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THE OPENING BETWEEN SUBSPACES OF A HILBERT SPACE

ABSTRACT. Suppose one has two closed linear subspaces. Is their sum also
closed? It turns out that it is not necessarily closed. This will be proved
in this thesis. In this bachelorthesis, we develop a general way to determine
whether 9t + 91 is closed. It turns out that the notion of the opening between
subspaces is important. The content of this thesis builds further on work done
by F.Deutsch, [3], and J.-Ph. Labrousse, [14].

1. INTRODUCTION

Let 99t and 91 be closed linear subspaces of a Hilbert space $. Is 91+ 91 a closed
linear subspace? It is clear that this is a linear subspace but it turns out that it is
not necessarily closed. We will illustrate it by giving an example in which 2T+ 9 is
not closed. As a consequence one might wonder under which circumstances 9T+ 1
is closed. In this bachelorthesis, we develop a general way to determine whether
M+ N is closed. An important notion in the theory is that of the opening between
two subspaces. The main result is that if the angle between 90t and 91 is less than
1, then 9T + D is closed. After that, we will formulate this result in term of the
gap between 9 and N.

2. SOME PRELIMINARIES

This section contains a number of results that are improtant for the theory devel-
oped in this Bachelor thesis. The theory about parallel and orthogonal projections
is very important. For a treatment of the concepts and theorems involved, we re-
fer the reader to appendix A and appendix B. Unless stated otherwise, 2T and 2
denote closed subspaces of a Hilbert space $).

2.1. Some generalities. The identities treated in this subsection will be used
frequently in later sections.

Lemma 2.1. Let M, N be closed linear subspaces of ) then
(M + o)Lt =M NNt clos (M +MN) = (ML Nt
Proof. Assume that € (MM + MN)L and y € M + N, then y can be written as
y=m+n, with m € 9, n € N. It follows that
0= {(x,y) ={(x,m+n)={(x,m)+ (z,n) =0,

hence z € ML and x € N so (M + N)L C ML NMNL. Conversely, assume that
z € M NNL. Then for all m € M and n € N,

(x,m) + (x,n) = (x,m +n) =0,

so x L m + n which shows that z € (I +N)L. So (M + N)L = M- NN+, The
second identity follows easily from the first identity since

(M + M) = clos (M +N) = (M nnt)+,

using the fact that 8-+ = clos & for an arbitrary subset & of §. (]
1
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From this lemma it is also clear that
Mt +nH)t=mnn
and
clos (M* +N4) = (MmNt

Lemma 2.2. The following statements are equivalent:

(1) M+ N is closed;

(2) M+ =ML nNnt)t.
Proof. (1) = (2) if M + N is closed, then by lemma 2.1

M + N = clos (M +N) = (M- NNt)*.

(2) = (1) since (M NML)L is an orthogonal complement of a set it is closed, so
M + N is closed. O

2.2. Overlapping spaces. Let 9t and 9 be closed linear subspaces of a Hilbert
space $). The overlap of M and I is defined by M NMN. Note that the overlap is a
closed linear subspace of ). We can write £) as ) = (E)ﬁﬁ‘ﬁ)l GMNIT. A question
which might arrise is how we can express 21 and 91 as a direct sum of a subset of
(M N ML and a subset of (M NN).

Lemma 2.3. The subspace M can be written as

M=MN (MNN)T @ (MNN).
Proof. Assume that z € DN (MNN)L & (MNN) then obviously z € M. Conversely,
assume that y € 9, because $ = (MNN)L @ (IMNN), y can be written as y = a+ 3
with a € (M NN, 3 € (MNN). We have that 3,y € 9 and since M is a linear

space we have that o € 9. But o € (MNN)L so a € MN (MNN)L, which shows
that y € M (M NN @ (MNMN). O

As a consequence of this lemma the subspace 91 can be written as 91 = 91N (MN
ML @ (MNN). Now define the reduced’ subspaces My and Ny by

(2.1) Mo =MN(MAN)E, Ny =NNAMNN)L.

Since M, N, (E)i)”(ﬁ‘ﬁ)L are closed linear spaces, the subspaces 9y and 91y are closed
linear subspaces. Furthermore, we see that

(2.2) My NNy = {0}.

Lemma 2.4. Let 9 and N be closed linear subspaces of a Hilbert space $). Then
(2.3) Mo + No = (M +N) N (MNN)*

and

(2.4) M+ = (Mo + No) & (MNN).

In particular, M + N is closed if and only if My + Ng is closed.

Proof. In order to prove (2.3), let © € My + o, then x can be written as z =
Yy + z, where y € MMy and z € MNy. Since My C M and Ny C M, we see that
y+z=x€ M+ NAMNN)L. In order to show the reversed inclusion let
u€ M+ NEOMNN)L. Then u =z +y for some x € M, y € N, and u L MNN.
Therefore Poyiamu = 0 and

u=u— Pypnnu =2 — Ppnnz +y — Pmray € Mo + Ny,



THE OPENING BETWEEN SUBSPACES OF A HILBERT SPACE 3

since I — Pypngt is the orthogonal projection onto (90t N H)L. Hence My + Ny =
(M +91) N (MNN)L.

In order to prove (2.4), observe that if x € My + Ny & (WM N MN), then x can be
written as a sum of elements in 0 and 9 so (M + M) & (MNN) C M+ N. In
order to show the reversed inclusion let v € 9T+91. Then u = z+y for some = € 9N,
y € N, and decompose both z and y with respect to = (MNN)L @ (M NN):

r=x9+T1, Y=Y +y, To€My, ye€Ny, x1,y1 €MNIN

Therefore u = xg + yo + 1 + y1 with xg +yo € Mo + Ny and 1 + y; € MNAN.
Hence M + N = (My + Np) @& (M N N) has been shown.

The last statement follows from 9 + 9 = (Mo + Np) B (P N N) since the
summand 9T N N in the orthogonal sum in the righthand side is closed. O

Notice that My, Ng, Mo + Mo are subspaces of (M N N)+. Suppose that we
consider this set as a Hilbert space on its own. This is allowed since M NI is a
closed linear subspace of § (even a Hilbert space on its own, since any closed subset
in a complete metric space is complete) so its orthogonal complement is a closed
linear subspace and so a Hilbert space on its own. Then it turns out that we can
write (M NN)L as a sum of ML and M. This is the content of the next lemma.

Lemma 2.5. Let 9 and M be closed linear subspaces of a Hilbert space $ and let
Mo be as defined above. Then My & M+ = (MNIN)*.

Proof. Let h € My @ M+, then we can write h = 2 +y, € My and y € M+, It
is clear that x € (M N MN)*. Because (M NN)L = clos (M + NL), we see that
y € (MNM)L and so z +y € (MNN)L. Conversely, assume that b € (9N N)L.
Decompose h as h = hg + hy with hg € 9t and h; € M. Since (M N N)L =
clos (ML +911), it follows that hy € (MNN)L. Because MNMN is a linear subspace
of § and h,h; € (M NNM)L we must also have that hy —h = hg € (MNN)L. So
ho € MN (M NN)T = My, which shows that h € My & M+. So My & M+ =
(N O

As a direct consequence of this lemma, 9tg @ M+ = (M NI+, These decompo-
sitions for (9 N I)* show that

M- =My + {0}, 90 =N + {0},
if we take the orthogonal complement in the Hilbert space (9t N 9)+.

What is the point in defining the subspaces 9y and Dy and deriving the prop-
erties in the lemma‘s above? The notion of 'reduced’ subspaces turns out to be a
very useful one. As an example of this, we give a prove for the result 9T + 9 is
closed if and only if 9+ + 9t is closed in the next subsection. But before we can
do that, we need the result in theorem 2.6.

Theorem 2.6. The following statements are equivalent:
(1) M+ M is closed and MNN = {0};
(2) there exists ¢ > 0 such that

(2.5) cllofl < Jlv 4wl

Proof. (1) = (2) Because M + N is a (by assumption) closed linear subspace of
a Hilbert space, we can consider £ = 91 + 91 as a Hilbert space. The condition
MNN = {0} implies that the sum M + N is direct. So, for each u € K there exist
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unique v € M, w € N such that u = v + w. Now define the mapping J : $H — M
by Ju = v. This mapping is well-defined and its graph is closed. In order to see
the closedness of the graph of J, assume that w,, — » and Ju,, = v, — v, then
Uy = Vp + W, — U, which implies that w,, = u, — v, = w € N, which implies that
u =v+w and Ju = v. By the closed graph theorem, J is bounded, which means
that
1Jull < & llull < cllJul < Jlull,
with ¢ = 1/¢. This shows that
cllol < flo+wl.

(2) = (1), in order to see that 9t + M is closed, let v, be a sequence in M
and w, a sequence in 9 such that v, + w, — ¢. Then v, + w, is a Cauchy
sequence and by (2.5) v,,w, are Cauchy sequences. Since 9,9 are closed, there
isawv € M and a w € N such that v, — v and w,, — w. This implies that
Up + Wy, = v+w = ¢ € M+, Therefore N + N is closed. It remains to be shown
that MNN = {0}. It is clear that 0 € MNN, so {0} C MNN. Conversely, assume
that v € M NN then —v € M NN so ¢|lv]] < 0, but this can only be the case if
v =0, so MNN C {0}, which shows that M NN = {0}. O

Remark 2.7. The constant c is given by

c= |71,
the norm of the projection onto 91 parallel to .
2.3. Important theorem.

Theorem 2.8. The following statements are equivalent:

(1) M+ N is closed;
(2) ML + Nt ds closed.

Proof. By symmetry it is sufficient to proof (1) = (2). The proof can be reduced to
the case that MM N9 = {0}. Suppose that MM + N is closed and that M NI = {0},
then (by theorem 2.6) there exists a ¢ > 0 such that

clvll =llv+w|, veM weN

Note that if 9+ + Mt is closed, then {0}* = (M N N)L = clos (ML + N+) =
M- + ML = §. So we have to show that ML+ + N+ = §. Tt is obvious that
ML + Nt C 9, so we only need to proof the reversed inclusion. For each element
f € $, we can define the linear mappings G, H : M + 9 — C by

(2.6) Gu)=(v,f), Hu)={(w, f),u=v+w, v €M we N

Extend the linear mappings G, H trivially to all of . Note that |(v, )| < [|f]| ||[|v]]
and since || f|| is constant, G is bounded. Now replace v by w and we see that H
is bounded. Because G and H are bounded on all of §), we can use the Riesz
representation theorem. By this theorem (see appendix C for a formulation of this
theorem) there are unique elements g, h € $) such that

(2.7) Gu) = (u, g), H(u) = (u, f), u € 9.
If u € M, then G(u) = 0 and if u € M then H(u) = 0, which shows that g € N+

and h € M+, Since u = v +w, with v € M, u € N, we have by equations (2.6) and
(2.7) that

(u, f) = (v, ) + (w, f) = (u, 9) + (u, h).
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This can be rewritten as

. f) = (w.f—g—h)=0.

This implies that k = f —g—h € (M+9)L = (M NNL) c M. So f =k+g+h,
with k € ML, g € N, h € ML, which shows that f € ML +N+, so H C M- +91+.
We now have shown that 9+ + M+ = §. Suppose now that MM NN # {0}, then
£:= (MNMN)L is a closed linear subspace of § so this can be viewed as a Hilbert
space on its own. Because MM+t = Mg +Ng and(MeNNy)+ = Kif Mg +Ng is
closed, we can repeat the above argument with § replaced by K and 91, 9 replaced
by respectively Mg, No. O

3. MOTIVATION

It is a natural question to ask if 9T + 91 is a closed linear subspace of §. It
is obvious that 2t + 9 is a linear subspace, but it turns out that 9t + 91 is not
necessarily closed. One goal of this section is to show this by constructing a coun-
terexample. This is done in section 3.1. The counterexample is described by Stone,
[15]. Another goal is to give examples of sufficient conditions for 9t 4+ N is closed.
These examples can be found in section 3.2.

3.1. Counterexample. Let $) be a Hilbert space. Let n € N. Let (¢,)%2; be
an orthonormal basis for ). Now define the closed subspace 9 of $) by I =
closspan (¢2,). Let a,, be a sequence of nonzero complex numbers with >, |an|2
1 and let 6,, be a sequence of real numbers in (0, 5) such that

Z |a2n 1|
cos2(6

Now define the closed linear subspace 91 of $ by

M = closspan (),
with
Xn = COS(@n)¢2n_1 + Sin(gn)¢2n-

A simple calculation shows that (Xm,Xn) = dmn- S0 (Xn)52; is an orthonormal
basis for 1.

Lemma 3.1. The subspaces M and N,as defined above, have the following proper-
ties:

(1) mnN={0};
(2) closspan (M +N) = H;

Proof. To prove the first property, assume that x € NYT. Then there are ¢, d, €

£2 such that
Z Cn¢2n = Z ann
n=1 n=1

This can be rewritten as

Z Cn¢2n - COS( n)¢2n71 + Sln(en)(j)Zn) = Oa
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which is equivalent to

oo

Z — dp sin(6,)) b2y — dp, cos(0y,)dan—1 = 0.

Because the ¢, 1 are linearly independent we must have that d,, = 0 for all n.
Furthermore, as a consequence of this we must have that ¢, = 0. So M NI C {0}.
It is clear that {0} C 9t NN, which proves (1).

For (2), observe that

cos(0)pan—1 + sin(0,)da, €N C M+ N, o, € M C M+ N,

SO Pan—1 € M+N, which shows that ¢, € M + N for all n and so span (¢,) C M+MN
S0 §) C clos M + M. It is easy to see that clos + N C $H because N + N consists
of sums of elemenst in $), so closspan (M + N) = H. O

Lemma 3.2. Let 9 and N be the closed subspaces as defined above. The linear
subspace M + N is not closed.

Proof. Assume to the contrary that 9t 4+ 91 is closed. Because of property (2) of
lemma (3.1), this means that M + 9 = . Define f = > | an¢p, with a, as
defined above. Then f can be written as f = g + h, with g € 9, h € 9N. Now
observe that

azn—1 = ([, b2n—1) = (9, b2n—1) + (h, p2n—1) = (h, P2n_1),
since g € M. Because h € M, h =Y 7 | cpxk with ¢, = (h, xx). Now,

(h, P2n—1) <ZCka7¢2n 1>

= Z ¢k (cos(Ok) par—1 + sin(O) por, d2n—1)
k=1
= ¢, cos(6y,).

This calculation shows that

a2n 1 |a2n 1|
hoxn) = X: E:
(hyXn) = cn = |Cn| cos2 (6

But this is in contradiction with the fact that ||k||* = S |leal?. So DM 4N is not
closed. g

3.2. Examples of conditions for 9t + 91 closed. As a consequence of the coun-
terexample in last subsection, one might wonder under which circumstances the
sum M + M is closed. In section 2.2 we saw that 9 + D is closed if and only if
ML + N+ is closed. Using this theorem we have to determine wether 9+ 4 9N+
is closed instead of determining whether 90t 4 91 is closed. In order to do this, we
have to produce a proof for the particular case we are investigating.

However, are there other (easier to use) criteria which whe can use to make the
decision? We have seen theorem 2.6 which says that we have to find a ¢ > 0 such
that

clloll = o+ wl, v e M, wen.
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A drawback of this criterion is that it also implies that 9t N 91 = {0}. We can‘t
use this theorem if M NN # {0}. The goal of this section is to show a few more
examples of sufficient conditions for 2t + D is closed.

Lemma 3.3. If 9 LN, then M+ N is a closed direct sum

Proof. (1), since M L 9N implies that MNN = {0} it follows that the sum is direct.
To prove that 9T + D1 is closed, let f, is a sequence in 9T and g, is a sequence in
9 and assume f, + g, converges to f + g € §. Then f, + g, is a Cauchy sequence
and by Pythagoras

1fa + 90 = o+ ) I* = 1 = finl* + g = guall* -
Hence, (f,) is a Cauchy sequence in 9t and (g,,) is a Cauchy sequence in M. Since
M, N are both closed, there is a f € 9 to which (f,) converges and there is a
g € 91 to which (g,,) converges. So f, + g, converges to f + g € I + 9 so this set
contains all its limit points, which shows that 9T + 91 is closed. O

This is a criterion with an obvious drawback: it is not very general. We can‘t
say anything with this criterion if 9 and 91 are not perpendicular.

Lemma 3.4. If dim 9 < oo, then M+ N is closed.
Proof. Let Poy be an orthogonal projection on 9. Then
(3.1) M+N=MD (I — Pop)N.

In order to see the equality in (3.1), first assume that @ € MM+ N, then = m+n,
where m € M and n € M. Decompose n as n = hg+hi, with hg € O and hy € M.
Then
r=m+n=m-++hg+ hy.

Notice that m 4+ hg € 9 and hy = (I — Pomy)n, which shows that 0t + 9 C
M P (I — Poy)N. Now, for the reversed inclusion, assume that x € M & (I — Poy)N,
then x = m + ho, with m € 9 and hy € (I — Pyy)91. This implies that there exists
any € M such that (I — Poy)ny = hy and ny = hy + ha, where hy € 9. So

x:m+h2:m+h2+h1—h1 :m—h1+h1+h2:m—h1+n1.
Notice that m — hy € 9 and ny € M. So x € M + M. This shows that M & (I —
Py)M C M+ So M+ N =M (I — Pom)N. Because M is finite dimensional,
there is a basis for V with a finite number of elements. Assume that the set
V ={v1,v9,...,0,}
is a basis for 9. An arbitrary n € 9 can be written as
C1V1 + CU2 + ... + CpUy,

where c1, ¢s, ..., ¢, are scalars in the field over which $) is a vector space. Because
I — Py is a linear operator, it follows that

(I — Pm)n=c1(I — Py)vy + co(I — Po)va + ... + ¢ (I — Poy)vp,.

Hence I — Py is finite dimensional and closed. Notice that (I — Poy)9t C I+,
which implies that 0t L (I—Pyn) and hence by the previous lemma 9@ (1 — Pox )0
is closed. So M + N is closed. O

This result is not very general since we need that Dt(or N) is finite dimensional.
We also want to be able to make some statements about the sum of two infinite
dimensional subspaces of a Hilbert space.
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4. THE OPENING BETWEEN SUBSPACES

Let 9t and 91 be closed linear subspaces of a Hilbert space $ and let 9ty and 9
be as defined in section 2.2. In the previous section we saw a number of sufficient
conditions for M + D is closed. All these conditions are not very general since
we had assumed things about 9 and 91. This motivates us to look for a general
criterion which can determine whether 971 + O is closed or not, without having to
assume anything about the subspaces 9 and 91, except that they are closed. In
this section the notion of opening between subspaces will be introduced. As we will
see in section 5, this enablus us to derive a criterion with the generality that we are
looking for.

Definition 4.1. The opening between 9 and N is defined by

(M, N) := sup{|(z, y)| : © € My, ||z <1,y € No, [Jy[| <1}.
Definition 4.2. The minimal opening between MM and N is defined by

co(MM, M) :=sup{[{x,y)| :z € M, ||z| <1,y € N, |yl <1}.
Remark 4.3. Sometimes the notion of the angle a(9%,91) between M and N is
introduced as

cos(a (M, N)) = (M, N),
see Friedrichs, [7] and the notion of minimum angle is introduced as
cos(ao (M, N)) = co(M,N),
see Dixmier, [4].
What properties do ¢(9%, 91) and co (9, N) have? Are they related to each other?

If so, in what way are they related? In the next three lemma‘s we will answer these
questions. Further we derive properties which will be used in the next section.

Lemma 4.4. The openings c(IN,N), co(IM,N) have the following properties:
(1) 0.<c(M,N) < co(M,N) < 1;
(2) C(ma m) = C(ma m)» CO(SUL m) = CO(mv m);
(3) (9, M) = co(Mo, Mo);
(4) if MM = {0}, then c(M,N) = co(M,N) and a(M,N) = ag(M,N);
(5) if MN N # {0}, then co(M,MN) =1 and ag(M,N) = 0.
Proof. (1) It follows from the definition of ¢(9t, ) and ¢ (M, N) that
(M, N), co(M, N) > 0.

Since the supremum in the definition of ¢y is taken over a larger set then the
supremum in the definition of ¢, it follows that ¢(9,M) < ¢o(M,MN). In order to
see that ¢(91, 91), co (M, M) < 1, note that |(z,y)| < ||z|| |ly|]| < 1since ||z],||y| < 1.
For (2)

oM, N) = sup {|(z, )| : @ € M, [|lz[| < 1,y € M, Jy]| < 1}
=sup {|(y, )| : x € M, [z < 1,y € N, [ly]| <1}
= Co(m,gﬁ).

The proof of the symmetry of ¢ is similar.
(3) From the definition of ¢y and ¢,

co(Mo, No) = sup {[{z, y)| : x € Mo, [lz] <1,y € No, [|y[| <1} = (M, MN).
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(4) EMNN = {0}, then (M NN)L =, so

M, N) = sup {[(z,y)| 2 € MNH, [lzf| <1,y € NN H, [ly] <1}
= sup {|(z, )| : 2 € M, [|z[| <1,y € N, [Jy]| < 1}.

It is obvious that a (91, 91) = (M, N).
(5) Suppose that DN # 0 then there is h € MM with ||k|| = 1, then this element
is in 9 and in 91 so that co(MM,9) = 1. It is obvious that ag (M, N) = 0. O

Lemma 4.5. The openings c(IM,N), co(IM, N) have the following properties:
(1) (M) = co(M, No) = co(Mo, N);
(2) Kz, y)| < co(,M) (||| ly]| for all z € M, y € N;
(3) Kz, y)| < c(M,MN) ||z|| |y|| for all z € M, y € N and at least one of x and
y is in (MNN)L;

(4) co(M,N) = |[PomPr| = | Pon P Pon |2 ;

(5) ¢(M,N) = |PsmPy — Pl = || P PnPamaoy - || = || Pon Pnsy~ P Pannoy - |;
(6) co(M,N) =0 M LN (i.e. MCN);

(7) (M, MN) =0« Py and Py commute.

Proof. (1) By symmetry it is sufficient to prove the first equality:
(O, M) = co(My, No)
= sup{[{z, y)| : © € Mo,y € No, [Jzf| < 1, [lyll < 1}
= sup{ (P, 2, Pn,y)| : © € 9,y € 9, [lz]| < 1, [lyll < 1}
= sup{|(Pannoy+ P, Pannoyr Poy)| : w € H,y € 9, ||z < 1, |yl < 1}
= sup{|(Pmz, Ponrony - Pry)| - 2 € 9,y € 9, [l < 1, Jyll < 1}
= SUP{KPDJI-%' Pynonnm) iy>’ r€NyYEN|zl <1,y <1}
= sup{[(z,y)| : x € M,y € N, [Jzf| < 1, []y|| <1}
= co(M, MNy).

(2) Since [{z,y)| < [lz||lyll and [{z,y)| < co(MMN,N) it follows that |[(z,y)| <
co(D, ) |||l |yl for all z € M, y € N
(3) By paftS( ) and (2) of this lemma | (z, y)| < (fm ) [z lyll = (1, 9o) [l lyll =
(Mo, M) ||z|| ||ly||, which shows that |(z, y>\ < c( N) ||lz|| ||ly]| for all z € M, y € N
and at least one of z and y is in (9 N N)*L.
(4) We have
co(M,N) = sup{[(z, y)| : x € My € M, [[z]| <1, [|yl| <1}
= sup{|(Pmz, Pny)| : 2,y € 9, [lz] < 1, |lyll < 1}
= sup{|(z, PmPoy)| : 2,y € 9, [lz] <1, [ly[l < 1}
= [P Pl ,

which shows the first equality. Take P = Py Py. The identity |P*P|| = ||P|?
valid in this situation, so we have that

co(,M) = ||P|| = | P*P|["* = || P P P |/
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which shows the second equality and hence co(9, M) = || P Pl = ||PgﬁP§)’[PQﬁ||%.
(5) By lemma 4.3 and part (4) of this lemma, we have that
(M, M) = co(Mo, No) = | Pty Pon || -
From this we see that
(| Pog Pt || = || Pon Pramevsny - Pon Pamnony || -
From this we deduce that

(| Pon Py - P Pameony~ || = [Pt Pt — P P P || = || Pon Pt — Ponen| -

(6) Co(m,m)ZO@HPngmH =0 PpPn=07 LN
(7) c(imﬁﬁ):O(:)HPum—PmmmH:0<:>Pngm:Pmmm<:>Pum:PmPgm
[

Lemma 4.6. Let M and N be closed linear subspaces of a Hilbert space $. If
co(MM, M) < 1, then

(4.1) (1= o) (l2]* + lyll*) <l +yl?, zemM, yen
Proof. The identity

||39+y||2 = ||117H2+Hy||2—|—2Re(m,y), z,y €9,
leads to the following inequalities

(1 + llyl* < Il +yl1* + 21 (z, )]

(4.2) < |l + ylI* + 2col| [ [ly
<llz+yl* + colllzll* + lyll*), =emMm, yeN,
where ¢o = ¢o(9M,N). Since ¢y < 1, (4.2) gives (4.1). O

5. NECESSARY AND SUFFICIENT CONDITIONS IN TERMS OF OPENINGS

In the previous section we defined the notions of opening en minimal opening and
derived a number of properties which they posses. In this section we will explain
how these notions can be used to determine whether 91 + 91 is closed if 9t and N
are closed linear subspaces of a Hilbert space $).

Proposition 5.1. Let M and N be closed linear subspaces of a Hilbert space $).
Then the following statements are equivalent:

(i) co(MM, M) < 1;
(ii) MN N = {0} and M+ N is closed.

Proof. (i) = (ii) First it is shown that 9t N 91 = {0}. Assume that Dt NI # {0},
then by lemma 4.4, ¢(90, M) = 1. But this is in contradiction with the assumption
that ¢(9,91) < 1, so MN I = {0}. In order to see that M + N is closed, let u, be
a sequence in I + N converging to u € §), so that

Up = Tp + Yn, Tn €M, y, €N
It follows from (4.1) that
(1 = co(, M) (|2l + lynll*) < llual.
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Since u,, is a Cauchy sequence, also x,, and y,, are Cauchy sequences. Hence there
exist elements z € M and y € N, so that x,, — x in M and y, — y in N. Hence,
u==x+y €M+ Thus M+ N is closed.

(ii) = (i) Assume that 9NN = {0} and that MV + 9 is closed. Hence, there
exists p > 0 such that

pllell < llz+yll, zeM, yeN
Now suppose that ¢o(9,0) = 1. Then there exist sequences x,, € M and y,, € N,
such that
Hence, it follows that
92 < |z, — yn||2 = Hxn”Q — 2Re (Tn, yn) + ||yn||2 =2(1 = Re(zn,yn)) = 0,
which leads to a contradiction. Thus it follows that ¢y (9, 91) < 1. O

Proposition 5.2. Let M and N be closed linear subspaces of a Hilbert space $).
Then the following statements are equivalent:

(i) e(M,M) < 1;

(if) M+ N is closed.

Proof. The condition ¢(M,N) < 1 is equivalent to co(My, No) < 1, where My and
Ny are as defined in section 2.2. This is equivalent to My + Ny is closed. According
to lemma 2.4, My + Ny is closed if and only if M + DN is closed. O

We have managed to derive a criterion which has the generality that we were
looking for. In order to decide whether 9t + 9 is closed, we just have to calculate
the opening or the minimal opening between the subspaces 9 and 91 and check
that it is less than 1.

Example 5.3. In section 3.1 we discussed an example in which 9 and 1 is closed,
but 91 + M is not. With the theory of this section, we could have shown that
M + DN is not closed in another way. Recall that every element in 991 can be
written als a linear combination of ¢, and every element in 91 can be written as
a linear combination of x,, where X, = cos(,)pan_1 + sin(8,,)d2,. Let's calculate
co(M, D). For notational convenience, define

A={zeMyeN |,y <1}
By definition of ¢y (9, N),

co(M, M) = sup |{(z,y)]
T, yeA

<Z Cn¢2n7 Z dek> ‘
n=1 k=1

= sup Z [{cnd2an, dn sin(0, ) P2n)|
n=1

= sup

= supsin(6,)

Assume that sup,,cysin(6,) = 1, then

1 1
sup = sup .
neN cos? (9?1) neN 1 — sin? (an)

= Q.
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So we can construct a sequence a,, (n € N) in £? such that
Z |a2n 1|
cos?(6
This defines an element f € Wthh is not in 9T + M.

In section 2.2, we proved that 9t + N is closed if and only if M+ + 9+ is closed.
We can determine whether 91+ + 91+ is closed by using the opening between 9+
and M. A logical question to ask at this point is: can we relate c(9,9) to
(ML, ML)? Tt turns out that (M, N) = (ML, NL), see corollary 5.6. Theorem
5.5 is used in the proof of corollary 5.6.

Example 5.4. It is not in general the case that co(9,MN) = co(M*+, ML), For
instance, if M+ N is closed and WM NN = {0}. Then it does not necessarily follow
that M+ NN = {0}. Take for example M+ = N+ = §, then M NN = {0}, but
M NNt = 9.

The following theorem concerns a relationship between the conorm and the open-
ing. See appendix D for the definition and some properties of the conorm.

Theorem 5.5. Let ¢(IM, N) be the opening between the subspaces M and N and let
Y((I = Px)Po) be the conorm of the operator (I — Py)Pon. There is the following
relation between ¢ and ~y:

(M, M)? +y((I — Pn)Pom)* = 1.
Proof. By definition of the conorm,

Y((I — Py)Pom)* = nf{”(I Py) Pih|”
172

:h €ker ((I— Pm)Pgm)J‘} .

First we show that
(5.1) ker ((I — Py)Pm)t = M.

In order to do that we show that ker ((I — Px)Py) = (MNN) ML, Assume that
h € ker ((I — Pn)Py). We can decompose h as h = z +y with x € M, y € M*.
Then

0= (I — Pn)Puh
= (I — Pn)Pm(z +y)
= (I — Pn)Pmz + (I — Pn)Pmy
— (I — Py)Puz
= (I — Pn)z,

sox €M Sox € MNN. This shows that h € M NN @ ML. Conversely, assume
that h € (MNIN) @M, then h can be written as h = z+y with z € MNN,y € ML,
Then

(I = P,)Pomh = (I — P,)Pmz+ (I — P,)Pomy =0,
which shows that (9t N I) @ M+ C ker (I — Pn)Pm). So ker (I — Pn)Py) =
(M N N) @ ML, From this follows that ker ((I — Pyn)Pm)t = My Secondly, we
show that

I = Po)Pul®  |(Pwh]® || PnPonhl”

(5.2) -
I12])* IR 121
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Notice that
I(I — Pyt)Po||* = (I — Px)Pm, (I — Pn)P) = (P, Po) — (Pmh, PnPah)
which shows that
I(I = Pyn)Pox||* = ||Pml|® — || PuPmhl* .

" |(I=Po)P|l® _ [[(Pamh|® _ [[PnPoh|?
I Ok In]1?
By using previous lemma‘s and (5.1) and (5.2), we obtain

2
(7 = Po) Pl |, m}

From this it is easy to see tha

(I — Pyn)Pm)? = inf{

IR ])* '
. { 1Pwhl® [ PaPonbl® m}
|2 172
=1—sup {”PmPgJ;hHQ the 9310}
5 e
=1-—sup {||Pmpm2°k” tk e ﬁ}
[l
=1 — || Pn P, |I*
=1—co(M,My)?
=1—co(Mp,M)?
=1—c(M,M)?
which shows that ¢(9t,M)2 + v((I — Py)Pm)? = 1. O

Corollary 5.6. c(,N) = c(M+, NL).

Proof. By theorem 5.5, ¢(M,9M)? + v((I — Py)Pm)® = 1 and (M-, M+)? +
Y((Px)(I — Pyz))? = 1. Since v(A) = y(A*), we have that c(9,N) = (N, M) =
(M, ML), So (9, M) = (ML, N). O
Example 5.7. Theorem 2.8 can be proved using the theory of the last two sections.

Suppose that 9t + 91 is closed, this is equivalent to ¢(9,91) < 1 if and only if
c(ML, ML) < 1, which is equivalent to MM+ + N is closed.

6. NECCESSARY AND SUFFICIENT CONDITIONS IN TERMS OF THE GAP

In the previous section we derived neccessary and sufficient conditions for 9T+ 91
is closed in terms of openings. In this section we will derive relations between
openings and operatornorms.

Define the gap between 9, N by

g(M,N) = [P — P,

where Pyy and Py are the orthogonal projections onto 9t and 91 respectively.
In the following lemma, we state some properties of the gap.

Lemma 6.1. The gap g(ON,N) between M and N has the following properties:
(1) g(M,N) = g(N,M);
(2) g(M+,0N+) = g(M,N);
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(3) g(M, M) < 1.
Proof. For (1)
g, N) = [P — Pl = [|=(Pn — P = [[Pn — Pom | = g(9T,M).
For (2)
g, ) = (I = P) — (I = Py)|| = || P — Pl = g(9, M)
For (3) Observe that
[(Pox — Po)hl|* = | P (I = Po)B* + ||(T = Pan) Pt
< 11 = PRIl + | Pn®
= |IR]1?,
which implies that
|(Pon — Pw)h|?
hes IR a
so g(MM,M) <1 O

)

The following propositions show relations between
g(M, M), max(co (M, N), co (M, N))
and between
c(9, M), max(co (M, N), co (M, N1)).

These relations enable us to express the theory of the previous section in terms of
the gap between two subspaces.

Proposition 6.2. Let MM and N be closed linear spaces of a Hilbert space $). Then
(6.1) max(co (M, N), co (ML, N1)) = g(M, N).
In particular, if co(9,MN) = co (M-, NL), then co(IM, N) = g(IM, N4).
Proof. First we show that max(co(9, 1), co(ML, M) < g(M, N+). Observe that
co(MM, M) = ¢ (9T, M)
= || Po P |
= [P (I — Py
= [[(Pa — P ) Pont|
< [|[Pom — P ||
= g(om, oN")
So ¢ (M, M) < g(M, Nt). As a consequence of this and lemma 6.1, also
co(ME, M) < g(m, ).
So
max(co (M, N), co (M, NH)) < (M, NH).



THE OPENING BETWEEN SUBSPACES OF A HILBERT SPACE 15

Secondly we show that g(9t, M) < max(co(M, N), co (M-, N+)). Let u € §, then
(Po — Povs > = (T — Pous) Povtt — P (1 — Pon)u
= || P Ponu||* + || Py« Py )
< || Py P |* | Poe||* + || Py P |* || P - |
= co(M, )2 || Pl |* + co (M-, )2 || P

It is sufficient to show that if co (90T, D) > co (ML, N), then g(M, N+) < ¢o(M, N).
The proof for the case that co(9+, N+) > (M, N) is completely analogous.

1(Por = P Jul® < eo(908, ) (|| Pova|* + || P ).
= co(M, M (|2 ]* + ly)1*),
= co(9, M)° - ||u®
where u = x +y, € M and y € M*. This equation shows that

S0
g, M) < co(M,M).

From this, we see that g(9, N) < max(co(M, N), co(ML, N+)). If co(M,N) =

co(M+, ML), then it is clear from (6.1) that co(9N, M) = g(M, NL). O

Corollary 6.3. Let 9 and 9 be closed linear spaces in $. Then
c(9M, M) < min(co(M, N), co (M, N+))

< max(co (9, N), co (M-, N)) = g(9Mm, Nh).
Moreover, if MNMN = {0} and M+ NN+ = {0}, then
(6.3) (O, N) = co(M,N) = co(ME, N) = g(M, NL).

(6.2)

Proof. From the previous lemma, we have that
max(co (M, N), co (ML, N)) = g(M, N).
It is obvious that
min(co(M, N), co(M*, NH)) < max(co (M, N), co(ME, NL)).

In order to see that c¢(9,91) < min(co(9,MN), co(ML, M), remember that we
showed in section 4 that c(9,N) < co(IM,MN). Since (M, N) = (ML, N+) and
(M, M) < oML, ML), it follows that ¢(9,9T) < co(M+, NH) so

c(M, M) < min(co(M, N), co(ME, NH)).
This shows the chain of inequalities in (6.2).

The conditions M N M = {0} and M+ NN+ = {0} imply that c(M,N) =
co(IM, M) and c(ML, N+) = (ML, M) (lemma 4.4). By corollary 5.6, c¢(9,MN) =
(M, 7)), so

C(Wa m) = CO(mv m) = CO(va mL)
By the previous lemma, max(co(9, N), co(M-, NL)) = g(M, NL), so the chain of
equalities in (6.3) has been shown. O
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We have established that g(901, 91+) = ma: X(co(fm N), co(ML,NH)). If g(M, NH) <
1 then co(M, M) < 1. Because (M, N) < ¢o(M, N), we have that D + N is closed
if and only if g(9, M) < 1.

Proposition 6.4. Let 9 and I be closed linear subspaces of a Hilbert space §).
Then the following statements are equivalent:

(1) g(Mm, Nt < 1;

(2) M4+N=H,MNN={0}.
If either of these equivalent conditions hold, then the chain of equalities in (6.3) is
satisfied.
Proof. (1) = (2), proposition (6.2) implies that co(9, N) < 1, co(M+, N+) < 1 and
hence c¢(9,MN) = c(M+, N+) < 1.The condition co(IM,N) < 1 implies that M + N
is closed and 9 NN = {0}. The condition co(ML, ML) < 1 shows that M+ + N+
is closed and that ML N ML = {0}, so clos (M +N) = H. Hence M+ N = §.
(2) = (1), f M4+ 9 = H and M NN = {0}, then it follows that co(M, ) < 1.
Moreover M+ + N+ is closed and M- NNL = {0}, so that co(M*, N+) < 1. Since
co(M,N) < 1 and cop(M+, N+) < 1, it follows that g(M, N+) < 1. O

The following result comes from Ljance, [11].

Lemma 6.5. Let M and N be closed linear subspaces of a Hilbert space § such
that

H=M+9N MNnN={0}.
Then the gap g(OM, NL) is given by

1
g(ma mL) = 1- a2
1P|

where P is the projection onto M, parallel to N.

Proof. The condition 9t N9 = {0} implies that (M N N)L = § so My = M.
Furthermore, since MM + N = H, it follows that M+ NN+ = {0}. According to
corollary 6.3 we have the chain of equalities

g, NL) = (M, N) = co(M,N) = co(ME, NL).
Using this and theorem 5.5, we see that
(M, N)? = g(M, N+)?
=1—~((I = Px)Pm)?,

where 7(([ Py) Poyt) denotes the conorm of the operator (I—Py)Poy. So g(9, N+) =
/1 —=~((I — Px)Pyn)?. It remains to be shown that v((I — Px)Pom) = || P||, where
Pis the prOJectlon onto M parallel to . First note that

Y((I = Px)Poy) = inf {m}w

= (sup{'hH :he 9ﬁ}>_1.
(I = Pw)h|
Note that the mapping

(I — Pp)h=h—Pnh—h, heM

:hefm}
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is defined on a subset of M + M (this is because h € M and Pyh € N) and maps
onto M. Extend this mapping to all of § as follows

h—Pnph+k—h, heM ke

This extenstion is exactly the projction onto 9t parallel to 91. By Pythagoras it is
the case that

|h — Puh + k||> = ||h — Pxh|* + ||k, h € M, k € N.
So
[

Ik = Pl + 1P

This shows that g(O, N+) = /1 — W' .

7. METHOD OF ALTERNATING PROJECTIONS

IP|| = sup theMEkeN

In the previous six sections, we discussed the closedness of the sum of two closed
linear subspaces of a Hilbert space. We derived a necessary and sufficient condition
in terms of the opening between two subspaces. As we will see in this section, the
notion of the opening between two subspaces can be used to derive an approxima-
tion for the rate of convergence and approximation of error bounds of the method
of alternating projections. The goal of this section is to give a short illustration of
how openings can be used.

Let 2y, Mo, ..., M, be closed linear subspaces of a Hilbert space $ and let 91
be the intersection of 9y, Mo, ..., M, that is,

m - mizlml',
so that 91 is a closed linear subspace of $). The goal of the method of alternating
projections is to approximate the best approximation of z € § in 9. The way
in which this is done is by cycling through the individual subspaces 9t;. More
precisely, set
o =,
ry = Py, 2 = P, @1, -, Tn = Pon,, 1,

Tn+1 = Pﬂﬁll'n, Tny2 = Pgﬁ2l'n+1, T
It has been shown by Halperin and von Neumann that z,, — Pyx as n — oo. If
we consider the subsequence x5 of x,, then, as a consequence of this

lim ||(Pgmk...Pgm2Pm1)nx — Pm$|| = 0.
n—oo
So, (P, .--Pom, P, )™= converges to x. But what can be said about the rate of

convergence? According to Deutsch, [3] the convergence can be arbitrarily slow.
However, we can find an upper bound for the rate of convergence. The rate of

convergence is governed by the norm of the operator (P, - - - P, Pom,)* — Pon.
Now we have that
(7.1) 1(Poy, - - Pont, o, )" — Pom|| < B (n) |||,

for all z € $ where
Ei(n) == |(Pmy, - - - P, Pomy)™ — Pom, ||
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is the smallest constant (independent of ) which works in (7.1).

Lemma 7.1. For Ei(n) the following equalities hold:
Ex(n) : = ||(Pm,,-..Pot, Por, )" — P
= || (Pary. - Poot, P, (Poyp )" ||
= [|Qk-..Q2Q1)"|.

Proof. Since 9 C 9M;, one of the lemma‘s about orthogonal projections implies
that Pony commutes with Por,,Pon, Pox = Pox and Pon, Popr = Py, qop - Since Pypu
is idempotent we have that

[[(Pooty. - Pont, Pon, )™ = Pom|| = || (Pa, - P, P, )" Pom]|
= [ (Po,. - Pty Pom, )" Py ||
= || (Pony. - Pty Pomt, Pom )" |
= [(Qk--Q2Q1)" |
O
Lemma 7.2. Assume that k = 2, then an upper bound for Es(n) is given by
EQ(TL) S c(fml,imz)".
Proof. By the previous lemma we have that
Es(n) = [ (Pony, Pon, Pon )" -
Notice that
”(me2me1P9ﬁL)n” < ||me2p9n1 (PDJ?L)HH = c(gnlai)ﬁ?)n'
So
Eg(n) S C(ml,mz)n.
O

This example shows that we can express E,, (k) in terms of the opening between
subspaces. In the following theorem we state and prove a much better expression
for F5(n) in terms of the opening between subspaces.

Theorem 7.3. Assume that k = 2, then an upper bound for Es(n) is
EQ(”) = C(mla m2)2n717 n= 13 2,

Proof. By lemma 7.1, we have that Ez(n) = [[(Q2Q1)"|, where Q; = Poy, o, no,) -
(i =1,2). Because

(Q2Q1)"]" = [(Q20Q1)"]" = (Q:1Q2)",
we have

[(Q2Q1)™ 17

[(Q2Q1)" [(Q20Q1)"]"[]
[(Q2Q1)"(Q1Q2)" ||
[(Q2@Q1Q2)" |-

Because QQ2Q1Q) is selfadjoint, hence normal, we have that

[(@2Q1Q2)*" || = 1(Q2@:1Q2)*" "

(7.2)
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Playing a little further with these projections yields:

(7.3)  Q:Q1Q2] = 1Q20:Q1Q2]| = [1(Q2Q1)(Q2Q1)"[l = Q21 ” -
Combination of (7.2) and (7.3) yields

1Q2Q1)"1” = 1[(Q2@1Q2) ™" ™" = [[Q2Qu ™" "
This implies that
n 2n—1
Ey(n) = [(Q2Q1)"[] = [[Q2Q1 (|7
Now notice that
1Q2Q1l = [[ Pty Pon+ Py P || = [| Pon, Pot, Pom || = (0, Ma).

So we have shown that Ex(n) = (9, My)?" 1. O

Theorem 7.1 says something about the rate of convergence if 91 is the intersection
of two closed linear subspaces. An upper bound can also be found for intersections

of any number > 2 of closed linear subspaces. In the following theorem we state
the result.

Theorem 7.4. (Smith-Solomon-Wagner, [16]) Let k > 2 and
¢ =c(M;, N, 19My),i=1,2,...,n— 1.
Then

where
c=[-T[G-e)?
i=1
APPENDIX A. PROJECTIONS
A linear operator P € B($)) is called a projection if P? = P.

Lemma A.1. Let P € B($) be a projection, then
(1) I — P is a projection;
(2) ran P =ker (I — P);
(3) ker P =ran (I — P).

Proof. (1) By definition P2 = P, so (I — P)2 =1— P — P+ P = [ — P, which
shows that (I — P) is a projection.

(2) Assume that h € ran P then there exists a € $ such that h = Pz, then we
have (I — P)h = Pz — Px = 0 and so h € ker (I — P). Soran P C ker (I — P).
Conversely assume that h € ker (I — P), then (I — P)h =0, so h = Ph and hence
h €ran P. So ker (I — P) Cran P. So ran P = ker (I — P).

(3) This follows from (2) by replacing P by (I — P). O

Corollary A.2. Let P € B($)) be a projection, then ) = ran P + ker P and this
sum is direct.
Proof. Because ran P, ker P C $) also ran P + ker P C $. To proof the reversed
inclusion, assume that f € H. Then f can be written as

f=Pf+({I—-P)f, PferanP, (I - P)f eran(I — P),
because (I — P)f = f — Pf. By lemma A.1, ran(I — P) = ker (P), so f €
ran P + ker P. So we have shown that $ = ran P + ker P. In order to show that
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the sum is direct, assume that f € ran P Nker P, then there is h € $ such that
f = Ph, and Pf = P?h = Ph = 0. So ran P Nker P = {0}, which proves that
ran P + ker P is a direct sum. O

Lemma A.3. If $H = MDN, then there is a projection P : H — $H with ran P = 9N
and ker P = 1.

Proof. Assume that $§ = 9 @& . Then for all x € $H we have the decomposition
y+ z, with y € 9 and z € M. If we define an operator P with Px = y, then we
have the desired projection. ([l

APPENDIX B. ORTHOGONAL PROJECTIONS

Given an arbritrary point in a Hilbert space $) and a linear subspace 9t of .
Can we find a point in 9t which is the closest point near £? The answer to this
question is the content of the first theorem in this appendix.

Theorem B.1. Let M be a closed linear subspace of a Hilbert space $. Then
(1) For each x € $) there is a unique closest point y € M such that

B.1 — gyl = mi — 4l
(B.1) lz =yl = min flz — 2[|;
(2) The point y € M closest to x € § is the unique element of IM with the
property that x —y € M+,
Proof. Let d be the distance of z from 9. Then
d = inf{||z — 2| |z € M}.
From this definition follows that there is a sequence of elements y,, € 9t such that
lim ||z — y,| = d,
n—oo
so for all € > 0, there is an integer N sucht that
[z —ynl <d+e
when n > N. Using the parallelogram rule, we have
2 2 2 2
[Ym = ynll” + 1122 = ym —ynll” = 2]l = ym|” + 2 [z — ynlI” .
Because (ym + yn)/2 € M, we see from the definition of d that
H.’E - (ym + yn)/2” > d.
Combine the definition of d with the above equations for all m,n > N in the
following way:
2 2 2 2
lym = ynll” = 2[|2 = ym[I” + 2|z =yl = 122 — ym — yull
< 4(d+ €)* — 4d?
< 4e(2d +¢)
Since we can choose € as small as we like, y, — v, — 0, so y, is a Cauchy sequence.
Since § is complete, there is a y to which y,, converges and because 91 is closed,

we have y € 9. Because the norm is continuous, we have shown that ||z — y|| =
lim, o || — yn|| = d. In order to show the uniqueness of this y, suppose that y
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and y" both minimize the distance to z. We have to show that ||y — || = 0. By
the parallellogram identity we see that

2 2 2 2
2z —yl"+ 20z =y I" =12z —y =o' I" + ly = ¢'II"-
Rewriting this equation and using that ||z — y|| = ||x — /|| = d, we see that
2 2
ly =" = 4d®> — 4]z — (y + ) /2II” <0,

so |ly — 4’|l =0 so y = ¢'. This proves part 1 of this theorem.
Is the vector x —y orthogonal to 9t for all y € 9?7 Because y minimizes the distance
to z, we have for every A € C and z € 9 that

2 2
lz —yll” <lle —y+Arz]”.
Expanding the righthand side, we obtain
2Re (A (z —y,2)) < A7 2]
Suppose that (x — 1y, 2) = |[(x — y, 2)| €!®. If we choose A = ee~*®, where € > 0 and
divide by €, we get
2|(x —y,2)| < ezl
Taking the limit as e — 07, we find that (x — y,z) = 0, so (z —y) € M*. Finally it
needs to be shown that 3 is the only element in 9t such that x —y € 9. Suppose

to the contrary that there is a 3’ # y with the property that also z —y’ € 9. For
any z € 9 we have

(zy—y)=(z,x—y) —(2,2-y) =0
In particular, we may take z = y — 3/, and therefore we must have y = y’. O

As a consequence of this theorem, each element A in a Hilbert space $ can be
uniquely written as h = x +y where 2 € 9 and y € M+. An orthogonal projection
onto a closed subspace 91 of § is the mapping Poy : $ — 9 which associates with
each z € §) its unique nearest point(in the sense of theorem B.1) in 9.

In some literature an orthogonal projection is defined as an operator which is self-
adjoint and idempotent. This is the definition which we will used most in this
appendix. In the next lemma, we show that these definitions are equivalent.

Lemma B.2. Let Pyy be a bounded linear operator on a Hilbert space ). Then Py
is an orthogonal projection if and only if Pi = P and Pl = Poy.

Proof. Suppose that Poy. Because 9 is closed, = € § can be written as x = hy + ho
with h; € O and hy € ML, so Py = by € M and so Pgnx = Pyphy = h1. Suppose
now that y € $, then y can be written as x = k1 + ko with k1 € 9 and ks € mt.
Then

(P, y) = (h1,y) = (h1, k1 + k2)
= (h1, k1) = (h1 + ha, k1)
= (z, Pmy) -
But also (Pmz,y) = (z, Pjy), so P} = Pmy. Now, assume that Pj = Py and
Py, = Pox. Let y, be a sequence defined by vy, = Pmx, and y, — 2. Notice

that Py, = sznxn = Pz, = Ypn. So limy, 00 Y = limy 00 Py = Pom(2). So
z € 9 and so M is closed. Let y € M then

(z — Pmx,y) = (Pm — Pgy, Povy) = (0, Pmy) = 0.
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d

B.1. Properties. In this subsection we state a number of useful properties of or-
thogonal projections.

Proposition B.3. If P is a nonzero orthogonal projection, then || P| = 1.

Proof. Let x € $ and Px # 0, then we have

(Px,Px) (x,Px)
[P = = <=l
[Pl 1P|
so |P]] < 1. If P # 0 than there exists an z € $), with Pz # 0 and ||P(P(x))

I =
||Pz|| so that || P]| > 1. O

Lemma B.4. Suppose that Poy is an orthogonal projection, then I — Poy is an
orthogonal projection and Pyi = I — Pyy.

Proof. Suppose that Py is an orthogonal projection, then (I — Pyn)? = I — 2Py +
Py = I — Poy. Furthermore (I — Poy)* =1 — P} = I — Poy. So I — Py is
an orthogonal projection. Let z € . Because Py is an orthogonal projection,
M is a closed subspace of ) and x can be uniquely written as * = m + m_,
with m € M, m, € M-, So x = Pya + Pyox and Py = Iz — Py, So
P]\JL - I — P{)jl I:l

The following theorem can be found in [1].

Theorem B.5. If P denotes an orthogonal projection, then P € B(H) and ran P
is closed.

Proof. Assume that P is an orthogonal projection, then P is bounded since
[Phl = (Ph,h) < [[Ph][ ||,

so ||Ph|| < ||h]|. Define 9

M={g€H|Pg=g}.
Since P is a linear operator, it is easy to see that 9 is a linear subspace of $). The
subspace 2N is also closed. In order to see this, let g, be a sequence in M which
converges to x as n — 0o0. Now

Pg*gn:P(gfgn)a
since g, € M. Taking limits as n — oo yields

1P(g =gl <IIPIlllg —gll =llg —gll =0,
so g € M. In order to show that Poy = P, let h € $ be arbitrary. Then g = Ph €
M. For an arbitrary g’ € 9 it needs to be shown that (Ph, g’) = (Pmh,g¢’). Notice
that
(Ph,g") = (h, P') = (h.g')
and
<P§mh,g’> = <h7meg/> = <hvg/> ’

which concludes the proof. O

Lemma B.6. The following statements are equivalent:

(1) Pm and Py commute;
(2) PmPm = P s an orthogonal projection;
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Proof. To prove (1) = (2), assume that Py Py = PnPy. Then
(PnPm)® = PuPuPxPm = Py Py = PP,
which shows that P is an orthogonal projection. To show that Py Py = Popno, let
x € MNN, then
Pngml’ =,
while for y € ML + ML, we have that Poy Pny = 0 since
Po Pn(MM* + 9L) = Py Pp(IM4) = Py Pp(M*) = {0}

By continuity there follows that Py Pyn = Pojnm- (2) = (1), PmPn = Ponm =
Py = P P O
Corollary B.7. The following statements are equivalent:

(1) PmPyn =0;

(2) PnPm =0;

(3) M LN
Proof. To prove (1) < (2) it is sufficient to show (1) = (2). The assumption
Pon Py = 0 implies that Py Py is self-adoint and hence Py Pyy = 0. In order to
proof (2) = (3), observe that for all f € 9t and for all g € N

(f.9) = (Pmf, Png) = (PnPmf,g9) =0
so M L N. (3) = (2): for all h, k € 9, it follows that
(P Poph, k) = (Pomh, Ppk) = 0,

because 9t L 1. Hence Py Py =0 ([l

Corollary B.8. The following statements are equivalent:

(1) PmPn = Pm;

(2) PnPm = Po;

(3) MmN
Proof. To prove (1) < (2), it is sufficient to proof (1) = (2). Note that PPy =
Py is selfadjoint and hence PPy = Poy. To prove (2) = (3), let € 9, then
Py Pyx = Pga = x, so that & € 91. To prove (3) = (2), assume that f € 9 C N,
then Py f = f, so that PpyPonf = Pnf = f. We have shown that Pn Py = Py
for all f € M. It is also clear that for all g € M, PrPoypg = 0 = Popg. Because
H =M N, we have shown that for all h € § that PnPoy = Pox. O

Lemma B.9. The following statements are equivalent.
(1) P and Py commute;
(2) Popr and Py commute;
(3) Pom and Py. commute;
(4) Pynr and Py commute.
Proof. Tt suffices to proof the equivalence of (1) and (3). This equivalence can easily
be seen from
PoPys — Py Py = Po(I — Py) — (I — Py)Pog = — Pog P + P Poy = 0,
so Pyn, Py commute. O

Corollary B.10. The following statements are equivalent:
(1) P and Py commute;
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(2) Pysi = Pt + P — PP

Proof. (1) = (2), notice that
Pymsi=1—Pmiamr =1 — (I — Pn)({ — Pn) = Pm + Pn — PP
(2) = (1), notice that
I— Py =Poe)+ Ppa)+ (I — Pm)({ — Pn) =1 — Pypa Py
This equation is equivalent to
Popiame = Popi Py

But this implies with the aid of a previous lemma that Py and Py commute. [
Lemma B.11. The following statements are equivalent:

(1) P + Py is an orthogonal projection;

(2) PmPxn =0.
In this case Pop + Py = Popem.

Proof. (1) = (2), denote the projection Py + Py by Q. Then we have the identity

@QF. f) = (P f, [) +(Pnf. f),
which implies that

2 2 2 2
0 <[P fII” + [1PnfII” = N1QFIT <17
By choosing f = Pyh we obtain
[ Po Pt * < 0
and hence Py Py = 0. In order to show that Py + Pyn = Pomgm, simply notice
that Pyp Py = 0 implies that 9T L 91 and hence 91 + I is a direct sum, and
that Py Py = 0 implies that Py, Py commute and hence by the previous lemma
Py + Py = Py So P + Py = Pongm- (2) = (1), because Py Py = 0, Pon Py
is selfadjoint. The identity
(Pgn + Pm)2 = Py + PP + PnPon + P = Pon + Py,

because Py Py is selfadjoint. O

Corollary B.12. The following statements are equivalent:
(1) Mmcm;
(2) Py — Poy is an orthogonal projection
Proof. (1) = (2), it is clear that Py — Py is selfadjoint. So it remains to be shown
that Py — Poy is idempotent:
(Py — Pm)? = (Pn — Pm)(Pyt — P) = Pn — PuPan — PP + Pop = Pyt — P,

by corollary B.8. (2) = (1), assume that Py — Py = P, is an orthogonal projection,
then the orthogonal projection Py can be written as Py + P, which implies that

x L 9. Hence M =M @ = and so M C IN. O
Lemma B.13. The following statements are equivalent:

(1) Mmcm;

(2) P < Px;

(3) [[Pmh| < [|Prhll.
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Proof. (1) = (2), since M C N, Py — Por is an orthogonal projection. Because
[P — Po|| > 0 we have by the equivalence of parts 2 and 3 of this lemma that
0 < Py — Py which shows that Py < Py. (2) = (1), suppose that, for f € $,
Pyh = 0 then Pyh = 0 because Py < Py. So we have that 9+ ¢ 9L, Taking
orthogonal complements on both sides and noting that 9t and 91 are closed, we
have that 9t C 9.

For (2) & (3), Assume that || Poh|| < || Pnh||, then

|Poh|| < [Pk < [|[Pmhl® < | Puh? || < (Pah, h) < (Pnh,h),
which is equivalent to
(P — Pw)h, h) <0,

SO

Lemma B.14. The following statements are equivalent:

(1) P and Py commute;

(2) M= MNN) ® (MNNL).
Proof. Assume that 9 = (9MNN)@(MNNL). This is equivalent to Poyam Poaore =
0 if and only if

P = Poprovyemnmt) = Pmnm + Poam+
if and only if
Pn P = Pu(Ponm + Pt ) = PoPonnt = P

if and only if Py, P commute, which shows the equivalence. (Il

APPENDIX C. THREE BACKGROUND RESULTS

In this appendix, we mention three background results which we used at some
occasions in the text. First we mention a lemma about the operator norm, sec-
ondly we mention the closed graph theorem and after that we mention the Riesz
representation theorem.

Lemma C.1. Let A be a bounded linear operator. Then

(C.1) [All = sup{[{Az,y)[ : 2,y € H, [[=]|, lyl] < 1}

Proof. For notational convenience, define
X=A{zenllz]=1yen lyl=1}

Because

sup {|(Az,y)|} > sup{’<Aw, éi” >’ cx €9, x| =1}

z,yeX

= sup{|[Az| : [|z|| = 1}
= |l A]l,
we have that |A|| < sup{[{Az,y)|: z,y € 9, ||z],||y|| < 1}. Furthermore,
sup [(Az, y)| < [[Az| - [yl
< Al - ll]] - [yl
<[4l
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So sup{|(Az,y)| : z,y € 9, ||z[, [lyl <1} < [|A[l. So [|A[] = sup{[(Az,y)| : =,y €
9 llzll lyll < 13 -

Theorem C.2 (Closed Graph theorem). A linear mapping from of a Banach
space M to a Banach space N, defined on all of M, is bounded if and only if its
graph is a closed subset of I x N.

Proof. A proof can be found in [2]. O

Theorem C.3 (Riesz representation theorem). Let $) be a Hilbert space and
let F' be a continuous linear functional on $. There exists a unique y € § such that

Fz) = (z,y)
for all x € $. Moreover |ly|| = || F]|.
Proof. A proof can be found in [5]. O

APPENDIX D. CONORM AND ITS PROPERTIES

In section 5, we derive a relation between the angle and the conorm of an op-
erator. In this section, we give a definition of the conorm of a linear operator and
mention two important results.

Definition D.1. Let A be a linear operator in B($)), then the conorm of A is given
by
A
v(A) = 1nf{””f]|c|” cf €ker(A) f#£0 }
From the Closed Graph Theorem (Theorem 3.1) follows that ran A is closed if
and only if the graph of the inverse of A restricted to (ker (A4)))* is bounded.

Proposition D.2. Let A be a linear operator from a Hilbert space § to an Hilbert
space & Then the following statements are equivalent:

(1) v(A)>0;

(2) ran(A) is closed.

Proof. As noticed earlier, ran A is closed if and only if the graph of the inverse of
A restricted to (ker (A)1) is bounded. This means that there exists a m > 0 such
that

s
feranA~!and f = Af € ran (A). This implies that
A7l 1
[RAT—
Since m > 0 we must have that y(A) > 0. O

Lemma D.3. Let A be a linear operator from a Hilbert space §) to a Hilbert space
R and A* the adjoint operator of A. Then

(D.1) 7(A) = (A7)
Proof. A proof can be found in [§] O
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