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1 Introduction

In this paper we will present two interpolation schemes. The first interpola-
tion scheme is a 2-D interpolation scheme. This scheme was proposed by G.
Farin in [1, §8.2]. The 2-D scheme will interpolate points on a cubic curve
which is defined by two data points and tangential data in these points. The
second scheme is a 3-D interpolation scheme.

This scheme, which was proposed by Bruce R. Piperin [3], interpolates points
on a surface, which is defined by three data points forming a triangle P, tan-
gential data in these points and, if present, information of adjacent triangles.
The information of adjacent triangles (triangles that share a common edge
with triangle P) is used to produce a surface over these triangles that is
C'-continuous.

Both interpolation schemes will use the de Casteljau algorithm to interpolate
points. This algorithm was developed by P. de Casteljau who worked for
Citroén and by P. Bézier who worked for Renault. Although de Casteljau
developed this method earlier than Bézier did, the whole theory of polynomial
curve and surface interpolation bears Béziers name, because the work of de
Casteljau was never published. First only rectangular patches were used
for interpolation, but soon people realized the need for triangular patches.
An advantage of triangular patches was that it allowed scientists to describe
complex surfaces, like those used in the interior of cars. The method is also
used for fitting scattered data on surfaces, and for interactive design of curves
and surfaces. Some examples of surface interpolation are depicted below.

Figure 1: A control net of a simple ship from [7].




Figure 2: A control net of a vase and its interpolated surface from [8].

Figure 3: A mathematical surface and its control net from [6].

However, the described interpolation algorithms take as input the data points
with the associated tangential data, and, in addition to these, a collection of
control points. The freedom in the choice of these control points is exploited in
order to ensure C'-continuity of adjacent curve or surface patches. Together
with the data points, the control points will uniquely define the curve or
surface.




2 2-D interpolation

In this section the following problem is solved.

Suppose we have data points po, ..., P. in the plane and tangent vectors in
these points Vo, ..., V.. These tangent vectors are of unit length, i.e. they
have length one. The data points are ordered in such a way that p; and pi4:
are adjacent points on a C? piecewise cubic polynomial.

We now wish to find a curve that passes through the given data points and
is tangent to the given tangential data in these points.

In this article we assume that the given tangent vectors are all of length 1.
We will now give a definition of interpolation as we will use it.

Given n + 1 distinct points Xq,...,X, with x; € R? ;i = 0,...,n, find a
polynomial p(t) € R? with ¢ € R so that po(to) = Xo,...,p(tn) = Xn.
This polynomial p(t) is unique among the set of all polynomials of
degree at most n.

To solve this problem two methods are used which are described by G. Farin
in 1, pages 113-116, §8.2] and [1, pages 29-30, §3.2]. In §8.2 a method is
described for finding Bézier points between each pair of data points. These
points are used for calculating a single point on the curve, using the de Castel-
jau Algorithm as described in §3.2 .

In order to apply these methods on the data points, the following constraints

apply to the data points:

1. Two consecutive data points are not allowed to coincide.
2. The tangent vector must be a non-zero vector.

Between each pair of successive data points (pi, Pi4+1) two Bézier points are
calculated. The following formula is used to calculate these points:

ty, = pi+av; (1)
t: = Piy1—BVin

where v; and v,;; are the tangent vectors in respectively p; and pi4i.

Since Vi, Vis1, Pi and P;4; are given, we need to find values for @ and 3 to
get the two Bézier points. Farin describes several different ways for finding
o and 3. We will use the following:




a = BCals@ ”Aplll

B = s=25llApil with Ap; = piy1 — pi

3cosV

In this formula © equals the angle between Ap; and v;. ¥ equals the angle
between Ap; and v;;;. We can interpret the curve as the graph of a function
of t (see Figure 4), where the parameter ¢ varies along the straight line through
p; and p;4,. The z-axis is the line through p; and p;4; and the y-axis is the
line perpendicular to p; and pi4;.

If we look at figure 4 we see that we want the projections of the points ¢; and
t, on the line through p; and p;;; to divide the line through p; and piy; in
three equal segments. This means that the cosine of © is equal to

%”Piﬂ = Pi”

cosO =
llt: — pill

Since we want to determine t;, we will rewrite the above formula. This gives

LS
s —pi = 1P =il )
T 3cos O
"otz
t’l.

Figure 4: A 2-D example for calculating © and ¥

However, if one of the angles © and W is 90°, this formula cannot be used,
because expression (2) is undefined. Farin makes-a case distinction for angles
smaller than 60° and angles larger than 60°.

)




L_||Api|| if|© |<60°

3cos @

%” Apil otherwise

3c<:s\ll”Api” if | ¥ |<60°

P =
%”Api” otherwise

We can rewrite this formulas for a and § by using the cosine rule:

Ap; - v;
COS@ - —
[ Ap:lllvill
Ap; ~v;
COS‘-IJ =% #L
APl Vil

Substituting the cosine rule in the expressions we have for a and 3 we get
(remember that the tangent vectors are of unit length):

3vA,-'-pZ':,- if | © |[< 60°

t (3)
%“Apill otherwise

( _lMl’z_. 1f|‘1’|S60°

g = | 3vig1-Ap; "
| 2||Api|| otherwise

Now we have found the two Bézier points, t, and t, we can apply the de
Casteljau algorithm. This algorithm is used to interpolate points on a mth
degree curve. The de Casteljau algorithm in {1, §3.2] is described as follows:




Given: bg,b;,---b,, € R*and t € R
Find: point bf', which is a point on a m** degree curve between points bg

and b,,, by using the following algorithm:

f = l,u..5m
b; (t) = (1 —t)bi ' (¢) + tbi (1) i = 0,....m—r (5
t € [0,1]

and b? (t) = b;,.
An example of the cubic case (m = 3) of this algorithm, where bg is the
interpolated point on the cubic curve, is:

bo
b, bl
b, bl b?

by bl b? b3

If we look at the rightmost column of the above array we see the point we
wish to interpolate. The leftmost column are the Bézier points. The points
in the two center columns are the intermediate points of the de Casteljau
algorithm.

A picture of this example could be:

Figure 5: A 2-D example of the de Casteljau algorithm, with t = %

If we use the the data points and the Bézier points t; and t; the array will
look as follows:




P:

t, b}

t, bl b2
Pis1 b} b} bj

The point b} is a point on a cubic curve between data points p; and p;41.
The curve that is drawn through the data is also calculated with the method
mentioned above, this is done by letting the parameter ¢ vary over the interval
[0,1].

We now have a method to define a C'! curve between a pair of data points. If
we want to add extra points to our data set, by interpolating a single points
between each pair of data points, we want the new set of data points to define
the same C! curve as the original set of data points did.

pi-&»l

Figure 6: An example of what was proven by Schwartz.

This means that the two sub-curves must join in a C'! way at point p. (see
Figure 6). A prove of the C'-continuity in point p. is given by Schwartz in
(4, 86]. He reparameterizes the original curve z(t) via t = a + bu:

y(u) = z(a + bu)
From this we conclude:
@ 10<u<1}={a(®) |a<t<a+b}

This reparameterization.means that y(u) is a segment of the curve z(t) that
starts at z(a) and ends at z(a + b). Since we wish to divide the original curve
in two sub-curves (see figure 6), we will reparameterize the original curve two
times. Once via t = bu, this gives us the curve between points p; and p.
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in figure 6, and once via t = b+ u(1 — b), which gives us the curve between

points p. and pi4:-
Since the sub-curves coincide with the original curve z(t) and together form

the original curve, the connection between the two sub-curves (see Figure 6)

will join in a C*! way.




Application.

The method of finding and calculating points on a-curve is also implemented
in a program. For this purpose we embedded the described methods in an
existing drawing program. This program was written by Douglas A. Young;
see [5, chapter 13].

Figure 7: The application of 2-D interpolation.

To be able to interpolate a curve we first need to select the right drawing
function. We can do so by pressing the button “DrawingCommands”. We
then select “Curve” from the pop-up menu. Now we can insert the data
points by pressing the left mouse button. The last data point of the curve

10




is selected by pressing the right button. The mouse cursor will now jump
back to the first data point. By moving the-mouse we can specify the tangent
vector in that data point. If the right tangent vector is specified, we can set
it by pressing the right mouse button. The mouse cursor will now jump to
the next data point. After determining all tangent vectors, we can interpolate
either a curve or a point between two data points. This is done by pressing
the button marked “Interpolate”. We can now choose for interpolating a
curve or interpolating a point between each pair of data points, by pressing
either the button marked “Add Points” or by pressing the button marked
“Draw Curve”. Interpolating the points is done by setting the parameter ¢ in
equation (5) equal to % This gives us a point that lies on the center of the
curve between each pair of consecutive data points. The curve is drawn by
calculating a number of points on the curve. For a part of the curve between
two data points, we let the parameter ¢ in equation (5) vary from 0 to 1,
by steps of §. Since we only use integer coordinates in our application we
can set § equal to m:——psll' By using integer coordinates we are sure that
Ipi+1 — p:ll > 1. If this length equals 1, we do not have to interpolate a curve
since the two points are two adjacent pixels on the screen.
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3 3-D interpolation

3.1 Introduction

In this section we present an interpolation scheme proposed by Bruce R.
Piper in [3, §5].

The interpolation scheme assumes we have the following data: a set of edges
and vertices in R3 which form a triangulation. A triangulation is a set of
triangles. Each edge of this triangulation occurs in at most two triangles.
Each vertex of the triangulation can be part of several edges, but is part
of at most two edges which only occur in one triangle in the triangulation.
Tangential data is given for each vertex in the triangulation.

The interpolation scheme solves the following problem:

interpolate for each triangle points on a C' continuous surface over all tri-
angles within the triangulation, which are determined by the vertices of the
triangle and the tangential data in these vertices.

We will first give a global description of the interpolation scheme, and later
on it will be given in detail.

As interpolation method we wish to use the de Casteljau algorithm. The
parameters of this algorithm are the barycentric coordinates, with respect
to a given triangle, of the point we wish to interpolate. In order to be able
to use the de Casteljau algorithm we need to define a set of control points
called the control net (see figure 9). The scheme proposed by Bruce R. Piper
produces a control net. A control net is a set of control points that defines a
surface of a certain degree. Points on this surface can be calculated by using
the de Casteljau algorithm. The control points are, as we already saw in the
previous section, derived from the input data. Instead of n+ 1 control points
for a curve of degree n, we now need 3(m + 1)(m + 2) control points for a
surface of degree m (see [1, §8.2]). The control net is produced in five steps,
to be described in detail in section 3.8:

Step 1. Create for each triangle in the input data an initial net which
describes a surface of degree 3.

Step 2. Subdivide the net into three sub-nets each describing a surface of
degree three. Together they describe same surface as the initial net.

Step 3. Adjust the center control point of each of the sub-nets.

12




Step 4. Elevate the degree of the surfaces described by the sub-nets, by
adjusting the sub-nets, so that the sub-net now describe a surface of
degree 4 (for details on degree elevation: see section 3.6).

Step 5. Adjust the control points of the sub-nets.

The control points calculated in Step 1 are called candidate control points
because in order to get a C?! surface we need to adjust these points. In steps
2, 3 and 5 we will adjust these points in order to get a C' surface. We start by
defining a control net of degree 3 because these control points can be created
relatively easy. A cubic control net consists of ten control points. Three of
these control points are given input data. The seven other points are derived
from these points and the tangential data in these points. Of these seven
points, six points lie on the edge of the control net. One point is in the center
of the control net, this point is called the center control point.

In Step 2 we will subdivide the triangle into three sub-triangles. The reason
for the subdivision is that, although the surface defined on each triangle looks
smooth, two adjacent triangles ! fit together, without subdivision and further
adjustments that are described in Step 3 and 5, at sharp angles.

In Step 3 we adjust the center control point of the sub-triangle. This is also
done to prevent sharp angles between adjacent triangles. The points are
adjusted so that the center control point of two adjacent sub-triangles (sub-
triangles of two triangles that share a common edge) and two control points
on the common edge are coplanar.

In Step 4 we raise the degree of the surface described by the control net.
These control points are still candidate control points. To ensure tangent
plane continuity between two adjacent triangles we still need to adjust some
of the control points. We need to raise the degree of the surface to 4 because
in general it is impossible to determine the center control points of a control
net that defines a surface of degree 3, so that they satisfy a necessary condition
for tangent plane continuity (see Bruce R. Piperin (3, §3])

In Step 5 we adjust some of the control points. This is done to ensure the
tangent plane continuity between two triangles that share a common edge.
This finally gives us the control net we need to interpolate a smooth surface
defined by the given data.

We will now first explain some methods and concepts mentioned above in
more detail. Finally, a detailed description of the interpolation scheme is

! Adjacent triangles are triangles that have one edge in common.
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given.

3.2 Barycentric coordinates

Since we wish to use the de Casteljau algorithm for our interpolation scheme
we will explain the concept of barycentric coordinates because they are used
as parameters by the de Casteljau algorithm. In this algorithm the barycentric
coordinates determine the point we wish to interpolate with this algorithm.
Any point in the plane can be expressed in terms of barycentric coordinates
with respect to any non-degenerate triangle in that plane. A triangle is non-
degenerate if the vertices of the triangle are not on one straight line. Suppose
a triangle 7 has vertices T;,T; and Ts.

The triple of numbers (1, 72,73), called barycentric coordinates of P with
respect to T), T, and T3, is uniquely determined by

3 3
P = >rT, and ) 7 =1 (6)
=1

=1

The barycenter of a triangle is the center of gravity of this triangle. An
interpretation of the barycentric coordinates is that if we hang weights 7; on
the vertices T; the center of gravity of triangle 7 is P.

A
NN

Figure 8: An example of Barycentric coordinates
Equation (6) forms a 3 x 3 linear system which has the unique solution which
is obtained by applying Cramer’s<ule:

area(P,T,, T3) area(Ty, P, T;) area(Ty, T,, P)
= i = Ta = .
area(Ty, Ty, Ts)’ 2 area(T,, Ty, T3)’ * 7 area(Ty, Ty, Ts)

14




In order for the above formula to be well defined, we require
area(T,, T2, T3) # 0, which means that T,,T2 and T3 must not lie on a
straight line. But since Ty, T, and T3 form a nondegenerate triangle, this
situation will never occur.

Because Cramer’s rule makes use of determinants, the area used in the above

equation can be defined as:

Tl..’l' Tg.l‘ T3.I
(17'6(1(T1,T2,T3) = 5 le Tgy T3y
1 1 1

In this equation T;.z stands for the 2-coordinate of point T; and T;.y stands
for the y-coordinate of T; (i = 1,2,3).

An important property of barycentric coordinates is that they are invariant
under affine transformations. This means that the barycentric coordinates of
a point do not change if the point and the triangle are transformed by an
affine map (see (2, §1.1]).

Barycentric coordinates can also be used for linear interpolation. For any
point with 7 = 1 and 7 > 0 we find a point inside the triangle, but for
other values of 7; we find points in the face spanned by the triangle.

Later on we will use functions that are defined over triangles. We can write
these functions as f(7) with 7 = (7, T2, 73). This notation presents us a
problem: how to handle differentiation. The term oL a does not have a geo-
metric interpretation since barycentric coordinates with respect to a triangle
T define a plane and not a space. To solve this problem we have to use
directional derivatives. Suppose v is a vector expressed in barycentric vector
coordinates so that v defines a direction with respect to which a directional
derivative can be taken:

D, f(r) = lim 1(f('r + hv) - f(7)) = Z 'r)u,-

—)()h

Since T is a triple of numbers, the functions f is a function with domain R®.
The domain of f is restricted to A = {(m,72,73) | =7 = 1}. A property
of barycentric vector-coordinates is that they sum to zero. This property
also ensure that 7 + v € A for all 7 € A. This implies that the expression
(f(r + hv) = f(7)), as well as D, f(7), is well defined.

15




3.3 Bernstein Polynomials

In this section we will briefly discuss Bernstein polynomials because we will
use them for computing (cross-boundary) derivatives. In this section we will
first give a definition of the Bernstein polynomial and we also show that
Berstein polynomials can be used for describing a surface over a triangle.

Definition Bernstein polynomials of degree n over a triangle are defined
by

B) = i )

with B = 0 if one of the components of i is negative or greater than
n,i= (i1,12,43) is a multi-index with | i |= n and 7 = (1, 72, 73) is the
barycentric coordinate of a point in the triangle.

Two properties of Bernstein polynomials are that they have only one max-
imum over the triangle, namely B assumes its maximum at 7 = % (see [2,
§1.3]) and that >, Bf'(7) = 1 (also in {2, §1.3]), and Bj'(7) 2 0 when
T: Z 0 (l = 1,2,3)

We can also use the Bernstein polynomials to describe a surface over a tri-
angle. This surface is called the Bernstein-Bézier surface and it is described
by making use of a control net. This control net consists of several control
points. These control points form a triangular structure (see figure 9). The
control points b; are defined by a multi-index i = (21,%2,23). We will use
the notation |1| = 7, + i2 + 3. The multi-index of the control points of a
control net that defines a surface of degree n (see Figure 9) all sum to n
(lil|=n). Two points of the control net b; and bj are connected by an edge if
|i —j| = 2. We have now explained the notation that is used in the definition
of a Berstein-Bézier surface so that we can now give the definition of it.

Definition The Bernstein-Bézier surface b™ with control points by, | j |[= n
is defined by

b(r) = >_ B (r)b;

lil=n
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The number of control points needed for the interpolation depends on the
degree of the surface. If we want to interpolatea point on a surface of degree
n we need 1(n + 1)(n +2) control points. The numbers l(n+1)(n+2)are
called the triangle numbers (see [1, §18.2]). The triangle numbers are equal
to the dimension of the space of polynomials of degree n in three variables.
Since the surface is determined by three polynomials of this type, it is also
the minimum number of control points .The representation of b™ is unique,
this means that {B} | | j |= n and i1, 13,13 are all non-negative } form a basis
for all polynomials of degree n that are defined over a triangle 7.

3.4 The de Casteljau Algorithm

The de Casteljau algorithm is used for interpolating a point on a surface
defined by a set of control points, called a control net (see also Figure 9).
The points of the control net are given.

If we want to interpolate a point b on a surface of degree n we will use
the barycentric coordinate T of this point as a parameter for the de Casteljau
algorithm. The sub-index 0 ( = (0,0,0)) is used as a starting value for the
algorithm. The super index n denotes the degree of the surface we wish to

interpolate the point upon.

Figure 9: An example of a cubic control net.

In the algorithm we will use the following notation: [7|= 3" 7;. We will also
use the multi-indices ey, €; and e3, where e, = (1,0,0), e; = (0,1,0) and
€3 = (0, 0, 1)

The de Casteljau algorithm is defined as follows

17




Given: a control net of degree n, with control points b; € R?, interpolate
a point with barycentric coordinates 7 = (71,72, T3).

Set:

bi(7) = nbi, (1) + mbiie, (7) + msb{ e (7) (8)

withr=1,...,nand |i|=n —7r.

Where b2 (7), this is a point of the control net, or b%(7) = bm.

The point interpolated by this algorithm is bg.

We will now present a proof that we can express the values computed by the
de Casteljau algorithm in term of Bernstein polynomials.

bi(r) =3 biwBi(r); lil=n—r (9)
lil=r
We can prove, by the principle of mathematical induction, that the surface
described by equation (9) is equal to the surface described by the de Casteljau
algorithm (equation (8)). First we define the predicate P(n), for integer
n > 0:

P(n) : V multi — indices i with |i|<n:b(T) = Z biyi Bi'(T)
lj|=r

Since By'(t) =1 for | j |=n = 0 and b{(7) = b; we see that P(0) holds.
Assume P(n), now prove P(n + 1):

b+ (7)
= {de Casteljau}
nible (7) + bl (7) + m3b .. (7)
= { Induction hypothesis P(n)}
71 D biter4iBI(T) + 72 Y bite, i BI(T) + 75 D bigey+; By (7)

lil=n lil=n lil=n
= 1 Y buiBi o ()47 Y buuBi_o, ()47 D bryiBi_o (7)
Jk|=n+1 k|=n+1 Jk|=n+1
n k n n k n
= {k= (k17k27k3)7TlBk—el(T) == +l lBk("')»"'2Bk_e2("') = - _: 1 Bg(7),

18




ks

T3By_¢,(T) = Bi(r)and i + 12 + 13 =1}

n+1
ky ko ks
b 1 n N | iBn b |Bn
5 Gy B+ B + e B ()
= > binBt(7)
[k|=n+1

We now have proven that equation (9) represents the de Casteljau algorithm.

We can arrange the cubic Bernstein polynomials in a triangular scheme (fol-
lowing the triangular structure of a cubic control net (see Figure 9)):

3
Ty
3N 7'22 37‘22 T3

3rim 67TTeT3 3T
7'13 37‘12 T3 3n 7'32 Tg
It now is easy to see that interpolating a point with barycentric coordinates
7 on the edge of the triangle (that is a point with one of the 7; = 0) that only
the control points on the same edge are used to interpolate the point.
We can use this triangular scheme for calculating bg(7) by multiplying the
control points b; with B3, we get an explicit formula for this point on the
surface which is found by using the cubic de Casteljau algorithm:

by(r) = 77boso +
3772b1g + 375 T3bo2 +
37'127'2b210 + 67y 7213byn + 37’27';fb012 +

3 2 3 3
7y bsgo + 371 T3bzo1 + 371 73b102 + T3 boos

Note that if we want to interpolate a point with one of the 7; = 0, which we
will do in our implementation, the algorithm will only use the points of the
edge of the sub-net that has index i¢; = 0. Suppose we want to interpolate
a point P with barycentric coordinates (0, 72, 73). If we look at equation (8)
we see that every time the index is raised with e,, it is multiplied by zero,
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so that this point has no effect on the interpolation of P. This means that P
is a combination of the control points bg;;. When all of the ; are not equal
to zero, all of the control points of the control net are used to interpolate a

point.

3.5 Derivatives

The derivatives will be used in our interpolation scheme to achieve tangent
plane continuity. If we want to calculate the r-th derivative, r > 1, of an
arbitrary function f, defined on A (see section 3.2), with respect to the direc-
tion d = (d), d2, d3) which satisfies dy + da + d3 = 0, we can use the following
definition:

r

3}
D3f(r) = 5

(f(r + td)) le=o

We can rewrite this to (see [1, §18.4]):

Dib(r) = —— 3 b ()BI(d) (10)
(n 7)‘Li|=r

We can find the first order derivative by substituting » = 1 in equation (10).
We can reduce this to :

Dab" (1) = n(dibg;! () + debg; ' (7) + dsby ' (7))

where d = (d, d2,d3).

Since this holds for all directions d with d; 4+ dy + d3 = 0, it follows that
bz~!(7),b2 !(7) and by (1) define the slope of tangent plane at b"(r) in the
direction d.

Suppose we want to calculate the directional derivative along one of the edges
with a direction not parallel to the edge, we need a cross-boundary-derivative,
which is a special case of the directional derivative. Without loss of generality
we can choose the cross-boundary-derivative over edge 1, = 0. The cross-
boundary-derivative which is derived from a dual of equation (10), see [1,
§18.4], is as follows:

n!

DB E NS (n—r)!

>~ bi(d)By(r°) (11)

li0|=n—r
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where 15 = (0,72, 73), i° = (0,12,73) and d is a direction not parallel to this
edge.

A condition for C* continuity, 0 < s < n between two adjacent triangles T,
with control points b;, and 7", with control points b is (see [1, §18.6, equation
18.20]):

Biriris) = bp(d); r=0,...,s. (12)

where d = (d,d>,d3) is a direction not parallel to the common edge, and
i® = (0,i2,3). In our interpolation scheme we want C' continuity between
two adjacent triangles. If we use s = 1 in equation (12) and (8) we get:

B(l,i;,i:,) = dib(1,i,i5) + d2b(0,i41,i3) + d3b(o,iy,i341)-

Since d; + dy + d3 = 0, the four points 51_;2_;3, b1.iy.i55 Do,is+1,is and bo i, iz 41
are affinely dependent, and hence coplanar.

Corollary When two triangles 7, with control points b;, and 7T, with con-
trol points bJ, join is C! continuous, then the control points b1°+e,,
biote,, bioye, and bjoye, along the common edge, with multi-index
i° = (0,1,,13), are coplanar.

We will use the above corollary in our interpolation scheme to ensure tangent
plane continuity between two adjacent triangles.

3.6 Degree Elevation

As the name already suggests degree elevation is a method used to raise the
degree of a the Berstein-Bézier basis. In the interpolation scheme we will use
this method.

This method is applied to the control net (or points in case of a curve) of a
surface with a Berstein-Bézier basis of degree n, and provides us with a new
control net that describes the surface with a Bernstein-Bézier basis of degree
n + 1. The method of degree elevation presented here is described by Farin
in [2, §1.4].

If we want to write a surface b™(7) as a Bernstein-Bézier basis of degree n+1
we get:

S uBrr)= Y oVBr(r)

li|l=n li|l=n+1
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o cubic
e quartic

Figure 10: Raising a cubic control net to a quartic control net

So we get a new control net that describes the same surface as the original
control net did.
From the previous expression one derives:

1 . . :
bi(l) = o 1.(llbi—e| ik l2bi—e2 + z3bi‘e3)

where 1 = (i],ig,i:;).
If we repeat the degree elevation often enough, the control net will approach
the surface defined by the control net. A proof of this can be found Farin [2,
§1.4, Theorem 1.3].
We will now show an example of a control net that defines a part of a sphere.

The left control net is a control net that defines a part of a sphere by a
surface of degree 3. It is constructed by the method we will explain later on
in section 3.8. The center control net defines a surface of degree 7. This net
is constructed by elevating the degree of the surface described by the left-
most net. The right-most net describes a surface of degree 11. This net is
also constructed by elevating the degree of the leftmost surface. The degree
raising algorithm is applied eight times to the control net of degree 3, which
gives us degree 11, with (11 + 1)(12 4 1) = 78 control points.
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3.7 Subdivision

Subdivision will later on be used in our interpolation scheme to ensure the
tangent plane continuity between two adjacent triangles by preventing sharp
edges between two adjacent patches. The subdivision algorithm will divide a
triangle into three sub-triangles which together describe the same surface as
the original triangle did.

Subdividing a triangle is derived from domain transformation. Suppose we
have two triangles 7 and 7 (see Figure 11) with common edge T, T3, and we
want to transform the domain of 7 to that of 7. With domain transformation
we can describe the polynomial surface b"(r) with barycentric coordinates
of T as a polynomial surface over 7 (see Figure 11).

T,

—3)

T,

Figure 11: An example of domain transformation

Let 7 have barycentric coordinates T and let 7 have barycentric coordinates
7, the common edge T2T3 will correspond to the barycentric coordinates
70 = (0,7, 73) and to 7° = (0,7, 73). Let T, have barycentric coordinates o

with respect to 7.
The surface (described by these two triangles) can then be written in two

ways:

Y biBrMr) = Y biBl(+ (13)

li]=n lijl=n

We now want to find the Bézier points of the surface that are defined over
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7. Since the two triangles share a common edge, we immediately find (from
equation (13)) by = by with | i | =n, i = (i1,%2,13) and i° = (0,12,i3). We
can determine the other Bézier points by using the directional derivative of
a direction d that is not parallel to the common edge T2T3 d is the same
direction expressed in barycentric vector coordinates of 7. If we substitute
this in equation (11) we get:

S bp(d)BE () = 3 bu(d)Bp(r%); r=0,...,n

i®|=n—r i%|=n—r

If we now can show that the above equation holds for r = n, we can conclude
that the surfaces described by 7 and 7 coincide.
Since 70 = 7% (substituting this in the previous equation) we find:

S bp(d)= 3 bh(d); r=0,...,n

i®|=n-r |i®l=n-r
Because the edge is a common edge we have by = Bio. This also means that
o(d) = bjp(d); r=0,...,n

because the points b} and B.ro completely depend on the control points on

the common edge. R
Hence the two polynomials b}, and b}, agree in all derivatives in all directions

d up to order n:
Dibyp" (1) = Dybp™(7)
and so they must be equal:
(1) = bl (%); ¢ o 0yone,n (14)
We now have Theorem 2.8 from (2] which states:

Theorem Let b™ (with control points b; ) be defined over 7 = {T,T,,T5}
and let b" (with control points b;) be defined over 7 = i, )
The two polynomials b™ and b" are identical if and only if

bi- = bp(o); 0<r<m, (15)

where i” = (r,4,23); | i" |= n, and o are the barycentric coordinates of
T, with respect to 7.
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Using (15) we can find the Bézier points b; from the given b; (see [2, §2.3]).
However, equation (15) doesn’t provide a stable method for points that are
outside the triangle, because it then is a formula that uses repeated extrapol-
ation and has the same numerical problems as other extrapolation schemes.

The difference between domain transformation and subdivision is that Tl 1s
inside 7 (see Figure 12), so we don’t extrapolate but interpolate. We can
use equation (15) (see {2, §3.2]) for subdivision without worrying about the
method not being stable. With T, inside of T the subdivision formula gives us
three sub-control nets. The intermediate points of the de Casteljau algorithm
b{(r), | i |= n —r, are the points of the control net of the surfaces defined

over the triangles {Tl,Ta,Tl} {Tl,Tl,T2} and {T,,Tg,T3}, this gives us:

Corollary The intermediate points b with | i |= n —r of the de Casteljau
algorithm, are the control points of the three sub- triangles {7}, T5, T} },

{Tl, Tl, T2} and {Tl, TQ, T3}

Figure 12: An example of a subdivision

We will now present an example of a subdivision. Suppose we want to sub-
divide a triangle at its centroid (i.e. the point with barycentric coordinates
o =(3,3,3)) Wenow wish to redefine the control net that used to describe
the surface over the whole triangle to one that describes the surface over a
part of the triangle. We will call our original control net b; and our sub-
triangle is b Suppose we want to know the position of bato. If we apply

equation (15) we get:
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baro = boio(e) = Z bOlOﬁ-Bj?(U)
lil=2
= b2lOB§00(U) - bl?OB?lO(a) + blllBl201(a) +
bo21 B211(9) + bosoBayo(o) + borz By, (o)

1 1 1
= (§)21b210 T+ 2(5)2'3120 + 2(5)2'3111 +

1 1 1
2(5)2b021 + (5)213030 + (§)2b012

We now have a closed expression for Bg,o, expressed in the control points of
the original surface. If we want to get three sub-triangles out of one triangle
we have to apply this method to each of the edges of the original triangle.
This provides us with three sub-nets that describe the same surface as the
original control net.

3.8 Interpolation scheme

We will now present the interpolation scheme, as was proposed by Bruce R.
Piper in 3, §5]. We will use this scheme instead of the scheme presented
by Farin in [2, §4.2] because Farin uses control nets that describe a surface
of degree 3, while Piper presents a proof that there are cases of piecewise
polynomial surfaces of degree 3 where a control net that describes an overall
C' surface connot be found. The scheme proposed by Piper can be used for
interpolating surfaces, given some points on the surface and the tangent plane
in these points. The problem is described as follows:

We have given a triangulation in R®. On this triangulation the following
constraints must hold: each edge of this triangulation occurs in at most 2 tri-
angles. Each vertex occurs in at least 2 triangles. Each triangle is connected
with at least one other triangle. For each vertex tangential data is given by
the normal vector of the tangent plane in this vertex.

We now wish to interpolate for each triangle a point on a C' continuous
surface which is determined by the vertices of the triangle and the tangential
data in these vertices.

As we explained in Section 3.1, this interpolation scheme consists of five steps
to create a control net.
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In step 1 we create an candidate control net. This net will be adjusted for
reasons of tangent plane continuity in steps 2, 3 and 5. In step 2 we will
subdivide the candidate control net, that was created in step 1, into three
sub-nets. These sub-nets will be further adjusted in steps 3 and 5. In step
3 we will adjust the center control points of the sub-nets that were created
in step 2. They are adjusted in such a way that each control point becomes
coplanar with the common edge and the center point of an adjacent sub-
control net of an adjacent triangle. In step 4 we will adjust the degree of
surface that each sub-control net, created in step 3, describes. The reason for
this is explained in detail in the following description of step 4. In step 5 we
will adjust some control points of the sub-control nets created in step 4, to
achieve the tangent plane continuity between adjacent triangles. We also will
present a proof that we need at least a control net that described a surface
of degree 4 to be able to get tangent plane continuity between two adjacent

triangles.
We will now present a detailed description of each step.

Step 1. Create an initial control net.

In this step we will create a candidate set of control points. These points
will be used to create the final control net. The candidate set is deduced
from the input data. For each triangle in the triangulation we will calculate
a candidate control net. This candidate control net will be adjusted later on
to avoid sharp angles between two adjacent triangles.

b

/030
Pao Ly,
l.’ZIO / I / \\
P . \ b
/ —" /".\012
S ” ‘blll/ ( \

3007 > h

Figure 13: An example of a candidate control net.

From each triangle we need the vertices and the normal vector of the tangent
plane of these vertices. The control points bagg, boso and bggs are equal
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to one of the vertices of the input triangle. The other boundary control
points (control points except bsos, bozo, boos and by (see also figure 13))
are constructed by projecting one vertex on the tangent plane of both other
vertices of the triangle (see figure 14). This gives us two new candidate control
points and it is done for all three vertices so that we get six new candidate
control points.

tangent plane

030

Figure 14: A 2 D representation of the projection.

However, only projecting a vertex of the triangle on the tangent plane of an
other vertex, is not always sufficient. 1t is possible that the control points get
“crossed” (see figure 15), this means e.g. the control points along the edge
(boso,bsoo) are bgsg, b120, b2io and bgag instead of bagg, b210, b120 and bgag.
This “crossing” results in cusps in the surface. A solution to this problem
is scaling. By scaling we mean multiplying the vector from a vertex to the
projected point on the tangent plane of this vertex by a certain factor. Piper
suggests (in [3, §5]) a factor that depends on the distance between the two
vertices (e.g. bsgo, boso), namely one-third plus one-nineth the distance from
the vertex to the projected point q so that

1 1
b2i0 = bage + (g + §||q — b3gol|)(q — baoo)

All the other control points on the edge of the triangle are calculated similarly.
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030

Figure 15: Problems which can occur if scaling isn’t used.

However this scaling factor depends completely on the given data and must
therefore be determined by trying several values until a result is found that
looks fine.

We now have all the control points on the edges, but we still need one point in
the center of the triangle (by;; in Figure 9). The exact position of this point
is not important since it will be repositioned later-on when we consider the
surface continuity. We will use the method that Farin suggests in [2, §4.1].
He suggests to use a C° interpolant which depends on the control points on
the edges of the triangle:

1 1
by = Z(bzm + bioz + boi2 + boa1 + bize + b2io) — g(bsoo + boso + boos)

We now have an candidate position of point by;;. We need this position to
be able to subdivide the triangle. The exact position of is determined later
on in step 3 and 5. This candidate control net now describes a Bézier surface
that goes through the points bsgo,bose and bggs and is tangent to the given
tangent plane in these points.

We now have the complete candidate control net, so we can continue with
step 2.

Step 2. Subdividing the surface.

In this step we subdivide the triangle into three sub-triangles. The reason
for the subdivision is that, although the surface, defined by the candidate
control net, that was produced in step 1, over each triangle looks smooth,
two adjacent triangles often fit together at sharp angles. The result of the
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subdivision does not provide us with adjacent triangles that join in a smooth
way, because our choice of the points byy, is arbitrary, but it is a necessary
step to eventually get a smooth join between the adjacent triangles. The
adjustments to make a smooth join between two adjacent triangles are made
in step 3 and 5.

We will apply the subdivision algorithm, as described in section 3.7, on the
control net we have so far. We divide the triangle at the centroid (see also
Figure 12). The centroid of a triangle has barycentric coordinates (%, %, %)
We will use formula (15) where the parameter is the barycentric coordinates
of the centroid.

This formula gives us one of the three sub-control nets, namely the control
net over bgso, boos and the centroid of the triangle. Note that for point 6300,
the right hand side of equation (15) is determined by de Casteljau algorithm
for interpolating a point with barycentric coordinates (3,3,3)- The other
points calculated by the subdivision method are the intermediate point of the
de Casteljau algorithm.

In order to get another sub-control net we have to change the indices of the
formula. For the sub-control net over bsgg, bgag and the point corresponding
to the centroid, the index i” becomes (i1, 7,13) and i° = (1),0,73). The last
sub-control net is found by setting i" = (i1,19,7) and i® = (41,2, 0).

We now have three sub-control nets that describe a surface of degree 3. To-
gether they describe the same surface as the original control net.

Step 3. Adjusting the center points.

In this step we adjust the center points of the sub-triangles. The result of this
step provides us with a set of triangles that join smoothly but the interior of
the triangles is no longer smooth. Making the interior of the triangles smooth
again is done in step 5, but this may require increasing the number of degrees
of freedom by raising the degree of the surface described by the control net,
which is done in step 4. See (3, §3] for an example showing the necessity of
degree at least 4. In this step the points are adjusted so that the center points
(like byy;, see Figure 13) of two adjacent sub-triangles (sub-triangles of two
triangles that share a common edge) and two control points on the common
edge are coplanar.

If the points are not already coplanar the center points will be adjusted in
the following way:

first we project the center point by;; on the plane through the common edge e




T

2

Figure 16: Adjusting the center control points of two adjacent patches

and the center point dy;, the center point of the adjacent triangle (see figure
17). The projected points are not coplanar, we still need to scale one of the
line segments (the segment from a center point to the projected point) with
a factor f and the other one with a factor 1 — f (0 < f < 1).

Figure 17: A projection of two adjacent triangles with common edge e

The factor f is a weighted average of the heights of the triangle with base
being the common edge e of the two adjacent tr iangle. The factor f is chosen
in such a way that it favors the triangle with the smallest height. This triangle
is favored because otherwise this would result in relatively big changes to the
sub-control net of small triangles. The effect of the same change to a bigger
triangle is relatively small. Suppose we have two triangles with helghts hy
and h,, and h, is larger than h,. We set the scaling factor f equal to m
We will then multiply the vector, from the center point to the projection of
this center point, of the triangle with the largest height with f. The vector
of the triangle with the smallest height will be multiplied with 1 — f.
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Step 4. Raising the degree.

In this step we raise the degree-of the surface described by the control net.
These control points are still candidate control points because the adjustment
we made to the control points in step 3 disturbed the C! continuity of the
surface of a triangle. To ensure tangent plane continuity over the triangle
and between two adjacent triangles we still need to adjust some of the control
points. This last adjustment is done in step 5. We need to raise the degree
of the surface to 4 because it is, in some cases, impossible to determine the
center control points of a control net that defines a surface of degree 3, so
that they satisfy a necessary condition for tangent plane continuity, see Bruce

R. Piperin [3, §3].

|
T

Figure 18: The triangle after subdivision and degree elevation

In this section Piper proves that a control net that describes a surface of
degree 3 does not always give us a solution for a smooth surface over and
between triangles. We will now present this proof. The proof is given by
presenting a counter example of a cubic interpolation problem. Before we
present this counter example we will first explain some of the notation used
in that example.

Suppose we have two triangles, P and Q, which share a common edge with
barycentric coordinates (71, 72,0). A necessary requirement for tangent plane
continuity is that the triangles P, with surface p™ and control points p;, and
Q, with surface q" and control points q;j, join continuously over the common
edge. The construction of the -control net, as was explained in step 1, ensure
that the triangles P and Q join continuously over the common edge. We will
now present a formula with which we can find the tangent vector at any point
on the surface described by the control net of P, corresponding to the vector
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d (see equation (10) with r = 1):

Dap™(t) =n Y B! (diPite, + d2Pite; + d3Pites) (16)
lijl=n—-1

The tangent plane of the surface of P of a point on the common edge of P and
Q, is spanned by two different directions. We can choose these directions,
without loss of generality, as dy = (—1,1,0) , a direction parallel to the
common edge, and d, = (—1,0,1), a direction not parallel to the common
edge. Since we have continuity over the common edge, the tangent vectors
Dg4,b" and Dg,q" are identical. To achieve tangent plane continuity between
P and Q the tangent vectors of D4, p", Dq,p™ and Dq,q" must all lie in the
same plane (see section 3.7). Using formula (16) we get

Ddlpn(Tl,T2, 0) = Dd]qn(Tl,T2,0) = TI(J — I)

D4,p" (11, 72,0) = n(K—1I)and Dg,q"7,,72,0) = n(L -1)

In the following notation n = 3, u + v = 1, p; are the control points of the
control net of triangle P, and q; are the control points of an adjacent triangle
Q

=

I = Y B("'."J.'lo)(rl,rg,ﬂ)p;+1,j,o
i+j=n-1

J = Z B(ni:iylo) [Tlv T2, 0)pi,j+l,0
i+3=n—1

K = Z B;‘i'_j'lo)(Tl,T%O)pi,j,l
i+j=n-1

L = Y B om0
i+j=n~-1

Note that I, see figure 19, is a point in the triangle spanned by p3oo, P210 and
P120. To be more precise, I is a point on a quadratic bézier curve (see section
2). The same observation can be made about the points J, K and L.

A necessary condition for the tangent plane continuity between P and Q is
that:
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Figure 19: The points I, J, K and L together with a part of the control-nets
of P and Q.

det

1 1
1 J
LK | =0 (17)
1

L

We will now show a cubic case, for which it is impossible to find the points
b1, and qi; satisfying equation (17). The input data for this case are the
following control points:

Psco = Qqs0 = (0,0,0) P20 = 9quo = (1,0,0)
Pi2o = Q20 = (2,0,1) Pozo = o3 = (4,0,1)
pr = (1,1,0) Q1 = (1,-1,0)
Po21 = (3,1,1) Qo211 = (3,—1,0)

We now need to determine the center control points by;; and q;;; 1n such
a way that equation (17) still holds. Let by, = (z,,¥p,25) and qun =
(24, Yq,2q). If we now calculate the determinant of equation (17) with the
unknown u, v, by;; and q,;;, we get the expression:

2uv(dou’ + 4d,u’v + 6dyuv? + ddsuv® 4 dyv) (18)
where

do = (2p+2z) =2,
di = ((2e9p — 2pYg) — (Yp — Yo) —(xp+xq)+(zp+ zq) +2)/2
dy = (4(yql'p = ypxq) + 4204 — 2p¥q) + 4(yp — yg) + 3(zp + 2¢) — 4)/6
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ds = (2(zqyp — zpyq) —(yp — yq) = (:c,, & :L‘,,) + (2p + zq) +2)/2
dy = 2(zp42)—2

Since uv is not equal to zero and the one-dimensional Bernstein polynomials
are independent, equation (18) is equal to zero if and only if all the d; are
equal to zero. However, it is impossible to choose z, and z, so that dp and d4
are both equal to zero. This means that it is impossible to choose the points
pi1: and qip; in such a way that equation (17) holds.

We can now conclude that, since a cubic surface satisfying equation (17) is
not always realizable, it is necessary to use surfaces of degree at least 4. In
the next step we will show that degree 4 always provides us with an overall

smooth surface.

Step 5. Adjusting the control points

In this last step we will adjust some of the control points of the sub-control
nets which each describe a surface of degree 4. This is done to ensure the
tangent plane continuity between two triangles that share a common edge.
This finally gives us the control net we need to interpolate a smooth surface
defined by the given data.

We will present a proof, as was given by Piper in [3, §4], that we can al-
ways find a control net that realizes tangent plane continuity between two
adjacent triangles. These control points may still not establish tangent plane
continuity over the triangle itself, and therefore we will adjust them.

Figure 20: The triangle after subdivision and degree elevation

We will use the same formula for the points I, J, K and L as in step 4:
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I = Z B(x]O)(u7v70)pi+1,j.0

i+j=n-1

J = Z B(;;o)(uvva)Pi,jﬂ,o

i+j=n-1

K = Y Biiov0pi

i4+j=n-1

L = Z B(l j O)(u’ v, O)qi,j,l

t+3=n-1

In this proof we will use an equivalent condition of equation (17). This is
done because an expansion of this formula with the new points I, J, K and L
will be quit difficult to read. The condition we will use here is that for each
u,v (u+v = 1) there exists scalars E(u,v), F(u,v), G(u,v) and H(u,v), not
all zero, such that:

E(u,v)I + F(u,v)J + G(u,v)K + H(u,v)L =0 (19)
The scalars are chosen to be linear functions of u and v:

E(u,v) = equ+ ev, F(u,v) = fiu+ fov,

G(u,v) = giu+ g2v, H(u,v)= hju+ hyv.
Here ey, fi, g1, h1, €2, fa, g2 and h, are real constants, to be determined
in such a way that the patches corresponding to triangles P and Q are C!
continuous along the edge shared by P and Q, i.e. such that the expansion
(19) of (17) is satisfied.
We will use the following notation to make the proof more readable:

R, =ps_ii, Ti=qaiin i= 0,1,2,3
8 = py—ivo=Q-iip t= 0,1,2,3,4

The points S; in this notation are the Bézier points on a common edge between
two adjacent triangles P and Q, R; are the control points of the control net of
P which are parallel to this edge and T; are the control points of the control
net Q@ which are also parallel to this common edge (see Figure 21).

If we expand equation (19) we get:
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Figure 21: Bézier control points that are important for the surface continuity

uiCp + 4u*vCy + 6u*v*C, + 4uvCs + viC, = 0 (20)

where

Co = eSo+ iSi+aRe+ Ty

C: = [B(eSi+ f1S2+ a1R, + h'Ty) + (€280 + f281 + g2Ro + h2To)]/4
C, = [251+ 252+ 2R1 + ho Ty + S + fiSs + g1 Ra + 1T /2
Cs = [3(e2S2+ f2S3+ g2R2 + hoT2) + (€183 + f1S4 + g1 Ra + ~,T3)) /4

C; = eS3s+ 284+ g2Ra+h,Ts

Since u and v are both not equal to zero, the only solution to equation (20) is
that all the C; are equal to zero. Since the points in the expression Cyp are all
coplanar, because they are all on, or projected on the tangent plane through
So, we can choose €;, fi, g1 and h; such that Cy will be equal to zero, while
not all of e1, fi, g1 and h; are zero, but so that e, + fi + g1 + hy = 0. Since
R, and T, are coplanar with Sy and S,, and are on opposite sides of the line
through Sp and S, we can choose g, and h; so that g; +h, = 1. Since the four
points in Cy are coplanar we can’t solve Cy = 0 by making a linear system
by using all three coordinates of the points in Co. So we leave out one of the
coordinates and use the equations ¢; + fy + g1 + hy =0 and g; + h; =1 to
get a solvable four-by-four system. We can solve the scalars e,, f2, g2 and h,
in the same way, by setting g, + hy = 1, e2+ f2 + g2 + ho = 0 and by using
C4.

In order to solve unknown control points R,, R;, T}, T, and S;. We can
simplify this by setting 4C, = 0, 6C, = 0 and 4C3 = 0. We can rewrite this
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as a system: AZ = b with

30 3hy O 0 3f,
A=1{3g 3hy 3¢ 3h 3(fa+e)
0 0 3g2 3/12 362

Sl
Il
I

3(6281 + f183)
e1S3 + f1S4 + g1Ra + ~1 T3 + 31283

€2So + f2S1 + ¢2Ro + h2To + 3615, ]

8]

Il

=
]

This system can be solved when the rows of the matrix A are independent,
if the rows are dependent we need an other method to solve this problem.
We will now show how to find the points in & when the rows are dependent.
These rows are dependent only if e; = €3, fi = f2, g1 = g2 and hy = hy. If
the rows are dependent, matrix A becomes:

3g1 3’21 0 0 3f1
A'=| 3¢ 3h 3¢ 3h 3(fi+er)
0 0 3¢ 3h 3e;

We can now see that if we add row 1 and 3 of matrix A’ we get row 2 of
matrix A’. If we now want to find a solution for z we get:

A,_ 3g1 3’11 0 0 3f1
10 0 3g1 3h; 3e

e1So + f1S1+ g1Ro + h1To + 3,5,

b=—
[ 1S3 + f1Ss + g1Ra + hi'T3 + 3/1S3 ]

which is a solvable two-by-five system. Hence, we can always find the points
R,, R;, T;, T; and S; so that they satisfy tangent plane continuity between
two adjacent triangles.
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We now have enough information to adjust the control points for making a
visually smooth join between two adjacent patches. After determining the
matrix A, by solving Cp and C4 as described above, and b we adjust the
points marked X in Figure 20. This can be done by solving the following
equation:

A€ =b— Ay

where § are the control points we have so far. € is the correction for the
control points so that our new control points will be : €+ .

The adjustment of these points causes the join between two triangles to be
smooth, but this adjustment and the adjustment of the center points in Step
3 can cause the join between two adjacent subtriangles of one triangle to
loose its C! continuity. We will have to adjust some points inside the triangle
to restore this smoothness. This is achieved by adjusting the points labeled
M, N and O in Figure 20. These points will become the centroid of the
three points surrounding them. By making this point the centroid of the
surrounding control points, we ensure C' continuity between the subtriangles,
because this adjustment makes the adjusted point and the three surrounding
points coplanar. We will have to start with the points marked M since these
points are used to modify the points marked N, which are used to modify
the point marked O.

According to Piper, the described method gives us a smooth surface with the
given control points.

We will now show that local changes do only have a local effect. This is
important, because when you are designing an object and wish to change a
part of the surface, you do not always want this change to affect the entire
surface. Suppose we change a point p or the tangent plane in point p (see
figure 22) where p is one of the data points.

It is clear that all the triangles that have p as a vertex, will change, and
so will the associated surface patches. We will now show that this change
in data will only have an effect on the triangles containing p as a vertex or
sharing a common edge with the triangles that have p as a vertex. If we
change point p in triangle Apqr (see figure 22), the candidate sub-control
nets and the centroid of this triangle will change. The candidate sub-control
nets of the adjacent triangle Aqrs do not change, since the control nets of a
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Figure 22: Local changes have only a local effect.

triangle depend only on the vertices and the tangent planes in these vertices.
Of the triangle Aqrs the final control net of sub-triangle Aqwr will change
most. The points that are determined for the tangent plane continuity (the
points marked X in figure 20) will change. The control points on the edges
qw and wr will also change because they are set to be be the centroid of
the surrounding points. The other control points in the triangles Aqws and
Awrs do not change. Since the other triangles adjacent to triangle Aqrs,
i.e. triangles that do not contain data point p, do not use the control points
of triangle Aqrs, they will not be affected in any way by the changes made
to data point p. So we can conclude that local changes will only have a local

effect.
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3.9 Application

We implemented the described method in an application. The application’s
interface looks as follows:

Figure 23: The interface of the application of 3-D interpolation.

This application can be used to view data and to interpolate new data points
as was described in section 3.8. The application takes input from a file. This
input is then displayed. We can now interpolate new data points. This inter-
polation can be done in one step. One can also choose to do the interpolation
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step by step. These steps correspond with step 1 through 5, which were ex-
plained in section 3.8. Every time one step is executed, the result of this step
will be displayed. It is also possible to write the result to a file. If we want
to use the output again as an input file, only the data points will be stored in
this file. If one chooses to use the output as an input for Mathematica ®, one
gets the same data as the one that is displayed by the application. We have
chosen to save the entire control net because one can use Mathematica ® to
create postscript files of the displayed object.

The view point of the object displayed by the program can be modified by
using the mouse. By pressing the left mouse button down and moving the
mouse, the figure will rotate. The center mouse button is used for zooming
in or out. Pressing this button and moving the mouse down will result in
zooming out on the figure, move the mouse up and it will result in zooming in.
The right mouse button can be used for moving the figure around. Pressing
the button and moving the mouse will also move the figure.

We will now explain the buttons in the top part of the window.

The “File” button

This button is used for selecting files. Pressing this button will present a
tear-off menu. This means that by clicking on the dotted line the menu will
become a window which can be placed at a desired position. This menu
consists of three buttons, a button labeled “Input File”, a button labeled
“Math File” and a button labeled “Output File”. The button “Input File”
will select a file which can be used as an input file of this application. The
line of the file is equal to a face in the figure. A line can look as follows:

(((17,2,3),(3,2,1)),((13,3,4),(4,3,2)),((43,4,5), (5,4, 3)))

The first three-tuple is, as are the third and fifth, a vertex of the face this
line describes. The second three-tuple, as are the fourth and sixth, is the
normal vector of the tangent plane in this vertex. The number of braces are
of importance.

The button labeled “Math File” is used for selecting a file, to which output in
Mathematica ® style can be written. This file can be used in Mathematica ®
for examining the figure closer or making a postscript file of this figure.

The button labeled “Output File” is used for selecting a file wherein the data
points, which are shown in the figure, can be written. This file can be used
as an input file for this application.
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The “Options” Button

This button is used for the interpolation. Pressing this button will present a
menu with the following options.

Initial Net. Pressing this button will make an initial control net for each
triangle, as was described in the previous section in Step 1.

Subdivide. Pressing this button will subdivide the initial control net into
three sub control nets. If the initial control net was not made yet, it will
be made first. This operation is equal to Step 2, as was described in the
previous section. Instead of adjusting the indices for each sub-triangle,
we rotate the control net so that the indices for the subdivision method
stay the same (see equation (15)).

Adjust Center Points. Pressing this button will result in the adjustments
of the center points of the control nets. If the previous two steps were
not executed first, they will be executed first. This operation is equal
to the one described in Step 3 in the previous section.

Elevate Degree. Pregsing this button will raise the degree of the surfaces
described by the sub-nets by adjusting the sub-nets. The operation is
equal to the operation described in Step 4 in the previous section. If the
previous operations were not executed first, the application will execute
them first.

Adjust Control Points. Pressing this button will adjust the control points.
This operation is equal to the one described in Step 5 in the previous
section. If the previous steps were not executed first, the application
will execute them first.

Interpolate. Pressing this button will cause the application to interpolate
points on the surface. The above five steps will be executed first.

By rotation in the “Subdivide” option we mean the following:

If we represent a control net as a 2-dimensional array A, with bozg at position
[0,0], bago at position [3,0] and bgs at position [3,3], we can rotate this array
by using the following formula:

Ali gl = A3~ (i—j),3 1]
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The “Interpolation” button will interpolate three points by using the de
Casteljau algorithm. These points are in the center of each edge of the tri-
angle. The result of this action is that each triangle is split in four triangles

(see figure 24).

Figure 24: An example of splitting up a triangle.

The tangential data in these points are calculated by using (cross-boundary-)
derivatives. If we take the derivative in two directions, we get two tangent
vectors. We can calculate the normal vector of the tangent plane in these
points by taking the cross product of the two tangent vectors.

The “Reset” Button

This button can be used for resetting the figure. Pressing it will give you a
menu with two options. The first option, “Reset”, will reset the figure to its
initial state. This means that all zooming, rotating and moving is undone.
The second option, “Reload” will even go one step further. This option will
read the input file, and build the figure according to the data in this file.

The “Write” Button

Pressing this button will present you a tear of menu. This menu has two op-
tions, namely “Math File” and “As Input File”. Pressing on of these options
will cause the application to write the current figure to a file. Pressing the
button labeled “Math File” will write the current figure to the Mathematica ®
file that was selected in the “File” menu. Selecting the “As Input File”, will
cause the application to write to the file that was selected in the “File” menu
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as “Output File”. This file can later on be used as an input file for this
application.

The “Close” Button
This button is pressed when one wishes to leave the application.
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Data Structure

In our application we used the following data structure. We stored each data,
data point and tangent vector of the tangent plane in this point, only once.
This implies that we need lists of pointers to get a data structure we can use
to interpolate surfaces. The data structure consists of three pointer lists. For
each list we also administrate the length of this list.

First we have a list of points. This list contains pointers to the data. This
data consists of a point and the tangent vector of the surface in this point.
There are also pointers to the list of edges.

ENZEIENZE data

M

I AI >\ >\ list of points

VARES

|WJ I vl - list of edges

Figure 25: An example of a list of points.

These references are made so that we can find all the edges which contain
this point. One point can have references to several edges.
The list of edges contains references to the list of points,

[~ T | « - | istofpoints

/
[ //K l AI >\\ ' />\\; list of edges
(XA
] \' l_LV l N L B list of faces

Figure 26: An example of a list of edges.

so that we know of which vertices the edge consists. The edge list has also
references to the faces, or triangles, it is part of. An edge can occur in at
most two faces.

The face list has references to the edges it consists of but it
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r\l/ I W J/' I list of edges

I A ]AI>\ ] >\ | list of faces
N

FV i g 1 v lj J__ list of control nets

Figure 27: An example of a list of faces.

also contains references to the control net of this face. Each face has a list
of three control nets. We need three control nets for each face because the
subdivision algorithm we will use in our interpolation scheme, gives us three
sub-nets for each triangle.
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