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Preface

In April 1997 I started to think about my Masters thesis to complete my study at the math-
ematics department of the University of Groningen (RuG), the Netherlands.

At the end of May 1997 I stopped by at Prof.dr.ir. A. Dijksma’s office and asked him to be
iy advisor. He was willing to do so and he promised to think about a topic in Operator
Theory for my thesis.

In the middle of June I received a telephone call at home from Mr. Dijksma. He asked me to
visit him in his office, the next day. The next morning I went to his office and he told me the
following:

Mr. Dijksma was invited to visit Western Washington University (WWU) in Bellingham,
state of Washington, United States of America, from September through December 1997 to
co-operate with Prof. T. Read and Prof. B. Curgus. Two of the topics they planned to study
were the interpolation problem and the moment problem. Mr. Dijksma and I already decided
that my thesis would handle about the combination of these two particular problems, a sug-
gestion from Prof. Heinz Langer from the Technical University of Vienna.

So the reason he asked me to come and see him, actually was to invite me to accompany him
to Bellingham. I was flattered and proud and of course I decided to accept this unique and
great offer. Although I had to work pretty hard, I also visited a lot of things. It really were
incredibly great and unforgettable months and it became a wonderful experience. That’s why,
once again, I want to thank Mr. Dijksma and WWU for this opportunity they gave me. Also
thanks to Mrs. Dijksma for being a kind of *mother figure’ during my visit to the USA and
to my parents, who gave me great support to finish this study.

Because I never worked with IXTEX before, it took a while before I finished this thesis; even-
though I hope you'll enjoy reading this report.

Groningen, June 1998
Richard W. Buursema
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Chapter 1

The moment and interpolation
problem (MIP)

The problem which will be discussed in this thesis is the combination of two other problems:
the interpolation problem and the moment problem.

If there is, the solution to both problems is given by a particular class of functions, the
so-called Nevanlinna functions, denoted by Ny. These are analytic functions N(z), N(z) =
N(z), z € C* , that map C* into C* UR. N(z) belongs to Ny if and only if there exist two
real numbers «a, 8 with 8 > 0 and a nondecreasing function o with f—'-Zo ‘:”—_S} < oo such that
N admits a Herglotz integral representation

N(z)=ﬂz+a+/w (t-l-z_tz-ti—l) do(t).

- 00

1.1 Formulation of the MIP

This is the Nevanlinna-Pick interpolation problem (IP):
discuss solutions N € Ny that satisfy

N(zi) = w;, = Lo,

for given z),... ,2, € C',z2; distinct, and given w),... ,w, € C. Note that

= (2 — 2
) B — L
=1 Hi;éj(zj — zi)
satisfies N(z;) = w; but in general is not a Nevanlinna function.
Define the Pick matriz (or information matrix) by:

wi—wy w -y w) —Wn
z1—-2) z1—22 Z1—Zn
— n —
w—1]
[ (w, w’) = z2—721
\ % T Zj i,3=
wn —W) wn =Wy
Zn—21 Zn—2n




And here is the moment problem (MP):
discuss solutions N € N; that satisfy

. 2m+1 S0 S2m-1
= lim 22N (2) + =+ + =55) < som

z=ty b4 z

y—00
for given sg,...,S9m € R.
The function SIS %

1 m
NiE)=-—-—3-"~ Ty

has the right asymptotic behavior but in general is not a Nevanlinna function.
The Pick matrix of this problem is:

/ S0 S1 S92 S3 S \
s1 Sy 83 ;
m S2 S3
Pu = (sit5)ij=0 =
S3
\ Sm Sm+l1 Sm42 0 0 S$2m /

Now that these two problems are introduced separately, the combined moment and interpo-
lation problem (MIP) is given by:

discuss solutions N € Ny that satisfy both the interpolation problem and the moment prob-
lem for given z; € C* distinct, and w; € C (i =1,... ,n) and sq,... ,s2m € R

A part of the Pick matrix P = (Pij)?,;:iﬂ of the combined problem MIP looks familiar,

because it consists of the Pick matrices that belong to the separate problems. The top-left
part is the Pick matrix of the IP
Bim% 1<4,5<n,

¥ _— —_—

]P,'j =

zi — %
and the bottom-right part is the Pick matrix of the MP

Pij = siyj_on—2, n+1<4,3<n+m+1l

The other part ’connects’ the two separate problems: The top-right part of P is given by

w1 So+wiz1 S1+ S0z +wizp 0 Smo1 4+ 502w

wy So+ woZy Sy + SpZ2 + Wazs 0 Spmop+-c+ sozgn‘l + wazy'
o . . b

2 m-—1 m

W, So+ Wi1Zn S1+S02n + Wn2; - Sm—1+ -+ S02Z, + wp 2,

that is,

Pij = sj—n—2+ Sj—n-3zi + - +s°z-i7""‘2 +wiz{_"_l, 1<i<n,n+1<j<n+m+1.
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The bottom-left part of P is the adjoint of the top-right part
Py =Py n+l<i<n+m+1,1<j<n.

Hence the Pick matrix of the combined moment and interpolation problem is:

2121 21—Zn L Sm—-1+ L
wo 3m—1+"'+w225n
E zZn—2) Zn—2n Wn Sm-1+ + WnZn
ml P mn S0 s S
Sp + w121 o Sg + Wp2n s - Sm+1
Sm-1+ - +wi2" - Sm—1t+ ot wezp Smo - S2m )

Note that the order of P is n + m + 1 and if n = 0 (this means no interpolation), that this
matrix is reduced to the Pick matrix of the MP, but if m = 0 it is NOT the Pick matrix of
the IP; in this case it has one extra row and column (the bottom-right entry is so!).

1.2 Sufficient condition for existence of a solution

To determine whether or not a solution of the MIP exists, the next theorem is used (see
[Ach, page 95]). If there exists exactly one solution the MIP is said to be determined, if there
is more than one solution indetermined.

Theorem 1.1 For given sg, ... ,Som € R, equivalent are:
(i) N belongs to Ny and satisfies

L 2mt] So .. S2mo1y
!g}: z (N(Z) i = * w 22m ) S2m-
y—00

(ii) There ezists a nondecreasing function o(t) such that

N(z)=/ ta——(-z)’ Sk ‘-'/ tkda(t), k=0,...,2m.
—00

-00

The proof of this theorem is also in this book.

Because a solution of the MIP must satisfy both the IP and the MP, this theorem can also
be applied to the MIP: if N is a solution to the MIP then N(zj) = w; and there exists a
nondecreasing function o(t):

N(z) = /oo do(t) Sk :/co t*do(t), k=0,...,2m—1,

fo'e t—z o0

and




Hence [®° L do(t) = wj and for 1 < 7,5 < n, we have

00 t—2z;
o | 1
/ — do(t) =
wt=2t 7

i e L)

0 2i—Zj L=z 1—2%;

_wi— w;j
N Zi —Zj
= Py, (1.1)
for1<i<n,n+1<j<n+m+1, wehave
/°° 1 tj—n—l dO’(t) j’=j;"—1
—og =8
o i _ g
= / iy A do(t)
—epmit— 12 t— z;
o L L
=/ P+t 2+ 4+ 2T+ ——)do(t)
oo =z
=851 + 8j1—22; + .-+ SOZ{ -1 + Z{,'U)i
=Py, (1.2)
forn+1<i4j<n+m+1exceptfori=j=n+m+1, we have
.w . .
/ il g (t) =
—00
o0
—00
= Sj4i—2n—2
=W (1.3)
and finally we have
o0
/ t"t™ do(t) = shy, < Som,
—00
which shows that
IP)n-+-m-+-l,n-+-m-+-l = 8m = S,Qm + (32m - S,Qm) . (1'4)
S
>0
It follows that
.
t—2,
[s ] 1 1 1 ! !
P =/ t—lzn ( Fo ba geee Wkl T ) do(t) + diag(0, ... ,0, s2m — $5,,)
—00
tm )




and hence

(Pz, ) 2 Pg

' - S - >

T T; , ' .

- / i t lz + 2 Tienit Y Tinnt Z“’j+n+1t12t ==3 44

. 4 i o / j ; : -z
7=0 j=0 j=0 1

3

=1

...
Il

—

-

m

n

Ty : . 1

+ Z ?—1—' Tjpnp1t? | do(t) + z* diag(0,...,0,52m — s5,,) T
i=1 b j=0

12 m ’2
1zt do(t)+(s2m — Shn) [Tnems1|’ >0, soP>0.
; S ——
=0 >0

n
z=§y/ |Z T
|i=1 ol

This result leads to the following theorem:

Theorem 1.2 If there is a solution of the MIP, then the Pick matriz is nonnegative: P > 0.

Later it turns out that there actually is an ’if-and-only-if’-relation between the two statements

in this theorem!
Before we see that, first of all we have to find solutions. For this we need a model.




Chapter 2

The model

To find solutions of the MIP, we will introduce a model. In Section 2.3 we will se¢ some
properties of this model and in Chapter 4 we will use these to find the solutions. As a
consequence of Theorem 1.2, from now on, we assume that PP > 0.

2.1 Construction of the model (H,S)

In order to make the model, define the following:

e £ = Cm+! yith the usual basis (e;)72]"*!, where €; is the column vector with all

Jj=1
zero entries, except for the j** position, which is 1.
1
e e=| : |, the column vector of length n + m + 1 with 1 on each position.
1

o The semi-inner product on the space £, defined by means of the Pick matrix,

(.9)c = y'Pz = (Pr,)ontmn 7,y €CHEL

Let
fg=LNL” =
= {z € Ll(z,y)c =0 Vy € L}
= {z € L|(Pz,y)cn+m+1 =0 Vy € L}
= {z € L|Pz = 0}
= ker P.

In the models for the IP and the MP, the diagonal matrix Z and the ’shift-right’ matrix S,
are used (see [Dijk] for details):

0 0

2 0 1 O 0
Z =diag(z1,... ,2n) = c S=10 4 0
0 2

0 0o 1 O




Just as the Pick matrix P is a composition of Py and Pps, the matrix C (for ’composite’
matrix), used to construct the model for the MIP, is a combination of these two matrices Z
and S;:

(':21 0|0 0
Z: O En O O
C:= 1l & = 1 110
0|5, 1
0
\ 1 0

With this matrix C, now define the relation

Sc = {{z,Cz}|z € L, o 0}.

The last condition e; .,z = 0 actually means that the last component of r must be
zero. The defined relation S is symmetric. This property can be proven by calculating
the Lyaponov form PC — C*P :

(IPC)iJ — zjllz):_:gf +w;, 1<14,7<n,

(PC).. = wirdl "+ 502l T 4 s TP 4 4 sjonet, 1<i<n, n+1<i<n+m,
v ] o, 1<i<n,j=n+m+1,

(PC);; = w;z; ™" + sz 4 5z 2

" ; ; 4+ +sip1,n+1<i<n+m+1,1<53<n,

(IP’C) _ S(i—n)+(j—n~1) = Si+j-2n-1, n+l<i:<n+m+1l,n+1<j53<n+m,
Y 0, n+l<i:<n+m+1l,7=n+m+1.

Notice that (C*PP);; = (PC);i and then obtain that:
(C'P); = zigt +W;, 1 <4,j <,

M sed T s T 4t sjn, 1<i<n, n+ 1< j<n+m+1,

(C'IF’),-J- = w,-zj

2

4+ 4Sipq, n+l<i<n+m,1<73<n,
i=n+m+1,1<)7<n,

— =1-n st—n—1 Hi—n—
{ Wiz, " + s0Z] + 517

(C* IP) ¥




(C'P).. = Sitj—2n—1, n+l1<i<n+m,n+1<j<n+m+1,
7] 0, i=n+m+1, n+1<j3<n+m+1.

From these expressions above it follows that:

( 0 -+ 0 —(wz +p(21)) \
0 : : :
0 - 0 —(wpz™!+p(z,))
PC—C*P = 0 ree 0 0 --- 0 —Smt1
0 0 o --- 0 —Som
Tz +pE1) o I 4+ p(En) | Sme1 0 Som 0 )

~

—

with p(z)=s0z™+ - +Sm-12+5m

So it is a matrix with a lot of zeros, except for the last row and column.
For z,y € dom Sg, use this result to get

(Sczx,y)e — (z,Scy)c =
= y'PScx — (Scy) Pz
=y*'PCz — y*C*'Pzx
=y (PC - C'P)z
=0,

because €}, ,,,11Z = €n4m41y = 0. Hence S is symmetric.
The last step is to define the desired model (H, S):
H:=L\ Lo =L={ilzeL)
with £ = {y € L|y — = € Lo} = = + Lo and inner product (&, J)» = (z,y)c, and
S := 8, = {{#,Cz}|{z,Cz} € S¢}.
Note that if det P # 0, H = L and S = S¢.

In the next two sections we will learn more about S and its properties.

2.2 Linear relations and operators

In this section we will recall some general definitions and results related to linear relations
and operators, but apply them directly to our model. At the end of this section we will also
show that S in the model in some cases is a linear relation, but in other cases it is an operator.
To see that we will use an example.

First of all we recall the definitions of linear relation and operator :

10




A (closed) linear relation S in a Hilbert space H is a (closed) linear subset of the direct
sum space H? = H & H; a linear relation S is (the graph of) an operator if and only if its
multivalued part S(0) = {g € H : {0,g} € S} is the trivial subspace of #: S(0) = {0}.

The adjoint of S is the closed linear relation

S* = {{u,v} € H: (v, flu — (u,9)n = 0for all {f,g} € S}.

S is called symmetric if S C S* and selfadjoint if equality prevails: § = S*.
Now assume S is closed and symmetric; S is called simple if

(| ran(S - 2) = {0} <= span {ker (" —2)|z € C\R} =X,
zeC\R

that is, the eigenelements of S* corresponding to nonreal eigenvectors of span H.

A selfadjoint linear relation A in a Hilbert space # is called a selfadjoint extension of S in
‘H if the space H is a closed subspace of #H and S C A. The Hilbert space H © H is called the
exit space. A is called a canonical extension if #H = H, that is, the exit space consists of
the zero element only, otherwise it is called a noncanonical extension. Thus in the canonical
case, both S and A act in H.

We will be interested in minimal selfadjoint extensions of S. By definition, a selfadjoint
extension A in H of S is called minimal if for some (and hence every) u € p(A),

span{(I + (z — p)(A — 2) " )H : z € p(A)} = H.

Since S in our model is symmetric, it admits INFINITELY MANY noncanonical minimal
selfadjoint extensions. (Here we assume that S is NOT selfadjoint, because in that case
the only minimal selfadjoint extension is S itself). But there also are INFINITELY MANY
canonical minimal selfadjoint extensions of S. To make this clear, we will first introduce
the defect numbers d* and d~ of S: if S is symmetric, then dim (ker (S* — 2)),z € C*, is
constant on C*. We denote these constants by d* and d~ respectively. The defect index
of a symmetric § is the pair (d*,d™).

Since (ran T)* = ker T*, we have for z € C*:

ran(S—z2)=H<=d =0; ran(S—2z)=H<<d"=0.
To find the canonical extensions of S we use the Cayley transformation C, and its inverse F},,
Cu(S) ={{g—nfrg—nf}{f.9} €S}, peC\R
We assume S has defect index (1,1). Then there exists a f € (ran (S — p))* =
=ker (S* — i), |Ifll =1 and a g € (ran (S — i))* = ker (§* —p), llgll = 1.
If V=CuS), V:ran(S—p)+ ran(S — fz) and we define for 8 € [0, 27)

Ush — Vh  he€ran(S—p)
7\ aeq h=af, aeC (h=span{f}),

then for (ran (S — 1) ®@span {f}) 3 k = k1 + k2 with k; € ran (S — 1), k2 = of holds

Ugk = Vi + ae'q.

11




This Uy is unitary and a canonical extension of V (V C Up). We conclude that

Ag = C,fl(Uo) = Fu(UG) o Fu(V) = C;:l(cu(s)) =S5,

so Ap is a canonical selfadjoint extension of S. Since the mapping 8 € [0,27) +— Up is in-
jective, we obtain that indeed there are infinitely many canonical (hence minimal) selfadjoint
extensions Ay of S.

Example Take n =0 and m = 2, and let s = 57 = s = s3 = 1.

1 1 1 0 0O

ThenP=1| 1 1 1 andC=1]1 0 O |. It followsthat P>0& s4 > 1.
1 1 s4 010

It is clear that eg = (1 00)! and e; = (0 1 0)* span the domain of S.

Assume sq > 1. Then {eg,e;} and {e1,e2} € S. Since P(eg — e1) = P(1, —1,0)! = 0 we obtain
that ker P = span {eg — €1 }; so for {eg — e1,e; — ez} € S we see

{eo —e1,e1— €2} ={0,e1 —e2} € S = S.
Because e; — ey is not an element of the kernel of P, 61/—72 #0,50 S = §£ is a relation.
In the case where s4 = 1, ker P = span{eg — e1,e; — e2}. But the only elements z in

this span, that are also in dom S, are multiples of ey — e;.- In that case Scz = Cz is a
multiple of e; — e, which is also in ker P, so

{z,Cz} = {0,0).

For every other z € dom S; (it is z = aeg + fBe1, NOT @ = 1, = —1 or multiples),
Scx =Cx = ae) + fes ¢ ker P, so

##0 and Cz#0 Vz.

Hence S = S¢ is an operator.

2.3 Properties of the model

It already has been shown in Section 2.1 that S, is symmetric, but also $ has some nice
properties — depending on the determinant of the Pick matrix P - according to the next
lemmma:

Lemma 2.1 Assume P > 0.
(1) If det P = O then S is selfadjoint and its defect index is (0,0).

(2) Ifdet P # 0, that is if P > 0 then S is simple, closed, nondensely defined and symmetric
with defect (1,1) and ker (S* — 2) is spanned by

Ip_l(ct _z)_len+m+1) Z#O,ZI,... )Zn)
p(2) = IP)_l(en+l - Z?:l —};_—e]-), z2=0,
IP"lej, 2=z, j=1...,n
12




Proof (1) Since det P = 0, the kernel of P is not trivial. Hence H = £ and S = 5. Let ¢ be
an element in the kernel of P, 0 # ¢ € ker P.
We have

r€ran(Sc—z)& 3Jye€domSe: (C—-2)y=z &
e y=(C—2)"'z€domSc & €} 1(C—2)""2=0.
Hence for g € L :

e:z+m+l(c == z)_lg
=3 —— ¢ €ran (5S¢ — 2). 2.1
en+m+l(c—z) lyp (5 ) (21)

Since

u€ran(Sg —2) &
Su=(Sc—2)feScf=u+zf
@{f,u-i—zf}eSc<:>{f',ﬁ+zf}€§5
& 4 € ran (§5—z),

o~

and since =0 (£ =7 z—y€ Lo=ker P), it follows that § € ran (Sc — 2) ; of course
g € L & g € L, so this means that

ran (§5—z)=E=H, (z # Z1,..-2n,0). (2.2)
Now let ¢,y € ker P, then

(j"g)u = (fl,‘-l- P,y + 1/))5 =
. (zay)ﬁ + (1/)’1:)5 + (‘pv y)C = (9031/))5
={zx,y)c + z*PY + y'Pp + ¢ Py

= (IL‘, y)C

Hence, since S¢ is symmetric, it follows that §5 is symmetric also. The above equality (2.2),
telling that ran (S¢ — z) is equal to the whole space H, now directly shows that the defect
numbers are zero (see Section 2.2), and hence S is selfadjoint.

(2) Now assume P > 0 which means that det P # 0 so clearly P! exists; now the ker-
nel of P is trivial, ker P = {0}, so X = £ and § = S¢. Since L = Crtm+l s a Hilbert space,
we have in this case that H is a Hilbert space. Hence S is closed and nondensely defined, and
S is also symmetric (this was already found in Section 2.1).

To prove the remaining part, first calculate (C — z)~! (for z # Z1,... ,Zn,0):

(Note: (S, —2)~ = ~L(1 = 18)" = -1xm (48)" = -G+ S+ F + - + Fhn)
z z z n=0\z z z z
because S+ = 0, the zero matrix)



1 (Z* - 2)7! | 0
€ T w0 (§) @ - e
[ 5 0 0 0
0 z,,l-z 0 0
= y z#?l,...,En,O.
1
%z,—z %z,‘l—z —% 0 0
1_1 1 _1 b | -1 9
227 -z 22 Zn—2z 22 z
: ) 0
1 1 1 1 1 _1 _l/
¥z 2 2l 3, —2 zm+l 22 £

Because

o(z) €ker (S* —2) = ran (S - 2)* &
& (p(2),(C-2)T)c =0, Vz:ep,n41z=0
&z (C-2)Pp(z) =0, Vr:ien ,12=0& 2 enymy1 =0
& (C —2)*Py(2) =k - €nym+1, with k an arbitrary constant,

make a distinction between the following cases:
o If z#7%,... ,%Zn,0 then (C — Z)~! exists, so ¢(z) = P1(C* —2) Yenimer-
e If z =0 then C*Py(0) = k- €n4m+1- Since the last row of C* is (0- - - 0), k must be zero.

We obtain that .

Z)
n

1
= €n4l — Z ;ej
0 7=l J

y

satisfies the equation with righthand side is zero.

™
:l"‘

e If z=3%;, j=1,...,n, then (C — Z)* = C* — z has a zero (z; — z;) on position (3, 7).
Hence the ;" row of (C* —z) is €}, ,,. From (C* — z)Pyp(z;) = k- en4m+1 we deduce that
the (n + 1)*¢ entry of Py(z;) must be zero. From this it follows that all other entries of
Py(z;) must be zero also, except for the j!" position, which is arbitrary; take it equal
to 1 and obtain ¢(z) = P~ le;.

Hence, in all three cases, the kernel of (S* — z) is the span of ¢(z).
From this, now also follows directly that Vz € C* : dim (ker (S* — z)) = 1 (of course it is
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constant, since S is symmetric), so indeed, the defect index of S is (1,1).
We also see that

e1,... ,en € span {Pp(z) | z€ C\R }, (2.3)
(from the third case), but then also the linear combination y°7_, zljej; since that span also
contains e, 41 — Z;zl zljej, it follows from the second case that also

en+1 € 5pan {Pp(z) |z€ C\R }. (2.4)

From the first case, that span also contains

3 _ T 1 Zn—2
(€ = 2) tentm1 = ((C = 2)7') enymer = ey -t

and because of ey, ... ,en41, also all vectors of the form 2 , z € C\R,
A )

(0

it is all vectors of the form (l) , z€ C\R (first n + 1 entries are zero).
zm—l

With 2,0, we find that

en+2 € 5pan {Pp(z) |z € C\R}, (2.5)
and so on:

€n+3s--- »entms1 € 5pan {Pp(z) | z € C\R i (2.6)

From (2.3), (2.4), (2.5) and (2.6) we conclude that
215 -+ » En+m+1 € Span {P(p(Z) | zeC \]R }

Hence this span coincides with H = C**™+! and since P! exists (so we know that the
n +m + 1 columns of P~! are linearly independent and form a basis for C"*™*1) the

P~1Py(z) = ¢(z) span H also, so
span p(z) = ker (S* — z) = H,

15




which implies that S is simple. =

Before we use the properties of S — as described in Lemma 2.1 - to find solutions of the
MIP, we have to find a kind of relation between S and these solutions. This ’relation’ will be
introduced in the next chapter.
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Chapter 3

Solutions and extensions of the
model

3.1 Characterization of solutions via selfadjoint extensions of
S in the model

In this section a theorem will be introduced and proved, which will help to find solutions of
the MIP, using minimal selfadjoint extensions of the linear relation S in the model. Because,
from now on, we only work with this model (H, S), we will use the notation (-, -), without the
subscrift £, to denote the semi-inner product (z,y)c = y*Pz as defined in Chapter 2.1.

Theorem 3.1 The formula
N(z) = {(A - 2) "ens1,€n41)

establishes a 1-1 correspondence between all solutions N(z) of the MIP and all minimal self-
adjoint extensions A of the symmetric relation S in the model.

In the proof of Theorem 3.1 the following theorem is used. Compare it to the theorem in
[KL1].

Theorem 3.2 Equivalent are:

(a) For N € Ny and for some sy, ... ,sh, € R

! /
S S
— h 2m+1( 7 20k oy, 2 ms ey o Ml
lim 2N (2) + > o+ —500) = Som
y—00

(b) There exists a selfadjoint operator A in the Hilbert space H and a u € dom A™ such
that A is u-minimal, that is

H = 3pan {(A - 2)"'u]z € C\R},

and
N(z) = {(A — 2) " tu,u).

17




If (a) and (b) hold then

g _ § (Afuu), 0<k<m,
E T (A™u, AR M), m4+1<k<2m.

The u-minimality in (b) implies uniqueness of the representation up to isomorphism.
For the proof of Theorem 3.2 see [KL1].

Proof of.Thte-orem~3.1 B
Let SC A= A* in H (so A is a selfadjoint extension of S).
Since dom S; = {z |Tn+m+1 = 0} and Sgenyj = Cenyj = €ngjp1, J=1,...,m,
it follows that
{én+laén+2}a {én+2a é1'l+3}7 ke iy {én+m—l ’ é1'l+m}7 {én+ma é1'l+m+l} eScC A
This implies that é,41,... ,€nym € dom A = dom A,, where
A=A, ®A, and H=H,®Heo
with B . L
A ={0} x A(0) and Ho = A(0).

Ay is a selfadjoint operator in Hs = A'(O)l = dom A* = dom A = dom A;.
P; is the orthogonal projection in H onto H,.
Note that é,,m41 does not necessarily belong to H, (it does belong to H, the model space,

of course).
We find that

N(z):=((A - z)_lén+hén+l) = ((As — z)-lpsén+la Psény1) = ((4s — z)_lén+1, €nt1)
satisfies (b) of Theorem 3.2:
because of the definition, A; is a selfadjoint operator in H; = domA; recall that Sé,, 1 = é,42
and so on, so
S™ént1 = €ntm+1-
Because dom S C dom A, we also obtain that
A;nén+l = éntm+1-
Since AT 'é,41 = ép4m € dom A,, now obtain that /isé,,+m = A;nén.'.l ‘exists’. Hence,

ény1 € dom A,

Now we showed this, we conclude from the equivalence in Theorem 3.2 that N(z) satisfies a
moment problem with a =-sign instead of a <-sign; use

(€5, 6k) = (ej,ex) = exPej = Py

to determine what the s} in this MP are:

(r‘i_gén+17érl+1) = (En+k+1,Ens1) = Sk 0<k<m,
(ATén+1, A ™Ent1)

! ~ ~ -~ ~

Sk = = (Psfn+m+h€n+k—m) = (€ntm+1, Ent14k—m) = Sk, ™M <k <2m -1,

(Agnén+l,A§nén+l)
> (Psen+m+l,Psen+m+l) < {éntm+1 €ntm+1) = S2m, k =2m.
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Note that this last case is the moment where the <-sign comes into the original moment
problem; the numbers s, € R in the MIP are equal to the s} in the MP in part (a) of
Theorem 3.2, except for the last one: sy, > s5,,. (We already saw this in Chapter 1). But
this means that

N(Z) = ((A - z)_lén+l) én+l>
satisfies

S2m-1 ) Sk =5

— lim 22™*Y(N(2) + S;O+---+

T z?m
y—00
s st
_ : 2m+1 0 2m—-1y __ ¢
=— lim 2 (N@)+ —+ -+ —5—) = som < S2m,
z=iy z z
y—30

so it satisfies our MP !
To see that N(z) also satisfies the IP, recall that for j =1,... ,n:
e; € dom S and

(Sc —2)é; = (C — 2)é; = (Zj — 2)&; + ény1,

and so

éi=Ej—2)(A-2)"te;+ (A - 2) ténq.

It follows that
= "

éj + (Z — Ej)(A — Z) €j = (/i = Z)_lén+1,

so the lefthand side of this equation is independent of 7. Hence,

(
= |
= (én+1,éj +(z - Ej)(A - 2)—léj)
Z=ZJ'
=" |
“- IP)j,n+l = ’U)j,

so indeed N(z;) =wj, j=1,...,n,so N(z) also satisfies the IP !

Now the converse. Let N be a solution of the MIP with moment problem

. 2m+1 S0 S2m-1 '

e — e =8 < S .
}L’?}, 7 (N(2z) + , +---+ —m ) = $om < Som
y—oo

Then, by Theorem 3.2, there is a selfadjoint operator A; in H; and a u € dom A" such that
N(z) = {(A1 = 2) ', u),

and
H, = span {(4; — z) " u|z € C\R}.
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Let e(z) = (A; — 2z)"!u. By the resolvent identity,

U
= (A, — 2) 1A — ©) 'u,u)
(A = 2)tu,u) — ((A) — D) Yu, u)
- zZ—w
B N(z) — N(w)*
N zZ—w
Hence if we set
u] - e(zj)a J= la n,
then
. N(z;) — N(z)* ; — W;
(ui,ujl i (Z]) _(Zt) = w; ’L_U = iji- (31)
2j — Z; Zj = Z;

If sy, — sh,. > 0 we extend H; to
2m

H=H,0C,
C 1 H;, (1,1) = s2;n — Som; (3.2)

and we define the selfadjoint relation

A=A, 0 {{0,e}laeC}.
(A = A* because A} = Aj is given and also the second part {{0,a}|a € C} is selfadjoint).
Then A; is the operator part of A:

If sopy = s5,, wWe set

In any case, (A; — 2)"'u = (A — 2)"'u and

We set
Un4l = U,
Un+2 = Alu,

-1
U= B~ W0y
3 !
By B ATu+1, if sopn > s?m,
Allu, if s9m = S5,

Since A} = A; we also know that (AT*)* = AT so, by Theorem 3.2 (the last part where s, is
defined) we obtain:
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(Use equation (3.2) to obtain (AT*u, 1) = 0)

(“n+l+iaun+1+j) =
= (Aju, Au)
B (A'iﬂ‘u,u),‘ 0<14+j5<m,
(APu, A7 ™™u), m<i+j<2m
=Si+j7 051,]5771,1-{-]#2771
= Pot14jn+1+i, (3.3)
and
(“n+m+1,“’n+m+l) =
_ { (ATu + 1, AT'u + 1) = (AT'u, AT'u) + 2(AT'u, 1) + (1, 1), S2m > Shms
(AT'u, AT'u), Som = Shm
- { sho +0 + Som — Sh,  S2m > Sh,
S’2m’ S2m = SIZm
= S2m
- IP>n+m+1,n+m+l- (34)

Hence we deduce from (3.1), (3.3) and (3.4) that
(uiyuj) =Pj, 4,j=1,...,n+m+1
Now it follows that the mapping
u; — é; € H (the model), j=1,... n+m+1
extends to a unitary mapping

W : span{uj,... ,Unymt1} — H.

From
Al’u,j = Ai(A —Ej)—lu =
E= Ej(Al — Ej)‘lu +u
= Zjuj + Unq1, forj=1,... ,n,
Ay = AAT =
= uj, fory=n+1,... ,n+m,
and

{'U'n+m, Un+m+l} = {un+ma Alun+m + 1} € /-{,

we see that ~
T = span {{u;,uit1}|i=1,... ,n+m} C A,
dom T = span {uj,... ,Unym},

and
WTW-1=38.

The u-minimality of A; in part (b) of Theorem 3.2 implies that A is a minimal estension of
T. Indeed,

K =span {(I + (z = u)(A — 2)"})v | v € span {uy, . .. ,u,,+m+‘1},z € C\ R}

contains
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o Uy, ..., Upym and Upymer = A1Ungm + 1 (take 2z = p)

o (A—2)"tups = (A1 — 2) " lupyr = (4; — z)"'u and hence
H, = span {(A — 2)uz € C\R);
by the u-minimality of A, in particular un4+m+1 = A1Un4m, and hence also 1,

and therefore, g
K=H=H,C

Now recall that W is unitary, that is W* = W1, and finally we have

o

)" Unt1, Untr)
(A—=2)" "W e, Wleng)
W(A -2 'W e, 11, 6n41)
(WAW ™ — 2)7Yen 41, ént1)- (3.5)
Since T C A we find S = WTW ™! ¢ WAW ! so WAW ~! is a minimal selfadjoint extension

of S. Hence, if we assume that NN is a solution of the MIP, we find that it has the form (3.5),
which is the form in Theorem 3.1. (]

This completes the long proof of Theorem 3.1, but it does give us the main result which
leads to all solutions of the MIP, see Corollary 3.3.

Corollary 3.3 We recall Lemma 2.1 and obtain that, if P > 0,

(i) there is a UNIQUE solution of the MIP if det P = 0 (because the only minimal selfad-
joint extension A of S = S* is S itself);

(ii) there are INFINITELY MANY solutions of the MIP if P > 0 (because there are
infinitely many noncanonical and canonical minimal selfadjoint extensions A of S, as
we saw in Section 2.2).

From Corollary 3.3 we deduce that there really is an ’if-and-only-if’- relation between the two
statements in Theorem 1.2, which was already mentioned there.

Corollary 3.4 The MIP has either no or a unique or infinitely many solutions.

In the next section we will assume P > 0 and then take a better look at the infinitely many
solutions; in the next chapter a representation of the unique solution is given and the Potapov
formula is introduced for the case P > 0.

3.2 Operator extensions and equality in the MIP

In this section we assume that the MIP has infinitely many solutions. We will prove the next
theorem, which implies that there only appears an equality sign in the MIP if the solution N
corresponds with an operator eztension of S.
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Theorem 3.5 Suppose the MIP has infinitely many solutions, all corresponding to a minimal
selfadjoint extension A of S. Let

do, = inf — lim 2Z™tY(N 5o TSR $2m-1
< an N(z) r=iy I z * e )
y— 0
where the infimium is taken over all MIP-solutions N(z).
(1) There ezists a unique solution No(z) such that
. S0 S2m-1
doo = — lim (No(z) + — + - + —5=) < s2m
z=iy V4 z
y— 0

and this solution corresponds to the selfadjoint canonical nonoperator eztension of S.

(2) For all solutions N corresponding to minimal selfadjoint operator extensions of S (not
only the canonical ones):

s =
— lim 2*™*Y(N(2) + = Py 82'2","1) = $9;n  (the mazimal value).
iji&j V4 z

(3) For all solutions N corresponding to minimal selfadjoint nonoperator eztensions of S,
N # Ny (so the extensions are all 'noncanonical’):

$2m—1
Z2m

deo < — lim z2'"+l(N(z)+s—0+---+ ) < S2m.
z

z=ty
y—o0

Proof Recall (e}, ex) = Px; and the notation in the proof of Theorem 3.1. We have

$om = <€n+m+1aen+m+l) = Ileﬂ'i""'f'l”2

2> ”Psen+m+l“2 = sl2m = zll=rg Z2m+1(N(Z) + —Z_ . cum o Z';m )
y— 0

2 ”PdomS en+m+l”2 =:d
where

e P; is the projection in H onto dom A = dom A;, where N(z) = ((/i —2) lens1, entl)s
and,

e Pyom s is the projection in H (the model space) onto dom S.
We know e, 441 ¢ dom S, so it follows that:
2 2
Piom S €ntm+1 # €ngmt1 and ”PdomS en+m+1” < ”en+m+l" -

There are 4 possibilities:
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(a)

A is canonical and a nonoperator extension of S (A(0) # {0}).
Then A is unique:

A=S5+(0xS5*(0). (3.6)
Uniqueness follows from minimality of A; we prove A = A*: we show
({z,y} + {0, \u}, {z,7} +{0, \u}) = 0. (3.7)
S N N~
€S u€esS*(0) €S

We know S is symmetric, S C S* and {0,u} € S*. The lefthand side of (3.7) is

({z,y} A2, 3} + {=z, u} {0, Au}) + ({0, Mu}, {2, 35}) + ({0, Au}, {0, Au}),

but all these four terms are zero:

— the first one because (z,%) — (y,Z) = 0 since S C S*, so (Su,v) = (u, Sv).
— the second one is Az, u) = Az, S*(0)) = A\(Sz,0) =0.
the third one goes analogous to the second one.

— the last one is (0, A\u) — (Au,0) = 0.

From (3.7) it follows that A C A* so, with S C S*, we obtain S C Ade A e &,
Since the ’difference’ between S and A and between A* and 5~ both are, just like be-
tween S and S*, one dimensional, we deduce that indeed A = A*. O

(3.6) implies dom S = dom A, so P; = Pyom s- We obtain

deo = IIPdomS en+m+l”2 = ”Psen+m+l”2 < "en+m+l”2 = S2m

with
. S0 S2m—1,
IPsentmirll® = s = = lim 22" (No(2) + =+ + —35=),
y—60 4 z
if No(z) = <(A - z)- 1en+l,en+l)-
A is canonical and an operator extension of S ( = {0}).

Then dom A = H = H which implies Py = I, the 1dent1ty mapping. We obtain

Psentm+1 = €ngm+1 # Pdom S €ntm+1,

SO
Som = ||3n+m+1||2 = ”Psen+m+l"2 > || Pdom s en+m+l”2 =deo
with s S2m—1
”Psen+m+l”2 - 1"2 z2m+l(N(Z) i ?c e Z';'; )
=

y—00
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(c)

A is noncanonical and an operator extension of S (A(0) = {0}).
Then dom A = A*(0)+ = A(0)L = {0}* = H and P; = I. From e, 14 ¢ dom S we
obtain

Psenym+1 = entmi1 # Pdom S €ntm+1,

SO
S2m = "en+m+l”2 = ”Psen+m+l”2 > || Pdom s en+m+l"2 = doo
with S S
||Psen+m+l”2 —— lim 32m+l(N(Z) + - = dal ot 27;;1)
z=1y Z z
y—00

A is noncanonical and a nonoperator extension of S (A(0) # {0}).
If we assume ep4m41 € dom A it would imply that the space extension

H = span {en4m+1,dom S} C dom A.

Sincedom A=H, =HOHoo=HO /i(O), we deduce dom A L /i(O).
But then also )
H L A(0),

which is in contradiction with the condition that A is a minimal extension of S.
Hence e, 4m4+1 € dom A, which implies

En4+m+1 # Pienymyr- (3-8)
Since dom A D dom S it also follows that P,u > Piom s u for all u, so we have that if
||Psen+m+l” = “PdomS En+m+1 ”, (3'9)

then
“Psen+m+l — Piom s en+m+l"2 =0

or
Psenym+1 = Fiom S €ntm+1, (3.10)
but this implies
entmil = Psen+m+lj(3é0) entm+1 — Piom s €nym+1 € A(0) N S5*(0). (3.11)
€ (dom ;i;L:A(o) € (dom sﬁcs-(o)

If we assume A(0)NS*(0) # {0} this would imply S+ (0 x §*(0)) C A but then because
of the minimality of A we obtain that A = S + (0 x $*(0)) is canonical, which is in
contradiction with the assumption.

Hence

A(0) N $*(0) = {0}. (3.12)
Using (3.8) and (3.12) we now find a contradiction in (3.11):

entm+1 — Psenymi1 #0 € {0}
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Hence we obtain instead of (3.9) that

I Psentmtrll > | Pdom s entm+1ll,

s0
s2m = |lensme1ll® > | Psensmsrll’ > [|Paom s ensma1li? = doo
with s s
IPsensmill = = lim 22" (N () + 22+ -+ 22500
= A ? ?

From this we conclude that possibility (a) proves part (1) in Theorem 3.5, part (2) is proved
by possibilities (b) and (c) and possibility (d) proves part (3) of the theorem. o

In the next chapter we will see the analogon of Theorem 3.5 for the MIP with a unique
solution.
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Chapter 4

Parametrization of solutions

In this chapter we give the unique solution of the degenerate case and a parametrization is
given of the nondegenerate case; in the latter case there are infinitely many solutions and we
will introduce the Potapov formula for these solutions. In Section 4.2 we will see in which
case an equality sign appears in the MIP.

4.1 Necessary and sufficient conditions for a unique solution

Recall the model (#,S) as defined in Chapter 2.1. We already mentioned in Corollary 3.3
that the solution of the MIP is uniquely determined if P > 0 and det P = 0. In this case is Lo
not trivial, that is, the inner product degenerates on £. We form the factor space H = £ and
define the relation S = S;. From Lemma 2.1 part (1) we know that this S is selfadjoint. Hence
the only minimal selfadjoint extension A of S - which because of Theorem 3.1 corresponds
with a solution of the MIP - is S itself. This leads to the next corollary:

Corollary 4.1 If the Pick matriz P > 0 and det P = 0, then the MIP has a unique solution,
given by:
2 k=1 I;k—é + Z?:o ;si‘r (Z;cnzj+l ‘Pn+1+kzk)
k=1 ffj—_z — Ykeo Pr+1+k2* :

where p # 0 is an element in the kernel of P.

N(z)

Proof In the introduction leading to this corollary, we already mentioned that by Lemma 2.1
and Theorem 3.1 there exists a unique solution of the MIP, corresponding with the selfadjoint
‘extension’ S.

Now let 0 # ¢ € ker P. Then ¢ = 0 so for an arbitrary constant A:

(ent+1— )“p)/\ = ént1 — AP = ént1.

We also know by (2.1) in the proof of Lemma 2.1 (with g = e,41):

‘e e (€ = 2) e\ € ran (S — z) = dom (S — z) ™!
( n+1 e;+m+1 (C = Z)_I(p ‘p ]
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and we recall from Section 2.3 that (Z,7) = (z,y).
Hence by Theorem 3.1, the unique solution is given by the formula

N(2) = ((S — 2) ent1,6n41) =

((§ \ [ L (e z) leny1 ]A 201
= (S — 2)™" |ent1 — = ——— | L énp1
y ) en+m+l(c —z)7ly =i

e, (€ —2z)tenp
— S[, . Z) [e . n-i—m+l ] ,e
! n €ntm41(C — z)~ 1y @] ventt)

el (C—2)"lent
=e | PC—-2)! [e g — —2dmtl
i . ehim+1(C—2)71p

N Jp— — )1 _e;+m+1(c“z)—len+1 R
= (@1 T s0-++0m) (€ = £) e - 2T (€ g)ty| (01

In (4.1) we have:

0
_ 0
® (C—Z) Entl = 1
z
z"‘lx1
* -1 Lo 1
e en+m+1(c - z) €ntl = — Tl and
P1
‘ 2, \
_$fn_
Zn—2z

1 Pk _ $n+d
Zk 1Z,—2 z

1 n P _ Pn4l _ Pni2
1'Z:k 1Z,—z 22 z

e (C—2)"lp=

-1
zJ Zk lzk z Z] ‘p:J-l+k

\ o lzk—z — Yoo sty

Also notice that e}, ,,,1(C — z) !¢ is the last row of (C — 2)7 L, so we deduce that

e::+m+1(c —2) leny1 _
e;+m+1(c —2)7le
1

__zm

- 1 n Yk m Pntitk
zm 1 Zk:l Zr—2 k=0 Zzm+1-F
-1

=< Pk ™ e
Zk:l Zy—z J Zk:ﬂ ‘p7l+1+kz
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Hence expression (4.1) becomes:

(Elmn Sosm)xU

with

™
-
|

[

¥

0 \ Zn—2

1 Pk _ Pntl
Zk 12—z 2z

0 1
+ =5
_1 r _ m k -
! oz arwewe l BENS L e

P4 P4

oD N\ lwn 1+k
= 27 Zk 12;—2 Z 23—

i1t
z'" +1 Zk =1 Zk 2 Zk =0 zmii'k
Finally we obtain that
N(z)= (W,  Wn S0 8m) xU =

Tpep v ] k
=g B 2 i 7540 5 (ZL: Foir — koo Prt1+k2 )
J=0 27+ Yha q%_z;en:ownﬂﬂ‘zk

Brop s
Ti=1 f§:§+2;-"=o ;;i—r(Zi-":,-H Pnt1452")

n ¥Yi m 3
Y= ﬁﬁ“,—z;:o Pnt14k2F

This is exactly the equation in Corollary 4.1. O

Notice that if the IP or the MP has a unique solution, then of course it is also the unique
solution of the MIP. This also follows from the following proposition:

Proposition 4.2 Let P be a nonnegative square matriz of the form

A B
P—(Bt D),

where A and D are also square matrices.

If for some vector = # 0, Az = 0, then B*cx = 0 (which implies P( ) 0; hence

det P = 0) and similarly if Dy = 0 for some vector y # 0, then By = 0 (which implies
P ( g ) =0; hence det P =0).

Proof If Az = 0 then for all y and for all A € R:

o< (% ).(%F ) =2uBuz) + (57 + (v,
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If we assume (By,z) + (B*z,y) # 0, say it is > 0, then for A =& —oo (similarly for A — oo if
it is < 0) the above inequality cannot hold.
Hence

(By,z) + (B*z,y) = 0. (4.2)
Now take y = B*z, then equality (4.2) implies that B*z = 0. O

We will end this section with an example of the unique solution in a particular case, us-
ing the formula in Corollary 4.1.

Example In this example we give a MIP in which P; > 0 and Pps > 0, which implies
that the two seperate problems have infinitely many solutions, while the intersection of these
solutions sets contains only one function which is the unique solution of the MIP.

Consider the case where n =1 and m = 1.

Let ‘
zZ1 =1
w) = 1
s0 =
8 = 1
Sy = 3
Hence the Pick matrix is:
1 7 1
P=| - 2 1
1 1 3

We see directly that

11»,-_»(“"—_@>=(1)>0,

21— 21

[ s0o s JEs2 1
]PM_(s; sz>—(l 3>>O'

We want to obtain that the MIP has a unique solution so we want P > § and det P = 0.
Since P = P* there is a unitary matrix U such that

and

U'PU=D= diag (/\1 /\2 /\3),
where the A; are the eigenvalues of P. It follows that
P>0«<=D>0 and det(U'PU)=detP=0 <= detD =0.

This implies that P should have nonnegative eigenvalues and at least one eigenvalue should
be equal to zero.
The eigenvalues are solutions of the equation

det (P — AI) = 0.

We find that
M=0, =2 =4
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Hence P > 0 and det P = 0, so indeed the combined problem has a unique solution.
According to Corollary 4.1 this unique solution of the MIP is given by

gL sy 22 =L 4 9
N(z)= i =2ot?® _ _ Sis TP (4.3)
el (‘Pn+l +pns22) =5 — (P2 +p3z)
Take
o1 1-3i
p=1| g | = 2 ’
w3 -1+

then Py = 0, so ¢ is an element of the kernel of P. We substitute this in (4.3) and we get

N - ‘—‘_(1—3'1+2( 1+1)
(z) = = (24 (-1 +1)2)

—1—2

3 4 o(—1 +1)

1+z
l+z L+ (24 (—1+1)2)

(1 —3¢) +2(—1+1)(i +2)
1-3i+ (24 (-1 +1)2)(i + 2)
—i+1+2(—1)z
C(i-1D22+ (1 —d)z+(1—1)
2z -1
22—2-1

Hence, using Corollary 4.1 we find that

2z —1 1 1 1 1
_——_——— = - i itl = -4 —
N(z) 22—z-1 z2—ay z—a ' With o 2 2\/5’

should be the unique solution of the MIP for the given data. So let us verify if this solution
satisfies both the moment problem and the interpolation problem (Note that the second
representation of N(z) directly shows that N is a Nevanlinna function):

Assume N(z) = —?2:—11, then

2z;-1  _ _ 2i-1 _ 2i—-1 _ i-2  2i-1 _ ; _
N(z1) = _zlilzl P == =TT = 1t P,
and
—lim .o, 23(N(2) + 2 + %) = —lim ., (—?z—“— +22% + z) =
y—00 z & y—00
T —224 4234224223 _2224,% 222
- llmy‘j'go ( 2842 e z°+2z )
=—limy‘_=;'}§’° (?}%) =—(-3)=3<sy=3,
so indeed N(z) = —2.2:11 satisfies the interpolation problem and the moment problem.

Hence it is the unique solution of the MIP !
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4.2 Equality in a MIP with unique solution

In the example in the previous section, we found an equality sign in the MP

(= lim =iy z23(N(z) + 22 + %) = s2). Analogous to what we found in Theorem 3.5, where we
y—00

obtained — for infinitely many solutions — that an equality sign only comes into the MIP if A
is an operator extension of S, we will show in Theorem 4.3 that a MIP with a unique solution
only has an equality sign if S in the model is an operator.

Theorem 4.3 Assume the MIP has a unique solution N(z) = ((S — z)"Yén41, éns1), where
S is a selfadjoint relation.
Equivalent are:

(1) sy = —limy_= 22U (N(z) + 2+ + Hpsl).

S
(2) S is an operator.
(8) There exists a @ € ker P with @pymy1 # 0 (it is, by scaling, a ¢ with ppyme1 = 1).

Proof Recall the proof of Theorem 3.5. We have

- - . S0 S2m—1
S2m = ”en+m+1“2 2 ”I)sen+m+1"2 == llI‘Il 22m+1(N(z) + i Tl z';m ), (4.4)
Z=1y
y—oo

where P; is the projection in ‘H onto dom S. Note dom S is closed as H is finite dimensional.
The following equivalences are valid:

S is an operator (S(0) = {0}) <=
4= dom S =H (since (dom S)* = S$*(0) = S(0))
& épymy1 €Edom S (éy,...,Enym € H already)
< Jp€kerP: e,4mt+1 — ¢ € dom S¢
&> Jp€kerP: 0=¢e; nqp1(entme1 —¥) =1 — Onpmy1.

This implies that (2) and (3) are equivalent. Now we show (1) <= (2):

S is an operator <= €,4m41 € dom S (seen above) <=
R Psén+m+l = én+m+l
= "Psén+m+1"2 = ”én+m+l"2

<= equality in (4.4) : sy, = — lim 2™ (N (2) + 2Dgd 82':::1)'
z=iy z z
y—00

From Theorem 3.5 and Theorem 4.3 we now deduce the following:

Corollary 4.4 The limit in the MIP attains the mazimum value s9,, if and only if the solu-
tion N(z) - as defined in Theorem 3.1 — corresponds with either a (selfadjoint) operator or
operator extension (which is minimal), depending on the determinant of P.
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4.3 The Potapov formula: infinitely many solutions

Previously we saw a 1-1 correspondence between solutions N of the MIP and selfadjoint ex-
tensions A of S. In this section we consider the case where P > 0, that is, as we obtained
before, the case where the MIP has infinitely many solutions.

In this case, we can give a more precise description of all solutions N of the MIP, using a
correspondence between these solutions and certain parameters. In order to get this descrip-
tion, we shall apply the description of all u-resolvents of S (see, for example, [KL2]) and
Theorem 3.1.

V.P. Potapov gave an explicit formula for all solutions of the Nevanlinna Pick IP in terms
of a fractional linear transformation. His method was based on the Schwarz Lemma and the
so-called Fundamental Matrix Inequality. We use this formula to obtain a similar formula for
all solutions of the MIP.

To describe this formula, called — how surprising — Potapov formula, first recall the model:

H=L S=5c and S has defect index (1,1).
Before we can go on, we need some new theory, concerning u-resolvents and module elements
(see [ADL, pp. 17, 18]):
Ifw = (“’jk)g,kzl is a 2 x 2 matrix function and T is a Nevanlinna function, T € Ny :=

Ny U {00}, we denote by W (z)r(.) the fractional linear transform

’u}u(Z)T(Z) + wlg(z)
woy (Z)T(Z) + 1U22(Z) ’

W(2)r) =

For T(z) = oo this expression reduces to wy;(z)/w21(z).
Given a closed symmetric operator S with defect index (1,1) in a Hilbert space H, an element
u € H is called a module for S if the set r,(S) of all z € C for which

H = ran (S — 2) 4 span {u} = ran (S — z*) + span {u}, direct sum inH,
is not empty. Then each element f € H can be decomposed as
f=Ff:+ X,

where f, belongs to ran(S — z) and ), is a complex number. We denote by P(z) and Q(z) the
linear mappings from the Hilbert space H to the (one-dimensional Hilbert) space C defined
by
[
p(z)f = )‘27 Q(Z)f = ((A —Z)_lfzau)'}la f eH.
Here A is an arbitrary canonical selfadjoint extension of S. Since f, € ran (S — z), Q(z)f is

independent of the special choice of A. The functionals P(z) and Q(z) are holomorphic at all
points z € r,(S) of regular type of S. Explicit formulas for P and Q can be found in [KL2,
pp. 404, 405, formulas (3.3)-(3.5)].

If A is a selfadjoint extension of S in some Hilbert space H D H, then

((/i - z)_lu,u)ﬁ
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is called a u-resolvent of S. The set of all u-resolvents of S can be parametrized over the
Nevanlinna functions with parametrization matrix W(z), a so-called u-resolvent matrix.

That is, the relation .
(A= 2) " u,u)yy = W(2)r()

establishes a bijective correspondence between all u-resolvents of S and all T € Ny. If r,(S )
contains a real point a, then the parametrization matrix W(z) can be chosen as the 2 x 2
matrix function

W“(z):I—(z—a)( Q(z))(Q(a)‘ —P(a)") J, withJ:((l) “é)

The mappings P(a)* and Q(a)* are the adjoints of P(a) and Q(a) and map C to H, where C
is equipped with the usual inner product.

We now apply these formulas above to the operator § = S¢ in our model.
Since
H=L=ran(S—2z)+span{ent1} Vz€C 2#21,Z1,...,20,Zn,0 ,

we obtain that the set
Tent1 (S) = (C\ {211211 cee yzruznzo}

is not empty. Hence e,,4; is a module element.
For each element f € H we have:

f=(C—2)z+cseqns1 € ran(S —z) + span {en41}, (4.5)

where C 3 ¢; =P(z)f and r € dom S, so e}, . T =0.
From (4.5) it follows that

e=(C—-2)"1f - cr(C - z)_len+1, 2 2, N _1E, W (4.6)

Now we calculate the formulas for P and Q in our model. Since 0 = e}, ..., we deduce
from (4.6) that

. |
- -1
enam+1(C—2)" f=crenymp(C—2)" enp1 =¢- T omr

C)
P(2)f = ¢; = =2 1€y mp(C —2)7' . (4.7)

In the formula for Q(z) we have to use the first term in the direct sum decomposition of f
as defined in (4.5), it is the part which is an element of ran (S — z). We rewrite the above
decomposition (4.5) of f:

(C—2)z = f —crenq1 = f — (P(2)f)ent1,

and substitute this in the formula for Q(z); Let :1 be an arbitrary canonical selfadjoint
extension of S. Recall that f — (P(z)f)enq1 € ran (S — z) = dom (S — 2)~! so

(A4 =2)71(f = (P(2)f)en+1) = (S = 2)H(f = (P(2)f)en+1).
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We obtain for Q(z):

Q2)f = ((A —2)"X(f = (P(2) f)ent1)s entr)n =
=ep P (€ - 2)7f — ¢/ (C — 2) 'enta)
“n enP [(C — z)_lf +2™¥(C - Z)_1 en+1 €nyms1(C — Z)_lf
N—————

1S a matrix

= [en 1P+ 2" e 1P (C — 2) tensibnpmp] (C—2)7'f

' ‘o .

N e

m-H(ml <ot Wn S - Sm)

=
= e:1+11p—z €ntmt1 (C—-2)""f

oo Nwl"'

: \ =)
= [ 41P = P(2)enyms1] (€= 2)7'f, (4.8)

where p(z) is the same polynomial as defined in Section 2.1: p(2) = spz™ + 512" V4 5.

Recall that the mappings P(z)* and Q(z)* - the adjoints of P(z) and Q(z) - map C to
H, where C is equipped with the usual inner product, (z,y) = y*z.
Since

(p,0)c =¥ 0 =P PP o = (P o, ¢)u,

it follows that, if P(z) = ®, then P(z)* = P~!®*, and analogous for Q(z).
From (4.7) and (4.8) we have

(= (0...0 —2™*1)(C—-2)1)

Q) = [eg P — P mp] (€~ )71,
(=[n+ 1% row of P— (0 ...0p(2))](C —2)7")

so (Note: P =P*)

P(z)* =-Z mlp-l (C— Z) P e tmals
(=P YC—2)"*(0...0 —zmt))

Q(z)* =P (C—2)7* [Pent1 — p(Z)entm1]
(=PYC —2)"* [n+ 1% column of P— (0 ...0p(z) )!]).

From this it follows that
Q)Y _ (@ - Wan so - Sm-1 Sm—p(2) i
(—P(z))_< 0 - 0 0 --- 0 gmtt ) (€=2)
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If we set

B W, - Wnp So v Sm—1 sm_p(z) — )1
L(z)—( 0 - 0 0 --- 0 Py )(C 27
then
- 0
Wn 0
P~YC-2)"" 50 0 =P'L(2)".
Sm-—1 0
Sm_p(z) 2m+l /
Hence

= I-(z-a)L(z)P'L{a)"J. (4.9)

Now we try to find an alternative form for L(z).
Denote L(z) = (LiJ')i,j , 1<i<2,1<j<n+m+1,so L;jis the element of L on row ¢
and in column j.

We recall the matrix (C — z)~!

in (2) of the proof of Lemma 2.1 and we use the equation

m

S; _ S0 S1 Sm p(Z)
e o R e = e S5 (4.10)

Jj=0
to obtain the first row of L(z):
L =(W - Wn S0 - Sm_1 8m —p(2)) x 1% column of (C — z)~!
1

, : (2) 4.10) o
- m, s o plz 1 ( Ol w)
T Z1—-2 * zZ1—2 ZJ:O PSR! zm zZy—z  Z1—2z'

-1

Lz =(@1 - ®n S0 Sm-1 —p(2) ) x 2" column of (C — z)
_ . (4.10) g,

— T2 L — L(zzr
Z2—2 o Z2—2 Z =0 7+ zm+ zz z zz z’

Lin =(w - Wn S0 - Sm-1 sm—p())Xn column of (C — z)~!
Ty 1 (4.10) 7,
= Zp—2 + Zn—z —0 Z-""1 ZLi("izr Zn—Z Z"—Z’
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Lint1

Llrnf 2

Ly nym—k+2

(= Ln+r)

Ll,n+m+l

-_—(ml

Wn

SO &3 9

Sm—1

- 2) (4.10)
= 'Z]:OZH{TT"'ZﬂmT{-)T(: 0

=
_ plz

aair T

= (T -

Wy -

$m — p(z) ) x n+1% column of (C — z

$m — p(2) ) x n+2™ column of (C

S -
o Bl (4.10)__>_<.-z,'-l <

sm —p(2) ) x n+m+1% column of (C — z)~

Eu S0 " Sm-1
% p( ) (410)xz
7=1 zJ 50,
Wn S0 - Sm-—1
s Sm—1
._"EL = ;'k"__l. S
*Wp SO ' Sm-—1
—s,, (4.10)xz™

For the second row of L(z) we directly obtain:

L2n

Lyns1

L2,n+2

L2.n+m+1

(0 -
1

zZ)—z2

So the desired alternative form for L(z) is

21—z

0

-1

S0

—z

S0z + 5)

—z

Frrthyrs nth

2
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plz)) x ntrth

soz""l + slz""2 + -

+ Smm—1-

0 z™*!) x 1% column of (C —

2™+1) x n+1%¢ column of (C —

column of (C

g

column of (C — z)~!

2)7!

2™*1) x n42"¢ column of (C — 2z)~!

2™t) x n+m+1°% column of (C —

2)™1

A

_Z)—l

- z)—l

+ Sm—k»

So "“l+slz"' % + S;m—1
1
zZ1—2 0
0
1
O Zn—2z
1 ez 24
0 0 :
5 Pl
0 0 1




(Z* - 2)7! 0

- El —u_)'n O S0 Sm—1
- 1] =<se 0. —1 Q =w& 0 J

0 (I —2z8H)!

where Z and S, are the matrices as defined in Section 2.1.
(To verify the latter expression for the bottom-right block of the second matrix, just multiply
it by the previous form and deduce that this product equals the identity matrix).

Using this form of L(z), we can also obtain an expression for the adjoint of L(a), which
also appears in equation (4.9) for W¢(z). Note that — according to the theory — W is defined
for a real number a, so we can use for L(a)* in equation (4.9), that a = a:

(Z* —a)™! 0
P { El Eﬂ. O S0 s7n_l = .
L(a)" = 1 -« 1 =10 --- 0 )
0 (I - aS*)~!
wy 1 \
—a)1 :
) (Z a) O w, 1
= 0 -1
0 (I - aS,)~! - o
Sm—1 O
Since there are infinitely many real numbers a € re,,,(S) = C\ {z1,Z1,... , 2a,%n,0}, the

parametrization matrix W (z), which is used (see the theory above) in the fractional linear

transform
w11 (Z)T(Z) + wlg(z)

w21 (2)T(2) + waa(z)’
can now — according to the theory — be chosen as W¢(z) for an arbitrary a € r¢,,,(S)NR .
Hence W (z) is given by the equation in (4.9).

W(2)r) =

If we now substitute the equations for L(z) and L(a)* - as computed above - in equation
(4.9), we deduce the following formula for the parametrization matrix W (z):
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T (. w -+ wp, 0 sg -+ Sm-1
W(z)=1-(z a)( 1 - 1 -1 0 --- 0 ) -
0 (I —28)7!

wy 1 \
7 oyt 0 ‘
( ) N L.
x P! 0 -1 ( . 0). (4.11)
0 | (I-aS) = off
\ Sm—1 0

Note that W(z) is a 2 x 2 matrix, where all four terms are dependent on z, so that is why we

denote it by:
o wn(z) wi(2)
Wil ( wor(2) wa(2) ) )

Finally we recall the last part of the theory at the beginning of this section and use again
that e, is a module element.
From this we obtain that if A is a selfadjoint extension of S, then the relation

((A - z)_len+l’ en+l) = W(Z)T(Z)

establishes a 1-1 correspondence between all e, ;1-resolvents of S and all T € No.
From Theorem 3.1 we also know that there is 1-1 correspondence between all solutions N(z)
of the MIP and all minimal selfadjoint extensions A of S, via the formula

N(Z) = ((A. - z)—lén+la én+l),

but we assumed in this section that P > 0, so ker PP = {0}, so we have é,4, = e,41. Hence

((4- z)_lén+1’ €n41) = ((A - z)_len+la en+1)-

The combination of these two correspondences above leads to the following theorem:

Theorem 4.5 Assume P > 0 and let the matriz W (2) = ( Z‘igg Z’)”Ez; ) be defined by
2 22

equation (4.11) with arbitrary a € C\ {z1,Z1,... ,2n,Zn, 0} NR .
Then, @)
~ = T(z) + wr2(z

N(z) = ((A—-2)"" = W (2 = 20l2)
(Z) (( Z) €n+1, eﬂ+1) (z)T( ) w21(Z)T(Z) + ’LU22(2)

establishes a 1-1 correspondence between all solutions N(2) of the MIP and parameters
T(Z) eNy =NyU {OO}
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Theorem 4.5 actually tells us that if P > 0, we can calculate the matrix W (z) using (4.11)
and then take an arbitrary Nevanlinna function T'(2) € No to get a solution of the MIP, which
then is given by

w11(2)T(2) + wi2(2)

@IS wo (2)T(2) + waa(2)

This formula is called the Potapov formula for solutions of the MIP.
(Recall from the theory that if T'(z) = oo the solution reduces to N(z) = wy;(2)/w2(2) ).

We also see from this theorem that if P > 0, indeed there are infinitely many solutions
of the MIP, since there are infinitely many Nevanlinna functions (because a and 8 in the
Herglotz integral representation of such a function are arbitrary real, respectively positive
nuinbers).

40




Chapter 5

Conclusion

At thie end of this thesis we will give a brief summary of the results we have found in the
previous chapters.

If we are interested in solutions of the combined moment and interpolation problem (MIP),

first of all we check if there exist solutions anyway.
For this we get our information from the information matrix P, so we produce that matrix,

called Pick matrix, using the given data z),...2, and wy,... w, and sq, ... , Som:
Wi =Wy W =Wy . m
( z1-7) z1—Zn bt} Sm-1+ o 2y
w2 Sm_1++w2z5n
P= Zn—21 Zn—2n Wn Sm-1+ + Wn2y
ml . mn S0 g oo S
S0 + w2y ce Sp + W2y €5 Sm+1
Sm1+ - +twiz" - Smort-o-twezp' Smo o $2m /

There exists at least one solution of the MIP if and only if P > 0 (that is (Pz,z) >0 Vz).
If P > 0 we continue by defining a model (#, S):

H = L = Crm+l \ ker P with inner product (z, 9)y = (z,y)c = y*Pz, and
S:=8; whereScz =CzVz € domS; = {z € L|e} ., = = 0}, with C the matrix :

/21 ) 010 0\

0

N
3
o
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If P> 0 and det P = 0, then the MIP has a unique solution, given by:

Moy o Zhmt B T (Srejar onerenst)
zZ) =
ZZ:I Ek—'z - Z;cnzﬂ ¢n+1+kzk '

with ¢ # 0 an element in the kernel of P.

If P > 0 and det P # 0, then the MIP has infinitely many solutions. The general form
of a solution is given by N(2) = ((A — 2)'én41,én+1), Where A is a minimal selfadjoint
extension of S in defined model above.

A form of such a solution by means of the given data is given by the Potapov formula:

w11(2)T(2) + wi2(2)

N(z) = w1 (2)T(2) + waz(z) —
7(z) = w“(Z) 1012(‘2) =
> W(z) = ( wo1(2) waa(2) ) -

(z2 =97 o
W - Wap 0 s i
— I—(Z—al( 11 . 1 -1 (;) 0 : ) X
0 (I —28%)71
(=
(Z —a)7! 0 w 1
x P! 9 = ( (1) —(1) ) '
0 (I —aS,)"’ - (.)
\ sme1 0

Here a is a real number in the set
Teny1 (S) = {z € Clen41 ¢ ran (S —z)Uran (S - 2)},

and Z and S, are the matrices:

@ B3p o= 0

- 0 i O s 0
Z = diag(zy,... ,2n) = W = U 0
0 Zn :

0 0 1 0

e T is a Nevanlinna function: T(z) € Ny = Ny U {00}
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This actually leads to one of the most beautiful resluts in this thesis:
The MIP has either no or a unique or infinitely many solutions.
So it is NOT possible that the MIP has, for example, 3 or 5 or 10 solutions !!

We also saw an example in Section 4.1, in which the IP and MP both have infinitely many
solutions, but the combined problem MIP has a unique solution.

Another interesting result is in which case the limit in the MP part of the MIP equals s5,,
and in which case a strict inequality appears:

. Som—
Som = — lim z2m+l(N(z)+S—"+---+ 2'2"m1)
z=iy V4 zZ
y—00
—
If det P=0 : If det P#0 :
S in the mnodel is an operator. A is an operator extension of S.
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