parameters and seem to partly capture the trend of the entire data set.

γ2 ∆ ωR,max ∆F S
0.0035 1.2 · 10−5 0.0082 3.9 · 10−5 1.0
0.0035 -0.0027 0.0077 3.5 · 10−5 0.89
0.011 1.1 · 10−5 0.011 1.7 · 10−4 1.0
0.033 −2.5 · 10−5 0.017 2.7 · 10−4 1.0

Table 8.2: Each row shows the optimal fits identified by the parameter identification algorithm,
when γ2 is fixed. All quantities have units of fs−1 except for the scale factor S.
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Figure 8.13: Comparison between experimental data and simulated delay traces using different
control parameters, which are given in Table 8.2.
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8.6 Fit of Experimental Data using Three-Level System

We will now continue our work on parameter identification by looking at a delay trace with more
complicated behaviour: Figure 8.14. Therefore, we will attempt to model it using the three-level
system, which we discussed at the start of this chapter.

In the figure, the fit does not capture the initial stagnant/downward trend. In this plot, you see
some unexpected behaviour, where the data is first declining or flat and only around ∼ 200 fs starts
to increase again. You can see that the blue fit does not correspond with this behaviour. The goal
for this section is to find control parameters which more clearly follow the shape of this delay trace.

Figure 8.14: In black is the experimental data. In blue, a fit was performed using a two-level
system model. Taken from Figure 3 in [42].

We have to be careful when selecting which data points to include in the cost function, which is
optimised in the parameter identification algorithm. There is significant experimental noise, the
data points are unevenly spaced, and we can’t include every data point due to computational cost.
Contrary to the previous section, we will manually select the data points which will represent the
entire delay trace in the cost function, since this is the least complicated method to deal with all
of the aforementioned issues. We take the conversion factor between emission in counts per second
and excited state population to be 1100.

In Figure 8.16, the result of the parameter identification are displayed. The optimal pair of decay
parameters is in the top right corner. This would suggest that it might be wise to expand the grid
search which we perform; however, as shown in Figure 8.17, these combinations of decay and con-
trol parameters result in very similar plots. Additionally, increasing the electronic dephasing and
vibrational decay lifetimes beyond those values will create minimal changes because their lifetimes
are already far larger than the dynamics timescales which we are interested in, namely replicating
that dip in excited state population in the first 200 fs.

In Table 8.3, the optimised control parameters for two decay parameter pairs are given. Although
the decay parameters differ significantly, the differences in the control parameters are minimal,
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Figure 8.15: Here, the data extracted from the graph in Figure 8.14 is displayed, and the data points
which were selected by hand to represent the experimental data for the parameter identification
algorithm.

with the same thing holding true for the optimised infidelity. This suggests that the parameter
identification algorithm produces a large plateau of similar-looking fits, as illustrated in Figure
8.17. The two delay traces are very similar and seem to largely fit within the bounds of experi-
mental error.

γ2 τvib [fs] ∆1 ∆2 ω12 ω13 ∆F
0.008 500 0 0 0 0.05 N/A

2.95 · 10−4 800 -0.012 -0.014 0.011 0.029 3.1× 10−4

0.001 530 -0.011, -0.014 0.0090 0.030 3.2× 10−4

Table 8.3: The first row displays the parameters used in the source of the experimental data itself.
The second row is the optimal set of parameters identified in Figure 8.16. For the third row, a
pair of decay parameters in the low-infidelity region, but relatively far away from the optimum,
was selected; the control parameters were optimised using the parameter identification algorithm.
All quantities have units of fs−1 except for τvib.

In Figure 8.17, the parameter identification algorithm is applied to the experimental data provided
in Figure 8.15. The last fit has T2 = 1

γ2
≈ 3400 fs, which suggests that in this 3-level model, it

might not be required for the model to have any electronic dephasing. However, we have to keep
in mind that we assumed whilst constructing the model that the energy difference between |2⟩ and
|3⟩ would be small. Table 8.3 shows that this is not the case. However, the Rabi frequency ω12 is
about three times as small as ω13, meaning that there is some sense of hierarchy.
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Figure 8.16: Here the heatmap resulting from the parameter identification algorithm are displayed.
It can be seen that for large regions in the decay parameter space, a similar optimised infidelity is
achieved.

Figure 8.17: The delay traces, with the experimental data and various fits. In orange is the original
fit, and in green and red are two different fits which were performed on the data. Although their
decay parameters vary significantly, they produce the same delay trace, suggesting this curve is
optimal in explaining the data due to the experimental noise. This suggests that we can not
determine the decay parameters with any satisfactory precision.
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8.7 Conclusion

In this chapter, we have examined three benchmarks and two experimental data sets, each bring-
ing its own insights. In Section 8.2, we established that the number of data points required is
such that the parameter identification algorithm performs adequately. In the following Section
8.3, we looked at the effects of experimental noise, determining how much random noise can be
added to the delay trace before the parameter identification algorithm fails to function. Both of
these benchmarks highlighted the benefits of maximising the quantum Fisher information of the
control pulse. For example, in Section 8.6, we saw that very different decay parameters can still
produce the same control pulse, meaning the parameter identification algorithm can not suggest a
single-best set of decay parameters.

In Section 8.4, we introduced the scaling factor; however, it highlighted the issues which can be
caused by the need to use non-local optimisation algorithms: sometimes, no longer having a guar-
antee that the algorithm will converge consistently to global optima.

In Section 8.5, we applied the parameter identification algorithm to experimental data, but it was
largely successful. However, issues were caused by bias in the selection of fourteen data points,
which would be used to fit the simulated delay traces. Manually selecting those data points might
alleviate some issues, but it is also not a rigorous solution to the problem. Applying a more math-
ematically rigorous method would likely be beneficial.

In Section 8.6, the parameter identification algorithm was applied to a three-level system, and the
algorithm seemed to consistently find the global optimum for each decay parameter pair, because
unlike heat maps like Figure 8.10, the optimised infidelity seems to smoothly vary across the decay
parameter space for the most part.

Future avenues of research could involve developing methods to design experiments which are
optimised for quantum Fisher information by creating a GOAT-based optimal identification al-
gorithm. It could also be interesting to more explicitly connect the heat maps discussed in this
chapter with the quantum Fisher information metric. Additionally, it could also be interesting to
perform a quantitative comparison of performance between GOAT-based parameter identification
and optimal identification algorithm.

Moreover, the parameter identification algorithm allows for a more quantitative comparison of
the ability of quantum models to explain experimental data. Models with too many degrees of
freedom are prone to overfitting, like in Figure 8.16. The most appropriate model should have a
well-defined infidelity minimum in the decay parameter space with a sharp increase as you move
away from the optimum.
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BFGS Optimisation Algorithm

The BFGS optimisation algorithm is a quasi-Newton method which uses its own approximations
of the cost function Hessian to accelerate the gradient descent. It is a gradient-based method,
meaning that you have to supply it with the gradient of the cost function yourself. GRAPE’s
core idea is exactly the computation of the gradient of the infidelity. Which means it often pairs
well with the BFGS algorithm. For a more thorough introduction, consider the textbook [47].
The algorithm was named after Broyden, Fletcher, Goldfarb and Shanno, who first developed the
algorithm in 1970 [48, 49, 50, 51].

Let f : Rn → R be a differentiable function which we want to minimise without applying any
constraints. Before using the algorithm, we pick an initial guess x0 ∈ Rn. We will then continue
iteratively to get a better approximation. The Taylor series of f around xk is:

f(xk +∆x) = f(xk) +∇f(xk)T∆x+
1

2
∆xTBk∆x+O

(
|∆x|3

)
, (A.1)

where Bk is the Hessian of f at xk. We wish to the find ∆x such that ∇f(xk + ∆x) = 0,
differentiating the equation above, we get:

0 = ∇f(xk) +Bk∆x. (A.2)

Which suggests that we should pick ∆xk = −B−1
k ∇f(xk) as our descent direction, and then select

the appropriate step size αk, which minimises f(xk + αk∆xk). The updated Bk+1 satisfies:

Bk+1(xk+1 − xk) = ∇f(xk+1)−∇f(xk), (A.3)

which follows from the Taylor expansion for ∇f centred at xk+1:

∇f(xk+1) = ∇f(xk) +Bk+1(xk+1 − xk) +O
(
|xk+1 − xk|2

)
. (A.4)

We require that this approximate Hessian is positive definite. If f is not strongly convex, this is
an additional condition which has to be applied during the line search. Set sk := xk+1 − xk and
yk := ∇f(xk+1)−∇f(xk). However, there is no unique solution to the above equation. Therefore,
we want to select the solution which minimises the matrix norm ||Bk+1 − Bk||, whilst Bk+1 still
satisfies equation (A.3) and is symmetric. The following construction satisfies those conditions.
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Bk+1 = Bk + αuuT + βvvT , (A.5)

Choosing u = yk and v = Bks and imposing equation (A.3), we get

α =
1

yTk sk
, β = − 1

sTkBksk
. (A.6)

Plugging these parameters back in, we get update equation for Bk+1:

Bk+1 = Bk +
yky

T
k

yTk sk
− Bksks

T
kBk

sTkBksk
. (A.7)

A combination of termination conditions can be selected, based on: the number of iterations, the
estimated error |f(xk)− f(x∗)| or the norm of the gradient |∇f(xk)|.



Appendix B

Ancillary Figures: Small Final Times

Here are the figures related to the discussion in Section 5.7. The optimisations are performed using
the GRAPE algorithm and the four-level Hamiltonian given in the aforementioned section.

The method of repeated GRAPE optimisation, as in Figure 5.13, is employed to ensure both the
infidelity and the control amplitude cost are optimised.
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Figure B.1: Here the final time T is 4. We see that the maximal control amplitude is ∼ 3. The
final infidelity error is ∼ 1.7 · 10−6, meaning that near-perfect state transfer takes place.
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Figure B.2: Here the final time T is 3. We see that the maximal control amplitude is ∼ 6, which
is double compared to the previous figure. The final infidelity error is ∼ 8.3 · 10−3, which is also
worse than the previous figure.
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Figure B.3: Here the final time T is 2. We see that the maximal control amplitude has become
∼ 150, which is a massive increase compared to the previous figures. The final infidelity error is
∼ 0.07, meaning that the state transfer has become noticeably imperfect. For smaller final times,
the control pulses will become more erratic and larger, which makes it very hard for the GRAPE
algorithm to find a zero-infidelity control pulse.
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Birkhäuser, 2010. isbn: 978-0-8176-4672-1 978-0-8176-4675-2. doi: 10.1007/978-0-8176-
4675-2. url: https://link.springer.com/10.1007/978-0-8176-4675-2 (visited on
01/30/2025).

[24] Elias M. Stein and Guido Weiss. Introduction to Fourier Analysis on Euclidean Spaces.
Princeton: Princeton University Press, 1972. isbn: 978-1-4008-8389-9. doi: doi:10.1515/
9781400883899. url: https://doi.org/10.1515/9781400883899 (visited on 06/27/2025).

[25] Walter Rudin. Real and complex analysis. eng. 3rd ed., International ed. McGraw-Hill series
in higher mathematics. OCLC: 1101294288. New York: McGraw-Hill, 1987. isbn: 978-0-07-
100276-9.

[26] R Beukema, W M De Muynck, and J De Graaf. “A GELFAND TRIPLE APPROACH TO
WIGNER AND HUSIMI REPRESENTATIONS”. en. In: ().

[27] Gjerrit Meinsma and Arjan Van Der Schaft. A Course on Optimal Control. en. Springer
Undergraduate Texts in Mathematics and Technology. Cham: Springer Nature Switzerland,
2023. isbn: 978-3-031-36654-3 978-3-031-36655-0. doi: 10.1007/978-3-031-36655-0. url:
https://link.springer.com/10.1007/978-3-031-36655-0 (visited on 01/20/2025).

[28] Q. Ansel, E. Dionis, F. Arrouas, B. Peaudecerf, S. Guérin, D. Guéry-Odelin, and D. Sugny.
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