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Abstract 
 

Distributed representation in the brain implies that neural representations are patterns of ac-

tivity over many neurons and that the same neurons participate in many patterns. 

Holographic neural networks achieve distributed representation through a mathematical 

analogy to optical holography. Besides being aesthetically pleasing, the holographic analogy 

promises highly effective search and inference capabilities and allows robust representations 

that degrade gracefully.  

We build upon existing holographic neural networks and implement an important improve-

ment to the paradigm that removes a previous restriction to feature vectors that are of ran-

dom distribution. This means that it is no longer necessary to map between natural (not ran-

dom) signal features and a set of random features; instead the signal features can be used 

directly. 

We develop a simple holographic neural network classifier and apply it to the AI-task of 

automatic vowel recognition with good results that demonstrate the feasibility of the im-

provement. 

The system features a very simple learning scheme adapted from earlier holographic neural 

networks and uses a parallel graphics processing unit to accelerate both learning and classi-

fication. 

We also give suggestions for further research on holographic neural networks aimed at more 

difficult AI-tasks, like automatic speech recognition. 
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1. Introduction 

 

The main objective of this thesis is to demonstrate the application of a novel holographic 

neural network (HNN) to the entry-level AI task of automatic vowel recognition (AVR).  

By an entry-level task we mean a task that by design has been limited in its cognitive re-

quirements so that difficult issues like general world-knowledge can be disregarded. 

We believe that successful demonstration on an entry-level AI task is the first step towards 

more sophisticated HNN that can eventually take on more difficult AI tasks. 

We consider AVR to be an entry-level AI task at the beginning of a development path to 

automatic speech recognition (ASR). The full ASR task is assumed to be too difficult for an 

AI system that does not consider complex high-level cognitive processes like intuition, emo-

tion and empathy, and does not possess general world-knowledge; e.g. a deep semantic un-

derstanding is assumed to be necessary for human-level recognition of sentence level series 

of spoken words in realistic environments. We do not consider this kind of semantic context 

on the AVR task, instead we look at the simple similarity of low-level data patterns; this is 

also needed for ASR, but alone it is not enough.  

Although we do not model high-level brain processes we still believe that the brain is an 

essential reference system, and in extension that AI (aiming at human-level performance) 

must exhibit a high degree of plausibility in relation to the brain, but not just any plausibility 

(e.g. an AI system in a skull does not mean that it is plausible in relation to the brain just 

because the brain is also in a skull), we must therefore try to establish key principles of cog-

nition in the brain as plausibility criteria; in the next section we call this a reverse-

engineering perspective.  

We assume that in such brain inspired AI, in order to achieve plausibility, we must aim to 

connect low-level neural processes with high-level cognitive processes. Approaching this 

task from the top might feel like the most natural strategy considering we all have introspec-

tive access to some high-level cognitive processes, but it has proven difficult to produce AI 

systems that model high-level processes and at the same time allow the level of analysis to 

be moved all the way down to realistic low-level neural representations.  

HNN takes the opposite bottom-up approach starting with low-level distributed representa-

tions that are assumed to be neurally plausible (in the sense that they are distributed over 

many neurons), and then build up to high-level cognitive constructs. On the AVR task a 

minimum of high-level processing is needed, so AVR is a natural entry-point for HNN.  
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The system we develop also considers a secondary point of brain plausibility; i.e. parallel 

processing in the sense that specific computationally expensive sections are accelerated by a 

parallel graphics processing unit (GPU). In the next section we will see that we do not con-

sider this to be a strong kind of plausibility, because we do not believe parallel processing to 

be a key principle of cognition in other terms than computational speed.  

 

The following pages are structured as follows: 

The subsequent section is an essay trying to establish key principles of cognition and moti-

vating the choice of HNN as an AI approach with plausible low-level distributed representa-

tions. This is followed by a more in depth treatment of the theoretical background of HNN 

leading up to the development of a potential improvement to the paradigm, and of a simple 

HNN classifier incorporating the improvement. We then review the AVR task and typical 

datasets and results, and finally apply the novel HNN classifier to AVR and present and dis-

cuss the results obtained.    

Along the way we draw further perspectives to ASR and describe possible future directions 

for HNN for this more difficult kind of AI task.  
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2. The Quest for AI  

 

This section is an introductory essay taking a reverse-engineering perspective on the scien-

tific quest for AI. Its purpose is to set the stage for the sections ahead, which concern the 

development of a specific AI system guided by the principles established here.  

 

Let us start by briefly discussing a definition of AI: An agreed and universally accepted 

definition of AI is very difficult to achieve, not least, because a consistent definition of intel-

ligence itself is hard to pin down, and there are even different opinions on which levels of 

intelligence AI should aim for (see e.g. McCarthy 2007). However, it is sufficient to define 

what we mean by AI in the present text: Here, the quest for AI is really the quest for strong- 

or general-AI, meaning AI that is comparable to (or exceeding) human intelligence on a 

complete spectrum of tasks or on so-called AI-complete tasks (Kurzweil 2005). 

AI-complete tasks are tasks that require general-AI; an approach capable of handling one 

AI-complete task would be able to handle them all. AI-complete tasks include automatic 

speech recognition and machine translation if we require human-level performance.  

Obviously, at this point, general-AI remains pure science-fiction, but unlike other interest-

ing concepts from science-fiction, like teleportation, we actually have something concrete to 

go on: The brain is a reference system; the algorithmic principles that underlie the sought-

after intelligence in human brains (to some extent in brains in general) should in principle be 

reusable in AI. The open question is how do we identify these principles and how can we 

apply them in AI?  

This type of problem generally lends itself to the process of reverse-engineering:  

The simplest form of reverse-engineering is basically taking a device physically apart, while 

carefully examining the parts, and from there inferring how it works to the point of repro-

ducibility. However, here, and in many other cases, this is not really a feasible approach, 

because “taking the device apart” in this simple way is not reasonably possible.  

We cannot simply take the brain apart to see how cognition works and we agree with the 

ideas of embodied cognition that cognition must be seen in very close connection with body 

and environment (see e.g. Wilson 2002). This means that we must go about the reverse-

engineering process in a different way:  

In a general-AI system we want to achieve functionality that a reference system, the brain, 

possesses. How should we go about this reverse-engineering task without taking the brain 

apart? We can observe different features of the brain; for most of these features we can ei-
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ther come up with different ways to implement them or no way at all. In reverse-engineering 

these features are not particularly interesting, because they do not help us pick a develop-

ment path and the odds of picking a path that reflects a key principle of cognition are not 

great. Conversely, the features that are interesting are the features that we only know of one 

(reasonable) way to implement, because if we want to implement them at all we must follow 

the only known path. This does not come with a guarantee of success; it might be that we 

only know of one way to implement something because we are ignorant of other possibili-

ties, but we will probably not find better odds in terms of establishing a key principle. The 

crucial point is whether we are able to apply the principles of such a unique implementation 

of some specific feature to other features (that we might know of alternative ways to 

achieve) as well; if we are then this will significantly strengthen the principle’s position as a 

key principle.   

For example, one prominent feature of the brain is its very high data processing capabilities; 

we know that this is in large part achieved though highly parallel processing (Thagard 

2005). Parallel processing as an algorithmic principle gives the brain computational speed. 

However, any computation that can be done in parallel can also be done on a serial system; 

if the serial system is fast enough it can fully simulate the parallel processes in relative real-

time (McCarthy 2007). In the present reverse-engineering perspective this means that paral-

lel processing is probably not a key principle in the sense that it does not directly restrict the 

possible development directions. While parallel processing can speed up computation, the 

fact that the same computations can be done another way (serially) suggests that implement-

ing parallel processing is not likely to contribute anything else than speed to the AI problem.  

However, if we can find another characteristic brain feature that we only know of one single 

way to implement then this is a key principle, especially if it also brings additional insight to 

the AI problem. This will become clearer with an example: 

Another very important feature of the brain is its robustness to physical damage; we know 

this is largely achieved by highly distributed neural representation (Thagard 2005). We 

might find different implementations of distributed representation from the AI side, but an 

implementation of the same robustness without distributed representation seems much more 

difficult.  

This tentatively establishes distributed representation as a key principle; but to strengthen 

this idea we must look for additional contributions to the AI problem:  

 

It happens that we do have a few different implementations of distributed representation in 

AI (Neumann 2001); one of the most interesting suggestions is based on the principles of 
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holography and is known as holographic neural networks. Is this in any way plausible, and 

does it provide any additional contributions to the AI problem? 

 

Optical holograms made with lasers show a similar robustness; if a holographic recording 

medium is damaged the drop in intensity of the hologram is proportional to the area dam-

aged, the hologram is not lost, but fades gracefully (this is because the information in the 

hologram is distributed) (Leith 1964). This is of course very different from traditional com-

puter architectures where even slight (local) damage can easily crash the whole system. 

The principles of holography do not only apply to the common laser-made holograms; it 

applies to waves in general through the laws of wave-interference. This includes waves 

propagating in a neural network medium; in fact, Westlake (1970) has shown that the basic 

holographic principles are possible in an excitatory postsynaptic potential (EPSP) neural 

network without much complication. Nonetheless, an implementation seems a daunting 

task, and fortunately a further generalization is possible through a mathematical analogy 

with circular convolution and de-convolution (other interesting holographic analogies are 

discussed in (Rabal 2001)). 

The common term “holographic memory” is slightly misleading for this paradigm, because 

the focus on memory might neglect the cognitive aspects; in fact, the distributed representa-

tions can interfere with each other to produce strong generalization and association capabili-

ties, like content-addressable memory; this kind of memory is not addressed one data-

pointer at a time as conventional computer memory, but with a partial representation of the 

memory content we wish to retrieve. As we will see in the next section, content-

addressability in holographic neural networks provides a natural approach to difficult AI 

issues like intuition. This is exactly the kind of additional contribution to the AI problem 

that we need in order to confirm distributed representation as a key principle. 

An AI approach involving circular convolution does not sound immediately plausible, but 

through the analogy to holography it achieves higher plausibility both in terms of robustness 

and in the neural network perspective given by Westlake early on.  

 

With the above considerations we have some concrete guidance on what should be consid-

ered important in our AI approach: Parallel processing is certainly interesting, but not as es-

sential as distributed representation.  

Let us see if we can establish further guidance from the reverse-engineering perspective: 
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Another outstanding feature of the brain is its remarkable flexibility; parallel processing and 

distributed representation of course both contribute, but we know that a lot of flexibility is 

also achieved through the brain’s neuroplasticity (Mussa-lvaldi 2007). Is plasticity a key 

principle in the reverse-engineering perspective?  

Let us limit ourselves to the kind of plasticity known as synaptic plasticity, which concerns 

the formation and destruction of synaptic connections between neurons as well as the 

strengths of these connections. A popular theory on explaining the workings of synaptic 

plasticity is Hebbian learning, which in popular terms is often phrased as “neurons that fire 

together, wire together” (in neuroscience this effect is also known as long-term potentia-

tion). However, if we assume that neural representations are distributed then the Hebbian 

view does not necessarily answer the question of how the local plasticity “knows” what to 

do in a non-local, distributed perspective. We would expect the answer to be found within 

classical physics, but we do not know the answer and in a reverse-engineering spirit we 

might consider other suggestions. The following suggestion was conceived by the acclaimed 

mathematician and physicist Roger Penrose; we will not argue that it is necessarily plausi-

ble, but it will help raise the final brain issue to be considered here.  

According to Penrose an analogous problem is how quasi-crystals grow; it seems that these 

structures can grow non-locally, which again seems difficult to explain in terms of classical 

physics. Instead the suggestion is to invoke quantum magic; the idea is that different, let’s 

say, “growth-patterns” exist in quantum superposition until a certain energy level is reached 

and the system collapses into a single physical representation (see Penrose 1989). A similar 

non-local quantum process could be imagined for plasticity, which brings us to the real is-

sue: Regardless of whether quantum effects are involved in plasticity the larger question is 

whether it is involved in brain processes at all. There does not seem to be any concrete ex-

perimental evidence in favor, but with our limited technical capabilities in this area, it might 

be allowable to rely as much on philosophical argument:  

 

Let us return to the notion of AI-complete tasks for a moment; it is not entirely clear if very 

high-level processes, like consciousness and self, are required for general-AI. It is reason-

able that for instance considerable social understanding is required in various AI-complete 

tasks, like machine translation, and it might be that social understanding cannot be achieved 

without consciousness and self.  

These high-level features are also interesting in relation to the quantum question: 

One of the defining features of consciousness and self is the feeling of free will; like the 

quasi-crystals this also appears to conflict with the determinism of classical physics, phi-
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losophically we then have three options: 1) we can say something along the lines of that 

these high-level features supervene on the physical laws and emerge from dynamical feed-

back processes (Dennett 1991). 2) free will might be an illusion (Searle 1996). 3) some un-

known quantum effects might be responsible (Penrose 1989). 

Let us immediately disqualify option number two as its validity either way does not impact 

the current arguments. Option number one is quite popular and certainly not unreasonable, 

but also not a fact.  

Penrose suggests an interpretation of Gödel’s theorems that points more to door number 

three: Very briefly, a formal system can formulate statements that are true (that can be seen 

to be true), but cannot be proven within the formal system. This is taken to mean that since 

there can then be no algorithm to prove the truth, and humans on the other hand can see the 

truth, then our minds must be capable of non-algorithmic problem-solving. 

If this is the case then we cannot hope to achieve general-AI, bar the advent of quantum 

computers or other unknown non-algorithmic computers.  

On the other hand, if option number one is indeed correct then we should focus our research 

efforts on systems that are not only distributed, but also highly dynamical systems, i.e. sys-

tems can allow emergence of high-level features.  

In any case, there is not much doubt that brain processes, even at the lower levels, are dy-

namic (i.e. with feedback) (Thagard 2005), but this alone does not necessarily establish it as 

a key principle; however considering that there are high-level features (free will) that we 

cannot achieve any other way (except with quantum magic) suggests that dynamical sys-

tems is indeed a key principle. 

 

This adds dynamical systems to distributed representations (and partly parallel processing) 

as key research areas in our AI approach. Neuroplasticity and even quantum considerations 

were instrumental, but they are not considered key principles. 

 

We can speculate that dynamical systems with distributed representation (and possibly, but 

not essentially, with parallel processing) qualify to take on AI-complete tasks, while a sys-

tem with distributed representation alone might not be up to the challenge if high-level cog-

nitive processing is required.  

 

Finally, let us briefly consider where we stand in relation to other important approaches to 

AI: The classical symbolic AI approach primarily models cognition explicitly in terms of 

facts and rules. It has proven difficult (by the lack of practical examples) to produce sym-
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bolic AI systems with enough explicit facts and rules to operate successfully outside a very 

narrow domain. To be fair this is arguably true for any AI approach so far. Symbolic AI is 

often contrasted with connectionism, which generally models cognition by networks of (in-

terconnected) simple processing units, mostly known as neural networks. However, this is 

not the exact distinction we are making here; in fact, some connectionist approaches are lo-

calist, which means that although networks are used the representations in those networks 

are not highly distributed; instead representation is done by semantic nodes and relations 

between nodes such that each node has a (variable) activation-value and activation can 

spread between nodes through weighted relations. Memory search and inference in a localist 

network is therefore typically done by spreading activation (Anderson 1983).   

The distinction we want to make here is between approaches with or without distributed 

representation; symbolic AI and the localist part of connectionism are called structuralist, 

while distributed connectionist approaches are called componential, following Hinton 

(1986). It should be noted that some approaches arguably use both localist and distributed 

representation, and in such cases the correct label is a judgment call.  

Structuralist approaches include hidden Markov models, support vector machines, ACT-R 

(Anderson 1993, Anderson and Lebiere 1998) and the connectionist version ACT-RN (Le-

biere and Anderson 1993), and many more.  

A particularly interesting structuralist example is the semantic web vision as set up by the 

World Wide Web Consortium; this vision is based on the structuralist RDF triple data for-

mat (see Passin 2004), which is great for manually entering information (which might not 

even be desirable to do, because it is not statistically sensitive (see Doctorow 2001)), but is 

more limited when it comes to search and inference: Given a set of related RDF triples it is 

possible to reason over the data and thereby create new valid data. This can be called deduc-

tive reasoning build up of syllogisms (two triples used to deduce a third). A syllogism ex-

ample could be: 

The Semantic Web is made up of Syllogisms 

Syllogisms are not very useful  

Therefore, the Semantic Web is not very useful 

There are quite different expectations of the semantic web and of the level of AI it repre-

sents (Marshall and Shipman 2003), but in any case the syllogism example reflects an issue 

raised by Shirky (2003), namely that deductive reasoning alone is not powerful enough to 

enable general-AI. Also, with structuralist RDF there is no efficient  way to implement con-

tent-addressable memory (unlike for componential approaches), which means that search 

problems can easily become intractable. Another difference from componential approaches 



  

 
    Page 11 

is that if RDF data is damaged relations between concepts are typically broken, which 

means that entire concepts can be un-retrievable.  

In the next section we will see how issues like these become natural strong-points in a com-

ponential semantic web with distributed representation. We will focus on distributed repre-

sentations in holographic neural networks; for reference other important distributed ap-

proaches are know as tensor product representation (Smolensky 1990), which uses an (ex-

panding) outer product operation in place of circular convolution, recursive auto-associative 

memory (Pollack 1990), which uses a three layer network where the hidden layer learns dis-

tributed representations, and binary spatter code (Kanerva 1998), which uses high-

dimensional binary vectors for which the XOR operation can be used in place of circular 

convolution. The motivation for choosing holographic neural networks over these alterna-

tive schemes is partly based on aesthetics (a factor that is not uncommon in science (Far-

melo 2002)); more specifically it is that holography is based on a natural phenomenon 

(wave-interference), which the alternative approaches cannot claim. 
 

 



  

 
    Page 12 

3. Holographic Neural Networks 

 

A key issue in any AI-approach is how to represent complex information (structured in hier-

archies for example) in a way that can also be adequately processed by the AI system.  

For most AI tasks a large part of the information in the domain can be modeled by hierar-

chies, tree-structures and similar networks of nodes.  

In automatic speech recognition (ASR), for instance, speech information is often repre-

sented in networks of nodes at multiple levels of analysis; at a semantic level, at the syntac-

tic level of sentence structure, and at lower levels of speech sounds, such as vowels and 

consonants. Concepts can be represented in class hierarchies for example and similar syn-

tactic trees are often used for sentence structure.  

This is a very intuitive approach, because we can read and understand these structures quite 

easily. However, if we are trying to reverse-engineer the brain (as specified in the previous 

section) we must also consider how these high-level structures can be mapped to plausible 

low-level neural representations.  

A typical structuralist semantic network represents concepts as single nodes and relations as 

weighted connections, which can be learned from statistical information or even hand-made.  

In speech recognition this can for instance be used to help choose between recognition can-

didates, because the semantic network can suggest which words and concepts are related to 

the already recognized words, i.e. which words are more likely to occur in the context (e.g. 

Lieberman 2005).  

On the other hand, we know that neither concepts, words nor vowels are represented in the 

brain as single nodes or neurons (Thagard 2005). More plausible representations would in-

volve distributed patterns of activity across many neurons, but it is far from obvious how 

this kind of representation can connect to high-level structures; in fact it has long been 

widely held that distributed representations cannot usefully represent complex high-level 

data structures (Fodor and McLaughlin 1990), like hierarchies. However, at this point sev-

eral distributed approaches have shown this expectation to be false (Gelder and Niklasson 

1994a, Plate 1995, and other), but its counter-intuitive nature has meant that relatively few 

studies have been done with distributed representations. The feature that has been claimed 

to be missing in distributed approaches is often referred to as systematicity (Fodor and Pyly-

shyn 1988); we will return to this concept soon and see how a high level of systematicity 

can be achieved with distributed representations. 
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It is not enough to be able to represent complex data structures; the representations must 

also be processable. In a non-distributed structuralist semantic network processing is simply 

a matter of following connections from node to node, one node at a time. This reflects the 

conventional pointer-based computer architecture where one data-pointer is followed at a 

time. The processing requirements in this approach scales up with the number of nodes to be 

considered.  

The situation is quite different for distributed representations; below we will, among other 

things, see that many nodes can be considered without directly processing each of them. 

 

The following subsection will consider some specific aspects of the theoretical background 

of holographic neural networks: Geoffrey Hinton, Tony Plate and Jane Neumann have all 

contributed to a concrete and quite successful approach based on circular convolution and 

de-convolution as a mathematical analogy to holography. We will go through the major 

points for each contributor and consider a possible improvement.  

Finally a simple HNN classifier will be introduced to test the improvement on automatic 

vowel recognition, and future directions for HNN for more difficult AI tasks will be dis-

cussed.  

3.1 Theoretical Background 

The theoretical background of HNN starts with Hinton’s reduced representations; a deriva-

tive of distributed representations with a framework for representing and processing com-

plex high-level structures with low-level distributed representations.  

3.1.1 Hinton’s Reduced Representations 

Hinton (1990) analyzed the problem of representing 

complex hierarchical structure in distributed representa-

tions, and introduced the general concept of “reduced 

description” (or “reduced representation”). Reduced 

representations are powerful, because they can represent 

complex data structures in a distributed network, and 

allow fast operations on the data at the same time. To 

see how this works we must first consider the basic fea-

tures of reduced representations.  

The basic ideas of reduced representation go as follows: 
 Figure 1: Partial concept hierarchy  
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With distributed representation concepts are patterns of activity over many network nodes, 

and each node can participate in multiple concepts. Consider the partial concept hierarchy in 

figure 1: This structure is simple to represent with traditional symbols, but with distributed 

representation it takes a bit more imagination; each concept (capital letters) is a distributed 

representation on a fixed-size vector (indicated by circles). T1 is a reduced representation of 

B and C, and T2 is a reduced representation of A, B and C. Moving up in the hierarchy is 

therefore compression, down is de-compression. 

The two key points are:  

1) The fixed size of reduced representations means that they can be used recursively without 

expanding the memory.  

2) Reduced representations are different from traditional data pointers in the sense that a 

pointer itself is chosen arbitrarily and does not contain any information about the data it 

points to, while reduced representations maintain a meaningful reduced (compressed) ver-

sion of the original data. 

The second point opens up Hinton’s notion of “rational inference” versus “intuitive infer-

ence”: Intuitive inference is carried out on reduced representations without decompressing 

them into their constituents, while rational inference requires decompression. Intuitive in-

ference is possible, because the reduced representations are not random, but reflect their 

constituents to some degree. This is of major importance because it affords a critical reduc-

tion in computational complexity of inference, for example, imagine that we have another 

structure identical to that in figure 1, but we do not actually know that the two structures are 

identical. To find out whether the two structures are the same we would normally (in an 

equivalent symbolic or localist representation) have to follow pointers to each element and 

compare element by element; the reduced representations on the other hand allow us to sim-

ply compare the most reduced descriptions (T1). This possibility for inference that is not just 

rational and step-by-step, but rather based on reduced representations of a larger context, is 

missing in regular semantic networks both when it comes to the type of inference and when 

we consider the computational advantages of not having to follow a much longer chain of 

rational inference. 

Hinton’s notion includes that concepts in “attentional focus” are decompressed allowing ra-

tional inference, while other concepts (not in attentional focus) remain compressed, but ac-

cessible through intuitive inference. If T1 is in attentional focus it is decompressed into A 

and T2, and even though B and C are not the focus of attention they are still accessible 

through intuitive inference on T2. 
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Although Hinton did do experiments, his concepts are more of a general framework with the 

essential compression and decompression operators open to different implementations; of 

the four schemes for distributed representation listed earlier (tensor product representation, 

recursive auto-associative memory, binary spatter code, holographic neural networks) it 

seems only one does not meet Hinton’s requirements, namely tensor product representation 

(because it expands the memory resources, i.e. the vectors are not fixed-size). 

3.1.2 Plate’s Holographic Reduced Representations 

Holographic reduced representations (HRR) introduced by Plate (1995) are an implementa-

tion of Hinton’s reduced representations with circular convolution (denoted by ?) as the 

compression operator.  

The circular convolution, a ? b, of discrete signals a and b is given by:  

 

(a ? b) j =   a k * b j-k 

 

For j = 0 to n-1 and where the circular effect is achieved by treating subscripts modulo n. 

 

The holographic reduced representation, T, of a and b is given by:  

T = a ? b 

Note that while the above expression has a and b on equal terms, in the HRR scheme one, 

say a, represents the data and the other (b) represents a reference key or ID, which is analo-

gous to the reference beam used in holographic storage with lasers (Haw 2003).  

 

Circular convolution can be computed by element-wise multiplication (denoted by .*) in the 

Fourier domain: 

T = ifft( fft(a) .* fft(b) ) 

 

Another approach is to embed a in a right-circulant matrix, [A]r, of the form (also see figure 

2): 

([A]r) j,k = (a k-j) 

where k, j = 0 to n-1 and subscripts are treated modulo n. 

 

This allows the circular convolution to be computed by matrix-vector multiplication: 

T = [A]r * b 

∑
−

=

1

0

n

k



  

 
    Page 16 

The FFT version is faster and more so with more vector elements (Kvasnicka 2006), but as 

we will see below the matrix form has other advantages when it comes to developing a cir-

cular de-convolution procedure. 

 
 

 

Holographic reduced representations can also be formed by superposition of other HRR. 

Circular convolution captures structured similarity, i.e. “A?B is similar to C?D to the extent 

that A is similar to C and B is similar to D” (Neumann 2001), while superposition captures 

unstructured similarity, i.e. the superposition of two vectors is similar to both. This means 

that structured information as in the hierarchy in figure 1 can be represented by convolu-

tions and that multiple representations can be superimposed in the same memory.  

The similarity of two HRR vectors is given by their dot product without decompressing and 

comparing individual constituents. In Hinton’s framework this is an example of an intuitive 

inference; in more general terms (actually Neumann’s terms as we will see shortly) it is a 

basic holistic transformation. This means that it is a trivial matter to compare different HRR 

for recognition, classification etc. 

 

However, while HRR are useful even without decompression, for rational inference (and for 

learning more complex holistic transformations), decompression (i.e. circular de-

convolution) remains an issue: 

Circular de-convolution (denoted by ?) seeks to invert the circular convolution process as 

accurately as possible, but as in many other applications the exact inverse: 

b = a  ? T = [A]r
-1 * T 

is not a particular good option, because the inverse is sensitive to noise, i.e. noise in the data 

becomes amplified by the inverse operation (Plate 1991). Also, the exact inverse might not 

exist; this also goes for the FFT based version of circular de-convolution, which is simply 

element-wise division in the Fourier domain. If the exact inverse does not exist we would 

like an approximation:  

In Plate’s scheme, circular de-convolution is approximated by circular correlation. The cir-

cular correlation, a  ? T, of a and T is given by:  

Figure 2: Right-circulant matrix 
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(a ? T) j =   a k * T k+j 

 

For j, k = 0 to n-1 and subscripts modulo n. 

 

As a matrix-vector multiplication expression we must first create the involution ia of a, 

simply:  

iai = a-i  ,again modulo n 

With circular correlation instead of the exact inverse the de-convolution expression then be-

comes: 

b’ = a  ? T = [IA]r * T 

However, circular correlation only approximates the exact inverse for a certain class of vec-

tors, called noise-like vectors that must also be high-dimensional. Typically a normal distri-

bution, N(0,1/n), is used. The larger the vectors (typically 4096 elements), the better the de-

convolution approximation, i.e. the interpretation of the operation is that it seems simpler 

data structures are harder to handle.  

This restriction to noise-like vectors means that for practical use (where features are typi-

cally not noise-like) signal feature-vectors must be mapped to noise-like feature-vectors. 

This comes with a computational cost of course and the mapping itself must also be man-

aged. An additional complication is that the decompressed features b’ (retrieved from the 

memory T by circular correlation) only makes sense to the extent that they can be mapped 

back to real signal features. It is unlikely that the de-convolution is perfect (in the sense that 

b’ = b), so a clean-up memory must be used for accurate reconstruction of b (and thereby of 

actual signal features). The clean-up memory procedure simply picks the highest dot prod-

uct of the decompressed vector b’ and elements in the clean-up memory. However, if we 

want to map b’ back to signal features that are not explicitly in the clean-up memory we 

have to use a more advanced clean-up memory that is able to generalize over mapping ex-

amples. 

The simple HNN classifier to be introduced shortly will try to address these issues following 

a suggestion by Schönemann (1987) with a different de-convolution procedure. First, let us 

take a look at how HRR have been used in recurrent neural networks. 

3.1.3 Recurrent Holographic Neural Networks 

Recurrent networks are networks with feedback connections, which mean they are dynami-

cal systems that can exhibit emergent properties. As discussed in the previous section emer-

∑
−

=

1

0

n

k
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gence from dynamical processes is a strong philosophical position in explaining very high-

level cognitive features and there is also not much doubt that the brain is highly dynamical. 

We will not be implementing a recurrent network for AVR, but because we want our efforts 

to eventually go in the more difficult ASR-task direction, we want to consider HRR in rela-

tion to recurrent networks. 

In the present context recurrent holographic neural networks are recurrent networks based 

on holographic reduced representations (HRR).  

Although HRR have many useful properties by themselves, more 

advanced tasks, like ASR, or simply tasks involving sequences 

probably require a solution more sensitive to temporal dynamics; 

figure 3 shows a basic recurrent HNN: An input sequence Ii = a, 

b, c is convolved with its context, Ti-1 (a HRR of previous se-

quence elements), to form the next HRR, this HRR then be-

comes the next context. The representation or encoding of the 

input sequence becomes: 

Tn = a + a ? b + a ? b ? c  ,encoding of sequence 

This HRR can be decoded by de-convolving with the HRR of the sequence leading up to the 

element to be retrieved, e.g. Tn de-convolved with a ? b gives c (after clean-up memory).  

 

Another variation uses a “method of loci”-style “trajectory-association” where each se-

quence element is convolved with different points along a predetermined trajectory. 

Plate (1993) employs a trajectory determined by successive “convolutional powers” of a 

noise-like vector, k (see Plate (1993) for the definition): 

Tn = a + b ? k1 + c ? k2 

This approach was used to successfully compare recurrent networks with HRR to simple 

recurrent networks (SRN) on sequence generation tasks, in one case pen trajectories of 

handwritten digits.  

Another example of recurrent HNN is found in (Astakhov 2007), which claims to combine 

HRR with Adaptive Resonance Theory (ART) (Grossberg 2003) to produce an imagination 

simulation system called “Script Writer”. One highlight being that concepts in memory are 

re-categorized each time a concept is re-experienced, e.g. the concept “cat” is revised each 

time a cat is seen.  

In general, recurrent networks are often trained by back-propagation through time (unfold-

ing in time method) or real-time recurrent learning, but other methods have also been tried. 

See for instance (Schiller 2005) for a comparison of recurrent training methods.  

Figure 3: Simple recurrent HNN, 
input sequence Ii, HRR Ti, HRR 
context Ti-1.   

Ti

Ii  Ti-1
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Several comments have been made on HNN in the literature; the bulk of the considerations 

are in the context of the long-standing dispute between symbolist and connectionist view-

points (e.g. Eliasmith 1997, Thagard 2001) and do concern themselves with the recurrence 

aspects of HNN. Levy (2006) takes a more forward-looking perspective and suggests the 

combination of HRR and self-organizing maps (SOM). A highlight is that the SOM ap-

proach allows unsupervised learning in high-dimensional space. Levy’s tentative conclu-

sions are that HRR can indeed both represent distributed low-level neural data and high-

level data with complex structure, but to create systems that can exploit this on hard AI-

tasks we will need new organizational principles, like SOM and fractals (Levy 2007). 
 

Another related approach that could possibly be combined with HRR is known as echo state 

networks (ESN) (Jaeger 2001). This is also a recurrent type network; strongly related to liq-

uid state machines (LSM) (Maass 2002) – the main difference being that LSM usually focus 

on more plausible neuron models. On the other hand, even a quantum LSM has been sug-

gested (Herman 2007) and ESN with quite realistic neurons have also been created.  

ESN and LSM are reservoir computing techniques, hence the term “liquid”, and they rely on 

dynamics of the reservoir that behave generally according to wave-interference. This could 

potentially be combined with holographic principles, since the main prerequisite is indeed 

wave-interference.  

Next, we will consider how HNN that are not recurrent can learn to generalize with so-

called holistic transformations. 

3.1.4 Neumann’s Holistic Transformations and One-Shot Learning 

As already seen, holistic transformations are transformations that operate on HRR without 

decomposing them. We can get an understanding of what holistic transformations can do by 

considering their possible level of systematicity (ability to generalize); as mentioned earlier, 

the claim that distributed systems do not allow a high level of systematicity has been re-

futed. Systematicity is basically a measure of a system’s ability to generalize from training 

data to unseen test data. The systematicity scale proposed by Niklasson and van Gelder 

(1994) has five levels (with five as highest); the definition below is rephrased in Neumann’s 

(2001) words:  
Level 0 No generalisation. The system only remembers the training examples. 

Level 1  Generalisation to novel composed structures. The constituents of the test 

structures appear in all their syntactically allowed positions during training. The 

system only generalises to new combinations of constituents. 

Level 2  Generalisation to novel positions of constituents. The training set contains 
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all constituents of the test structures but not all of them in all their syntactically 

allowed positions. 

Level 3  Generalisation to novel constituents. Some constituents of the test structures 

do not appear in the training set. 

Level 4  Generalisation to novel complexity. Some test structures are of higher complexity 

than the structures used for training. 

Level 5  Generalisation to novel constituents in structures of higher complexity. Some 

test structures are of higher complexity than the structures used for training and 

contain constituents that did not appear in the training set. 

 

Holistic transformations on HRR with level five systematicity have been demonstrated by 

Neumann (2001) on propositional logic tasks: “Our system generalised acquired knowledge about 

the transformation of hierarchical structures to structures containing novel elements and to structures of 

higher complexity than seen in the training set. This corresponds to Level 5 systematicity as defined by Niklas-

son (1993), which, to our best knowledge, has not been achieved by any other comparable method.” 

 

Level five systematicity is a quite remarkable success that comes close to human-level ca-

pabilities; for example when we hear a new word for the first time in a sentence we are usu-

ally able to immediately use the new word in other sentences even with the word in other 

forms. This is an example of level five systematicity.  

Nevertheless, in many AI tasks systematicity alone is not enough, multiple transformations 

would be needed and the system would have to actively manage the different transforma-

tions. In Neumanns words: “We believe that transformations of this kind could provide a means for effi-

ciently solving more complex problems that require a high degree of systematicity, such as logical inference. 

However, performing a chain of inference clearly involves more than a single structural transformation of 

logical expressions. A number of different transformation rules have to be acquired and appropriately applied 

by the system.” (Neumann 2001) 

 

Recurrent networks probably hold part of the solution, but additional issues like attentional 

focus will likely have to be worked out as well, and there are so far no concrete suggestions 

for a more complete AI system based on HNN. 

 

A part of Neumann’s success lies in the introduction of a clever approach to learning holis-

tic transformations from examples. The approach is much simpler and performs better than 

for instance back-propagation. It was named “one-shot learning”, because it is achieved by a 

single pass through all training data: We want to learn a transformation vector, T, which 

when convolved with input, A, gives correct output, B. From the observation that the gradi-

ent of the error function should be zero, Neumann obtained: 
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Where i runs through all input-output pairs.  

This simply gives the desired transformation vector as: 

T = [U]r
-1 * V 

The learned transformation vector, T, has the ability to generalize to level five systematicity 

as stated above. This probably exceeds what is needed for AVR, but we do need the ability 

to learn to generalize over vowel examples, so this learning scheme is a natural approach for 

AVR with HNN. 

The only adjustable parameter is the dimension of the noise-like vectors, which is not actu-

ally a real parameter, since its meaning it simply that the higher the dimension the better the 

results. For vectors that are not high-dimensional the de-convolution by correlation ap-

proximation does not hold and the scheme breaks down. If we can overcome this restriction 

to high-dimensional noise-like vectors we will speed up an already very simple learning 

scheme (by the amount that we can reduce dimensionality) and there would also not be a 

need for an intermediate mapping between real signal features and noise-like features.  

Next, we will develop a new HNN classifier based on Neumann’s one-shot learning scheme, 

but without the restriction to noise-like high-dimensional features. 

3.2 A Simple HNN Classifier  

The simple HNN classifier that we will develop next aims at overcoming the restriction to 

noise-like feature vectors imposed on the HNN systems described above. 

Schönemann (1987) suggested that the Moore-Penrose pseudo-inverse has several advan-

tages over both the exact inverse and the correlation approximation used for circular de-

convolution by Plate. A highlight is indeed that feature vectors need not be noise-like.  

Below we will develop an effective implementation of the pseudo-inverse that can be accel-

erated by parallel processing on a GPU. Then we will adjust Neumann’s one-shot learning 

approach to the new pseudo-inverse de-convolution procedure.  

3.2.1 Moore-Penrose Pseudo-Inverse De-convolution 

Let us first introduce the relevant expressions representing Schönemann’s idea to replace 

the circular correlation with the pseudo-inverse (indicated by +) in the de-convolution step.  

The circular convolution is still given by: 

T = a ? b = [A]r * b    ,circular convolution 
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The pseudo-inverse [X]r
+ of [X]r is a unique matrix that per definition satisfies the follow-

ing criteria: 

1. [X]r[X]r
+[X]r = [X]r      

2. [X]r
+[X]r[X]r

+  = [X]r
+ 

3. ([X]r[X]r
+ ) * = [X]r[X]r

+       

4. ([X]r
+ [X]r) * = [X]r

+ [X]r        

Where * is the conjugate transpose (or the transpose for real-values matrices). 

For any problem of the form: 

T = [X]r * b 

the shortest length least squares solution is: 

b = [X]r
+ * T  

The pseudo-inverse de-convolution from above then simply becomes: 

b’ = a  ? T = [A’]r
+ * T   ,circular de-convolution with pseudo-inverse 

If A’ = A then b’ = b, for other cases b’ is a least squares approximation. 

In the following we will assume A’ = A for simplicity. 

 

Schönemann’s suggestion leaves the question of how to effectively compute the pseudo-

inverse and the defining criteria above do not provide an algorithm. We need a pseudo-

inverse implementation that is faster than the standard Matlab implementation. Below we 

will detail our pseudo-inverse computation approach for speed-up with GPU.  

3.2.2 Moore-Penrose Pseudo-Inverse Computation 

Let us start with the convolution expression (switching left and right sides of the expression 

compared to earlier): 

[A]r
 
* b = T    ,circular convolution 

 

We are always allowed to multiply on both sides with the same factor; here we multiply 

with the transpose of [A]r for reasons that will become clear momentarily: 

[A]r
T 

* [A]r
 
* b = [A]r

T * T  ,multiply by transpose, [A]r
T , on both sides 

 

Then rearrange this to isolate b so that we can compare with b = [A]r
+ * T (from above): 

b = ([A]r
T 

* [A]r)-1 
*

 [A]r
T * T  ,compare this with b = [A]r

+ * T 

From the comparison we get an expression for the pseudo-inverse: 

[A]r
+

 = ([A]r
T 

* [A]r)-1 
*

 [A]r
T    ,iff ([A]r

T 
* [A]r)-1 exists  
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The effect of multiplying with the transpose is that the eigenvalues of [A]r
T 

* [A]r are either 

positive (square of [A]r’s eigenvalues) or zero (if the matrix is not invertible). To deal with 

the non-invertible case and obtain a more practical computation of ([A]r
T 

* [A]r)-1 we turn to 

the pseudo-inverse again: 

[A]r
+

 = ([A]r
T 

* [A]r)+ 
*

 [A]r
T 

 

Since [A]r is a circulant matrix, so is [A]r
T 

* [A]r , and it is therefore (from the convolution 

theorem) diagonalized by the discreet Fourier matrix, [F]: 

[E] = [F] * [A]r
T 

* [A]r  * [F]T 

Where [E] is a diagonal matrix of eigenvalues of [A]r
T 

* [A]r 

 

Diagonalization can be undone by reversing the expression like so: 

[A]r
T 

* [A]r = [F] * [E] * [F]T 

 

We then obtain the pseudo-inverse of [A]r
T 

* [A]r by (pseudo) inverting [E]: 

([A]r
T 

* [A]r) + = [F] * [E] +
 * [F]T 

Note that [E] is pseudo inverted by inverting each element of the diagonal, except very 

small (thresholded) eigenvalues, which are replaced by zeroes in [E] +. 

 

We believe that discarding the smallest eigenvalues in this way is equivalent to the regulari-

zation technique of truncated singular value decomposition (TSVD) (see e.g. (Hansen 

1987)). Cheng (1997) suggested using the technique to improve the numerical stability of 

transform based de-convolution after studies by Linzer (1992). Hansen (1996) has shown 

that the smallest eigenvalues mainly represent noise, which he has exploited in so-called 

rank reduced noise reduction. 

Cheng (1997) also suggested reducing the computational complexity by using the real-

valued Hartley matrix, [H], instead of Fourier. The convolution theorem also holds for some 

Fourier-related transforms, like the Hartley transform, and the same diagonalization applies: 

[H] = [H] -1 = [H] T    ,simplifying identity  

 

[E] = [H] * [A]r
T 

* [A]r  * [H]   ,diagonalize 

 

([A]r
T 

* [A]r) + = [H] * [E] +
 * [H]  ,pseudo invert and un-diagonalize 
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[A]r
+

 = [H] * ([H] * [A]r
T 

* [A]r  * [H])+
 * [H] * [A]r

T  ,complete pseudo-inverse expression 

 

b = [A]r
+ * T     ,de-convolution with pseudo-inverse 

 

This yields an effective circular de-convolution procedure, lending itself to straight-forward 

implementation through matrix-vector and matrix-matrix multiplication, which parallelize 

well onto the GPU (see appendix A). On our system we achieved a speed-up of an order of 

magnitude on one matrix-matrix multiplication of 2048x2048 elements from CPU to GPU; 

both multiplications done from within Matlab (compare with appendix A). On the entire 

pseudo-inverse step we achieved an order of magnitude speed-up over Matlab’s pinv 

pseudo-inverse function at 1024 (x1024) elements; this speed-up was not only due to the 

GPU, but also because pinv does not take advantage of the matrices being circular. 

The approach might also be relevant for other inverse problems; however this will not be 

explored here. It seems likely that further study of the above procedure could reveal an FFT 

based equivalent and thereby reduce the number of matrix-multiplications; this would be 

expected to provide additional speed-up. 

Next, we will adapt Neumann’s one-shot learning scheme to the new de-convolution proce-

dure.  

3.2.3 Adapted One-Shot Learning and Holistic Transform 

Learning from examples has been described as an ill-posed inverse problem approachable 

with regularization techniques (Rosasco 2004), so the procedure developed above might be 

applicable to this scheme; however the scheme is not yet fully developed (De Vito 2005). 

Instead we choose to stay within the HNN background and adapt Neumann’s one-shot 

learning scheme:  

Supervised learning in the simple HNN classifier proceeds as follows: Each class is repre-

sented by a random noise-like vector, Bclass, as in the original scheme. For each class we 

learn a transformation vector, Tclass, by adding up de-convolutions of input, An, and respec-

tive class vectors, Bclass (here ? denotes circular de-convolution, not specifically circular 

correlation): 

∑ ⊕=
n

B  A  T classnclass
 

Where n runs through the elements belonging to the respective class.  
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The de-convolution is performed with the Moore-Penrose pseudo-inverse as described 

above. This scheme has one parameter; the truncation threshold in the inversion of the di-

agonal eigenvalues, which for small values should represent noise as already mentioned. 

The same supervised learning of the transformation vectors, Tclass, is shown in pseudo-code 

below: 

for each class, Bclass 

 for each feature vector, An 

  Tclass += An ? Bclass 

 

Classification proceeds as follows: The unseen input, An, of unknown class is convolved 

with each of the class transform vectors, Tclass, to produce B’class (one B’ for each class). The 

B’ that is most similar (highest dot-product) to its respective Bclass is chosen as the correct 

class for An.  

The pseudo-code to classify an unseen trial, An, is listed below: 

for each transformation vector, Tclass 

  B’class = An ? Tclass 

class := max(dot(B’class, Bclass)) 

 

This completes the simple HNN classifier.  

De-convolution is computationally more expensive than convolution, so it is advantageous 

to have the de-convolutions in the learning phase and not the other way around.  

It is to some extent possible to add up the transform vectors to create a single transformation 

vector (to further speed up classification); in this case the different classes will interact to 

the extent they are similar, and the dot products will be lower.  

3.2.4 Discussion 

The simple HNN classifier is not recurrent and it does not use a chain of holistic transforma-

tions as suggested by Neumann (in this sense it is a single holistic transformation), so per 

the earlier discussion it is probably not be up to an AI-complete challenge. This is reflected 

in the fact that we are attempting AVR and not ASR. 

A very attractive feature of the new HNN classifier, compared to Plate and Neumann’s ap-

proaches, is that feature vectors need not be noise-like. This means that, for example, spec-

tral feature vectors can be used directly.  
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Further, feature vectors need not be very high dimensional (as the typical 4096-element vec-

tors); although there must be enough dimensions to adequately distinguish between classes, 

the new de-convolution procedure itself does not depend on high dimensional vectors.  

 

In the next section we will take a closer look at the AVR task, possible features and avail-

able datasets. 
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4. Automatic Vowel Recognition as an entry-level AI Task 

 

The automatic vowel recognition (AVR) task is a sub-task of automatic speech recognition 

(ASR). While ASR is likely an AI-complete task (Shapiro 1992) requiring semantic under-

standing of the speech being recognized for human-level performance, AVR is an entry-

level task, which does need the ability to generalize, but is more independent of the context. 

This does not imply that human vowel recognition is also context independent, but rather 

that the AVR task is independent of context by design in order to limit the task. Specifically, 

no real context is provided: A number of different single words are recorded by different 

speakers, typically in a consonant-vowel-consonant setup, like “had”, “hod”, “heed”. The 

AVR task is simply that, given a number of speakers for training, the system must classify 

vowels of unseen speakers. Traditionally, ASR and AVR systems are seen as two distinct 

parts; a feature extraction step and a classification step.  

We have chosen to attempt AVR instead of ASR, because the simple HNN classifier devel-

oped above is probably not up to the ASR challenge for lack of recurrence (as discussed in 

the previous section). However, AVR and ASR can be done with similar kinds of spectral 

features, so if the simple HNN classifier can successfully interface with these features 

(without the previously necessary noise-like mapping) on the AVR task then it is also step 

in the right direction for the ASR task. 

Secondly, AVR requires a large part of the same generalization abilities in the classifier as 

ASR does. A good result on AVR is therefore a reasonable prerequisite before attempting 

ASR.  

In the following two subsections we will take a closer look at candidate feature extraction 

techniques and briefly consider traditional vowel classification. Then we will turn to actual 

datasets for AVR. 

4.1 Feature Extraction 

The general goal of feature extraction is to reduce the dimensionality of the data while 

maintaining the relevant information. Statistical measures and techniques like principal 

component analysis (PCA) or independent component analysis (ICA) can be used to deduce 

a few very discriminative features, but with the brain as a reference system it is natural to 

consider feature vectors that are modeled more according to our (peripheral) perception. 

Here PCA and ICA are not really plausible enough. 
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Traditional vowel studies have focused on very few features usually given by the fundamen-

tal frequency and spectral peaks called formants (usually four features in total), while ASR 

typically use cepstral features (a cepstrum is basically a spectrum of a spectrum), which are 

somewhat more involved.  

In the following three subsections we will focus on some general techniques that are argua-

bly appropriate for perceptual features for both AVR and ASR tasks.   

4.1.1 Mel-Frequency Cepstral Coefficients 

Mel-frequency cepstral coefficients (MFCC) are probably the most used features for auto-

matic speech recognition. MFCC features are based on the Mel-scale which models the 

auditory system to some extent. It is very similar to the Bark-scale which is based on an es-

timation of critical bandwidths in the auditory system. Both scales are nearly linear at lower 

frequencies and approximately logarithmic at higher frequencies.  

Creating an MFCC representation proceeds as follow:  

1. Take the absolute value of the short-time Fourier transform (STFT). 

2. Warp to Mel-scale with triangular overlapping windows. 

3. De-correlate (remove redundancy and reduce dimensionality) by taking the dis-

crete cosine transform (DCT) of the log-Mel-spectrum, and return first N compo-

nents 

 

Typically the first 13 components and 1st and 2nd derivatives are concatenated to form a 39-

dimensional feature-vector for ASR. 

A number of Matlab implementations are available. 

4.1.2 Constant-Q Transform 

The constant-Q transform suggests an improved time-frequency resolution over the STFT; 

Blankertz (199?) gives a nice introduction: “The constant Q transform as introduced in [Brown, 

1991] is very closely related to the Fourier transform. Like the Fourier transform a constant Q transform is a 

bank of filters, but in contrast to the former it has geometrically spaced center frequencies […]. This yields a 

constant ratio of frequency to resolution […]. What makes the constant Q transform so useful is that by an 

appropriate choice for f0 (minimal center frequency) and b the center frequencies directly correspond to mu-

sical notes.[…]. Another nice feature of the constant Q transform is its increasing time resolution towards 

higher frequencies. This resembles the situation in our auditory system. It is not only the digital computer that 

needs more time to perceive the frequency of a low tone but also our auditory sense”.(p.1) 

To get a better feeling for this time-frequency resolution tradeoff consider figure 4, which 

gives a rough comparison of the time-frequency plane tilings of short-time Fourier trans-

form (STFT), constant-Q transform and representative wavelet transforms. 
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The naïve computation of the constant-Q transform is expensive; however Brown and 

Puckette (1992) have shown that most of the expense can be writ-

ten-off by applying a pre-computation step. The pre-computation 

step creates a transformation matrix corresponding to a bank of 

Fourier filters with variable windows. 

Blankertz (199?) provides a Matlab implementation of this tech-

nique. Another Matlab implementation is available on Judith 

Brown’s website (Brown 2008) 

 

Blankertz (1999) proceeds to suggest an invariant extension to the 

constant-Q transform. He defines the problems: 
“1. Owing to spectral leakage the magnitude of a constant Q transform (as well 

as the Fourier transform) is sensitive to phase changes in the stimulus, a phe-

nomenon also termed 'Fourier uncertainty'. For employing pattern recognition 

methods a spectral representation is desirable that is invariant under phase 

changes. 

2. We have the usual dilemma of trading time against frequency resolution.” 

The invariant solution addresses these two problems (note that a 

“peak list” is a list of spectral intensity peaks): “The proposed robust 

constant Q spectrum is the abstraction of such a peak list to a vector whose 

components correspond to fixed frequencies that are equally spaced in the log 

frequency domain. This vector looks formally like the usual constant Q trans-

form but it has two advantages over the latter. (1) All nonzero values in that 

vector stem from actual peaks in spectral intensity and (2) the frequency infor-

mation is not phase sensitive and it is reliable even at a high time resolution, 

i.e. the two problems discussed above are resolved.” (Blankertz 1999) 

An invariant constant-Q transform is therefore very attractive for recognition and classifica-

tion tasks, however the actual implementation was not found this time around.  

4.1.3 Wavelet transforms 

Feature extraction based on wavelet transforms is the most modern approach of the three 

considered here. A number of studies (e.g. Deviren (2003), Siafarikas (2005), Mporas 

(2007)) have shown that wavelet transform based techniques are generally superior to 

MFCC on ASR related tasks. It has also been shown that wavelets can provide better decor-

relation than the DCT in the final step of the MFCC procedure (Sarikaya 1998). 

Figure 4: Rough comparison of 
TF-plane tilings. Adapted from 
Chatterji 2003. 
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One common technique is called wavelet packet analy-

sis, in which the frequency content of the signal is repre-

sented by a binary tree-structure with wavelet packets at 

each node. It is possible to select packets from the tree at 

different frequency resolutions and create a Mel-scaled 

perceptual representation. Figure 5 shows different fre-

quency resolutions at each level of the tree. The packets 

in solid bold lines represent a perceptual spectrum based 

on critical bandwidths, like the Bark-scale, but with an 

updated estimation of the required frequency resolutions 

at each band (see Siafarikas 2004).  

The wavelet packet approach is so flexible that it can 

provide Mel-scaled representation as well as constant-Q 

representation (Long 1996).  

 

Several invariant versions of the wavelet approach exist; 

all at the cost of additional computational complexity. 

These can be found as “stationary wavelet transforms” in Matlab documentation for in-

stance, and other implementations are known as dual-tree or invariant wavelet transforms 

(e.g in Stanford’s WaveLab package).  

 

Another interesting aspect of wavelet transforms is their usefulness in compression, e.g. 

fractal image compression, which used to give blocky results (visually), has been gen-

eralized in a wavelet framework (see Davis 1998) to enable much smoother results by 

simply switching to another wavelet type. Perhaps this could be a useful approach to Levy’s 

(2007) suggestion for fractal organizational principles mentioned in the previous section.  

4.2 Classification 

Most AVR systems use supervised training. A range of structuralist AI and machine learn-

ing techniques have been tried, including hidden Markov models, support vector machines 

and various artificial neural networks.  

Recurrent systems have not yet made much of an impact in the AVR area however. This 

might be because recurrence is not critically needed for the AVR task (probably unlike the 

ASR case), and generally classifiers do pretty well even without recurrence (as we will see 

in the next section).  

Figure 5: Wavelet packet tree. The packets in 
bold lines form a critical band based perceptual 
representation. From Siafarikas (2004).  
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AVR systems are usually tested on unseen data, however in a few cases results have been 

reported on n-fold cross-validation (see e.g. Mitchell 1997), i.e. not entirely unseen samples 

if each speaker provides more than one sample. 

A common issue for most classifiers is the dimensionality of the feature vectors; incoming 

data must be reduced to smaller feature vectors with the same information. Above we saw 

three examples of this process, and there are many more. Typically feature vector dimen-

sionality is rather low, like the 39-element vectors from MFCC. This keeps the computa-

tional load down in the classifier, but mostly at the cost of additional complexity in the fea-

ture extraction and some loss of information. For some classifiers higher dimensional fea-

ture vectors are also difficult for other reasons than the computational load, like an increased 

risk of overfitting (Mitchell 1997), and it is generally hard to establish feature and dimen-

sionality guidelines that are not simply based on what is convenient for a given classifier. 

4.3 Datasets for Automatic Vowel Recognition 

There is some degree of scarcity when it comes to actual vowel recognition reference data-

sets; often the raw audio is not available or the reference results are for vowel-based speaker 

identification and not directly vowel recognition.  

We will briefly consider five vowel datasets. The first three datasets do not include the 

original audio, and are therefore not directly suited for testing the simple HNN classifier 

(because representation is given as very low dimensional non-perceptual features). How-

ever, they should give an impression of the diversity among vowel recognition results and 

indicate some common trends and issues. The 

final two datasets considered below (and also 

used later in testing the simple HNN classifier) 

will be placed in the context of the former three 

reference datasets. 

4.3.1 Deterding’s “Vowel“ Dataset 

The Vowel dataset (Deterding 1998) is a classi-

cal dataset of 11 English vowels. All vowels 

are represented by ten LAR features (log-area-

ratios, the precise definition is not important 

here) computed from the original audio, effec-

tively fixing the feature extraction step to one 

type of feature vector, which makes it straight-
Table 1: Typical machine classification results. From 
Robinson 1989. 
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forward to compare different classifier without worrying much about differences in features. 

Human listening results are unfortunately not available, so classification results cannot be 

directly compared to human performance.  

Robinson (1989) made an extensive comparison with different classifiers (see table 1), and a 

similar study has been done with the WEKA machine learning framework (Klautau 2008). 

These results top out at around 55% correct. Later studies have reported results around 70% 

correct with support vector machines among other approaches (Ganapathiraju 1998).  

The Vowel dataset is a difficult dataset, which we will see when comparing to the following 

datasets.   

4.3.2 Peterson and Barney‘s “PBvowel” Dataset 

The PBvowel dataset is also a classical vowel dataset. It contains ten English vowels repre-

sented by four features. The four features are estimates of the fundamental frequency and 

three spectral peaks (formants).WEKA results top out at around 87% correct compared to 

94% for humans. The experimenters comment on the performance increase over the Vowel 

dataset: “Besides being based on different English accents, the vowel and pbvowel databases were not ob-

tained through the same experimental procedures. Also, formants can be seen as a more efficient representa-

tion of vowels than LAR parameters.” (Klautau 2002) 

We will return to the latter point about the effectiveness of the feature representations 

shortly. 

Another interesting aspect of this dataset is that human performance is not very stable across 

the different vowels; especially two vowels are confused more often. The original human 

listening study comments: “The very low scores of AA and AO result primarily from the fact that some 

members of the speaking group and many members of the listening group speak one of the forms of American 

dialects in which AA and AO are not differentiated.”  (Klautau 2002) 

This says something potentially important about the nature of the AVR task. Despite poor 

performance on some vowels the subjects are presumably still able to distinguish the differ-

ent words in daily conversation, because of the additional context. This pin-points an impor-

tant difference from the ASR task, i.e. the lack of any considerable context, which actually 

makes the AVR task harder than might be expected. 

The characteristic AA/AO confusion trend might reasonably also be found in a plausible 

machine approach. Figure 6 shows confusion matrices for humans and the best WEKA clas-

sifier, the authors note: “The pattern of errors is not exactly the same, but there are coincidences as, for 

example, vowels IY and ER are recognized with high accuracy in both cases. In relative terms, the machine 

has more troubles with UH, while listeners have with AA.” (Klautau 2002) 
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However, no distinctive AA/AO confusion is noted.  

4.3.3 Zahorian Vowel Dataset 

Zahorian and Jagharghi (1993) set out to explore the effects of feature representation on 

classification results. Formants were claimed to be more effective than LAR features in the 

quote above, however neither of these are generally used in ASR. Zahorian compared more 

traditional ASR cepstral features with the formant representation. The dataset consisted of 

11 English vowels. 

The baseline human performance was 91% correct. With fundamental frequency and for-

mants machine performance was 83%, and with cepstral features, 86%.  

The improvement is not very substantial, but Zahorian points out that the cepstral feature 

confusion was more similar to human confusion (including the AA/AO trend). This could 

seem a hidden strong-point of the cepstral features and might support their general success 

on the ASR task. 

In any case the result could suggest that although there is improvement with cepstral fea-

tures the specific feature representation is not as critical for AVR as for the ASR task. 

4.3.4 North Texas Vowel Database Dataset 

The North Texas Vowel Database contains a large number of vowel samples from 10 men, 

10 women and 30 children. Each vowel is repeated around 10 times by each speaker. 

The raw audio is available, but it seems that this database has not been used for actual AVR 

so far. The vowel perception studies, where it has been used, do however provide human 

confusion matrices.  

Figure 6: Confusion matrices for humans (left) and machine (right). From Klautau 2002. 
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The average successful recognition rate for human listeners was around 90% for a subset of 

three men, and 84% averaged across three speakers from all speaker groups (Assmann 

2001). This suggests that the dataset is difficult compared to the datasets considered earlier. 

4.3.5 Hillenbrand Vowel Dataset 

The Hillenbrand dataset consists of 12 English vowels with 45 male, 48 female and 46 child 

speakers (Hillenbrand 1995). Each speaker provided one sample per vowel. Hillenbrand’s 

study was originally meant as a replication of the Peterson and Barney study (see above), 

however considerable differences were found in the recorded vowel data between the two 

datasets. The original audio is available, and unlike the previous dataset AVR has already 

been attempted. On a subset of the Hillenbrand vowel dataset consisting of 45 male speakers 

(and all 12 vowels) the average successful recognition rate was 95% for human listeners 

(Hillenbrand 1995). This high recognition rate suggests that the dataset is considerably eas-

ier than the North Texas dataset, although 12 vowel samples were misclassified by a major-

ity of listeners. Hillenbrand (2003) reports a 92% correct recognition rate with narrow band 

(long window) spectra features and a template-matching classification scheme based on a 

simple distance measure. This seems to top the list of AVR results, but it should be noted 

that the templates were created without any samples scoring lower then 85% correct in the 

human listening condition. 

4.3.6 Discussion 

Generally, we see a wide performance range among the different datasets depending on 

dataset difficulty and feature representation. A range of different classifiers do quite well, 

which might suggest that the feature extraction step is more critical. However, the missing 

10% or so up to human performance level might be achievable with recurrent approaches 

that handle the temporal aspects of vowels better. This probably also requires feature vec-

tors different from the pre-computed features in the first three datasets above, so in any case 

the actual audio data is necessary. 

 

It is also interesting to look for similarities between human and machine performance on the 

level of vowel confusion trends. Above we saw at least one example, which seems to match 

fairly well, with the possible exception of the most predominant human confusion trend on 

AA/AO. We also saw that this confusion is not strongly present in all datasets, and in gen-

eral some datasets are simply easier than other, also for humans. It appears that good ma-

chine performance generally follows human performance with the 10% or so negative off-
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set. The very best machine performance is in the range of 7-3% below human performance, 

with (Hillenbrand 2003) as the most prominent example.  
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5. Automatic Vowel Recognition Results  

 

This section details the experimental method used for AVR with the simple HNN classifier. 

First the feature extraction and classifier setup are specified, and then we present and dis-

cuss the AVR results.    

5.1 Method  

The simple HNN classifier was tested on two datasets of different difficulties. 

All tests were performed with unseen speakers. To maximize the utility of the datasets a 

leave-one-speaker-out paradigm was adopted, i.e. test with one speaker at a time and train 

with all the rest. 

Like traditional AVR and ASR systems the simple HNN classifier can be seen as two sepa-

rate steps; feature extraction and classification. The feature extraction step entails a number 

of parameters and the classifier has a single parameter (see respective sections below). The 

parameters were experimentally adjusted for best results on the individual datasets.  

5.1.1 Feature Extraction  

The primary design criterion for our feature extraction process is that it should be simple 

enough that it does not exceed the situation in the peripheral auditory system, e.g. it must be 

without additional (implausible) assistance like principal component analysis or DCT decor-

relation.   

The three feature extraction techniques considered in the previous section (MFCC, constant-

Q and wavelets, the latter two as non-invariant versions) were explored non-exhaustively in 

an initial informal feature search process. In summary, different settings of MFCC features 

performed well; however eliminating the DCT step gave considerable improvement. Two 

different implementations of the constant-Q transform were verified against each other; 

nevertheless for uninvestigated reasons both failed to provide useful features. Wavelet 

packet analysis provided results on par with the MFCC features; however wavelets’ im-

mense flexibility also means that it was the method tried least exhaustively. We chose to 

develop upon the MFCC without DCT approach as described below: 

The main feature extraction steps correspond to the first two steps of the MFCC procedure 

described above, i.e. the absolute power spectrum is warped to Mel-scale with triangular 

overlapping windows, with the difference that our FFT windows are longer than general 

MFCC windows with the expectation that frequency resolution is more important than time 

resolution for vowels (Hillenbrand 2003).  
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The DCT decorrelation step is omitted according to the above criterion and initial results. 

Warping to Mel-scale is achieved by a 

Mel-shaped filter-bank, see figure 7. 

An overview of the feature extraction 

process is given in figure 8. The signal is 

filtered and preemphasized before Fourier 

transform and warping. The Fourier trans-

form is accelerated by parallel processing 

on a GPU. Finally we concatenate the 

Mel-features of each time frame (and 

truncate the feature vector to 128 elements). This is meant to retain an amount of informa-

tion about the time development of the vowel spectrum.    
   

 Figure 8: Overview of the feature extraction process. 

 

The number of Mel-bands and the window width were experimentally adjusted for each 

dataset; the remaining parameters were constant. 

5.1.2 HNN Classification 

Classification with the simple HNN classifier proceeds as described in section 3.2. The clas-

sifier is implemented in Matlab with certain heavy parts accelerated by GPU though the 

Matlab MEX interface (see Appendix A). Specifically, convolution and pseudo-inverse de-

convolution are accelerated by matrix multiplication on the GPU. The threshold on the di-

agonal eigenvalues in the de-convolution was experimentally adjusted for each dataset.  

5.2 Vowel Recognition Results 

Automatic vowel recognition was performed on two datasets; the North Texas vowel data-

base and the Hillenbrand vowel dataset. Results are presented below. 

5.2.1 North Texas Vowel Dataset 

Automatic vowel recognition was tested on a subset of the North Texas vowel database con-

sisting of 8 male speakers and 12 vowels; two additional male speakers were disqualified, 

because data did not exist for all vowels. Each speaker provided a number of speech sam-

ples per vowel. All tests were performed with unseen speakers.  

 

      Figure 7: Mel-scaled filter-bank with 19 bands. 
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The average successful recognition rate for human listeners was 84% across three speakers 

for each speaker group (Assmann 2001).  

The average successful HNN recognition rate (on male speakers) was 74%. It was unclear 

which three male speakers were used for Assmann’s 90% listening result; picking the three 

best speakers from the HNN test resulted in 78% correct. The highest individual speaker 

result was 80%, the lowest (and only result below 70%) was 59%; investigation did how-

ever not reveal why this single speaker was recognized so poorly.  

Figure 9 above shows confusion matrices for our AVR (top) and human listeners averaged 

over all groups (bottom); ideally we should compare with only males as used in the HNN 

case, however although listeners’ recognition results were different between speaker groups 

the confusion was generally similar. Interestingly, both matrices show AA/AO confusion 

(circled in red) similar to the human listeners on the PBvowel dataset. Both human and ma-

chine do best on /o/, while the rest of the confusion shows more sporadic similarity. 

Parameter settings: Window: 64ms, Overlap: 32ms, Mel bands: 19 

Threshold: 0.035 
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Figure 9: North Texas confusion matrices: top matrix is HNN result, bottom is listening result from (Assmann 2001). 
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5.2.2 Hillenbrand Vowel Dataset 

Automatic vowel recognition was tested on a subset of the Hillenbrand vowel dataset con-

sisting of 45 male speakers and 12 vowels. Each speaker provided one speech sample per 

vowel. All tests were performed with unseen speakers, and a leave-one-speaker-out para-

digm. 

The average successful HNN recognition rate was 84%, for 15 speakers classification was 

perfect. The average successful recognition rate on the same data was 95% for human lis-

teners (Hillenbrand 1995) and Hillenbrand (2003) reported 92% for machine classification. 

12 vowel samples were misclassified by a majority of listeners. Removing these samples 

from the dataset resulted in an 85% recognition rate, suggesting that the system can rea-

sonably tolerate an amount of noise in the data. Figure 10 compares HNN and human con-

fusion. The Hillenbrand dataset does not show the typical AA/AO confusion trend very 

clearly; in fact the human results are so good that it is difficult to compare the confusions. 

Hillenbrand (2003) notes a limitation of their model evident in a tendency to confuse high 

front vowels with high back vowels (/i/, /I/ and /u/, /U/); although our result is considerable 

lower this confusion trend does not seem to be present.  

It is also interesting that the optimal threshold in the de-convolution procedure was found to 

be lower than for the North Texas dataset, which is according to expectation since the Hil-

lenbrand dataset is easier (implying less noise in the data).  Parameter settings: Window: 

80ms. Overlap: 40ms. Mel bands: 13. Threshold: 0.01 



  

 
    Page 40 

 

5.2.3 Discussion 

It is difficult to evaluate the performance of the simple HNN classifier without a direct 

comparison to other approaches on the same datasets and features; however we have seen 

that a general trend between different datasets is that good machine performance is about 

10% lower than human performance. This is a reasonable clue in the evaluation and sug-

gests that the simple HNN classifier performs quite well, and it is good news considering its 

relative simplicity and distributed plausibility. Whether this scales to the ASR-task is uncer-

tain, but it is clear from the results that the simple HNN classifier can interface with features 

similar to typical ASR features, without the noise-like mapping of earlier HNN.     

It is also clear that the very best of earlier AVR approaches outperform our HNN; however 

this is not a major concern, since we did not set out to break the record, but rather to demon-

strate that our improvement to the HNN paradigm function as expected. It is also reasonable 

that better recognition rates can be achieved with more carefully constructed features.   
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Figure 10: Hillenbrand dataset confusion matrices for males. Top is HNN result, bottom human. 
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6. Conclusion 

 

We have implemented a holographic neural network classifier with distributed representa-

tion based on a holographic analogy to circular convolution and de-convolution.  

We replaced the circular correlation approximation used for de-convolution in earlier holo-

graphic neural networks with the Moore-Penrose pseudo-inverse thereby removing a previ-

ous restriction to random (noise-like) feature vectors. Our implementation of the pseudo-

inverse supports regularization similar to truncated singular value decomposition, which we 

use for noise reduction in the classifier. The computation of circular convolution and de-

convolution is accelerated by parallel processing on a GPU and we use the real-valued Hart-

ley transform instead of Fourier for further speed-up.  

 

The holographic neural network classifier performs on par with most other good automatic 

vowel recognition approaches although a direct comparison with other classifiers has not 

been done. On one dataset we achieved 74% correct classification versus 84% for humans; 

on another dataset we achieved 84% versus 95% for humans.  

The automatic vowel recognition results constitute a reasonable success; importantly, we 

note that a holographic neural network, using the new pseudo-inverse de-convolution pro-

cedure, can interface with simple spectral features (without the need for special mapping to 

noise-like features).  
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9. Appendix A: Introduction to GPU with perspectives to HNN 

 

This section is a short introduction to parallel processing and the parallel graphics process-

ing unit (GPU). We will also consider some perspectives to holographic neural networks 

(HNN) and the simple HNN classifier. 

When it comes to actually executing the algorithms of the simple HNN classifier or other AI 

systems we need processing power enough that training and classification proceeds in rea-

sonable time. It is natural to consider parallel processing in this context, since the brain is a 

highly parallel system, but parallel processing is generally more difficult to implement and 

it is not always straight forward to work out when to apply it to an advantage. 

There is no fundamental difference between serial processing and parallel processing in the 

sense that a serial process can simulate parallel processing. However, some problems can be 

treated more efficiently in parallel. The historically most prominent example of this is com-

puter graphics (CG); hence parallel processors are commonly called GPUs. More general 

scientific processing has long been quite difficult to implement, because the hardware and 

development language was specifically focused on CG. In a sense other scientific problems 

have had to be translated into CG problems; this has basically been the approach of most 

general purpose computing on GPU (GPGPU), e.g. Stanford’s BrookGPU framework.  

In the meantime mainstream GPU tools have been moving towards easier CG development 

with for instance Microsoft’s high-level shader language (HLSL) and other tools of high 

what-you-see-is-what-you-get abstraction. However, specific hardware and software for 

GPGPU have only recently become available. The GPU manufacturer Nvidia has released a 

GPGPU package called CUDA and the GPU rival ATI also has a similar product. CUDA 

offers GPGPU improvements at the hardware and driver level, as well as high-level libraries 

for basic linear algebra (BLAS) and various fast Fourier transforms (FFT). This makes it 

possible to easily call GPU functionality from C and C++ code hosted on a (serial) central 

processing unit (CPU). This process is referred to as “on-loading” to GPU. Figure 11 shows 

a C++ code example of on-loading matrix multiplication to GPU. 

 

 

 

 

 

 

Figure 11: On-loading matrix multiplication to GPU. 
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Another valuable aspect of CUDA is that GPU on-loading can also be done from Matlab 

through the MEX interface (see Nvidia 2007 for details).  

Matrix multiplication and FFT represent most of the computational complexity of the sim-

ple HNN classifier and both problems intuitively parallelize well with a divide-and-conquer 

strategy. In general many scientific problems lend themselves to effective parallelization; 

figure 12 gives some estimates (probably to be taken with a grain of salt) by Nvidia (Nvidia 

2006): 

 

Figure 12: CUDA speed-up on various problem types. 

In relation to the future directions for HNN considered earlier it is interesting to note that 

liquid state machines (LSM) have been implemented with a real bucket of water as the liq-

uid medium (Fernando 2003) and that simulating water surfaces in CG is traditionally a 

strong-point of the GPU, i.e. it might be feasible to simulate a liquid surface on the GPU to 

implement a similar variation of LSM. As an example of liquid surface simulation figure 13 

is a screenshot of the front-page artwork seen through a GPU simulated liquid surface being 

perturbed by (radial) point-sources along the red “diagonal” (red dots).  

It should also be noted that the principles of holography can be applied to a simulated liquid 

medium. The wave pattern created by a single point-source (concentric circles of outward 

decreasing thickness) is essentially a holographic Fresnel lens. The wave interference pat-

tern created by multiple point-sources can encode more complex information, the photo in 

figure 14 shows a very simple holographic reconstruction of the letters “A B” done by shin-

ing a laser-pen through a transparent print-out of a wave interference pattern; the pattern 

was created by (mathematically) propagating point-source waves from each black pixel of 
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“A B” (the inside of the letters, the print). Some patterns might be particularly interesting; 

depending on the characteristics of the liquid medium and of the reservoir specific sets of 

patterns are formed at certain resonant harmonic frequencies. These “Chladni” patterns rep-

resent normal modes (see e.g. Penrose 2005) of the dynamic system and any motion (waves) 

in the system can be expressed as a superposition of these modes (standing wave patterns). 

This property has been claimed to support invariant pattern recognition among other rele-

vant cognitive features by Lehar (2004). Rabal (2001) even describes the principles of 

Chladni patterns as a valid analogy to holography.  

Figure 15 shows a quasi-crystal (Penrose tiling) normal mode pattern in a liquid (Kudrolli 

1998); in an equivalent simulation much greater control over both the medium and reservoir 

would be expected (the simulation behind figure 13 is a simple example where wave propa-

gation speed and frequency can be adjusted during simulation), and with greater control 

even more complex patterns can be imagined.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13: Screenshot of liquid surface GPU simulation 
Figure 14: Primitive holographic reconstruction 

Figure 16: Interactive GPU based Mandelbrot set Figure 15: Quasi-crystal pattern in liquid. 
From Kudrolli 1998. 
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This brings us to the final highlight of problems that parallelize well onto GPU: Figure 16 

show a screenshot of an interactive representation of the Mandelbrot set done with CUDA. 

The summary conclusion is that fractal’s iterative nature also fit the GPU well.  

These examples point to the continued relevance of the GPU in relation to the future direc-

tions of HNN research suggested in previous sections. 

 

 

 

 

 

 

 

 

 

 

 

 


