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Aim Setup of the project

lAim
This chapter will give an overview of the aim of this document. It contains a short description
of the type of neural network used. At the end of this chapter the experiments conducted with
the software and their (scientific) significance will be outlined.

1.1 Setup of the project
The subsection NeuroBioPhysics of the Science Department at the Rijksuniversiteit Groningen
conducts research in parts of the (insect) brain, mainly directed towards visual perception. How-
ever, there are no neural network simulators available which can be used to simulate the working
of these particular neurons. The theoretical description of dynamic recurrent neural networks
(DRNN) indicates that this type of neural network might be able to mimic the studied neurons.

A software implementation was needed to verify these claims and to see if a DRNN has any prac-
tical use. This document contains a description of the resulting software and the experiments that
were conducted using this piece of software.

1.2 A dynamic recurrent neural network
The type of network used is called a dynamic recurrent neural network. Without going into much
detail (these will follow later on), the terms are loosely described here:

• A neural network is a network of computational elements. These elements are more or less
based on neural mechanisms which occur in the brain (hence the name neurons)

• If some or all of the neurons in a network not only have forward but also backward connec-
tions, the network is called recurrent

• A dynamic recurrent neural network is described using coupled differential equations over
time

1.3 Experiments
To see if the program is correct it should be able to reproduce the experiments done by other re-
searchers. In this light the first two experiments were set up:

I. Circle: can a network of 6 neurons (no inputs) create a circle
2. Figure-eight: can a network of 12 neurons (no inputs) learn to create a figure eight

These two experiments are well documented hence they are very suitable as test cases. The net-
work built with the new piece of software should require a similar amount of learning epochs and
have about the same performance. The results should be consistent to 'prove' the software is cor-
rect.

1.3.1 Effects of inhibition and excitation

A particular neuron in the brain can use only one type of neurotransmitter. Depending on the type
of neurotransmitter a neuron will be an inhibitory or excitatory neuron. How does this affect the
capabilities of the network? Will it be more flexible, hence learn faster/better or will it put con-
straints on the network? These questions will be evaluated using the experiments of the circle and
the figure eight.

1.3.2 Effects of noise on the learnability of a circle

In practice the input and output signals are rarely without noise. It is therefore of much interest
to see what effect white noise has on the overall learnability.
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Aim The use of DRNN in pitch estimations

1.3.3 XOR

Although it is not the type of problem for which a dynamic recurrent network is most suited, the
XOR has had a major influence on the development of neural networks in general. Therefore it
is only natural that an experiment is run to see if a DRNN can solve this problem and if so, in
what fashion.

1.3.4 Scalability

The software implementation needs to be tested to see if it is scalable and if so, to see how the
learning time increases when more neurons are added to the network or when the number of data
points in the input and target signals are increased.

1.4 The use of DRNN in pitch estimations

Speech recognition research is a type of research performed by many researchers around the
world. Usually efforts are directed towards statistical training of some sort, for example training
hidden Markov models. Although these training methods have no real biological foundation, they
are currently the most promising techniques available. Neural networks are used in speech rec-
ognition, but the results vary.

This project will take a different aim at speech recognition. First, the pre-processing of the data
files will not be done by standard fourier spectra analysis, but by a biologically plausible model
of the animal cochlea. Second, it is not the aim of this project to start directly with speech recog-
nition, but it will try to solve a small but important part of the speech recognition process: pitch
estimation. Although it would be nice to get a network which can be used in practise, the main
goal will be to see if it is feasable and if using a DRNN is a step forward in neural network speech
recognition.
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Introduction Introduction to neural networks

2 Introduction

The aim of this chapter is to give an informal description of neural networks and the generic
recurrent neural network in particular. It is not the intention of the writer to give a full and
detailed insights in the enormous amount of types of neural networks available.

2.1 Introduction to neural networks
This document is set up for the reader familiar with the concepts of neural networks. Although a
short reminder will follow in the next few paragraphs, it is too short and too global to get a good
grasp of the concepts. There are many good books available, so it would be advisable to read one
of these first[3J[8].

The inspiration for artificial neural networks comes from the brain. The brain is a highly com-
plex, nonlinear and parallel information-processing system. This in contrast with modern day
computers: they are linear and sequential. Because of these features even the brain of a small an-
imal like the bat can perform control and recognition tasks at a speed unmatched by computers.
The aim of artificial neural networks is to develop models of the neurons in the brain to enable
computers to perform complex tasks on the one hand and to get insights in the working of the
brain on the other.

An informal definition of a neural network viewed as an adaptive machine is as follows[3]:

Definition 2.1 A neural network is a massively parallel distributed processor that has a natural propensity
for storing experiential knowledge and making it available for use. it resembles the brain in
two respects:
1. Knowledge is acquired by the network through a learning process
2. Inrerneuron connection strengths known as synaptic weights are used to store the

knowledge

A neural network consists of several neurons connected to each other. These connections have
synaptic weights, indicating the importance of the information flow from one neuron to the next.
The knowledge of a network is therefore stored in these weights. Learning, or: adding knowl-
edge, is the modification of the synaptic weights by minimizing a particular error or energy func-
tion.

Figure 2.1
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Introduction Common types of neural networks

Common types of neural networks
Neural computing has a long history. This history is not only very interesting, it also helps to get
a better understanding of how and why the different types of networks were developed. Some net-
works are a response to other networks with a disadvantage while others were developed because
a problem required a different type of neural network. In the next few paragraphs the historical
development of the dynamic recurrent neural network (DRNN) is sketched.

The perceptron[8] is a simple artificial neural network. At first these networks were intended to
be computational models of the retina. But following the development of new learning rules per-
ceptrons came in use for all sorts of pattern recognition problems and other simular types of re-
search.

A perceptron usually uses a binary output function (zero or one) or a bipolar output function (mi-
nus one or plus one).

For the binary version a single perceptron is described in the following mathematical equations.
The output y of the perceptron is calculated by using the net input to the neuron as argument for
the activation function, thus (with co the weight for input i connected to neuronj):

In Eq 2.3 the a is the learning rate with a range of (0, 1). t, gives the target value for neuronj,
hence — y gives the difference between the desired output and the real output of the neuron.

The major disadvantage of the perceptron is its inability to learn nonlinear classification prob-
lems. A function like AND or OR can be learned but the XOR for example cannot.

The perceptron learning algorithm is a steepest descent method: while learning it 'walks' through
an energy landscape' looking for the deepest valley (a global minimum). But if it gets into a val-
ley it cannot get out, while the solution presented by the network might not be the best solution

The energy landscape is defined by the error orenergy function.

2.2

2.2.1 Perceptron

Figure 2.2

Input Hidden

A multilayerftedforivard perceptmn

Output

Eq2.l
y = fix)

I'

Eq2.2

Xj= YW1J

The weight update function is defined as:

i= I

Eq 2.3

co/t+ I) =

With Ao as the change made to the weight and given as:

=
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Introduction Recurrent neural networks

(hence a local minimum) at all: there could be another valley deeper than this one. The biggest
problem is that you will probably never know if there is.

2.2.2 ADALINE

In 1959 Widrow developed the ADAptive LInear NEuron (ADALINE). An adaline unit has a bi-
polar output of-i or +1. The inputs have no restriction: they may be binary or real valued. The
transfer function gives + 1 if the sum of the weighted inputs is greater than or equal to zero and a
- I if the input is less than zero. The adaptive learning algorithm is defined in Eq 2.4 and Eq 2.5.

Eq2.4 m

2
E,01= L4'=

p=I p=1j1

Eq 2.4 gives the amount of energy (or error) of the network, with P as the number of patterns in
the training set and in the amount of output cells. Now the change in weights can be calculated
with ri as a positive learning rate (the Widrow-leaming rule):

Eq2.5
So1. = = —11 —' &Oçj

p I
With m = I and by omitting the pattern subscript p Eq 2.5 can be rewnten by taking the partial
derivatives of each term in Eq 2.5. This gives the Delta Learning rule for a single ADALINE cell:

Eq 2.6 = (r—y)x1 = cx1

With c as the error term (f—y).

2.2.3 Backpropagation

In the previous section the delta rule is sketched. With some small adaptation it can also be ap-
plied to multi-layer networks (MADALINE). By introducing a differentiable function as the
transfer function, a new method of learning can be developed based on the delta rule. In this new
type of network the error is propagated back through the network from the output neurons to the
input neurons. Between these two layers of neurons there can be any number of hidden layers.
The principle remains that the weight adjustments start at the end of the network and finish at the
input side of the network. This process stops when the error reaches to a minimum. The mathe-
matics are straightforward and can be found in any book on neural networks[3][8]. The backprop-
agation equations can be summarized as follows:

Eq2.7 P

£Wjj = TI

The form of 8 varies with the type of layer for which it applies and H.,, gives the current weight-
ed input of the neuron.

2.3 Recurrent neural networks
A recurrent neural network is a neural network with not only feedforward connections but also
feedback connections. Such a connection can be either from a layer back to its input layer or from
a neuron back to itself. Recurrent networks based on the backpropagation algorithm can store a
limited amount of temporal information.

A popular method of calculating recurrent neural networks is that of unfolding in time. At each
timestep the network is enlarged with a copy of the current network. However, with a large
amount of temporal input, the network grows out of bounds hence making this process inade-
quate for complex problems. For simple tasks it may proof usefull, because this way no new
learning algorithm has to be designed.

8



Introduction Recurrent neural networks

It is also possible to redefine the output calculations with differential equations. The network now
demonstrates dynamical behaviour in contrast to other networks which only demonstrate non-lin-
ear behaviour.

Dynamic recurrent networks

Dynamic recurrent neural networks use a different kind of output calculation than for example
backpropagation networks. A DRNN is governed by a set of coupled differential equations:

dy
= — y1 + F(x1) +

'dt

Figure 2.3

r

A recurrent neural network (top-left) and the unfolding in time principle (righ:)(7J

2.3.1

Eq2.8

Eq2.9

where y, is the activation level of neuron i, F(x) is the activation function (usually a squashing
function) and x, is given by

xi =

j=O

Chapter 3 gives a full description of DRNN's based on these equations.

9



Dynamic Recurrent Neural Networks Basic neuron processes

3 Dynamic Recurrent

Neural Networks

In this chapter the working of the dynamic recurrent neural network is explained in detail.
Much of it comes from Draye[1j although not all the mathematical proof is given here. For
proof, explanations and examples see Chapter 6 (by Mastebroek).

3.1 Basic neuron processes
A neuron in a DRNN receives information from an arbitrary number of inputs. These inputs can
be divided into two different groups:

1. Inputs from neurons, including from itself
2. External inputs, with the bias as a special kind of external input

The output of a neuron is based upon its current weighted inputs:

Figure 3.1

yi yj

The input flows from the left to the right. y. is the output of neuron i and y is the output of
this neuron (j). indicates the weight between neuron i andj.

The neuron's output is governed by the following equations':

Eq 3.1 dy
= —y1+F(x1)+!

Where:

• y. is the activation level of neuron i

• F(a) is the activation function (usually a squashing function)
n

• = the ca 's are the weights of the n incoming signals for neuron i

1=0
• Ti is the time constant

• I, is the external input of the neuron. If the input is a bias input, its value is constant (and usu-

ally set to 1)

3.2 Learning function
If a network is to learn some temporal behaviour an error function is needed. This function is used

1. This is called the propagation or motion equation of the network

10



Dynamic Recurrent Neural Networks Learning function

in calculating the new weights and time constants of every neuron in the network.

The error of the network is given by:

Eq 3.2 I'

E = fq(y(t),t)dt

marks the start of the correction interval and tj marks the end, with 0 � t0 <11 � Ttogaj• The
function q is the cost-function which depends on the activation of output neurons y° and time t.
With q for example the squared distance between the neuron output (y°) and the desired output
(d) (n is the number of outputs):

Eq 3.3 q(5'(t), t) = (y'(t) — d.(t))2

iEO

3.2.1 Adjoint variable

The previous defined error function (Eq 3.2) needs to be minimized to a (sub-)optimum solution.
The mathematical proof is however complex and can be found in Chapter 6.

The variable p, which is introduced in the proof is called the adjoint variable which is introduced
to constrain the system of equations for y(t) in the learning process and is in this case defined as:

Eq3.4 dp.
1 1=

with e defined as:

Eq 3.5 e1 = ____q('(t), 1)
8yj(t)

Eq 3.4 shows that the new p1 depends on the p, xj and the weights between this neuron and the
next neurons. Eq 3.5 shows how an error changes with the change of y1(O.

3.2.2 Adjustment functions

Now, learning of the network can be defined in the following way. First the weight update is con-
sidered (gradient descent-method):

Eq3.6 k÷I — k ÔE'
with:

Eq3.7

ÔE I= _Jy1(r)F(x)pdt

The reader should note the dependency of the new weights on the outputs of the connected neu-
rons.

In a similar fashion the update of the time constant can be given:

Eq 3.8
ÔE 1

dy1
= dt

The time constant is updated in the following way:

11



Dynamic Recurrent Neural Networks - Discrete representation

Eq3.9 7.+i -

3.3 Discrete representation
The simulation of a neural network will be done on a digital computer. This implies that the equa-
tions in the continuous time model need to be approximated. The techniques used will introduce
errors in the calculation of the differential equations. Where possible the Runga-Kutta method[9]
is used in the calculations to minimise the calculation errors.

Eq 3.1 is the time-continuous model of the output. This equation can be rewritten to a discrete
approximation using:

Eq3.10 dy1y1.(t+&)—y,(t)
&

hence

Eq 3.11 y1(t+&) = (I _V)yt) +F(x,(t))+

and usually y1(O) = F(0) = 0.5.

The discrete version of the error function (Eq 3.2), making use of the definition of the integral1,

is:

Eq3.l2
E = & q(5'(t), 1)

I =

provided, of course, that the steps : makes are small enough (e.g. & — 0).

The discrete version of the update rule for the weights is defined as:

Eq 3.13
= y(t)F'(x)p

I =

As with the weight update rule, it is now possible to derive the discrete approximation of the time
constant update function:

Eq 3.14
=

I =

Some care has to be taken when t1 = Ttoiai because at this point y1.(1 + &) does not exist.

The discrete approximation of the adjoint variable (Eq 3.4) is:

Eq 3.15
p,.(t) = (I — pj(t + &) + + + &)

with:

Eq 3.16

_________________

In the software implementation this approximation is replaced by the much more accurate Run-
ga-Kutta method, because using Eq 3.16 produces an error which may result in undefined learn-
ing behaviour of the network: it is possible that the error of the network is almost the same as the
error introduced by this (Eq 3.16) first order differential approximation.

Il Il

I. The integral isdefinedas: Jf(t)dt = tim (At fit))
10 10

12



Dynamic Recurrent Neural Networks Discrete representation

The calculation of every p.(t) starts at time t = t with p,(11) = 0 (backpropagation over time).

13



Experiments

To investigate the capabilities and shortcomings of DRNNs some experiments were conducted.
The setups and results of these experiment are described in this chapter.

A circular trajectory
The setup of the first experiment is straightforward. A network of six neurons, four hidden and
two output neurons, is constructed. There are no inputs besides the six bias inputs for every neu-
ron. The target consist of a sine and a cosine, hence creating a circular trajectory. Two neurons of
the network are appointed as output neurons: one should produce the sine and the other the co-
sine. Other settings of the network are:

Structure of the network for learning a circular trajectory. As shown in this figure, no exter-

nal inputs are present.

Figure 4.2 shows the result of this experiment. Although the output does not match the target per-
fectly, it is clear from the results that the network can create a circular trajectory. To allow the
network some time to start-up the p-value is not calculated for values at : < 0.5. In this short time
period the network is allowed to get from (0.5,0.5) to the circle.

The error-plot shows a strange feature during learning of the network. After some time of gradual
descent the error starts to fluctuate very violently before stabilizing again. This behaviour is pre-
dictable in the sense that every time a network is set to learn this task it shows a simular error
plot. Draye [2] reports that in this time period (the so-called Hopf-phase) the network's structural
stability is lost because of the chaotic nature of the network. During this period of time the error
does fluctuate mainly due to the structural changes in the network.

This inherently instability of the network may seem a problem. However, only in a small number
of cases the network stabilises on a higher error level, while most of the time it does reach a state
that produces a small error value. The structural changes can even be a good thing: these 'wild'
movements decrease the chance of getting stuck in a local minimum.

4
Experiments A circular trajectory

4.1

Eq 4.1

Figure 4.1

learnin grate = 0.15
= 0.01

At = 0.05
bias = 1.00

sint

4.1.1

cost

The results
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Experiments A circular trajectory
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A circle created by a network consisting of six neurons. The upper-left image displays the
target and the output after training, the upper right image shows the error of the network
during learning and the image in the centre shows the p-values for the Iwo ourpia neurons.
The length of the target is about two periods, in other words: the network circles around two
times.
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Experiments A circular trajectory

As shown in the previous section a network with six neurons can create a circular trajectory. But
what happens if more neurons are added to the network? Figure 4.3 shows the outcome of this
new experiment.

A circle created by a network consisting of eight neurons. The upper-left image displays the
target and the ouput after training, the upper right images shows the error of the network
during learning and the image in the centre shows the p-values for the two output neurons.
The length of the target is about two periods, in other words: the network circles around two
times.

Figure 4.4 shows the results for a network with twelve neurons. Although the end result matches
that of the network with eight neurons, the p-values are significantly smaller.

4.1.2 Adding more neurons

Figure 4.3
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Experiments Figure eight
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A circle created by a network consisting of twelve neurons. The upper-left image displays
the target and the output after training, the upper right image shows the error of the network
during learning and the image in the centre shows the p-values for the two output neurons.
The length of the target is about two periods, in other wordN: the network circles around two
times.

Continuation of the signal

What happens to the output of the network if the time period is extended? Will the behaviour con-
tinue or will it become unpredictable or even unstable? Figure 4.5 shows that the network (con-
sisting of six neurons) seems to produce a limit cycle that continues even after the learning
period. This result shows that even a few neurons can be responsible for cyclic behaviour.

Continuation of the network with six neurons after the learning period.

Figure eight
A figure eight, or Lissajous Curve, can be created by speeding up one of the components of a
circle. To be exact: double the current frequency of that component. In Figure 4.6 the results are
shown.

Figure 4.4
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4.1.3

Figure 4.5
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Experiments

Figure 4.6

Effects of inhibition and excitation
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Outputs and ermrs for twelve, fourteen and sixteen neurons.

The network requires at least twelve neurons to learn the task. Other than that, the results are sim-
ilar to those of the circle.

Effects of inhibition and excitation
A biological neural network consists of neurons, axons, dendrites and synapses [5]. A signal from
one neuron travels through the axon via the synapse onto a dendrite or the cell body of the receiv-
ing neuron. In general, every connection between a transmitting neuron and its receivers are ei-
ther all inhibitory or all excitatory. Which one it will be depends on the type of neurotransmitter
the neuron produces. An inhibitory connection can be seen as a negatively weighted connection
and an excitatory connection as a positively weighted connection.

It is interesting to see what the effects of such a biological limitation are on the overall behaviour
and learnibility of a neural network. In the following experiment the circle and figure eight are
again used as targets for the network. However, this time the neurons are set to be either excita-
tory or inhibitory with a 50% distribution (meaning that every neuron has 50/50 chance of being
either excitatory or inhibitory). In Figure 4.7 the results are shown.
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Experiments The effects of noise

F, o — n, *y ..(04.T2I
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The results of the training of a network with inhibitory and excizory connections.

The network seems to have no trouble learning the circle. The output of the network matches the
target within a small margin of error. When compared with the results as shown in section 4.1,
the results are simular and one could conclude that in the case of the circle the constrains on the
network have little or no effect.

With the figure eight the result is good: the network can produce the correct behaviour. However,
the deviations from the target are much larger than the deviations shown in Figure 4.6. In this case
the network is somewhat limited by the inhibitory and excitory connections. One could conclude
that with more complex tasks a constrained network will have more and more difficulties in com-
parison to an unconstrained network. However, these two expnments give not enough evidence
to support this claim, therefore more research is required to see if this is indeed the case.

The effects of noise

In practice the targets of a neural network are hardly ever without noise. Although the following
experiment is not very complex, it gives some understanding of the way a DRNN will react to
noise. In this setup the circle is used. The targets are now distorted with a uniformly distributed
amplitude noise. This means that at every time index a small random value is added to the sine
and cosine functions. This way the global trend of the sine is always visible, but when the two
components are used to plot the circle it shows a malformed circle. In Figure 4.8 the effects of
this distortion can be observed.

The result of this experiment looks very promising. Even with a noise of ±0.25 (note that the
range of the sinus used is [0.2,0.8]) the network has no trouble at all to reach the limit cycle of
a circle. However, from a mathematical point of view these results are not suprising. Chapter 3
explains that the integral of the p-value is used in calculating the energy E of the network. The p-
value contains the error-value of the network for the case where the neuron is an output neuron
(Eq 3.15). In this experiment, the error-value consists of the normal error with some random val-
ue a. When the distribution is uniform and a E [—b, b] then with a large enough amount of ran-
dom values the integral cancels out the effect of the noise (Eq 4.2). One might say a DRNN has
an built in filter for noise with zero mean.

Jsintdt f(a1 + sint)dt

Figure 4.7
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Experiments XOR

Figure 4.8
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A circle with respectively ±0.05. ±0.15 and ±0.25 uniformly distributed noise. The targets
are build using: y(z) = a + sint with a a random variable with the given distribution.

4.5 XOR
The first artificial neural networks were developed in 1943 by McCulloch and Pitts[8]. These
primitive neurons were able to solve simple problems like OR and NOT and so on. In 1956 Ro-
chester created the first computer simulation of an ANN. From that point on some very interest-
ing research was conducted. But at the end of the nineteen-sixties Minsky and Papert published
an influential paper describing a number of problems that were unsolvable for perceptrons of that
time. One of these problems was the XOR: this logical function is nonlinear and perceptrons can
only solve linear problems. After this, ANN research was abandoned by most researchers. It was
not until the development of the multilayer feedforward perceptrons that the XOR-problem could
be solved by an artificial neural network. So, historically, the XOR-problem is viewed as the test-
case for new types of ANNs. If a network is unable to solve this relatively simple problem, it is
not a very realistic type of ANN.

Before an experiment is set up with a DRNN, an observation needs to be made. A DRNN is a
network designed to learn time-dependent problems. A logical function like the XOR is binary
and has no time information what-so-ever. So, instead of a single '1' or '0' a time signal had to
be created (Eq 4.4), hence lists of either ones or zeros are used as time signals. These signals are
then used as inputs and targets for the network. The network is again allowed some start-up time
before it has to match the target value. The parameters for the network are:

Eq 4.3 learningrate = 0.15
= 0.01

L\t = 0.01
bias = 1.00

The structure of the network is shown in Figure 4.9.
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Figure 4.10 shows the outputs of the network. Although the output never reaches one or zero, the
classification is a success (the logic state '1' is representated by a real value close to one and '0'
is representated by a real value close to zero). In this picture the start-up is evident and quite par-
ticular: in three of the four cases it first tends towards the wrong value before stabilizising to the
correct value. Some other observations were made during this experiment:

Adding more neurons will not give much better results
The best results are achieved when presenting the input-output pairs in a random order. Using
a predefined order requires a somewhat longer training time. Training one particular pair
(priming) and after a while adding the rest to the training gives even worse results
Disabling learning of T (hence fixing it to T = 1) produces a somewhat shorter training time,

but the end result is the same
Setting the bias to either I or 0.5 does not really matter

The output of a network of two neurons after training of the XOR problem.

The error during training is depicted in Figure 4.11. These results match the results of Pearlmut-
ter, who also conducted experiments with DRNNs. Pearlmutter had the same startup effects and
the network he created also needed about 1000 epochs to learn the given task.

Experiments

Figure 4.9

XOR

"-
Eq 4.4

The structure of the network for the XOR-problem.

one y(t) = 1.0 for: 0 � t � 1400
zero y(t)=0.0 for:0�t� 1400
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Experiments Scalability

Figure 4.11

Error during training of a network of two neurons. The left image gives the error when the

time constant T is adjusted during training and the right image show the error when the time

constant is set to I and kept fixed during training.

4.6 Scalability

The experiments run so far were conducted with a small number of neurons. But can this imple-
mentation be used to simulate networks with a large number of neurons? In (most) practical ap-
plications dozens of neurons may be required to learn the given problems. To see the effects of
adding neurons to the network the experiment of the circle was rerun with different network sizes.
Figure 4.12 (left) shows that the amount of time needed to complete a fixed number of epochs
grows approximately quadratic. This is disastrous for very large networks. It also means that add-
ing more (single processor) computing power will not really help. There is one upside to this re-
sult: because the number of connections in a network is n2 (hence by adding one neuron the
network needs 2n + 1 new connections), the computational time grows with the same rate.

The solution might be to implement DRNN's on multiprocessor systems. For example, if a net-
work is simulated on a system using four processors the time needed will decrease by a factor
four. With current developments, however, the future will bring multi-layered (optic) systems
with many small processors which will be very suitable for the simulation of very large networks.

Figure 4.12
loS, 0 I.W.. 31 Io.S

.oo loll
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Scalability of the implementation when ad4ing neurons (left) or adding data points (right).

On the right side of Figure 4.12, the scalability of the network is plotted when adding data points
to the target and keeping the number of neurons constant. As expected, the time needed increases
linearly.
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Pitch Estimation Model of the cochlea

5 Pitch Estimation

This chapter describes the pro's and cons of using dynamic recurrent neural networks in a
sub-task of the speech recognition process: pitch estimation. In the first sections the problem
and setup of this experiment are discussed. After that, the results are shown followed by some
more general remarks. Information on the cochlea model will be restricted due to patent rights
and other confidential information.

5.1 Model of the cochlea

Usually, speech signals are analysed by creating a fourier spectrum or other similar mathematical
transformations. These methods have several disadvantages, two of which are:

a transformation window size has to be chosen. Most of the time the size is fixed, but in any
case the problem is similar to that of the chicken and the egg: to be able to perform a good rec-
ognition an optimum window size has to be chosen. But in doing so, one needs to know to
some extend what is said. For example, the chosen window should overlap an utterance of a
'six' and not divide the utterance into several parts. But if you don't know where the utterance
starts and ends (in other words: you don't know what is said) it is very hard to select the cor-
rect window size and place it at the correct time index
any phase information is lost: speech recognition system designers usually take the amplitude
plot of the FF1', discarding the phase plot

Another way of performing a preprocessing algorithm is based on the way the cochlea in the hu-
man ear functions. In short, the cochlea gives not only an amplitude response, it also contains vi-
tal phase information (hence its response preserves time information). For each frequency
component in a given sound a different part of the basilar membrane in the cochlea responses.
Hence the human auditory sensor can sense which frequency was detected at a particular point
in time, thus combining phase and amplitude information. See Figure 5.1 and [5].

Figure 5.1

The basilar membrane of the hwnan cochlea. High-frequency sounds produce their maxi-
mum displacement near the base. Low-frequency sounds produce their maximum displace-
ment near the apex. From (5).

The artificial cochlea is divided into segments, with each segment maximum responsive to one
single frequency. A spectrum plot is created by summing the output values per segment (displa-
ment values) over a certain time period (for example 5 milliseconds). See Figure 5.2.
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Figure 5.2

5.2

Figure 5.3

I

I

' 1
The cochlea energy spec: rum for the utterance 'six zero eight zero zero six four'. Segment
number 100 is maximum responsive for about 4 kHz and segment number Ofor about 25 Hz.
The segment-frequency map is approximately logarithmic.

Pitch estimation

If the utterance contains voiced speech, it (nearly) always has a pitch. This means that voiced
speech is built up by one frequency (the pitch) with several harmonic frequencies. If one takes a
closer look at the spectrum at a particular time, one could give an estimate of the pitch. This proc-
ess has already been automated[4], and produces a plot like Figure 5.3.

The current algorithm is not fail-safe. The output is sometimes distorted by what is called an oc-
tave-error: the estimate is exactly one octave above or below the correct value. Figure 5.3 shows
another mistake by this estimation process. The first utterance of 'six' is missed. The first type of
mistake can be relatively easily detected and removed from the training set, the second type is
somewhat harder to detect (and has not been removed from the training set).

H

Pitch estimate for 'six zero eight zero zero six four'. The minimum pitch is set to 0.15 for the
training later on. The maximum pitch is set to 0.85. also for training purposes. These limits
correspond to a range of a 45 to 400Hz pitch. Hence they-axis is the scaled log of the pitch
frequency.

Although the training set is distorted, the network may be able to generalize enough to avoid
making the same mistakes. The errors in the training set also present another problem: is it pos-
sible to say the network has learned to give a good pitch estimate and if so, why? For a further
discussion of these and other problems see section 5.5.

For this task a neural network is constructed with sixty neurons. Only the lower sixty-three seg-
ments of the cochlea are used (corresponding to a 20 to 2000 Hz frequency range), because only
these contain enough resolution to see the different sub-harmonic components of the pitch. All
neurons receive inputs from the segments. This means that every neurons has access to the infor-
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Pitch Estimation lime frame and learning rate

mation of the complete cochlea over time. One of the neurons is used for output, hence it too is
connected to every segment.

Segments

Network lay-out. Not all neurons, inputs and connections are shown, because the picture
would then become a single black spot on the page.

Time frame and learning rate
The parameters for the network are set to:

ii = 0.01
& = 0.005

= 0.01
bias = 1.00

The cochlea uses a frame length of 5 milliseconds for each energy value, hence the 1st = 0.005.

The internal sample frequency for each of the segments is about 16 kHz, giving each frame a
length of about 80 samples (hence each frame consists of about 80 displacement values).

Training and validation sets
The training set consists of about 200 different (random) utterances from male (about 130) and
female (about 70) speakers with a 2.75 seconds length. This gives an input data-stream of 550
points (5 milliseconds per frame) per segment. For each of these utterances a pitch estimate is
calculated which is used as the target for the output neuron.

The validation set consists of four examples from the training set and two new examples, all fe-
male.

The estimated pitch (the target, see Figure 5.3) contains two types of disturbances that are re-
moved by using a low-pass Kaiser-Bessel filter:

• small, local, errors
• discontinuations

Both disturbances introduce high frequency elements to the target signal. Because a Kaiser-Bes-
sel filter removes these high frequencies a much smoother target signal is created. When these
effects were removed from the targets, the network seemed to be able to learn the given task much
quicker and it performed better after training.

In the next section the performance of the network in situations where the algorithm functions
adequate will be discussed. The dataset consisted of four trained and two untrained examples. Af-
ter this first experiment the trained network is presented data with which the current estimator
had trouble giving good estimates: some octave errors are present, as well as other errors in
judgement. It is also of interest to see the effects of missing data on the network: how will it per-
form and can the results give an indication of how the network uses the available data? These
questions are discussed in the final section.

Figure 5.4

Network

5.3

5.4

5.5 Results
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5.5.1 Results with error-free data

In this section the results are discussed when the training of the network was finished. During
training the output of the network was calculated for a randomly selected input and compared to
the target estimation. With the resulting error the weights of the network were adapted. This proc-
ess continued until the network did not show any significant improvements between several ep-
ochs. The following four spectra were part of the training, but the last two spectra presented in
this section were part of the test set: the network did not encounter them during training.

When a particular spectrum and its pitch estimation are discussed generalized conclusion are
made based on a single image. This is scientificly unsound, of course, therefore only conclusions
and comments are noted that are more or less general remarks: evidence for the stated claims can
also be found in other cases. If a claim is only evident in the referenced figure, it is usually be-
cause either the network or the estimator made a clear mistake, for example an octave error.

In the spectra an utterance is denoted by the number in a circle (e.g. D). However, in english two
different ways of pronouncing the zero are possible: 'o' (or '0') and 'zero', therefore the first is
denoted by the 0 and the latter by the ©. In the pitch estimation plots interesting points are num-
bered from 0 to•. The numbered comments in the text refer to these points in a particular plot.

Figure 5.5
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Cochlea gram and the pitch estimations for five zero one four five three'

Figure 5.5 shows promising results. Because a spectrum is highly dynamic and the target is the
result of an estimation process, a perfect match is nearly impossible. However, in this case the
network is very close to the target. The on- and offsets for the target and the network are equally
timed and the estimated pitch is a close match. Three, more specific, observation are:

I. The network seems to have a better on- and offset detection than the target algorithm: when
two separate utterances (or when a single utterance contains more then one voiced parts like
'seven') have little temporal space between them, the network detects them as being two
events while the estimator is prone to make mistakes during the transition from one voiced
part to the other.
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Figure 5.6
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2. If pitch of the first 'five', 'zero' and 'one' are compared, the spectrum shows a smaller pitch
value for the 'zero'. However, the network gives a pitch estimate similar to that of the 'five'
and 'one': this seems to be too high.

3. Although it is hard to see whether the network is slightly off or not, the output follows the con-
tour of the pitch quite nicely. In the spectrum the 'three' has a significant drop in the pitch half
way, which is also noticeable in the networks estimation.

07

600

Again, like in Figure 5.5, the output of the network in Figure 5.6 is close to the target pitch esti-
mation. There are just two small notes:

I. The start-up of the network prohibits a good estimate. Usually the first frames do not contain
any voiced speech but in this case they do: therefore it seems the network tries to divide the
event into two separate parts but the first peak is the result of the start-up of the network.

2. With the estimation for the 'four' the original algorithm makes an obvious mistake at the end
of the utterance. The spectrum and the network both show a nearly straight pitch but the algo-
rithm produces an estimate which rises from about 0.5 to about 0.6.
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Figure 5.7
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Although the pitch flows in the target and the output of the network are similar, the estimate val-
ues are very different. The original algorithm misses the first voiced part of the 'seven' even com-
pletely (point I). If the spectrum in Figure 5.7 is compared to that in Figure 5.6 and also taking
the closeness of the pitches in the spectrum in Figure 5.7 into account, one could conclude that
the network is closer to the truth than the estimator.

I. As stated before, at this point the original estimator misses the first voiced part of the 'seven'.
2. The network seems to give a response to the 's'-sounds. An 's' is unvoiced: the on- and offset

detection of the network gives a response where it should not have.
3. Like in Figure 5.6 the original estimator makes a big mistake in the estimation.
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Figure 5.8
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In Figure 5.8 the estimator and the network are for most part close together, except in the follow-
ing cases:

I. The network is too low with its estimated pitch value. It is clear that the pitch of the 'four' is
higher than the pitch of the 'three': the original estimator is probably much closer to the true
pitch value.

2. In these cases it is much harder to conclude which estimate is correct. They are only about 15
Hz apart and because the spectrum is also log-scaled one can not dismiss either one.

3. The network shows a much better voiced event separation than the estimator. The latter shows
fluctuations in its estimate were evidence for a pitch is missing.

4. This particular point shows a interesting response of the network. It seems the network uses
the upper segments for the pitch flow estimate: although the energies in the lower frequencies
indicate a drop in the middle of the voiced event (which is also shown by the estimator), the
energies in the higher frequencies show a flow downwards from about one third of the event.
The response of the network shows the same flow as the energies in the higher frequencies.
This claim is supported by the results of the experiments as described in section 5.5.3.
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Figure 5.9
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The spectrum in Figure 5.9 is part of the test set. Again it is difficult to see which of the estimates
is correct (like in point I), but it is obvious the network has generalized enough to be able to cope
with completely new data. The network did not learn the (relatively small) data set 'by heart' (so-
called over-specification), but it did indeed learn a pitch estimation algorithm. The demonstrated
spatial and temporal generalization is impressive, especially when one considers the network
only consists of sixty neurons.
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Figure 5.10 also shows a spectrum from the test set. Both systems produce a similar plot. The
interesting points in the signal are:

1. Responses of the network to 's'-sounds. Although an 's'-sound is part of natural speech, the
network should not have given any output.
The network can also identify separate but close voiced events in the test data.
Here a separation should be visible: the 'seven' ends about here and the 'nine' starts from
about this point. But the spectrum shows one of the most difficult effects in speech for speech
recognition systems: the 'seven' ends with the same sound as the 'nine' starts with, hence the
speaker connects the separate events to one event. This makes it look as if one long event
occurred.
A large error in the target estimation.4.

Trained network with more difficult data

In the following section a trained network is confronted with new data. In itself this is not very
different from the last two examples in section 5.5.1. But the six selected input-output pairs con-
tain errors in the estimations, so they were initially removed from the data set because they inter-
fered during training which then produced unstable networks. But if the spectra are presented to
the network, the produced output should give an indication whether the network generalised
enough or it learned the exact same algorithm as the algorithm that produced the target.

Pitch Estimation

Figure 5.10

Results

-r
07

06

SIX SOVSfl Six three seven nine one

05

Target
Oulpol

0

0.4

4-,'

0

I
0

0

0

0I

0
S

0 too 200 400 500 600

2.

3.

5.5.2

31



Pitch Estimation Results

Figure 5.11
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Both the network and the estimator make mistakes in Figure 5.11, but the overall performance of
both processes is comparable:

I. Here the network makes a much better separation between two distinct voiced events. How-

ever,
2. at these points the network generates a significant output where the spectrum shows no voiced

speech, only noise or unvoiced speech.
3. The spectrum shows clearly a pitch, although the upper segments lack enough energy. The net-

work misses this first part of the event.
4. At the end of the 'one' the estimator has trouble determining the correct value. The first peak

is clearly an octave too high, but the second error is not an easy one: the upper segments show
a downward flow of the energies but the first component remains at the same height. As stated
before, the network usually follows the upper segments, but the estimator has some difficulties
with the spectrum at this point.
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In Figure 5.12 the network responds much less to energy of noise or unvoiced speech. The dif-

ference between the output by the network and the target is quite large, in contrast to Figure 5.11:

1. In estimating the pitch for the 'three' the network seems to be too low. The pitch is higher than
the pitch of the first part of the 'seven', but the network responds with the same estimation.

2. This is hard to judge. The energy in the upper segments is distorted but the first component in
the spectrum indicates a higher pitch than the second '0'. However, both utterances are '0',
which could lead to the conclusion that the network's response is better. Both are probably
incorrect and the real pitch is somewhere between 0.41 and 0.53.

3. Here the estimator misses the 'eight' completely.

Figure 5.12

0.5 — 0

04

TatgsI

I' J

I 0.3

.0

Li

02

01

1

.1

600

33



Pitch Estimation

I

Results

There are three interesting points in Figure 5.13:
I. At these points the network makes an incorrect estimation. In the case of the 'eight' for exam-

ple, the pitch is somewhat higher than the pitch of the 'five'.
2. A clear octave error by the estimator.
3. Probably the first peak comes from the voiced part of the 'six', but the other peaks are

responses to noise and are therefore mistakes. But on the other hand, the estimator misses the

'six' completely.
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In Figure 5.14:
1. The estimator completely ignores the voiced part of the 'four' and most of the 'zero'.
2. At this point the correct estimation is most likely the output of the network: the second part of

the 'seven' has clearly the same pitch as the first part.
3. The network continues with the pitch while only the first component has any energy left:

another indication that the upper segments are used by the network for the value estimate and
the lower segments for the on- and offset detection.

4. For most part of the final 'four' both the target and the network follow the pitch contour,
although the estimator makes a short octave error at the end.
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Figure 5.14
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In Figure 5.15:

1. This is the only documented case where the network makes an octave error. This most likely

comes from a lack of energy in the upper segments: it is present but it is not much.
2. A very nice pitch contour.

Figure 5.15
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In Figure 5.16:
1. At these points the network is probably too low in its estimation.
2. An octave error by the estimator.

Response of the network when the upper or lower segments are removed

In the previous two sections a few remarks were made concerning the relevancy of the first com-
ponent and the harmonics to the network. To get more insight in how the network deals with these
two separate elements two experiments were run. In Figure 5.17 the results of these two experi-
ments are shown. First the network was presented with a spectrum with the lower twenty seg-
ments removed (=set to zero), effectively removing (most part) of the first component. In the
second experiment the information in the upper twenty segments was removed, hence removing
most part of the harmonics. Figure 5.17 confirms the remarks made in section 5.5.2: with the up-
per segment intact, the network still performs reasonably well in the estimation of the pitch, but
the on- and offset detection is distorted. On the other hand, when the information in the lower
segments is still present, the on- and offset detection functions even better, but the pitch estima-
tion is off target most of the time.

Pitch Estimation

Figure 5.16
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The network responds very well after training. The on- and offset detection of the network is even
better than the target estimation process. And most of the time the trained network comes also
very close to the target estimated pitch. However, it is hard to say which estimation process is

better: the intrinsic dynamics of speech and (small elements of) noise in the signal make it nearly
impossible to see which process is best. The only real way of finding out the truth, is by using
both estimation processes in speech recognition and see which one produces the best results.

The experiments in this chapter have shown that a DRNN has powerful temporal and spatial gen-
eralisation potential. A DRNN can therefore be a strong tool even when the presented inputs and
targets are highly complex and dynamic!

However, the training of a DRNN is supervised: for each input there is a known target output.
Usually these targets are perfect, although sometimes the targets are distorted by noise. The tar-
gets in the pitch estimation are not perfect: the current pitch estimation algorithm does produce
errors. If these errors are severe enough, the network will try to learn these errors as well (in effect
learning the way the algorithm works, not a general pitch estimation protocol).

What is needed is an unsupervised learning method for DRNN. The errors produced by the pitch
estimator may be corrected later on, but what if the errors are severe or there is no current target
available? Temporal clustering can be a strong feature of DRNN's, but as long as no real unsu-
pervised learning methods are available, only a priori known input/output clustering can be
learned.
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5.6.1 Computational problems with large networks

A network of 200 neurons requires calculation of about (5N)2 different equations per time step.
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The learning phase adds another (2N)2 calculations. For example, a network of 200 neurons re-

quires for the pitch estimation learning process (550 datapoints per example) about
(5 .200)2 . 550 + 2002 = 550.16• 106 calculations. If the training requires approximately 60,000
learning epochs, the total number of calculations is 3.3 1013 . Note that each equation has in itself
several simple computations like adding and multiplication. With some output to file, the current
implementation takes six days to complete these calculations (with only sixty neurons). For larg-
er networks, the computational burden becomes unpractical. There are some solutions to this
problem:

• Parallel implementation of the algorithms
• Try to segment the given task into smaller problems, thus requiring smaller networks

5.7 Future research
The results described in section 5.5 are preliminary. Much is yet unknown and interesting issues
are still open. Some of these are:

• Noise. How does a trained network react to signals with noise? Will it perform almost as good
as it does with clean data? If so, it would truly outperform the current estimator

• l'raining with all segments. The current algorithm uses only the lower 63 of the 140 cochlea
segments to give an estimate. Researchers claim that the upper part of the cochlea does not
have enough resolution since these harmonics are too close apart or masked by other informa-
tion. But maybe the network is able to detect these subharmonics and use them to give better
estimates

• On-line learning. Check the detected pitch and correct the network if it is a 'near miss': if the
estimate is a little off, the network could be correct. In this way the network sees an enormous
amount of data, which it can hopefully use to generalize even better

This chapter indicates that the DRNN's have much potential, but further research is required in
all different sorts of scientific and practical fields. But from the results in this chapter, it is clear
a DRNN performs especially well in temporal and spatial clustering.
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6 A derivation of learning

rules for dynamic
recurrent neural
networks

A chapter by Henk A.K. Mastebroek(6J (h.a.k.mastebroek@bcn.rug.nl) of the department of
Neurobiophysics and Biomedical Engineering. Copied with permission. This chapter brings
together mathematical and physical tools which lie at the root of a derivation of learning rules
for dynamic recurrent neural networks. It starts with the basic problem in the cakulus of
variations: how to determine a set offunctions y1(x), i = I n, which extremize the integral
of some functional ofthese functions. This problem is generalized by the introduction of con-
straints such that the solutions also have to satisfy the constraint equations. This results in the
method of the "Lagrange undetermined multiplier functions" Application of these methods
in physics will be discussed after the introduction of Hamilton's Principle. The Lagrangian
and Hamiltonian energy functions together with the canonical equations of motion of Hamil-
ton are introduced. The way in which Pontryagin applied these methods in the construction of
his "Minimum Principle of Pontryagin"for the solution of general optimal control problems
is presented. The chapter ends with the derivation of the learning rules.

6.1 A look into the calculus of variations

Let y(x) be a function of x and let fty(x), y'(x)x) be a given functional of the independent variable
x and the dependent variable y(x) (with its derivative y'(x) = -_y(x) ).The fundamental problem
of the calculus of variations is now to determine the function yx) in such a way that the integral

Eq6.l X2

J = Jfly(x),y'(x)x)dr

xI

is an extremum, i.e. a maximum or a minimum. x1 and x2 often will be fixed points, but they may
vary. In order to find an extremum off, the function y(x) has to be varied. If a function y(x) min-
imizes J, this means that all other "neighboring functions", even the closest ones, must make J

increase. A neighboring funtion can be constructed as follows: let y = y(a, x) be a parametric
representation in such a way that, if a = 0: v = y(O, x) = y(x), i.e. the function that minimized
J. Now it is possible to write:

Eq 6.2 y(a,x) = y(O,x)÷all(x)

with ri(x1) = = 0, (x) being otherwise a function of x with continuous first derivative.
The integral J now becomes a function of a too:
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Eq 6.3 X2

J(a) = ffty(a. x), y'(a, x)x)dx

xI

and for J to be an extremum it is necessary that:

Eq6.4 =0

for all functions i(x). Euler showed in 1744 that the elaboration of this condition results in (here
we refer to Thornton (1995), Kibble and Berkshire (1996)):

Eq6.5 afdOf0
t9v dxOy'

the well-known Euler equation.

Example!: Find the shortest path between the origin O(x = 0, y = 0) and an arbitrary
point P(x = a, y = b) in the XOY-plane.

Solution: Let 0 and P be connected by a path according to the function y = y(x). The

length L of the connection is then: L = J( I + y'(x)2)dx.

So, in terms of the Euler equation the functionalf is: f = Ji + y'(x)2.

(Note that heref is independent of y(x)). From Eq 6.5 we now find:
y'(x)

]
=

dx 1+y(x)
The expression inside the brackets must be a constant, i.e.: y'(x) has to be independent of x:
dy(x)/dx = constant, or: y = cx + d (c and d being constants): i.e. a straight line with c = b/a
and d = 0 if it has to connect 0 and P.

It is not difficult to generalize the Euler equation to a set of equations for the case thatf is a func-
tional of, let us say, n independent variables:

Eq 6.6 fnfly1(x), y1 '(x), . .., y(x), y'(x)x)

The development of the optimization problem now results in:

Eq6.7 Of dOf ...
c3y, dxOy,'

with I = 1, 2,..., n, which we shall use below.

6.2 Conditions of constraint
In example I the problem was to find the shortest connection between two points in a plane. A
more general problem is: find the shortest connection in 3-D between two points on a sphere (a
"geodesic"). Now, there is an extra condition: the constraint that the solution of the minimization
procedure (i.e. the shortest connection) has to satisfy the equation of the spherical surface. In the
calculus of variations this problem is solved in an elegant way by means of introducing "La-
grange (undetermined) multiplier functions". We summarize the general case here (Thornton,

1995):

Letf be a functional as in Eq 6.6, and let g1y1(x)x) = 0 (j = 1,2 m) be m equations of con-
straint. The solution of this type of extremum problem is given by the (n + m) equations

Eq 6.8
+ = 0

g/y1x)=0 j=1,2,...m
where the ?./x) are the Lagrange multiplier functions. We have to solve now (n +m) equations

and will find (n + m) solutions: n variables yj(x) and m functions Xjx). where the solutions y.
satisfy the equations of constraint. Later on this solving technique will play an important role.

Example II (Note: a very simple problem that can be solved easier in other ways!): Maxi-
mize the area of a rectangle with perimeter P Solution: Let the lengths of the sides be y1
and y2. The problem is then to maximize f(y1, y2) = y1y2 under the constraint:
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g(y1, Y2) = 2y1 + 2y2 — P = 0 (note that! does not depend here explicitly on an inde-
pendent variable, nor on the derivatives of the dependent variables). Eq's 6.8 become (
too does not depend in this simple case on an independent variable):

+ 2X = 0, y1 + 2 = 0 and: 2y1 + 2y2 = P. It follows immediately that X = —P18,
so that y1 = P14 and y2 = P/4: the largest rectangle is a square.

6.3 Applications in physics: Lagrangian and Hamiltonian dynamics

From laboratory experience as well as daily life it follows that Newton's laws describe e.g. the
behavior of a particle in an inertial frame in a correct way. Newton's second law = p (: force,
p: momentum) is a second order differential equation: = p = m = m. (m: mass of the par-
ticle, c': velocity, : coordinate vector in the frame of the particle). It gives the solution for the
path (t) of the particle as soon as is known. Note that the solution of the equation (of second
order) needs two initial boundary conditions. In more complicated situations however, the equa-
tions of motion can become quite complex, and solutions may be very difficult to obtain. An al-
ternative method of approach in the study of dynamical problems was proposed therefore by
Hamilton in 1834/35 when he published the following dynamical principle ("Hamilton's Princi-
ple") on which all principles of mechanics and most of classical physics can be based (Thornton,
1995; Landau and Lifschitz, 1991):

"Of all the possible paths along which a dynamical system may move from one point to another
within a specified time interval (consistent with any constraints), the actual path followed is that
which minimizes the time integral of the difference between the kinetic and potential energies"

So, against the background of the calculus of variations, Hamilton's principle can be written as
(we confine ourselves to conservative systems):

Eq 6.9 t2

8J(T_U)dt = 0

tl

with T = T(x1) the kinetic energy of the particle (a function of velocity t. only) and
U = U(x,) the potential energy (a function of coordinate x. only). Define now a function

Eq 6.10 L T — U = L(x,, x1)

Note that L is a functional likef in Eq 6.1. Substituting Eq 6.10 in Eq 6.1 and minimizing accord-
ing to the Hamilton principle gives (in a rectangular coordinate system and for the single particle
we are looking at):

Eq6.11 —--=0 i=l,2,3
cx1 dtat

These are the well-known Lagrange equations of motion (similar to the Euler equations (4.7) with
L the Lagrangian of the particle. Again these are second order equations (as in Newton's second
law). In Eq 6.11 no forces appear, only energies!

Example Ill: Find the Lagrange equation of motion for the I-D harmonic oscillator (mass

m, spring constant k).

Solution: L = T—U = (mt2)/2—(kx2)I2. Therefore: = —kx, = mt and

= mt. So: mt + kx = 0, the same result of course as obtaine/in Newtonian
dtat
mechanics.

6.4 Generalized coordinates
Let's consider a system of n particles, to be described in their motions with rectangular coordi-
nates. We then need 3n independent coordinates. In the case that there are constraints on some
of these coordinates (the motion could be constrained to occur on a certain surface), then, with
m equations of constraint, 3n — m coordinates are independent: the system under consideration
is said to have s = 3n — m degrees of freedom. Generalized coordinates are now defined as a set
of quantities that completely describe the system. They are denoted by q (j = 1, 2 3n or
j = 1, 2, ..., s) and any s (or 3n) independent quantities that completely describe the system will
do. Sometimes it will be more convenient to choose generalized coordinates with dimensions of

_____
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energy, (length)2 or even dimensionless quantities. In practice a set of generalized coordinates
will be chosen (of course) that gives rise to equations of motion which are easy to handle. The
time derivatives of q are called generalized velocities. Different sets of generalized coordi-
nates for one and the same dynamical system are interrelated via the so-called canonical trans-
formations.

Example !V The movement of the mass in the harmonic oscillator configuration of example
III is completely determined by its coordinate x(t) and its velocity .t(t) at any time 1, but
also by the total energy E of the mass-spring system and the quotient of mass and spring
constant rn/k (L.eech. 1958). Note that E and m /k are constants of this system.

It is not important whether we express the Lagrangian in terms of coordinates x and , or with

the generalized coordinates q and q: L = L(q1, q1;t); in this generalized notation Hamilton's
principle is written now as:

Eq6.12
8fL(q,4;t) = 0

which results in the generalized Lagrange equations of the system under consideration:

Eq 6.13 _—-- = 0 j= 1 2 ... 3n
aq1 dth4s

(Lagrange derived these equations along mathematical lines already in 1788, so without the use
of Hamilton's principle).

An important result of the calculus of variations in relation to the use of generalized coordinates
concerns the solution of the Lagrange equations of motion for constrained systems: when the
constraint relations are in differential form, they can be included in the Lagrange equations by
means of undetermined Lagrange multipliers, i.e. for n particles with m equations of constraint
on their 3n coordinates we may write:

Eq6.l4 ÔL dôL_+ k(
with j = 1,2 3n and k = 1,2 m. (The multiplier functions Xk(t) have an important physi-
cal meaning which we do not discuss here (see e.g. Thornton (1995), Leech (1958)).

For a closed system (i.e. a system that does not interact with the world outside the system) in an
inertial coordinate frame it can be proved that (Thornton,1995; Landau and Lifschitz,l991):

Eq6.15 L—qj_=-H

and:

Eq6.16 HET+U
with H the "Hamiltonian" of the system, equal (under the restrictions mentioned before) to E, the
total energy of the system. From the definition of L = T— U it follows that the momentum com-
ponent p1 of a particle along the ithaxis is given by: p. = -. A generalized momentum compo-
nent p, can be defined now according to:

Eq6.17

ôq1

Note that this means that H can be written as 11 = p,q, — L. Straightforward reasoning (Thorn-
ton, 1995; Leech, 1958) results now in:

Eq6.18 _3H d _ÔHan. ôq

which are the famous "Hamilton's equations of motion", also called "canonical equations of mo-
tion". They constitute the foundation of "Hamiltonian dynamics". Note the symmetry in the role
of the generalized coordinates Pk and q in these equations! Pk and qk are called "canonically con-
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jugate" or "adjoint" quantities. p is a covariant vector of the vector . Finally: 2s canonical equa-
tions of first order replace now s Lagrange equations of second order. In both cases we will need
2s initial conditions to be able to solve the equations. In many cases the canonical equations are
easier to handle than the Lagrange equations, but this is not per se the case. The real power and
charm of the Hamiltonian methods is to be found in the fact that they provide extensions from
classical dynamics into many other fields of physics and beyond. The sections that follow are
such extensions.

6.5 Application to optimal control systems

In the theory of control systems (Schultz and Melsa, 1967; Gamkrelidze, 1978) the state of a sys-
tem at any time r is defined as the minimum set of numbers x1(:), x2(t), ..., x,(t) which, together
with the input to the system for t � t0 , are sufficient to determine the behaviour of the system for
all t�to.
Generally, an th order linear control system is represented in state-variable form as a set of n
first-order differential equations:

Eq 6.19 (r) = A(f) + Bü(t)

with: t(t) the n-dimensional state vector, u(:) an r-dimensional control vector (input-like vector).
A is the nxn system matrix and B the tarn control matrix.

In order to judge the performance of a system it is necessary to define a measure for it; this is
done by introducing a so-called performance index (P1) or error function, as:

Eq 6.20 t2

P1 = JL(.. ü ;t)dt

li

in such a way that the system is said to perform from t to 12 (the control period) in an optimal
way when P1 is minimized. Note that Eq 6.20 looks like Eq 6.1, except for the appearance of 17
instead of x in Eq 6.20. L is chosen such that it is a positive definite function of ., ü and 1, i.e.
P1 is monotonically increasing during the control period from : to 12.

The Pontryagin approach proceeds as follows: Write Eq 6.19 in short as:

Eq 6.21 (t) = fti(t), 17(1);:)

(this is a non-linear time-varying equation, adequate for allmost all practical control problems!)
and formulate the basic optimal contro! problem as the search for the optimal control 17(1) which
brings the system Eq 6.20 from state (r') (i from initial) to state 1(1) (1 from final) while mini-
mizing the errorfunction P1 (Eq 6.20). The trajectory then described by the state vector (t) is
called the optimal trajectory. In a nutshell: the problem is to minimize the function in Eq 6.20
under the constraints of the system's equations as found in Eq 6.21.

In this case where the ' and .i' values are given, the problem at hand is called the "basic optimal
control problem". Pontryagin introduced here (Schulz and Melsa, 1967; Gamkrelidze, 1978), in-
spired by the technique of the undetermined Lagrange multipliers, a new state function
H(, ü,p;:), the "state function of Pontryagin" (the "control Hamiltonian") with p the vector of
multiplier functions (similar to what was called X above):

Eq 6.22 *3+ *3 *9H(x, u,p;1) = L(x, U;:) + p/t)f/x, u;:)

j=1

Note that the last term in Eq 6.22 -in vector form- can be written as:
pT/(, 17;:) ("T' from trans-

pose form). Pontryagin showed that straightforward calculation and application of the calculus
of variations now brings the following results (Schulz and Melsa, 1967):
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Eq 6.23 = -_.H(, ü,;z)
ap

Eq 6.24 p = n,p;t))
ox

Eq 6.25 0 = -H(, ü,;t)
49U

In other words: the problem of finding the optimal control n0 = a;:) is solved now by solv-
ing Eq 6.23-Eq 6.25.

First solve Eq 6.25 in order to find the u° which minimizes H and substitute the result in the H
function to obtain the "optimal Pontryagin state function":

Eq 6.26 H0(i, p;z) = ff( n°(. p;t) p;()

Eq 6.23 and Eq 6.24 now become:

Eq 6.27 =
op

Eq 6.28 p = —.(H(.,p;t))
Ox

which constitute a set of 2n coupled first order differential equations. We need the 2n boundary
conditions t' and for their solution. This brings about a problem: it is not possible to integrate
Eq 6.27 and Eq 6.28 both forward in time from initial conditions for both sets of equations, nor
backward in time from final boundary conditions for both sets. So, a suitable computational
scheme has to be constructed here.

The reader will have seen the strong resemblance of the developed architecture so far, with the
Hamiltonian dynamics approach. There is a change in sign for the L function from Eq 6.20 in its
use in the definition of the state function of Pontryagin in Eq 6.22. The p vector is "adjoint" to
the vector here too, but created solely now for reasons of mathematical conveniance: the vec-

tor alone describes the system completely. So far the so-called "basic optimal control problem".

The "general optimal control problem" differs from the basic one in that -as initial conditions-
the state values (t') are given, but that the terminal boundary conditions can be fixed, free
or may be specified by other conditions. We follow the Pontryagin approach to this problem in
order to get insight in the construction of the tools we need in the design of appropriate learning
rules for the recurrent neural networks. The solution begins with a generalisation of the energy
function P1 by adding a "terminal condition error function" S(/(f)J) according to:

Eq6.29 /
P1 = JL(i, n;t)d: + S(/(f);/)

The choice of S depends on the problem to be solved, Scan be set to zero. Straightforward appli-
cation of the calculus of variation methods (Schulz and Melsa, 1967; Gamkrelidze, 1978) deliv-
ers that the minimization of Eq 6.29 under the constraint equations Eq 6.21 results in the
equations Eq 6.25 (with as a result Eq 6.26), Eq 6.27 and Eq 6.28. Now, these latter two equations
can be solved only after the specification of the additional terminal boundary condition function
S(, t). In the case that t(/) and / are free, it turns out (Schultz and Melsa, 1967) that the gener-
alized boundary condition becomes:

E630 a T aq
. [s(zt)_P] .I1+[Jf°(P.:)+....s(t)].df1 = 0

delivering the extra conditions which are necessary for the solution of Eq 6.27 and Eq 6.28, i.e.
for the minimization of Eq 6.29. Note that, if S(,:) is taken to be zero, the boundary conditions
for (/) according to Eq 6.30 are: p(/) = 0.

A rigorous proof of this "Minimum Principle of Pontryagin" can be found in e.g. Pontryagin et
al. (1962), Boltyanski et al. (1966) and Fan (1966).
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6.6 Time-dependent recurrent backpropagation: learning rules

Let us concentrate on a recurrent temporally continuous neural network with N neurons and0
the subset of output neurons. The network equations are:

Eq 6.31 T,_y1(t) = —y1(t) + F(x1(t)) + 0, with x = WkiYk

and i = 1, .. . N; v,(t) is the activation level of neuron i (note that9 takes the place of . in section
6.5), T1 its time constant, F(x1(t)) the activation function, x. the total input of the neuron, the wkl
the weights for the k incoming signals Yk on neuron i and 0. an external input or bias. The time
constants will be considered in the learning process too because they play an important role in
the dynamical performance of the network (Draye et al., 1995; 1996).

Suppose we want the network output neurons to generate an output (or target) signal d,.(t)
(i 0) (Pearlmutter, 1989). We define as a cost function:

Eq 6.32 (d.(t) —

q(9(t),1) =
2

lEO

and as an error (or "energy") function:

Eq 6.33 /
E = Jq(y(i),r)dt

with [t', /] the time interval during which the error function is calculated from the cost function.
The reader will recognize in Eq 6.32 the equivalent of the L function and in Eq 6.33 the analogon

of the performance index function P1 as defined in section 6.5.

We want to calculate aE/a1 and .3E/aT in order to optimize the weight factors and time con-
stants. The state function of Pontryagin which we need for the calculation of the gradients of E
becomes, now according to Eq 6.21 and Eq 6.22, taking 0, = 0:

Eq 6.34 H(y, p;t) = q(5'(t), I) + pj(t)_y/t) = q(5'(t), r) + p/t)(— y/t) + F(x/t)))

j if
where p(t) is the vector adjoint to 5(t). Note that the "control vector" u from Eq 6.22 is not an
input vector now, but is "hidden" in the weights w and the time constants T, -

If this H function would be optimal, and if we had 2N boundary conditions, we could solve for
and p via Eq 6.27 and Eq 6.28 and calculate the gradients of E, taking as a starting point that,

at the optimum:

Eq 6.35 ÔEp1(t) =
äy,.(t)

where the + sign indicates that the "ordered derivative" is meant which gives p1(t) as a measure
of how a small change in y1(f) at time t influences E including direct as well as indirect effects
when this change propagates with time (Pearlmutter, 1995; Werbos, 1988).

However, H is not optimal and we have no 2N boundary conditions. Therefore we choose the
"terminal condition error function" S (Eq 6.29) to be zero. This means that, according to Eq 6.30,

p(f) = 0 because d5'(f) is not known and, due to the fact that / is fixed, dl = 0.

This brings an extra N boundary conditions! Further we suppose H to be the optimal H0. Then,
according to Eq 6.28 (where takes the place of t now) and Eq 6.34:

Eq6.36 dp. ô 1 1 0
=

with w the optimal weights and T the optimal time constants (constituting together the optimal
control).

Eq 6.31 (with our choice for 0. = 0) can be solved now forward in time, given the initial condi-

46



A derivation of learning rules for dynamic recurrent neural networks Refere.ices

tions we set for the y1(t) at t, whereas Eq 6.36 can be solved backward in time, given the final
conditions = 0. This results in the solutions for y,(t) and p1(t), which can be used now in
the calculation of the gradients of E.

In doing so, we rewrite in an approximation Eq 6.31 as:

Eq 6.37 = ( _)Yj(t)+F(xj(t))At

where we took 0, to be zero again. This relation enables us to calculate how much a variation of
e.g. v,(t) or w. affects y,.(r + At). Let w change with an infinitesimal change dw, during a short
period At beginning at t'. Due to this change in WI) x1 changes with dw11yf) and, as a conse-
quence, the second term in the right hand side of Eq 6.37 changes with (I /1))dw1y1(t)P(xjt))At
which is the variation of y,.(t + Al) too. According to Eq 6.35 the change in E now is:
(1 /T)dw1y1(t)r(x/t))Atpp), and because we want to calculate the total effect of the change due

to dwu on E over the whole time interval (t', /1 , we find via integration:

Eq 6.38 /
= Jyj(t)F(xp))p/t)dt

In the same way we find for the gradient:

Eq 6.39 /
= _!fp1(4yjt)dt

These equations provide us together with the y1(f) and p1(r) from Eq 6.31 and Eq 6.36 the tools
we need to minimize E as a function of the "control", i.e. the weights w,j and the time constants

T, by means of gradient descent.

For other derivations (along other lines of reasoning and using different methods) of learning
rules for dynamic recurrent networks, we refer to Pearlmutter (1995).
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pitch estimation 5
predictability 17
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propagation equation 10 speech 23, 38 U
p-value 14, 19 voiced24

speech recognition 5 unsupervised 38
squashing function 9, 10 utterance 24, 25, 26
stability 14, 17

R start-up 14, 20, 21
statistical 5

recognition 6, 23 steepest descent 7 W
pattern 7 subharmonic 37, 39

recurrent 4 supervised 38 weight 7, 10, 26
resolution 39 synapse 18 adJustment 8

retina 7 synaptic 6

Runga-Kutta 12 update function 7
Widrow 8

T window 23

S target 14, 19, 20
task 21

scalability 5 temporal 8, 38 X
segment 23, 24, 37, 39 clustering 38
sequential 6 time constant 10 XOR 5 7, 20
signal 4 time period 17
simulate 22 training 21
spacial 38 set 24
spectrum 23, 26 transfer function 8
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