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Chapter 1

Introduction
1.1

The Lorenz-84 model

In 1984 Lorenz proposed a low-order general atmospheric circulation model, obtained by a suitable
truncation of an infinite dimensional version. The Lorenz-84 model is defined by the three ordinary
differential equations

X = -Y2-Z2-aX+aF
Y = XY-bXZ-Y+G
Z = bXY+XZ-Z,

(1.1)

where the dot represents differentiation with respect to the time t. Variable X represents the
strength of the globally averaged westerly wind current and also the poleward temperature gradient, which is assumed to be in permanent equilibrium with it. The variables V and Z represent the
strength of cosine and sine phases of a chain of superposed waves, which transport heat polewards.

The unit of t approximates the damping time of the waves and is about 5 days. Parameters F
and G represent thermal forcings: F stands for the cross-latitude external contrast, whereas G
stands for the longitudinal heating contrast between oceans and continents. Parameter b stands
for the strength of the advection of the waves by the westerly current. We shall treat (X, Y, Z)
as coordinates in a three-dimensional phase space. A state of the system defined by the values
of X, V and Z, then becomes a point in the space, while a time-dependent solution becomes a
trajectory or orbit. We shall treat F and G as control parameters and like Lorenz we shall set the
constants a = and b = 4.
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1.2

Setting of the problem and outline of the paper

The Lorenz-84 model has always been a great subject of study. Many have analyzed it before, see
for instance [9, 5]. The following bifurcation diagram for the Lorenz-84 has been computed in [9],
using F and G as control parameters.

2.5

Q 1.5

0.5

F

Figure 1.1: [1] Framework of the bifurcation diagram of the Lorenz-84 model.

A framework for this bifurcation diagram consists of the following codimension 2 bifurcation
points, which organize the diagram, and the connecting network of codimension 1 bifurcation
curves:

Bifurcations
of equilibria

Bifurcations
of limit cycles

local codimension 1

Saddle-node (SN)
Hopf (H)

local codimension 2

Hopf-saddle-node (HSN)
Cusp (C)

Saddle-node (SL)
Period-doubling (PD)
Neimark-Sacker (NS)
1:2 Resonance (1:2)
Cusp (CL)
Boganov-Takens (BT)

Table 1.1: Bifurcations that occur in the Lorenz-84 model ([3], [6]).

Throughout the parameter plane the dynamics of the Lorenz-84 model varies from orderly, to
more complicated and even chaotic behaviour. For sufficiently small F the model is in equilibrium,

but after crossing the first bifurcation curves SN+, SN', Hb and Hiupr, the more interesting
dynamics appear. In Figure 1.2 (a) we can see orderly behaviour for (F, C) = (4,0.5) and in
Figure 1.2 (b) chaotic behaviour for (F, G) = (4, 1).

In this paper, we start with the necessary bifurcation theory in chapter 2. In chapter 3 the
appearance of these bifurcations in the Lorenz-84 model is shown, with the use of DsTool. We are
especially interested in the dynamics around the codimension 2 Hopf-saddle-node point, HSN, in
the left-middle part of the bifurcation diagram. From the theory we know that in some area near
this point heteroclinic orbits appear and also homoclinic orbits reJated to Sil'nikov bifurcations.
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Figure 1.2: Orderly and chaotic behaviour in the Lorenz-84 model.

We have studied this area more closely, aiming to specify various bifurcations the orbits undergo

in a route through this area in the paraineterplane. The results of this study are displayed in
chapter 4.

1.3

Summary of conclusions

In our study we examined several paths in the (F, G)-plane between the curves NSb and SN2,
starting nearby SN3b and moving downwards by decreasing G. We were able to demonstrate
how a smooth torus, see Figure 1.3 (a), turned into a heteroclinic connection, see Figure 1.3 (b),
or broke down. Along the path towards the breakdown of the torus, named rbt in Figure 1.4, we
detected a strange repellor for (F,G) = (3,1.5), see Figure 1.5. Also an area was found where no
torus existed, but where long period limit cycles occurred. In a route in the (F, G)-plane, named
rsb in Figure 1.4, we detected the Sil'nikov bifurcation, which eventually resulted in a Sil'nikov
strange repellor for (F, C) = (2, 1.5). In Figure 1.6 (b) the Poincaré-section Y = 0 is illustrated
for these parameter values. It seems that we have approached a Sil'nikov strange repellor by two
different routes. In Figure 1.6 (a) we observe the Poincaré-section for (F, C) = (2.5, 1.5), so that
we now see a sequence for increasing F and G = 1.5.
During our study we used il'nikov et al [9] as a reference. In this article [9] the codimension
2 Hopf-saddle-node bifurcation point in the Lorenz-84 model is thouroughly described, just as we
did. Sil'nikov et al [9] mentioned the existence of a heteroclinic connection between two saddles
and also numerically computed two curves of Sil'nikov bifurcations. We tried to describe their
results more thouroughly and investigated a larger area in the parameter plane than in [9].

4

065

1_i

z

-0.34
0.9

0.6

1.32

1.7

x

Figure 1.3: (a) Projection on (X, Z)-plane for (F, G) = (3, 1.65) a smooth torus. (b) Projection on
(X, Y)-plane for (F, G) = (1.8, 1.5), between the two saddle-foci, 01 and 02, exists a heteroclinic
connection.
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Figure 1.4: Routes rbt and rab in the bifurcation diagram of the Lorenz-84 model.
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Figure 1.5: (F, G) = (3, 1.5) (a) Projection on (X, Z)-plane, a il'nikov strange repellor. (b)
corresponding Poincaré-section Y = 0.
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Figure 1.6: Poincaré-section Y = 0 for (a) (F, G) = (2.5, 1.5) and (b) (F, G) = (2, 1.5), a 5\l'nikov
strange repellor.

6

Chapter 2

Bifurcation theory; a review
The Lorenz-84 model is a parameter dependent vector field. As these parameters are varied, for
certain values, changes may occur in the qualitative structure of the solutions. These changes
are called bifurcations and the corresponding parameter values are called bifurcation values. The
codimension of a bifurcation is the smallest dimension of a parameter space which contains the
bifurcation in a persistent way. Bifurcations which can be detected by studying the vector field
in a small neighbourhood of an equilibrium or limit cycle are called local. Other bifurcations are
called global.

In this chapter some of the bifurcations that occur in the Lorenz-84 model will be discussed
theoretically. The local codimension 1 bifurcations, which appear as curves in the bifurcation
diagram of the Lorenz-84 model, and the codimension 2 bifurcation points, which organize the
bifurcation diagram, see Figure 1.2, will be discussed. First we describe the local codimension 1
and codimension 2 bifurcations of equilibria. We also describe the global codimension 1 Sil'nikov
bifurcation, since we expect this to occur near the codimension 2 Hopf-saddle-node point. Finally,
the local codimension 1 and codimension 2 bifurcations of limit cycles will be discussed.

2.1

Bifurcations of equilibria

To discuss bifurcations of equilibria, consider the vector field

±=fa(X), zER', aER, n,mEN
depending on parameter a, and suppose that x =

0

is an equilibrium at a =

(2.1)
0.

We define

A := Dfo(0)

as the Jacobian matrix of the vector field at the equilibrium.
For an equilibrium x = 0 the stable and unstable manifolds are defined as

W8(0)={x€IRTh :øt(x)_,0ast+oo}
respectively

W*L(0)={zE1R :t(x)_*0ast__oo}
is the flow associated with the vector field. The invariant center manifold WC(0) of x = 0
is tangent to the eigenspace corresponding to the union of the pure imaginary eigenvalue(s). A
vector field can be transformed to a simpler normal form in a neighbourhood of x = 0. Often
analysis of such a normal form gives approximately the same bifurcations as for the original vector

where

field.
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2.1.1

Normal form

Consider a system of autonomous differential equations
(2.2)

which has an equilibrium at x = 0. To simplify (2.2), we want to find a coordinate change z = h(y)
with h(0) = 0. In the y-coordinates, we have

Dh(y)y = f(h(y))
or

= (Dh(y))'f(h(y)).

(2.3)

The "best", at least the simplest result would be for (2.3) to be linear. Formally, one can try to
iteratively find a sequence of coordinate transformations h1, h2,... which remove certain terms of
increasing degree from the Taylor series of (2.3) at the origin.
For the moment assume that Df(0) has distinct (but possibly) complex eigenvalues A1,. . ,
and that an initial linear change of coordinates has diagonalized Df(0). Then (2.2) written in
.

coordinates becomes

= A1x1+gi(xi,...,x)

A2x2+g2(xj,...,x)
=

± = Ax + g(x), where the functions g vanish to second order at the origin. We would like
to find a near identity coordinate change h, such that (2.3) has non-linear terms which vanish to
higher order than those of g. If k is the smallest degree of a nonvanishing derivative of some g,
we try to find a transformation h of the form
or

x = h(y) = y + P(y),
with P a polynomial of degree k, so that the lowest degree of the nonlinear terms in the transformed
equation (2.3) is (k + 1). Now (2.3) reads
(2.4)
y = (I — DP(y))'f(y + P(y)).
We want to expand this expression, retaining only terms of degree k and lower. Denoting the
terms of g, of degree k by g and P(y) by (Pi(y), . , P,(y)), we have
. .

n

th

=

A2y1

+ A2P1(y) + g(y)

A1y1.

—

(2.5)

j=1
We

I — DP, modulo terms of degree k and higher.
satisfies the equation

have used here the fact that (I + DP)' =

Therefore, we want to find a P

which

TI

—A2y, = —g1k (y).

A1P2(y) —

(2.6)

j=1

observe that the operator which associates to P the left-hand side of (2.6) is linear in the
coefficients of P. In addition, if P, is the monomial y1 . . y", then (8P1/Oy,)A2y, = aAP2 and
the left-hand side of (2.6) becomes (A, — , a,A,)P, and hence the monomials are eigenvectors
for the operator with eigenvalues A, — >, a,A,. We conclude the following theorem:
Theorem 1 ([3] §3.3) A polynomial P satisfying (2.6) can be found, provided that none of the
sums A — > a,A, is zero when a1,.. . , a, are nonnegative integers with
a2 = k. If there is
no equation A• — > a,A3 = 0 which is satisfied for nonnegative integers a2 with
a, 2, then
the equation can be linearized to any desired algebraic order.
We

.
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2.1.2

Local codimension 1 bifurcations

Saddle-node bifurcation ([3] §3.4, [6] §3.2)
Consider system (2.1). A saddle-node bifurcation occurs if A has one simple real eigenvalue A =
A topological normal form is given by:

x=a+cx2, c=±1.

0.

(2.7)

one of them is stable,
If c = 1, there are two equilibria in the system for a <0: Z1,2 =
while the other one is unstable. For a > 0 there are no equilibria in the system. While a crosses
zero from negative to positive values, the two equilibria collide, forming at a = 0 an equilibrium
with A1 = 0 and disappear, see Figure 2.1.2. The system with c = —1 can be analyzed in the

same way.

I

-

u=—x2

Figure 2.1: [6] Saddle-node bifurcation in the phase-parameter space.

Hopf bifurcation ([3] §3.4, [6] §3.4)
Consider system (2.1). A Hopf bifurcation occurs if A has a simple pair of pure imaginary eigen±iw, with > 0. A topological normal form in polar coordinates (r,O), where
values A1,2
= rcos(9),x2 = rsin(9), is given by:

r = r(a—r2)
9

=

(2.8)

1.

is an equilibrium for all values of a. This
equilibrium is a stable focus if a < 0 and an unstable focus for a > 0. At a = 0 it is a weakly
attracting focus. In this supercritical case the equilibrium is surrounded for a > 0 by a stable
The point (z1 , x2) = (0,0), corresponding to r =

0,

limit cycle, see Figure 2.2 (a). The subcritical case

= r(o+r2)

(2.9)

can be analyzed in the same way, only an unstable limit cycle exists for o <0, see Figure 2.2 (b).

9

xI

a

xl

Figure 2.2: [6] (a) Supercntical and (b) subcritical Hop! bifurcation in the phase-parameter plane.

2.1.3

Local codimension 2 bifurcations

Cusp bifurcation ([3] §7.1, [6] §8.2)
Once more, consider system (2.1). If the coefficient c in normal form (2.7) of the saddle-node
bifurcation vanishes, a cusp bifurcation occurs. A topological normal form is given by:
X

= Qi + Q2Z + cx3, c = ±1.

(2.10)

Consider the case z E lit Differentiating a + a2z + cx3 with respect to x gives 2+
both of these expressions to zero and eliminating x gives the bifurcation set B:

4c + 27ccxj =

32 Equating
(2.11)

0.

Figure 2.1.3 shows the bifurcation set (2.11) of (2.10) and the corresponding phase portraits for
c = —1. B consists of two codimension 1 saddle-node bifurcation curves SN1 and SN2, and the
codimension 2 point C = (Qj,Q2) = (0,0). SN1 and SN2 meet tangently in C. The resulting
wedge divides the parameter plane into two regions. In region 1, inside the wedge, there are three
equilibria of (2.10), two stable and one unstable; in region 2, outside the wedge, there is a single
equilibrium, which is stable. The case c = 1 can be treated similarly, with reversed time and ,
replaced by —cr, and 'stable ' and 'unstable' changed.
0
I

I

oç
-

—

I

II

SN1

Figure 2.3: [6] One-dimensional cusp bifurcation.
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Hopf-saddle-node bifurcation ([3] §7.4, [6] §8.5)
Once more, consider the system (2.1), now with parameter fi. If A has one simple eigenvalue
A1 = 0 and a pair of pure imaginary eigenvalues A2,3 = ±iw, with w > 0, a Hopf-saddle-node
bifurcation occurs. In cylindrical polar coordinates (z, r, 4,) a normal form truncation is given by

= fl1+z2+ar2
= r(2+cz+z2)
= wi+t9z.

(2.12)

The first two equations are independent of 4'. The equation for 4, describes a rotation around the
z-axis with almost constant angular velocity 4' w1, for Izi small. Therefore, we reduce to the

planar system for (z,r) with r

0:

I = th + z2 + ar2
r = r($2+cz+z2).

(2.13)

We can distinguish four different possibilities, namely

1.ac>0; a>0 & c>0
2.ac>O; a<0 & c<0
3.ac<0; a>0 & c<0
4.ac<0; a<0 & c>0.
In all these cases, in a small neighbourhood of the origin, the system can have between zero and
three equilibria. Two equilibria with r = 0 exist for flj <0 and are given by
E1,2 =

(/:j,o).

These equilibria appear via a nondegenerate saddle-node bifurcation on the line

S={(th,fl2):fij =0).
The bifurcation line S has two branches, S and S_, corresponding to fl2 > 0 and fl2 < 0,
respectively. Crossing the branch S gives rise to an unstable node and a saddle, while passing
through S_ implies a stable node and a saddle. A nontrivial equilibrium with r > 0,

E3 = (— +o(fl2),\/—(fl1 +

J. +o(fl)))

can branch from either E1 or E2. The equilibrium E3 appears at the bifurcation curve

o a '2 a2
ii
i1—P1,P2).P1—TOj-'2
0, the appearing equilibrium E3 is a saddle, while it is a node for ac < 0. The node is
stable if it exists for af32 > 0 and unstable if aj92 < 0. If ac> 0, the equilibrium E3 does not
bifurcate and the bifurcation diagrams are shown in Figure 2.3 and Figure 2.4
If ac>

If ac < 0, the equilibrium E3 has two purely imaginary eigenvalues for parameter values belonging
to the line

T = {(I3L,2)

:

$2

= 0,ath >0).

A nondegenerate Hopf bifurcation takes place if we cross the line T in a neighbourhood of fi = 0

and a unique limit cycle exists for nearby parameter values. Ifs = 1 (and c> 0), the limit cycle is
unstable and coexists with the two equilibria E1,2, which are saddles. Under parameter variation,
11

the cycle can approach a heteroclinic cycle formed by the separatrices of these saddles. Another
curve,

P = {(fl1,fl2)

:

=

3c—

2' + o(),fli <O},

originating at fi = 0 also appears. if a = —1 (and c > 0), a stable limit cycle appears through the
Hopf bifurcation when there are no equilibria with r = 0. Moving clock-wise around the origin in
the parameter plane, the cycle disappears before entering region 3. The bifurcation diagrams are
shown in Figure 2.5 and Figure 2.6

We can now use the obtained bifurcation diagrams of (2.13) to construct bifurcations in (2.12).
The equilibria E1,2 with r = 0 correspond to equilibrium points of (2.12) Thus, the curve S is
a saddle-node bifurcation curve for (2.12). The equilibrium E3 in (2.13) corresponds to a limit
cycle in (2.12), of the same stability as E3. The curve H corresponds to a Hopf bifurcation in
(2.12). The limit cycle in (2.13) corresponds to an invariant torus in (2.12). Therefore, the curve
T describes a Neimark-Sacker bifurcation of the cycle, at which it loses stability and a stable torus
appears arround it. This torus then either approaches a heteroclinic set composed of a spherelike
surface and the z-axis or reaches the boundary of the considered region and disappears by blow-up.
The Neimark-Sacker bifurcation of a limit cycle is discussed in section 2.2.1.

S

Figure 2.4: [6] Bifurcation diagram of system (2.13), (a =

12

1,

c> 0).

0

S

Figure 2.5: [61 Bifurcation diagram of system (2.13), (a =

—1, c

< 0).

0

—,

I

H.

Figure 2.6: [6] Bifurcation diagram of system (2.13), (a = 1,c < 0).
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Figure 2.7: [6] Bifurcation diagram of system (2.13), (a = —1,c >0).

p

p

Figure 2.8: [6] A cycle in the reduction corresponds to a torus in the 3D system.
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W5(E2)
E2

p

W'(E1)

Figure 2.9: [6] A heteroclinic orbit in the reduction corresponds to a "sphere" in the 3D system.

2.1.4

Global bifurcations

([6] §6.1)

Let x0, x1 and x2 be equilibria of saddle-type of the vector field (2.1) at
starting at x is called homoclinic to xo if for the flow we have
—+ xo,t

—+

=

0.

An orbit r0

±00.

The orbit 1' is called heteroclinic to x1 and x2 if
t(x) —*

z1,t

—+

cx

and

t(x)

—+

x2,t

—+

—00.

A homoclinic orbit r0 to the equilibrium x0 belongs to the intersection of its unstable and stable sets: F0 C Wu(xo) fl W'(xo). A heteroclinic orbit F0 to the equilibria z1 and x2 satisfies
FO

C Wu(x1) fl Ws(x2).

Consider a system in 1R3 with a homoclinic orbit I'o to a saddle x0. Assume that dim W = 1,
and introduce a two-dimensional cross-section E with coordinates
as in Figure 2.10. Suppose that = 0 corresponds to the intersection of E with the stable manifold w' of x0. Let the
point (, correspond to the intersection of WU with E. Then a split function can be defined:
= . Its zero fi = 0 gives a condition for the homoclinic bifurcation in R3.

)

The eigenvalues with negative real part that are closest to the imaginary axis are called leading
eigenvalues. The corresponding eigenspace is called a leading eigenspace. A saddle quantity a of a
saddle (saddle-focus) is the sum of the positive eigenvalue and the real part of a leading eigenvalue.
So for a saddle a = A1 + A2 and for a saddle-focus a = + ReA2,3.

15

Figure 2.10: [6] Split function /3, for /3 = 0, the curve r0 is a homoclinic orbit and the sequence
/3 < 0, /3 = 0, /3 > 0 describes the transition.

Figure 2.11: [6] Homodinic bifurcation on the plane (a <0). (Also known as "blue sky catastrophy".)

Figure 2.12: [6] Homoclinic bifurcation on the plane (a > 0). (Also known as "blue sky cat astrophy".)

±2IJ
V

2±J2I

Figure 2.13: [6] Heteroclinic bifurcation on the plane.
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il'nikov bifurcations ([6] §6.3)
The two simplest types of hyperbolic equilibria in 1R3 allowing for homoclinic orbits are saddles
and saddle-foci. We assume that these points have a one-dimensional unstable manifold W' and
a two-dimensional stable manifold Wa.
The table below shows some general results by il'nikov concerning the number and stability of
limit cycles generated via homoclinic bifurcations in R3. Here a is the saddle quantity, as described
before.

I

a

<0

a>

0

II Saddle
one stable cycle
one saddle cycle

Saddle-focus

I

one stable cycle
oo saddle cycles

This will be further explained in the following theorems.

Theorem 2 (saddle, a <0) Consider a family of three-dimensional systems

=f(x,a), XE,QER,

(2.14)

with a smooth f, having at a = 0 a saddle equilibrium point x0 = 0 with real eigenvalues ) (0) >
0> X2(O) A3(0) and a homoclinic orbit r0. Assume that the following conditions hold:

1. a=
2. A2(0)
3.

r returns to x0 along the leading eigenspace;

4. /3'(O)

0, where /3(a) is the split function.

Then, all such systems (2.14) have topologically equivalent bifurcation diagrams in a neighbourhood
of U0 of E0 U xo for sufficiently small IaI, as presented in Figure 2.12.

This means that a unique and stable limit cycle L occurs for /3 >

0. The unstable manifold
W'(xo) tends to this cycle. The cycle period tends to infinity as approaches zero. The multipliers
of the cycle are positive and inside the unit circle: IP1,21 < 1. There are no periodic orbits of (2.14)
in Uo for all sufficiently small /3 < 0.

Theorem 3 (saddle-focus, a <0) Consider a family of three-dimensional systems

±=f(x,a), xEIR3,aE,

(2.15)

with a smooth f, having at a = 0 a saddle-focus equilibrium point x0 = 0 with eigenvalues Xj (0) >
0> ReA2,3(0) and a homoclinic orbit r0. Assume that the following conditions hold:

1. a =

A1(0)

+ Re)2,3(O) <0;

2. A2(0)

A3(0);

3. /3'(O)

0, where /3(a) is the split function.

Then, system (2.15) has a unique and stable limit cycle Lfl in a neighbourhood Ti0 of "o U x0 for
all sufficiently small /3 > 0, as presented in Figure 2.13.
There are no periodic orbits of (2.15) in U0 for all sufficiently small /3 0. The unstable manifold
Wz(xo) tends to this cycle. The cycle period tends to infinity as /3 approaches zero. The multipliers of the cycle are complex, P2 = /2k, and lie inside the unit circle: Iiii,21 < 1.

17

w

V2

13<0

Figure 2.14: [6] Saddle homodinic bifurcation with a <0.

w

wI
13=0

Figure 2.15: [6] Saddle-focus homoclinic bifurcation with a < 0.

Before we discuss the case with a > 0, we have to look at the topology of the invariant manifold WL(xo) near 1'o more closely. Suppose we have a three-dimensional system with a saddle
equilibrium point z0 having simple eigenvalues and a homoclinic orbit returning along the leading eigenspace to this saddle, see Figure 2.16. Fix a small neighbourhood U0 of r0 n xo. The
homoclinic orbit 1'o belongs to the stable manifold W' (x0) entirely. At each point (z) r0, a
tangent plan to this manifold is well defined. For t -+ +oo, this plane is spanned by the stable
eigenvectors v2 and v3. Generically, it approaches the plane spanned by the unstable eigenvector
v1 and the nonleading eigenvector v3, as t —+ —x. Thus, the manifold W'(xo) intersects itself
near the saddle along the two exceptional orbits on W'(xo) that approach the saddle along the
nonleading eigenspace. This is shown in Figure 2.14. Therefore, the part of W'(xo) in U0 to which
belongs the homoclinic orbit r0 is a two-dimensional nonsmooth submanifold M. Such a manifold
is topologically equivalent to either a simple or a twisted band. The latter is known as the Möbius
band.

18

w5

Figure 2.16: [6] (a) Simple and (b) twisted stable manifolds near a homoclinic orbit to a saddle.

Theorem 4 (saddle, a > 0) Consider a family of three-dimensional systems

±=f(x,a), XE1R,cEII,

(2.16)

with a smooth f, having at = 0 a saddle equilibrium point x0 = 0 with real eigenvalues A (0)>
0> A2(0) )3(0) and a homoclinic orbit r0. Assume that the following conditions hold:

1. a=Ai(0)+A2(0)>0;
2. A2(0)

3. r0 returns to zo along the leading eigenspace;

. r is simple or twisted;

0, where /3(a) is the split function.
Then, for all sufficiently small c, there exists a neighbourhood U0 of r0 fl xo in which a unique
saddle limit cycle L bifurcates from ['o• The cycle exists for /3 < 0 if r0 is nontwisted, and for
/3 > 0 if r0 is twisted. Moreover, all such systems (2.16) with simple (twisted) r0 are locally
topologically equivalent in a neighbourhood U0 of r0 n zo for sufficiently small a. The bifurcation
diagrams to both cases are presented in Figures 2.15 and 2.16, respectively.
5. 13'(O)

In both simple and twisted cases a unique saddle limit cycle L$ bifurcates from the homoclinic
orbit. Its period tends to infinity as /3 approaches zero. If the homoclinic orbit is simple, there
is a saddle cycle L for /3 < 0. Its multipliers are positive: p' > 1 > P2 > 0. The stable and
unstable manifolds W8,' (La) of the cycle are (locally) simple bands. If the homoclinic orbit is
twisted, there is a saddle cycle Lfl for /3 > 0. Its multipliers are negative: pi < —1 <p2 <0. The
stable and unstable manifolds W"(L) of the cycle are (locally) Möbius bands.

Theorem 5 (saddle-focus, a > 0) Consider a three-dimensional system

±=f(x,cx),

xEIR3,aER,

(2.17)

with a smooth 1 having at a = 0 a saddle-focus equilibrium point X = 0 with eigenvalues ) (0) >
0> ReA2,3 (0) and a homoclinic orbit r0. Assume the following general conditions hold:

1. a= Ai(0)+ReA2(0)>0;
2. A2(O)

Then, system (2.17) has an infinite number of saddle limit cycles in a neighbourhood U0 of I'o U Zo
for all sufficiently small I9.
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W

WI

Figure 2.17: [6] Simple saddle homoclinic bifurcation with a > 0.

w

W

WI

Figure 2.18: [6] Twisted saddle homoclinic bifurcation with a > 0.
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2.2

Bifurcations of limit cycles

([3}1.5, [6]1.5, §5.3)
To discuss bifurcations of limit cycles, again consider the vector field

x=f0(x), xEW', aElRm, n,mEN

(2.18)

depending on parameter a. Let L0 be a limit cycle of (2.18) at a = 0. With the use of the
Poincaré-map and the center manifold approaches we can discuss the bifurcations of limit cycles
as bifurcations of fixed points in discrete time-systems.
To construct a Poincaré-map, take a point xo L0 and introduce a cross-section E C R'' at

this point. So L0 is an orbit that starts in zo E E and returns to E at the same point. For a
sufficiently small neighbourhood U C E, an orbit starting at a point x U also returns to E at
some point

E E near x0. Thus, the Poincaré map P0 : U
X

E,

* = P0(z),

is constructed. The intersection point x0 E L0 is a fixed point of the Poincaré-map: P(xo) = zo.
The stability of the limit cycle L0 is equivalent to the stability of the fixed point x0. Define
B:

DP0(Xo)

as the Jacobian matrix of P0 at the fixed point. The cycle is stable if all eigenvalues (multipliers)
lie inside the unit circle II = 1. A bifurcation of Zo occurs if one or more
eigenvalues of B lie on the unit circle.
For the following bifurcation, let's fix n = 3 for simplicity.

2.2.1 Local codimension 1 bifurcations
Period doubling bifurcation ([3] §3.5, [6] §4.4, §5.3)
Consider system (2.18). A period doubling bifurcation occurs when
form for the supercritical case is given by:

p=

—1

P0(x) = —(1+a)x+x3

appears. A normal
(2.19)

System (2.19) has the fixed point x0 = 0 for all a with multiplier p = —(1 + a). The point is
linearly stable for small a < 0 and is linearly unstable for a > 0. At a = 0 the point is not
hyperbolic, but it is nevertheless (nonlinearly) stable. This point x0 represents a limit cycle of
period one in the continuous time system. Now consider the second iterate

P(x) =

(1

+ a)2x — [(1 + a)(2 + 2a + a2)]z3 + 0(x5).

This map P has the trivial fixed point x0 = 0. It also has two nontrivial fixed points for small

a >0:

= P(xi,2),

= ± (/ + 0(a)). These two points are stable and represent a cycle of period two for
the original map P0. This means that
where x1 ,2

=
with x1
A

Xi

P0(xj),

=

P0(x2),

X2.

subcritical normal form is given by:

P0(x) =

—(1

+ a)x — x3.

(2.20)

This system can be treated the same way. For a 0, the fixed point x0 has the same stability as
in the supercritical system. At a = 0 the fixed point is unstable. For a < 0, the second iterate of
(2.20) reveals an unstable cycle of period two which disappears at a = 0.
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Saddle-node bifurcation ([3] §3.5, [6] §4.2, §5.3)
Consider the system (2.18). A saddle-node bifurcation occurs when p =

1

appears. A normal

form is given by:

Pa(x)=a+x+cx2, c=±l.

(2.21)

We discuss the supercritical case c = 1. The system has at a = 0 a nonhyperbolic fixed point
= 0 with p = 1. For a <0 the system has two fixed points: xi,2(a) = ±f. The left point
is stable, while the right point is unstable. For a > 0 there are no fixed points in the system. So
when a crosses zero from negative to positive values the two fixed points (stable and unstable)
collide, forming at a = 0 a fixed point with p = 1, and disappear. For the continuous time case
this means that for a < 0 there are a stable and an unstable cycle, both of period one, which
collide at a = 0 and then disappear for a > 0.
If c = —1, we have a subcritical bifurcation. This system can be considered the same way, only
the two fixed points appear for a > 0.

Neimark-Sacker bifurcation ([3] §3.5, §6.2, [6] §4.6, §5.3, §7.3)
Once more, consider the system (2.18). A Neimark-Sacker bifurcation occurs when P1,2 =
0 < < r appears. A normal form in polar coordinates is given by:

P(r,O) = (r(a+a+cir2),9+c2+02) +O(I(r,9)14)

(2.22)

0. The system has always a fixed point at the origin, so for r = 0. Let's first consider the
supercritical case c1 <0. The fixed point, corresponding to r = 0, is stable for a < 0 and unstable
for a > 0. At the critical parameter a = 0, the point is nonlinearly stable. For a > 0 an isolated
closed invariant curve appears, surrounding the fixed point. This curve is unique and stable. All
orbits starting outside or inside this curve, except at the origin, tend to the curve.
The subcritical case c1 > 0 can be analyzed in the same way. The system undergoes the NeimarkSacker bifurcation at a = 0, only there is an unstable invariant curve for a <0, that disappears
for a > 0.
For the continuous time case, we can describe the supercritical Neimark-Sacker bifurcation as
follows: for a < 0 there exists a stable limit cycle L0. At a = 0, L0 becomes nonlinearly stable and for a > 0 it becomes unstable. An invariant torus is born, surrounding L0, see Figure 2.19.
c1, c2

Frequency locking near a Neimark-Sacker bifurcation: Arnol'd tongues

The structure or orbits of (2.22) on the invariant circle depends on whether the ratio between the
rotation angle AO and 2ir is rational or irrational on the circle. The ratio
= =: p, with
integers p and q is called the rotation number.
If p is rational, all the orbits on the appearing closed invariant curve are periodic. All the points
on the curve are cycles of period q of the pth iterate of the P. There can only be a finite number
of these periodic orbits. They come in pairs of a totally stable "node" cycle and a saddle cycle.
These cycles exist in a parameter region, called Arnol'd resonance tongues and disappear through
saddle-node bifurcations at the tongue-boundaries. Arnol'd tongues originate at the NeimarkSacker bifurcation curve at the parameter values corresponding to rational rotation numbers of
Pa. Inside a tongue a rotation number p is constant. The invariant closed curve is the closure
of the unstable invariant manifolds of the periodic orbits of saddle-type. Its dynamics is called
frequency locked. If p is irrational, there are no periodic orbits and all the orbits are dense in the
circle. These orbits are quasi-periodic.

In the discrete-time case the invariant closed curve corresponds to an invariant torus in the
continuous-time case. For parameter values outside Arnol'd tongues, the invariant torus is densely
filled with quasi-periodic orbits. For parameter values inside Arnol'd tongues, an infinite number
22

of long-periodic cycles are born, the torus is frequency locked, and break up further away. Far
away from the Neimark-Sacker bifurcation curve, the tongues can intersect, at such parameter
values, the invariant torus does not exist.

a=O

a>O

Figure 2.19: [6] Neimark-Sacker bifurcation of a limit cycle.

2.2.2

Local codimension 2 bifurcations

Cusp bifurcation ([6] §9.2)
Consider the system (2.18). If the coefficient c in normal form (2.21) of the saddle-node bifurcation
vanishes, a cu.sp bifurcation occurs. A topological normal form is given by:

P=x+o1+a2+cx3, c=±1.

(2.23)

The bifurcation diagrams of cases c = 1 and c —1 are similar to those of a cusp bifurcation of
equilibria of a vector field, see Figure 2.1.3 in section 2.1.3.

Boganov-Takens bifurcation ([6] §8.4)
Once more, consider system (2.18). A Boganov-Takens bifurcation occurs when P1,2 = 0. A
topological normal form is given by:
±1

X2

(2.24)

= Ol+2Xl+X+CXjX2, c=±1.
The bifurcation diagram of the planar system with c = —1 is represented in Figure 2.2.2. Equilibria and limit cycles correspond to fixed points and invariant circles respectively of Pa. From the
Boganov-Takens point BT curves of saddle-node , supercritical Hopf (Neimarck-Sacker in continuous time) and homoclinic bifurcations emanate, respectively marked as T_ and T+, H and P.
In region 1 there are no equilibra. In region 2 two equilibria, a saddle and a stable node exist.
Entering region 3 the node turns into a focus and loses its stability. A stable limit cycle is present
for close parameter values to the left of H. Crossing curve P, we enter region 4 and the limit cycle
turns into an orbit homoclinic to the saddle. Moving towards T+ in region 4 the orbit shrinks and
disappears, where the saddle and the stable focus remain.
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OT
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Figure

2.20: [6] Bifurcation diagram of system (2.24) with c =

—1.

1:2 Resonance ([6] §9.5)
Consider system (2.18). A 1:2 resonance occurs when P1,2 = —1 appear. A topological normal
form is given by:

=
=

(2.25)

klXl+O2Z2+CX—XZ2, c=±1.

system is invariant under the rotation through the angle r, x '-9 —x, so the system always
has the equilibrium (x1,x2) = (0,0). Only the case c = —1 is discussed. Figure 2.2.2 shows the
bifurcation set of this system. From the 1:2 resonance point (0,0) curves of supercritical and
subcritical pitchfork, supercritical Hopf (Neimarck-Sacker in continuous time), and homoclinic
bifurcations of equilibria emanate, respectively called F_, F+, H and P. Furthermore, also a
curve K of saddle-node bifurcations of limit cycles emerges. In a supercritical pitchfork bifurcation
one stable equilibrium becomes unstable and two other stable equilibria arise. In the subcritical
pitchfork bifurcation stable and unstable are interchanged and we have reversed time. In region
1 there is a single trivial equilibrium (x1, x2) = (0,0), which is now a sink focus. Crossing curve
entering region 2, it changes into a source focus and gives rise to an attracting limit cycle.
In regions 3-6 (0,0) is a saddle point. Two source foci appear when we cross F+ from region 2
to region 3. These are sink foci in regions 4-6. In region 4 these two foci are each surrounded by
a repelling limit cycle. Along curve P these two repelling limit cycles disappear via a symmetric
figure-eight homoclinic bifurcation, see Figure 2.2.2. Along this curve the saddle (0,0) has two
homoclinic orbits simultaneously. The figure-eight is unstable from both inside and outside. In
region 5 inside the attracting limit cycle a repelling one is created. These cycles collide and
disappear along the curve K, when entering region 6.
This
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0
F

Figure 2.21: [6] Bifurcation diagram of system (2.25) with c =

—1.

Figure 2.22: [6] Symmetric figure-eight homoclinic structure near 1:2 resonance.
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Chapter 3

Bifurcation diagram of the
Lorenz-84 model
We now apply the knowledge we have gathered about bifurcation theory to the Lorenz-84 model.
In section 3.1, some bifurcation curves in the diagram are named and their global organization is
specified. With that information, these bifurcations in the Lorenz-84 model will be illustrated with
help of DsTool. Moving the parameters along paths in the diagram, the bifurcations of equilibria
will be shown first in section 3.2, and then those of limit cycles in section 3.3.

3.1

Bifurcation diagram

We now discuss the bifurcation diagram of the Lorenz-84 model, see [9], starting with the bifurcation point C. This is a codimension 2 cusp point from which two saddle-node curves of equilibria,
SN' and SN2, emerge tangentially, forming a tongue-shaped region. A curve H of Hopf bifurcations of equilibria, perpendicular to the F-axis at (F, G) = (1,0), is tangent to the curve SN' at

the point HSN. The codimension 2 point HSN divides the curves SN' and H into supercritical
and subcritical parts. The supercritical parts lie below HSN, and will be called SN' and Haupe,.
respectively. The supercritical parts lie above HSN and will be called SN and H,,, respectively.

Further to the right in the parameter plane, a curve of period doubling of limit cycles PD
exists. This curve is split by a 1:2 resonance point of codimension 2 into a subcritical and a

supercritical part, PD,b and PDiupe,. respectively. PD8b lies above the 1:2 point.
Moving on to the right, we see two curves of saddle-node bifurcations of limit cycles SL. Both
curves emerge from the codimension 2 cusp point CL. On the lower curve lies the codimension

2 Bogdanov-Takens point BT. This point is connected to the point 1:2 by a curve NS8,. of
supercritical Neimark-Sacker bifurcations of limit cycles. The point 1:2 is also connected to the
HSN point by a curve NS,b of subcritical Neimark-Sacker bifurcations of limit cycles. We will
now take a closer look at the effect of the various curves on the dynamics of the system, using
DsTool.
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2.5

0

F

Figure 3.1: [1] Framework of the bifurcation diagram of the Lorenz-84 model.

3.2

Bifurcation curves of equilibria

For very small F, the Lorenz-84 model is in equilibrium. Indeed, outside the tongue-shaped area,
originated at cusp point C, and at the left-hand side of Hauper, it has a unique stable focus. If
we cross SN+, two fixed points appear through a saddle-node bifurcation. We now have a stable
focus, a saddle-focus and an unstable (repelling) focus, as shown in Figure 3.3 (a). Moving on to
the right, crossing the curve H9b, the repellor becomes a saddle-focus and a repelling limit cycle
L,. appears, as shown in Figure 3.3 (b).

2.5

0

F

Figure 3.2: Bifurcation curves of equilibria of the Lorenz-84 model.
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Figure 3.3: Phase portrait of the Lorenz 84 model, projection on the (Y, Z) -plane. (a) (F, G) =
(2.5,3). Three fixed points; a saddle, represented by a cross, an unstable and a stable focus,
represented by a box and a triangle resp. (b) (F,G) = (4,2.5). Two saddles, a stable focus and
the repelling limit cycle Lr.

If we cross the curve SN' from the left to the right, we see three fixed points, two stable foci
and one saddle. So this supercritical saddle-node bifurcation gives rise to another stable focus and
one saddle. Going further to the right in the parameter plane, we meet the curve H.u,,er. Crossing
this curve, one stable focus undergoes a Hopf bifurcation. This means, that the focus becomes

a saddle and an attracting limit cycle L0 is created. In a 2D center manifold La surrounds the
saddle. The latter two situations are shown in Figure 3.4 (a) and (b). If we cross the curve Haupe,.
below the point C from the left to the right, the stable focus becomes unstable and the attracting
limit cycle La appears, as we can see in Figure 3.5 (a) and (b).

It is important to recall that inside the tongue-shaped area formed by C and on the right-hand

side of Hb and Hsu per, there exist three fixed points. There are two saddles, which we name 01
and 02, and one stable focus, we name S in this area. The saddles 01 and 02 have a common
one-dimensional separatrix, which will be of importance. This will be explained further in chapter
4.
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Figure 3.4: Projection on the (Y, Z)-plane. (a) (F,G) = (1,0.6). Two stable foci and one saddle.
(b) (F, G) = (1.5,0.6). One stable focus, two saddles and the attracting limit cycle La.
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Figure 3.5: Projection on the (Y, Z) -plane. (a) (F, G) = (0.5,0.2). One stable focus. (b) (F, G) =
(5,0.5). An attracting limit cycle L0 with an unstable focus.
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3.3

Bifurcation curves of limit cycles

01.5

F

Figure 3.6: Framework of the bifurcation diagram of the Lorenz-84 model. The solid lines are
bifurcation curves of limit cycles, the dashed lines are bifurcation curves of equilibria.
Between the curves H5b and PD5b, we have two saddle-foci, one stable focus and a repelling
limit cycle Lr. Crossing the bifurcation curve NS,b downwards, L,. becomes the attracting limit
cycle La and a repelling invariant torus Tr is born, surrounding La. A projection of this torus on
the (X, Z)-plane and a Poincaré-section can be seen in Figure 3.7.
If we had gone to the right, rather then downwards, we would have met the bifurcation curve
PD8b. Crossing this curve, L,. loses its stability, and a repelling doubled period limit cycle 24.
appears, see Figure 3.8.

We now start below the curve PD,uper, where there exists only one attracting limit cycle La
and an unstable focus. \Ve now move upwards across the parameter plane and cross the curve
PDsuper. La undergoes a supercritical period doubling bifurcation. This means that La loses
stability and an attracting doubled limit cycle 2La is born. This can be seen in Figure 3.9 (a).
Moving on, we cross the curve NSsuper. Now 2La loses stability and an attracting two-torus, 2T0
is born, surrounding 2La. In Figure 3.9 (b), we see four invariant circles in the Poincaré-section
Y = 0, which illustrate the existence of 2T0.
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1.5

Figure 3.7: (F, G) = (2.5,1.6) (a) Projection on (X, Z)-plane. The repelling invanant torus Tr.

(b) Poincaré-section Y = 0. Two invariant circles, corresponding to the torus.
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Figure 3.8: Projection on the (Y, Z)-plane for (a) (F, G) = (4,2.5). Two saddles, a stable focus

and the repelling limit cycle Lr. (b) (F, G) = (7,2.5). Repelling limit cycle with doubled period
2Lr.
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Figure 3.9: (a) Projection on the (Y, Z) -plane for (F, G) = (8,0.5). The attracting limit cycle 2L0
with doubled period and a saddle-focus. (b) Poincaré-section Y = 0 for (F, G) = (8,0.97). Four
invariant circles, representing the attracting two-torus 2T0.

3.4

Conclusion

In this chapter, we have described local bifurcations of the Lorenz-84 model. However, in [9] homoclinic and heteroclinic (global) bifurcation of 01 and 02 were found. In the area between NS5b
and SN2, the Lorenz-84 model may have, in addition to local bifurcation curves, a bifurcation set
corresponding to global bifurcations (heteroclinic tangencies, homoclinic orbits) and bifurcations
of long-period limit cycles (saddle-nodes and period-doubling cascades). According to il'nikov
et al. [9] two curves of Sil'nikov bifurcations emanate from the point HSN, which are associated
with homoclinic bifurcations of saddle-foci 0 and 02. One of these curves winds a lot towards
the right of the parameter plane, remaining above SN2, the other curve crosses SN2.
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Chapter 4

Dynamics around the point HSN
\Ve now take a closer look at the dynamics around the point HSN, especially near the curve
NS9b. The bifurcation diagram of the Lorenz-84 model near HSN is, up to the choice of signs,
the same as the one we saw in Figure 2.6 (a = 1,s <0):
Hsub

SN+

NSsub

SNI

Figure 4.1: Bifurcation diagram of the Hopf-saddle-node point for the Lorenz-84 model.
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From the theory of the Hopf-saddle-node bifurcation, as discussed in section 2.1.3 (and a = 1,
c < 0), we know that an invariant torus appears through the Neimark-Sacker bifurcation. This
torus then might approach a heteroclinic set. However, these results concern the truncated normal
form (2.12), which displays a rotational symmetry. If we consider the system with non-symmetric
higher order terms, the situation becomes much more complex. The torus only exists for parameter values near the bifurcation curve NSb. Moving away from the curve (downwards), the torus
loses its smoothness and is destroyed, by various mechanisms.

Recall that in this case the truncated normal form (2.12) has the curve P at which there exists a sphere-like surface formed by the coincidence of the two-dimensional invariant manifolds of

the saddle-foci. This structure disappears when generic higher-order terms are added. Instead,
these invariant manifolds generically intersect transversally, forming a heteroclinic structure. The
region of existence of the transversal heteroclinic structure should be bounded by some curves
corresponding to a tangency of the invariant manifolds along a heteroclinic orbit connecting the
saddle-focus equilibria.

Finally, also homoclinic orbits to a saddle-focus are possible. Such an orbit can begin by spiraling along an unstable two-dimensional manifold of one of the saddle-foci, pass near the second
one, and return along the stable one-dimensional invariant manifold back to the first saddle-focus.
A homoclinic orbit to the opposite saddle-focus is also possible. If a homoclinic orbit exists and
—1 < c < 0, then the corresponding saddle quantity a satisfies the conditions for a Sil'nikov
bifurcation. One of these homodlinic orbits lies inside an attracting region bounded by the twodimensional stable manifold of the second saddle-focus, compare [6] 8.5.

\Ve now try to identify various routes to chaotic behaviour. We want to see what can happen
to the torus, generated by the Neirnark-Sacker bifurcation. In section 4.1 a route towards a
heteroclinic connection will be shown, the breakdown of the torus will be demonstrated in section
4.2 and Sil'nikov bifurcations which in this case means homoclinic bifurcations of a saddle-focus
will be discussed in section 4.4. Also a route inside an Arnol'd tongue will be discussed in section
4.3, to show what can happen to long-period limit cycles in the region we're examining.
W'( £2)

W( £2)
£2

E,

W(E1)

Figure 4.2: [6] (a) A cross-section of the intersecting stable and unstable manifolds; (b) a heteroclinic orbit connecting the saddle-foci.
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W'( E2)

W'(E2)

Figure 4.3: [6] (a) An orbit homoclinic to the saddle E1; (b) a boundarij of attraction.
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..—
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south
pole

Figure 4.4: [2] "Cut open" perturbed globe with .Sil 'nikov homoclinic orbit.
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Route towards a heteroclinic connection

4.1

In this section we describe a route in the (F, G)-parameter plane where the torus generated by the
subcritical Neimarck-Sacker bifurcation turns into a heterodinic connection between two saddle-

First we set F = 1.8 and let the parameter G decrease, starting at G = 1.75. In the
(F, G)-plane we are now just above the curve NS.b and between the curves H8b and PD,b, so
the torus hasn't occurred yet. In the phase space there are two saddle-foci, one stable focus and
a repelling limit cycle, Lr. We shall name the saddle-focus on the left in the (X, Z)-plane 01 and
the right saddle-focus 02. The stable focus is named S. In Figure 4.5 the limit cycle can be seen
and the beginnings of the rise of the torus.
foci.

0.7

z

0.1

0.9

1.5

x

/
Figure 4.5: Projection on (X, Z)-plane for (F, G) = (1.8, 1.75). The repelling limit cycle L,. lets a

torus branch off.
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Figure 4.6: (F, G) = (1.8, 1.62) (a) Projection on (X, Z)-plane, the repelling torus T,. (b) Poinc.arésection Y = 0, two invariant circles, corresponding to the torus.
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Crossing the curve NSb, Lr loses stability, and branches off a torus. In Figure 4.6, where
G = 1.62, the torus T,. has appeared. If we had iterated even further, the torus would be filled up,
pointing at quasi-periodicity. This torus surrounds the unstable limit cycle. In the phase portraits
shown, the two saddle-foci 01 and 02 lie on the left and the right- hand side of the torus.
Decreasing C even more, the torus becomes a heteroclinic connection between both saddle-foci

01 and 02. The little hole in the torus, gradually turns into the common one-dimensional separatrix between 01 and 02. This separatrix is formed by the nearly coinciding unstable manifold
of 02, Wu(02), and the stable manifold of Oi, W'(01). This means that 01 is a saddle of type
(1,2) and 02 is a saddle of type (2, 1). Iterating backwards in time, an orbit travels from 02 to 01
along the separatrix and then spirals back again to 02, along the 2-dimensional stable manifold
of 02, which also represents the 2-dimensional unstable manifold of 0. In Figure 4.7, where
C = 1.58, we can see that the hole in the torus shrinks towards the separatrix. Especially the
Poincaré-section gives a clear picture here.

no

0.9

z

02

1
-0.17

—

0.7

1.6

-0.17
0.7

1.6

Figure 4.7: (F, G) = (1.8, 1.58) (a) Projection on (X, Z)-plane, the torus becomes a heteroclinic
connection between two saddle-foci. (b)Corresponding Poincaré-section Y = 0.

In Figure 4.8 (a), where C = 1.5, the torus turned into a heteroclinic connection between
the saddles 01 and 02, and the separatrix between 01 and 02 can be seen. In the corresponding
Poincaré-section, shown in Figure 4.9 we can see a kind of invariant circle. Figure 4.9 (b) illustrates
the time evolution of the Y-coordinate. Because we iterated backwards in time, we have to look

at the time evolution from the right to the left in the plane. When the orbit travels along the
separatrix from 02 to 01, we see a line segment in the (time, Y)-plane. When the orbit spirals
back to 02, there is a burst of fast oscillations in the (time, Y)-plane. For C = 1.48 first the orbits
also travel along the separatrix from 02 to 01 and then spiral back to 02. However, after a while
they diverge to the right of 02, which can be seen in Figure 4.8 (b).
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Figure 4.8: (a) Projection on (X, Y)-plane for (F, G) = (1.8, 1.5), between the two saddle-foci
exists a heteroclinic connection. (b) (X, Z)-plane for (F, G) = (1.8, 1.48), the orbits diverge to the
right of 02.
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Figure 4.9: (a) Poincaré-section V =
evolution of the V-coordinate.
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for (F,G) =
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(1.8,1.5), an invariant circle.

(b) Time

4.2

Route towards breakdown of the torus

In this section we describe a route in the parameter plane leading to the breakdown of the torus.
We now take F = 3 and let G decrease again, starting at G = 1.66. In the (F, G)-plane we now

are just below the curve NS,b. In Figure 4.10 we see a smooth torus, that has just appeared
through the Neimark-Sacker bifurcation. It has been given rise to by the repelling limit cycle,
which existed before the bifurcation. If we decrease G a little, the torus grows, as we can see in
Figure 4.11 (a), where G = 1.65. In the corresponding Poincaré-section, shown in Figure 4.11 (b),
we observe two smooth invariant circles.

z

-A'
1.25

Figure 4.10: Projection on (X, Z)-plane for (F, G) =

(3,

1.66), a torus has jlAst appeared.

If we move further away from the curve NSb, so for decreasing values of G, the torus loses its
smoothness and eventually gets destroyed. In Figure 4.12 (a), we see the Poincaré-section Y = 0
for G = 1.61 and in Figure 4.12 (b) for G = 1.59. In the first one, we see that the two invariant
circles, corresponding to the torus, are no longer smooth, but they both have five angles. This
hints that we are now close to a Arnol'd tongue or period 5. In the second one, we see phase-lock
of period 5, inside thise Arnol'd tongue.

Figure 4.13 shows the situation for G = 1.5. The torus seems to have become a strange
repellor, with chaotic dynamics. This repellor is large, due to the interaction with the twodimensional manifold of the saddle-focus 02. The repellor is probably a basin boundary, separating
the attracting limit cycle L0 from the stable focus S. Figure 4.13 (b) illustrates the Poincarésection Y = 0 for the strange repellor. In this Poincaré-section we can see two holes. Inside these
holes the orbits converge, forwards in time, to the attracting limit cycle La. Outside these holes,
the orbits converge to the stable focus S.
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Figure 4.11: Projection on (X, Z)-plane and Poincaré-section resp. for (F, G) = (3, 1.65) (a) a
larger torits (b) corresponding Poincaré-section Y = 0, two smooth invariant circles represent the
tories.

1.4

I .5

z

z

-0.6
0.5

1.8

-0.7
0.5

x

1.8

x

Figure 4.12: Poincaré-section Y = 0 for (a) (F, G) = (3, 1.61), two invariant circles with both five
angles (b) (F, G) = (3, 1.59), phase-lock of period 5.
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Figure 4.13: (F, G) = (3, 1.5) (a) Projection on (X, Z)-plane, the torus has become a strange

repellor. (b) corresponding Poincaré-section Y =

0.

Figure 4.14 (a) shows the phase portrait for G = 1. We recall that in this area of the parameter
plane, there exist two saddle-foci, named 0 and 02 in the previous section. In Figure 4.14 (a) we
notice that 0 and 02 again have a common separatrix. Iterating backwards in time, an orbit goes
from 02 to 0 along the separatrix. When it spirals back, it doesn't reach 02 after a while, but
starts to show more complicated behaviour. In Figure 4.14 (b) the corresponding Poincaré-section
is shown.
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Figure 4.14:

(F, G) =

3.1

x

A

(3,

1) (a) Projection on (X, Z)-plane, the torus has broken down. (b)

corresponding Poincaré-section Y =

0.
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Route inside an Arnol'd tongue

4.3

\Ve now take a look at the phase portrait for (F, G) =

(1.8, 1.55). For these parameter values
we find ourselves inside an Arnol'd tongue. These means, that there exists a periodic orbit here.
Backwards in time, the orbit goes from 02 to 01 and then spirals back from 02 to 01. However,
depending on which initial values you choose, another periodic orbit, with doubled period occurs.
This could indicate overlapping of Arnol'd tongues of different period and now the torus probably
has broken. Both situations are shown in Figure 4.15.
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Figure 4.15: Projection on (X, Z)-plane for (F, G) = (1.8, 1.55). (a) Periodic orbit (b) Orbit with
doubled period.
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4.4

Route towards i1'nikov bifurcation

As we mentioned in section 3.4, according to Sil'nikov et a! [9], two curves of il'nikov bifurcations
emanate from the point HSN. Sil'nikov et a! [9] have numerically computed these curves labeled
by Sj and S2 in Figure 4.4. For numerical reasons they could only detect these bifurcation curves
far away from the codimension 2 point HSN. The curve S2 oscillates a lot towards the right of
the parameter plane, remaining above SN2, S1 crosses SN2. Note that in Figure 4.4 the letters
F and G have been interchanged.
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Figure 4.16: [9] The bifurcation diagram of the Lorenz-84 model continued beyond the immediate
neighbourhood of the codimension 2 point HSN.

We first show the appearance of the il'nikov bifurcation underneath the curve SN2. We set

F = 3 and increase G gradually. In this area, there is only one fixed point, namely a saddle, we
name 0, which has for t —+

—oo saddle-quantity o <0 and A2
)13, so the conditions for Theorem
3 for the Sil'nikov bifurcation in section 2.1.4 holds. Computing the unstable manifold W'(0), we
achieve the same situations as in Figure 2.15 in section 2.1.4. In Figure 4.17 (a), where G = 0.2,

the il'nikov bifurcation hasn't occurred yet. W' (0) first spirals on the left of the saddle and
then tends to infinity to the right of the saddle. This is exactly the behaviour of an orbit that
starts near WtL(O).
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Figure 4.17 (b), where G = 0.265, shows the situation nearly at the il'nikov bifurcation and
in Figure 4.17 (c), where G = 0.32, the Sil'nikov bifurcation has occurred. WU(O) now tends to
a periodic orbit. When we compute an orbit near W'(O), this orbits moves along the manifold.
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Figure 4.17: Unstable manifold W'(O) in the (X, Z)-plane for (a) (F, C) = (3,0.2), (b) (F, C) =
(3,0.265) and (c) (F, C) = (3,0.32). Situations before, nearly at and after the .il'nikov bifurcation.
For C = 0.55 the unstable manifold W'(O) accumulates on a 'thicker' set, as shown in Figure
4.18 (a). Orbits starting near W'(O), seem to have undergone period doubling. For G = 0.7 the
set WU (0) looks rather strange, indeed it seems that W' (0) no longer tends to a periodic orbit.
In fact, a periodic orbit no longer seems to exists, but we have a chaotic repellor now. However,
this chaotic repellor seems to be the closure of W'(0).
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Figure 4.18: Unstable manifold Wu(02) in the (X, Z)-plane for (a) (F, G) = (3,0.55) and (b)
(F,G) (3,0.7).

We now set F = 2 and let G increase, beginning at G = 1. So we now are above the curve
SN2. We have two saddles and one stable-focus. We can compute the unstable manifold II of
the saddle 02 on the right in the (X, Z)-plane, and the one-dimensional stable manifold WS of the
saddle 01 on the left. 02 has for t —* —oo saddle-quantity o <0 and A2 A3, so the conditions
for Theorem 3 for the il'nikov bifurcation in section 2.1.4 holds.
For C = 1, see Figure 4.19, the set W"(02) first forms a separatrix between 01 and 02 and
spirals from 01 back towards 02, however it doesn't remain between the two saddles, but tends
to infinity on the right of 02. W8 (0k) also forms a separatrix between 0 and 02 and on the left
of 0 it converges to the stable-focus, on the right of 0 it spirals towards a limit cycle between
the two saddles. When we start an orbit between 01 and 02 and iterate backwards in time, it
will diverge to the right of 02. When iterating forwards in time orbits starting between 0 and
02, inside the two manifolds, converge to the attracting limit cycle. Orbits starting outside the
two manifolds converge to the stable-focus.

For C = 1.5, see Figure 4.20 still the separatrix of 0 and 02 is formed by both W'(02)
and W9(01). But now, the spiral of ll1A(02) remains between 01 and 02. W8(01) tends to
the stable-focus and spirals back again, remaining in a loop. Orbits that start between 0 and
02, inside the manifolds and going backwards in time, form a torus or the likes of it, enclosed
by W'(02) and W8 (0k). They are orbits homoclinic to the saddle 0. Forwards in time, orbits
that start between 0 and 02, inside W'(02) and W9(02), converge to the attracting limit cycle.
Orbits starting outside WA (02) and W8 (0k) converge to the stable-focus.
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Figure 4.19: (a) Unstable manifold WL(O2) and (b) stable manifold W'(01) in the (X, Z)-plane

for (F,G) = (2,1).
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Figure 4.20: (a) Unstable manifold Wu(02) and (b) stable manifold Ws(Oi) in the (X, Z)-plane

for (F,G) = (2,1.5).

46

For the parameter values (F, G) = (2, 1.5), we seem to have found a il'nikov strange repellor,
see Figure 4.21.
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Figure 4.21: (F,G) = (2,1.5) (a) Projection on the (X, Z) -plane, a au 'nikov strange repellor, (b)
corresponding Poincaré-section Y =

4.5

0.

Conclusion

In this chapter we tried to identify different routes to chaotic behaviour, in the parameter plane
(F, G) of the Lorenz-84 model 1.1. We took a look at the torus generated by the subcritical
Neimarck-Sacker bifurcation and followed several paths through the (F, G)-plane to see what
happens to this torus. We managed to identify a route towards a heteroclinic structure, one
that leads to the breakdown of the torus, and one that lies inside an Arnol'd tongue. Finally
we detected a route towards il'nikov bifurcations. Thanks to Sil'nikov et al. [9] we knew where
to find Sil'nikov bifurcations. In the route towards the breakdown of the torus, described in
section 4.2, we detected a chaotic repellor. In the route towards Sil'nikov bifurcations, described
in section 4.4, we found a Sil'nikov strange repellor nearby the previous repellor. It seems that
we have approached a Sil'nikov strange repellor from two different directions, one by letting the
parameter G start nearby the bifurcation curve NS8b and decrease it and one by letting G start
nearby the bifurcation curve SN2 and increase it.
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