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Chapter 1

Introduction
Strongly correlated electron systems have fascinated physicists for decades. It
started by the study of the metal-insulator transition also known as the Mott
transition (Nobel prize 1977) which was observed in transition metal oxides, like
for instance V2 O3 in the late 1960’s. This transition occurs when it is energetically favorable for the system to localize electrons when the Coulomb interaction between them becomes large compared to their kinetic energy. The study
of strongly correlated electron systems continued and celebrated successes with
the discovery of high Tc superconductivity in 1986 (Nobel prize 1987). The high
Tc superconducting state, in which the material has zero resistance, is observed
in certain Mott insulators upon doping by charge carriers and the mechanism
still needs to be revealed.
Recently the field of strongly correlated electron systems was boosted by the discovery of graphene (Nobel prize 2010), a two dimensional material with a honeycomb lattice of carbon atoms. The electrons in graphene have a linear dispersion
and thus are relativistic. This allows one to study some relativistic eﬀects in
a table-top experiment without needing a particle accelerator. Graphene has a
high conductivity and, therefore, might be used in next-generation microelectronic devices. Graphene based transistors are expected to be much faster then
the transistors used today made of Silicon. Graphene is a so-called semimetal
and is conducting at room temperature.
In this report we study the Hubbard model on a two-dimensional honeycomb
lattice with one electron per site (half filling). The Hubbard model [38] includes
nearest neighbor hopping of electrons with amplitude t and on-site Coulomb interaction between electrons with strength U . We study the semimetal-insulator
transition that is expected to occur for the honeycomb lattice when the ratio
U/t is increased, similar to the Mott transition observed in transition metal oxides. This work is devoted to finding the critical value Uc /t for this transition,
which has not jet been observed in graphene, to occur.
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It is diﬃcult to describe strongly correlated electron systems. First of all one
has to deal with a large number of particles (ions,electrons). The Coulomb interaction between the electrons is of the same order as their kinetic energy and,
therefore, perturbation theory does not apply. Even simple models describing
electron correlations, like the Hubbard model, are extremely diﬃcult to solve.
An exact solution for the Hubbard model in the case of a one-dimensional chain
exists, called the Bethe Ansatz [1]. For higher dimensions, however, an exact
solution is not available and one has to rely on approximations. Mean field theories like the Hartree-Fock approximation for the Hubbard model are commonly
used when dealing with many body systems. Such mean field theories substitute the interaction of an electron with other electrons by an interaction with a
mean field. The Hartree-Fock approximation assumes that the probability for
the occupation of a site by a spin-up electron is independent of the occupation
of that site by a spin-down electron. When the Coulomb interaction between
electrons is large, the double occupation of a site becomes energetically unfavorable and this approximation becomes invalid. Therefore, static mean field
theories cannot describe strongly correlated electron systems. In this report we
study the two-dimensional honeycomb lattice using two numerical techniques,
called Dynamical Mean Field Theory and Cluster Perturbation Theory, that
have been successfully applied to strongly correlated electron systems.
Dynamical Mean Field Theory (DMFT) gives an exact solution for the Hubbard
model in the limit of infinite lattice coordination (z → ∞). For a face-centered
cubic lattice z = 12 >> 1, and so in real materials this limit can be achieved.
In the limit of infinite lattice coordination the Hubbard model reduces to a single impurity site embedded in an eﬀective medium. This is very similar to the
Weiss mean field theory used in statistical mechanics for the Ising model. The
eﬀective medium in the case of DMFT is, however, not described by a static
mean field, but it can exchange electrons with the impurity site. The theory is
very powerful because it does not require the interaction to be small, and has
been successfully used to describe the Mott transition [8].
DMFT studies a single site and, therefore, can only describe local electron correlations at the impurity site. Non-local electrons correlations (between electrons
at neighboring sites)can be incorporated in cluster DMFT, which are computationally demanding. A diﬀerent technique that includes non-local electron
correlations is Cluster Perturbation Theory. In this theory the lattice is divided
into identical small sized clusters (e.g. 16 sites maximum). Exact diagonalization is used to solve the Hubbard model on a single cluster, and the exchange
of electrons between clusters is treated perturbatively.
This report proceeds as follows. In Chap. 2 the Hubbard model is derived
and the nature of the Mott transition is explained. The limitations of static
mean field theories, like the Hartree approximation, will be discussed.
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Chap. 3 is dedicated to the formalism of single-site Dynamical Mean Field
Theory. The chapters starts with a discussion on the Hubbard model in the
limit of infinite lattice coordination. The equations describing the single impurity site in the eﬀective medium will be derived and a numerical method for
solving the equations is discussed. The theory will be applied to describe the
metal-insulator transition for a Bethe lattice by calculating the density of states
for diﬀerent values of the ratio U/t.
In Chap. 4 we study the Hubbard model on a honeycomb lattice. First basic
properties of the lattice, like the Brillouin zone and the band structure in the
case of non-interacting electrons is calculated. Then we use single-site DMFT
to study the semimetal-insulator transition for the honeycomb lattice.
In Chap. 5 Cluster Perturbation Theory will be used to include non-local electron correlations. The chapter starts by explaining the method and gives a
detailed explanation of the numerical techniques used. The density of states
and spectral weight for the honeycomb lattice for diﬀerent values of U/t is calculated. From these results a critical value Uc /t, for the semimetal-insulator
transition is predicted.
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Chapter 2

Hubbard model
The Hubbard model named after John Hubbard is a simple model describing
interacting electrons on a lattice. The model is commonly used in condensed
matter physics to describe the metal-insulator (Mott) transition observed in
various transition metal oxides. Transition metals have partially filled d shells
that form narrow energy bands, which have great influence on the properties
of the material. The average time spend by an electron on an atomic orbital is
proportional to the inverse bandwidth (∝ W −1 ). So the smaller the bandwidth,
the longer an electron stays at an ion and the more it feels the presence of other
electrons at that ion. Therefore, electron correlations are important in materials with narrow band, like transition metal oxides. The Coulomb interaction
between electrons gives rise to the metal-insulator transition.
This chapter starts by a derivation of the Hubbard model. To get a better
understanding of the model, a one dimensional chain will be studied using the
Hartree approximation. Experimental results on the Mott transition for the
transition metal V2 O3 will be shown and discussed.

2.1

Hubbard model

The derivation of the Hubbard model can be found in many textbooks. Here
we follow the derivation given in Ref. [1].
It is quite diﬃcult to describe solids since there are many particles (electrons,ions)
to consider. We are interested in the electronic properties of the solid. The ions
form a periodic lattice structure and their positions are assumed to be fixed.
The reasoning behind this approximation is that the masses of the ions are much
larger then the electron masses and, therefore, their kinetic energy is small compared to that of the electrons. The Hamiltonian for N electrons in a solid can
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be written as
H=

N
N
�
�
p2i
1�
+
VI (xi ) +
Vc (xi − xj ),
2m i=1
2
i=1

(2.1)

i�=j

where the first term is the kinetic energy of the electrons, the second term is
the interaction of the electrons with the external potential created by the ions
and the third term denotes the Coulomb interaction between electrons
Vc (xi − xj ) =

e2
.
|xi − xj |

(2.2)

It is very diﬃcult to solve this Hamiltonian exactly because of the large number
of particles and the two-particle potential Vc (xi − xj ). Mean field theories
commonly used to solve such many body Hamiltonians, are based on adding a
potential VA (x) to the one-particle part of the Hamiltonian and subtracting it
from the two-body coulomb part
V (xi )

=

VI (xi ) + VA (xi )

U (xi , xj )

=

Vc (xi − xj ) −

1
(VA (xi ) + VA (xj )).
N −1

(2.3)

The Hamiltonian in Eq. (2.1) can then be rewritten as
H=

N
N
�
�
p2i
1�
+
V (xi ) +
U (xi , xj ).
2m i=1
2
i=1

(2.4)

i�=j

In a mean field theory the potential VA (x) is chosen such that the two body part
of the Hamiltonian U (xi − xj ) is small compared to the single body part. The
potential VA (x) is then chosen as the average repulsive potential at the point
x, created by all electrons.
The potential V (xi ) is a periodic function with the periodicity of the lattice,
since the positions of the ions are fixed. The eigenfunctions of the single-body
part of the Hamiltonian are Bloch functions,
�N
�
N
� p2
�
i
+
V (xi ) ψαk (x) = �αk ψαk (x),
(2.5)
2m
i=1
i=1
where
ψαk (x) = uαk (x)eik·x .

(2.6)

Here α is an index denoting the band and k is the momentum. Note that the
function uαk(x) has the periodicity of the lattice. It is convenient to define a
basis using Wannier functions, φα (x − Ri ), centered around the lattice site with
lattice vector Ri
1 � −ik·Ri
φα (x − Ri ) = √
e
ψαk (x).
(2.7)
L k
7

The Wannier functions are orthogonal for diﬀerent band (α) and site (i) indices.
The Bloch function is related to the Wannier function via the inverse Fourier
transform
1 � ik·Ri
ψαk (x) = √
e
φα (x − Ri ),
(2.8)
L k
The creation operator of an electron with spin projection σ, in the Bloch state
ψαk is defined as c†αkσ . The field operator creating an electron at position x
with spin σ is then given by
�
�
∗
Ψ†σ (x) =
ψαk
(x)c†αkσ =
φ∗α (x − Ri )c†αiσ .
(2.9)
αi

αk

In terms of this field operator the Hamiltonian in Eq. 2.1 can be written as
� 2
�
��
p
3 †
H =
dx Ψσ (x)
+ V (x) Ψσ (x)
2m
σ
�
�
1�
+
dx3 dy 3 Ψ†σ (x)Ψ†σ� (y)U (x, y)Ψσ� (y)Ψσ (x)
(2.10)
2 �
σσ

Using second quantization (Eq. 2.9) the Hamiltonian in the basis of the Wannier
states is given by
H=

�

†
tα
ij cαiσ cαiσ +

ijασ

1 � � � αβγδ † †
Uijlm cαiσ cβjσ cγlσ� cδmσ ,
2
�

(2.11)

αβγδ ijlm σσ

where,
tα
ij

=
=

�

dx3 φ∗α (x

− Rj )

�

�
p2
+ V (x) φα (x − Rj )
2m

1 � ik·(Ri −Rj )
e
�αk
L

(2.12)

k

αβγδ
Uijml

=

�

dx3 dy 3 φ∗α (x − Ri )φ∗β (y − Rj )U (x, y)φγ (y − Rm )φδ (x − Rl ).
(2.13)

The hopping matrix tα
ij describes the possibility for an electron in the band α
to hop from the site i to the site j. In band theory the electron correlation term
(Eq. 2.13) is often neglected or treated perturbatively under the assumption
αβγδ
that the hopping matrix elements are much larger (tα
ij >> Uijml ).
In the Hubbard model the Coulomb interaction parameters are taken into account. It is assumed however, that the Coulomb interaction between two electrons located at diﬀerent ions is negligible, compared to the Coulomb interaction
8

between two electrons located at the same site. The only nonzero components
of the Coulomb interaction matrix are then the diagonal elements in site indices
αβγδ
Uiiii
.
The band indices can be dropped if only a single band is important. This is
the case when the whole Fermi surface lies in a single band and the other bands
have much higher energies, so that the interactions between bands are weak.
Under these assumptions the Hamiltonian in Eq. 2.11 reduces to
H=

�

tij c†iσ cjσ +

ij

U� † †
c c � ciσ� ciσ .
2 i iσ iσ

(2.14)

The first term describes the hopping of electrons between diﬀerent ions. If only
the nearest neighbor hopping with the amplitude t is considered, the Hubbard
Hamiltonian reduces to
� †
�
HH = −t
ciσ cjσ + U
ni↑ ni↓ ,
(2.15)
<ij>,σ

i

where niσ is the occupation number of an electron, with spin projection σ, at
the site i,
niσ = c†iσ ciσ .

(2.16)

The first term in Eq. (2.15) corresponds to the tight-binding model where the
electrons are tightly bound to their atoms. The wave functions of the electrons
are almost the same as the wave functions of the atomic orbitals. When atoms
are located close to each other, the tight-binding model allows an electron to
sometimes leave it’s atomic orbital and jump to a neighboring atom. Narrow
bands are formed because the orbitals of neighboring atoms overlap. The second
term in Eq. 2.15 describes the Coulomb interaction between two electrons that
are located at the same atom. The degeneracy of the atomic orbital is neglected
so that the maximum number of electrons at a single site is two, due to the
Pauli principle.

2.2

Metal-insulator transition for a one-dimensional
chain

In this section a one-dimensional chain of N atoms and lattice constant a with
periodic boundary conditions is considered. Using the Hartree approximation
it will be shown that a metal-insulator transition occurs if the the ratio U/t is
increased.
The Hubbard model for the one-dimensional chain considering nearest neighbor
hopping is given by
� †
�
HH = −t
(ciσ ci+1σ + c†i+1σ ciσ ) + U
ni↑ ni↓ .
(2.17)
i,σ

i

9

Figure 2.1: The free electron energy �k = −2t cos(ka) for −π < ka < π
The Fourier transform to momentum space for the creation and annihilation
operator is defined as
c†kσ

=

ckσ

=

1 � ik·Xi †
√
e
ciσ
L i
1 � −ik·Xi
√
e
ciσ ,
L i

(2.18)
(2.19)

where k is the wave vector and L = N a is the length of the chain. Taking the
Fourier transform of the Hamiltonian for the one dimensional chain gives
H=

�
kσ

�k c†kσ ckσ +

U
L

�

c†k−qσ c†k� +q,−σ ck� ,−σ ckσ .

(2.20)

kk� q�=0,σ

Here �k = −2t cos(ka) is the free electron energy plotted in Fig. 2.1. The total
number of electrons can be found by summing over all states with a wavevector
smaller then the Fermi wavevector
� kf
�
Ldk
2kf
Ne = 2
1=
=
L.
(2.21)
π
−kf π
|k|<kf

Note that the factor two comes from the spin degeneracy. It follows from this
expression, that when the average electron number per site Ne /N = 1 (half
filling), the Fermi wavevector kf = π/2a. This can also be seen from Fig. 2.1.
In the case of half filling the lowest energy state occurs when all negative energy
states are filled. This corresponds to wave vectors for which |k| ≤ π/2a.

2.2.1

Metallic state |t| >> U

When there is no on-site Coulomb repulsion U = 0, the Hubbard model reduces
to the tight-binding model. The electrons can move through the material and
there is no energy loss due to the double occupation of sites. Narrow bands are
10

formed since the electronic orbitals of neighboring atoms overlap. In this case
the electrons are delocalized and the system is in a metallic state. The total
kinetic energy due to hopping can be easily calculated
�
�
2tL kf
4tN
Ekin = 2
�k = −
dk cos (ka) = −
.
(2.22)
π −kf
π
|k<kf |

Note that the Fermi wavevector of the half filled chain is used here. If there
is on-site Coulomb interaction, there will be an energy loss due to the double
occupation of sites in the metal. An estimation of this energy loss can be made
by using the Hartree approximation. It is assumed that the occupation of a
certain site by a spin-up electron, is independent of the occupation of that site
by a spin-down electron. If there are equal numbers op spin-up and spin-down
electrons, the average occupation of a site by a-spin σ electron < niσ >= 1/2.
The average energy loss due to the Coulomb energy is then
�
�
UN
Ecou = U <
ni↓ ni↑ >= U
< ni↓ >< ni↑ >=
.
(2.23)
4
i
i
Therefore the total energy of the metallic state is given by
Emet = −

2.2.2

4tN
UN
+
.
π
4

(2.24)

Antiferromagnetic insulator U >> |t|

If the hopping amplitude t = 0, the system will have no kinetic energy gain,
since the electrons do not hop. The electrons are localized and the system is
in an insulating state. The lowest-energy state at half filling corresponds to
the state where each site contains one localized electron with either spin-up or
spin-down. In this case there is no energy loss due to Coulomb interactions and
the total energy is
Eins = 0.

(2.25)

If the hopping amplitude is small compared to the strength of the Coulomb interaction (U >> t), electrons are allowed to hop to neighboring sites but double
occupation of a site costs a lot of energy. Because of the Pauli principle, the hopping is not allowed if the neighboring site is occupied by an electron with parallel
spin. The energy is thus lowered when neighboring electrons have antiparallel
spins. Applying second order perturbation theory in t, the Hamiltonian in Eq.
(2.17) reduces to the Heisenberg model
�
1
HH = −
J(si · sj − ),
(2.26)
4
<i,j>
where
J =−

4t2
.
U
11

(2.27)

Here si is the spin of the electron at the site i. The energy is thus lowered by
a factor J if nearest-neighbor electrons have antiparallel spins. Therefore, the
ground state of the system is now the state where each site contains one electron
and nearest-neighbor electrons have antiparallel spins. This antiferromagnetic
ground state is shown in Fig. 2.2.

Figure 2.2: Antiferromagnetic ground state for the one-dimensional chain. The
green arrows denote the electron spins.

2.2.3

Mott transition

The expression for the energy of the metallic state (Eq. 2.24) becomes positive
when U > 16t/π. The system in this case will favor the insulating ground state
where each site is occupied by one localized electron, since it has a lower energy
(Eq. 2.25). Therefore, a metal-to-insulator transition occurs at the critical value
Uc = 16t/π. This transition resulting from electron correlations is called a Mott
transition. To obtain this result, we used a rather crude Hartree approximation.
In general, the occupation of a certain orbital by a spin-up electron is correlated
with the occupation of that orbital by the spin-down electron, and therefore,
< ni↑ ni↓ >�=< ni↑ >< ni↓ >.
For the one-dimensional chain an exact mathematical solution can be obtained
using the nested Bethe Ansatz method. The method is very complex and does
not always lead to the desired physical quantities. The exact solution at zero
temperature for a half filled one-dimensional chain predicts a Mott transition
for infinitesimal U .
For a one dimensional-chain special processes are important. In a free electron gas the total momentum is conserved when two electrons interact. In the
case of a lattice however the total momentum modulo a reciprocal lattice vector
has to be conserved. When for example two electrons with initial wave vectors
k1 and k2 interact and acquire momenta k�1 and k�2 , it is possible that k�1 lies
outside the first Brillioun zone. The wavevector k�1 then corresponds to some
wavevector within the first Brillioun zone by definition of the reciprocal space.
These phenomena are called Umklapp processes. In Fig. 2.3 an example of an
Umklapp process is shown. Two electrons located close to −kf scatter of two
π
holes located around −kf + 2a
. In the case Ne < N (left), this process costs alot
12

Figure 2.3: Umklapp process for Ne /N < 1 (left) and for Ne /N = 1. Two
electrons located at -kf scatter of two holes located at −kf + πa .
of energy. However in the half filling case kf =
costs any energy.

π
2a

(right), the process hardly

The Hubbard model can describe the Mott transition. When the Coulomb
interaction is small, the electrons travel through the material easily. When the
Coulomb interaction is stronger it is energetically favorable for the system to
localize electrons and the system becomes an insulator. For higher dimensional
systems (d > 1) an exact solution of the Hubbard model does not exist. Mean
field theories or other techniques are, therefore, needed. The Hartree approximation is a static mean field theory, where quantum- and spatial fluctuations
are neglected. This is an oversimplified theory and cannot describe the Mott
transition properly.

2.3

Mott transition for V2 O3

There are two diﬀerent types of Mott transitions. First of all one can change
the strength of the interaction parameters t and U and obtain the transition.
The transition can also be obtained by keeping the interaction parameters constant, but change the filling by doping the system. This is for example done
in high temperature superconductors, which are namely doped Mott insulators.
In this report the Mott transition for the honeycomb lattice at half filling will
be studied by changing the interaction strengths.
The Mott transition has been observed in many transition metal oxides like
for instance V2 O3 . The U/t ratio can be changed in experiments, for example
by applying a pressure. Applying a pressure decreases the lattice constant and,
therefore, increases the hopping amplitude t. In Fig. 2.4 an experimental phase
diagram1 of V2 O3 is shown as a function of temperature, pressure and doping
1 McWhan

et al. Phys. Rev. B. volume 7 number 5 (1973)
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Figure 2.4: Experimental phase diagram showing the metal-insulator transition
in V2 O3 as a function of temperature, pressure and doping with Cr or Ti.
with Cr an Ti. The pressure and doping can decrease the lattice constant and
thus increase the hopping amplitude. All phase transitions shown in the diagram are of first order.
At low temperatures and low (negative) pressure, V2 O3 is in an antiferromagnetic insulating state. This is comparable to the situation for the antiferromagnetic one-dimensional chain shown in Fig. 2.2. When the temperature
is increased a transition occurs to a paramagnetic insulating state which is accompanied by a change in crystal symmetry. The system however is still in an
insulating state. When the pressure is increased, the factor U/t is decreased and
the system undergoes a phase transition to a metallic state for both insulating
states. This is a clear example of a Mott transition.
An important modern experimental technique in the study of strongly correlated electrons systems is angle-resolved photo emission spectroscopy (ARPES).
In these experiments A(k, ω)f (ω) is measured. Here A(k, ω) is the probability
for an electron to have wavevector k and frequency ω, also called the spectral
weight and f (ω) is the Fermi-Dirac function
f (ω) =

1
.
e(�ω−µ)/kB T + 1

(2.28)

It is diﬃcult to calculate the spectral weight for strongly correlated electron
systems. The spectral weight, however, can be compared to the experimentally
14

obtained results of the ARPES experiments, which have increased resolution
over the past years.

2.4

Landau-Fermi liquid theory

Diﬀerent methods have been developed historically, which can describe (parts)
of the phase diagram for V2 O3 . Hubbard described the paramagnetic insulatormetal transition by stating that there are two separated bands for large values
of the Coulomb interaction U . If the Coulomb interaction would be reduced,
the bands would move closer together and at some point overlap. The system
would then be in a metallic state.
A diﬀerent description of the Metal-Insulator transition uses Landau Fermiliquid theory. A Fermi liquid has a Fermi wavevector kf . At suﬃciently low
temperatures all single particle states with wavevector k < kf will be occupied
and states with wavevector k > kf are empty. The system can be excited by
adding a particle with wavevector k > kf or by creating a hole by removing one
of the particles. Landau Fermi-liquid theory assumes a one-to-one correspondence between the states of a free Fermi gas and the states of the interacting
system. This means that if one starts in the grounds state of a free Fermi system
and then adiabatically increases the interaction between particles, one ends up
in the ground state of the interacting Fermi system. The particles in the interacting system have the same momentum and spin as the particles in the free
Fermi gas but their dynamical properties like their mass is diﬀerent. Excitations
in the interacting Fermi liquid are called quasiparticles. These quasiparticles do
not describe the motion of a single particle but also describe how a particle
aﬀects its environment. Therefore, it describes the motion of many particles.
The quasiparticles have a well defined eﬀective mass, eﬀective interactions and
a finite life time.
Since the particles in a Fermi liquid interact, there can exist collective modes.
In the free Fermi gas, however, there is no interaction, so there are no corresponding states to the collective modes in the Fermi liquid. The one-to-one
correspondence is, therefore, not valid in general. The contribution of the collective modes at suﬃciently low temperatures can, however, be neglected for
many systems. This does not apply to superconductors and superfluids, where
bound states are important. In the region of low temperatures Landau Fermiliquid theory is powerful in studying systems with interacting fermions.
Brinkman and Rice described the metallic state by a strongly correlated Fermiliquid. If the interaction U between particles increases the eﬀective mass m∗
of the quasiparticles increases. At some critical value for U the quasiparticle
residue Z = m/m∗ → 0 and the quasiparticles are localized. The disappearance
(localization) of the quasiparticles marks the Mott transition to an insulating
state. The Landau Fermi-liquid theory is a low energy approach and, therefore,
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does not take into account the high-energy Hubbard bands. It, therefore, can
not give an accurate description of the insulator, which consists of two Hubbard
bands.

2.5

Conclusion

Transition metal oxides have partially filled d shells, which are formed by atomic
orbitals. The orbitals are narrow and, therefore, the spatial extend of the orbitals is small. The smaller the spatial extend, the longer is the average time
that an electron occupies a certain orbital and the more it feels the presence of
other electrons at that orbital. Electron correlations are, therefore, important
in transition metal oxides and give rise to interesting phenomena, such as the
Mott transition.
The Hubbard model is a tight-binding model extended with Coulomb interactions between electrons and can be used to describe the Mott transition. It
is however diﬃcult to solve the Hubbard model, because of the large number of particles and the two-body Coulomb interaction term. For dimensions
d > 1, an exact solution for the Hubbard model no longer exists. Static mean
field theories like the Hartree(-Fock) approximation can be used to solve the
Hubbard model but are oversimplified. In general, the density of particles
at a position x is influenced by the density of particles at a position x� and
< n(x)n(x� ) >�=< n(x) >< n(x� ) >.
Diﬀerent techniques are thus needed in to describe electron correlations properly and to study the Mott transition. In the limit of infinite spatial dimensions
an exact technique exists, which is called Dynamical Mean Field Theory. It is a
mean field theory that takes into account quantum fluctuations. This technique
will be studied in the next chapter.
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Chapter 3

Dynamical Mean Field
Theory Formalism
It is diﬃcult to describe many body systems where electron correlations are
important. The strength of the Coulomb interaction in these systems is comparable to the kinetic energy and, therefore, perturbation theory does not apply.
Other diﬃculties arising in describing these systems, are for instance spatialand quantum fluctuations and long range order. The Hubbard model cannot
be solved analytically for systems with dimension two or larger. Therefore, numerical techniques are needed.
The technique studied in this chapter is called the local impurity self-consistent
approximation. It is a mean field theory, which shows a great analogy with the
Weiss mean field theory used for the Ising model in statistical mechanics. Instead of studying the entire lattice, one looks at a single quantum impurity site
which is placed in an eﬀective medium (mean field). The single impurity site can
exchange electrons with the eﬀective medium so that on-site quantum fluctuations are taken into full account. The system is described by a self-consistent set
of equations, which include the translational invariance of the lattice. Because
of the possibility for temporal change in quantum states, the local impurity selfconsistent approximation is also called dynamical mean field theory (DMFT).
DMFT becomes exact in the limit of non-interacting electrons U = 0, and like
the Ising model, in the limit of infinite lattice coordination.
This chapter starts by looking at the Hubbard model in infinite dimensions.
In this limit the Hubbard model reduces to a single impurity site problem. The
self consistent equations describing the single impurity site in the medium will
be derived. We will use iterative perturbation theory to solve the set of equations. As an example, the theory is applied to a Bethe lattice. The density of
states for diﬀerent ratios of the interaction parameters U/t, is calculated, which
are used to study the Mott transition. Green’s functions play an important role
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in DMFT and a brief discussion on them can be found in Appendix A.

3.1

Hubbard model in infinite dimensions.

Here the Hubbard model in infinite spatial dimensions is described. In this limit
DMFT becomes exact.

3.1.1

Density of states for hypercubic lattice

For the Hubbard model the Coulomb interaction is only nonzero if two electrons
are located at the same site. It is a local quantity and does not depend on the
structure of the lattice. The Coulomb interaction term is thus not aﬀected by
the limit of infinite lattice coordination (dimensions). Therefore, we only look
at the kinetic energy term of the Hubbard model in this section.
The density of states of a system depends on the structure of the lattice. Here a
hypercubic lattice in d dimensions is considered. For a hypercubic lattice each
site has two nearest neighbors for each dimension (z = 2d). In Fig. 3.1 the
hypercubic lattice is depicted for d = 1 (one dimensional chain), d = 2 (square
lattice) and d = 3 (cubic lattice). Only nearest neighbor interaction is taken
into account and the lattice constant in every direction is taken equal to unity.
The kinetic energy of an electron with wavevector k = (k1 , k2 , ..., kd ) is given by
�k = −2t

d
�

cos (kn ).

(3.1)

n=1

In the limit that d → ∞, the hopping amplitude has to be rescaled to t →
√t , in order to keep the kinetic energy of the system finite. The rescaling
2d
is also necessary to keep the width of the density of states independent of the
dimension, which we will show here. The kinetic energy includes the rescaling
from now on
d
2t �
�k = − √
cos (kn ).
2d n=1

(3.2)

Figure 3.1: The hypercubic lattice for d=1 (one dimensional chain), d=2 (square
lattice) and d=3 (cubic lattice).
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The density of states in the case of non-interacting electrons (U = 0) is by
definition:
D � π
�
�
dkn
ρ0 (�) =
δ(� − �k ) =
δ(� − �k ).
(3.3)
2π
n=1 −π
k

Taking the Fourier transform with respect to � gives
� ∞
� π
dk −i √2t s cos (ka) d
2t
is�
2d
ρ0 (s) =
ρ0 (�)e d� = (
e
) = (J0 ( √ s))d .
2π
2d
−∞
−π

(3.4)

Here J0 (x) is the zeroth order Bessel function which has its maximum value
around x = 0. Since the Bessel function is taken to the power d, which is
very large, the main contribution to the integral comes from the region s = 0.
Expanding the integrand and performing the integral over k leads to
1 2 2

ρ(s) = e− 2 t

1
s − 16d
t4 s4 +O( d12 ))

.

(3.5)

In the limit of infinite dimensions d → ∞ only the first term in the exponent
matters. Performing the inverse Fourier transform with respect to s results in
a Gaussian density of states
ρ(�) = √

1

�2

2πt2

e− 2t2 .

(3.6)

If the hopping amplitude would not have been rescaled the density of states
would read
ρ(�) = √

1

�2

4πdt2

e− 4dt2 .

(3.7)

The width of this density of states would increase with increasing dimension,
which is unphysical. The Gaussian density of states in Eq. 3.6 does not contain
any singularities. In Fig. 3.2 the density of states for the hypercubic lattice for
diﬀerent dimensions is shown1 . The lower-dimensional density of states have
van Hove singularities, which originate from local maxima of the zeroth order
Bessel function. The contribution of these local maxima is however of order e−d ,
and thus vanishes for large dimensions. The local maxima did not contribute to
the Gaussian density of states (Eq. 3.6) because of the expansion around s = 0.
It can be seen from the figure that the infinite dimension solution is approached
well by even low-dimensional (d = 2, 3) density of states plots.
The Hubbard model in the limit of infinite dimensions including the rescaling
of the hopping amplitude is given by
� †
�
t
HH = − √
ciσ cjσ + U
ni↑ ni↓ .
(3.8)
2d <ij>,σ
i
1 D. Vollhardt Dynamical Mean Field Theory of Electronic Correlations in Models and
Materials, (2010)
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Figure 3.2: The density of states ρ0 (�) for the hypercubic lattice for diﬀerent
dimensions d = 1, 2, 3, 4, 5, ∞. The infinite dimensional Gaussian density of
states is shown by a dashed line.
The Coulomb interaction and kinetic energy term are of the same order of
magnitude here, because of the rescaling. The Hamiltonian, therefore, keeps all
the interesting physics of the Hubbard model (Eq. 2.15). The limit of infinite
dimension does, however, lead to a simplification which will be shown in the
next subsection.

3.1.2

Self-energy

Green’s functions are used in this report to study electron correlations. We
define ψσ† (r, t) (ψσ (r, t)) as the creation (annihilation) operator of a spin projection σ electron, at the time t and position r. The one-particle Green’s function
can be defined as
G(r, t, r� , t� ) = −i < Φ0 |Tt (ψσ (r, t)ψσ† (r� , t� ))|Φ0 >,

(3.9)

where Φ0 denotes the ground state of the system and Tt is the Dyson timeordered product
�
ψσ (r, t)ψσ† (r� , t� ) if t� < t
† � �
Tt (ψσ (r, t)ψσ (r , t )) =
(3.10)
−ψσ† (r� , t� )ψσ (r, t) if t > t� .
For t > t� , the one-particle Green’s function in Eq. (3.9) describes the propagation of an added electron to the system, from the coordinate r� to the coordinate
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r in a time t − t� . For t < t� the Green’s function describes the propagation of a
hole. In order to lighten notation t� and r� can be taken equal to zero, so that
G(r, t, 0, 0) = G(r, t)

(3.11)

For non-interacting electrons the Hubbard model reduces to the tight-binding
model. Taking the Fourier transform with respect to time and with to momentum space, the one-particle Green’s function for the tight-binding model can be
written as (see Appendix A.1)
G0k (ω) =

1
,
ω + µ − �k

(3.12)

where k is the wavevector, ω is the frequency, µ is the chemical potential and
�k is the dispersion. Coulomb interactions between electrons can be taken into
account via the self energy Σσ (k, ω), which in general is a function of the electron
spin, wavevector and frequency. The one-particle propagator including electronelectron interactions can be written as
Gkσ (ω) =

1
.
ω + µ − �k − Σσ (k, ω)

(3.13)

The self-energy is a matrix in site labels i and j since it is a function of the
wavevector
1�
Σσ,ij (ω) =
Σ(k, ω)eik·(Ri −Rj ) .
(3.14)
L
k

The lowest-order diagram for the self-energy connecting the sites i and j is
shown in Fig. 3.3 and involves the hopping between the two sites three times.
In the infinite dimensional Hubbard model, a rescaling of the hopping amplitude

Figure 3.3: Lowest order diagram for the self energy between sites i and j.
√
t/ 2d is necessary�
as described in the previous subsection. An oﬀ-diagonal term
of the self-energy ij (where i �= j) is therefore smaller by a factor (1/2d)3/2
then a diagonal term, which does not contain the hopping amplitude. For
the hypercubic lattice, each site has 2d nearest neighbors. Therefore, if only
nearest neighbor interaction is considered, there are 2d nonzero oﬀ diagonal
elements for each diagonal element in the self-energy matrix. The contribution
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√
of the oﬀ-diagonal elements is thus smaller by a factor 1/ 2d compared to the
diagonal elements. In the limit of infinite dimensions the oﬀ-diagonal terms can,
therefore, be neglected and the self-energy is independent of the wavevector
lim Σ(ω, k) = Σ(ω).

d→∞

(3.15)

At zero temperature the chemical potential is equal to the Fermi energy Ef .
The Fermi surface is by definition the surface for which the denominator of the
one particle propagator (Eq. 3.13) is equal to zero for ω = 0. This leads to the
equation
�k + Σ(k, 0) = Ef .

(3.16)

The Fermi surface in the case of non-interacting electrons (Σ(k, ω) = 0) is expected to be very diﬀerent from the Fermi surface when the electrons do interact.
When the self-energy is independent of k, the Fermi energy is only shifted from
the non-interacting value by Σ(0). The Fermi surface and the volume it encloses, however, are unchanged.
Neglecting the k-dependence of the self-energy simplifies the study of strongly
correlated electron systems, which will be shown in the next section.

3.2

DMFT equations

In mean field theories such as the Hartree-Fock approximation the self-energy
is a static potential. However, in Dynamical Mean Field Theory the self-energy
is time dependent and can describe the interactions between electrons dynamically. The electron correlations in materials lead to interesting phenomena such
as the Mott transition, which can be described by DMFT. In DMFT one studies a single site impurity embedded in an eﬀective medium (bath). The single
impurity site interacting with the bath is described by a set of self-consistent
equations. These equations include the translational invariance of the lattice
and are exact in the limit of infinite dimensions. There are diﬀerent numerical
methods for solving the set of equations, such as Quantum Monte Carlo simulations and Exact Diagonalization. We will use a technique called iterative
perturbation theory. In this section, equations describing the impurity site will
be derived.

3.2.1

Lattice Green’s function

When using Green’s functions it is sometimes convenient to use the imaginary
time Green’s function also called Matsubara Green’s function. The one-particle
propagator for the imaginary time τ = it is defined as
Gσ (k, τ ) = − < Φ0 |Tτ (ckσ (τ )c†kσ (0))|Φ0 >,
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(3.17)

where Tτ denotes the time ordered product. The Green’s function describes the
propagation of an electron if the imaginary time τ > 0, and the propagation of
a hole, if τ < 0. Taking the Fourier transform with respect to ω, the Green’s
function can be written as
Gσ (k, iωm ) =

1
iωm + µ − �k − Σ(k, iωm )

,

(3.18)

where ωm is the Matsubara frequency. The imaginary time Green’s function
is an antiperiodic function with the period β = 1/T . Therefore, the Matsubara frequencies are odd ωm = (2m + 1)πT . The inverse Fourier transform to
coordinate space is given by
Gσ,ij (iωm ) =

1�
Gσ (k, iωm )eik(Ri −Rj ) .
L

(3.19)

k

The local part of the Green’s function Gσ,ii can thus be calculated by summing
Eq. A.18 over all wavevectors k. The self-energy is assumed to be independent
of k, which leads to the following expression for the on-site Green’s function
Gσ,ii (iωm )

=
=
=

1�
1
L
iωm + µ − �k − Σ(iωm )
k
�
�1
δ(� − �k )
d�
L iωm + µ − � − Σ(iωm )
k
�
ρ0 (�)
d�
.
iωm + µ − � − Σ(iωm )

(3.20)

The only quantity that depends on the structure of the lattice in this expression
is the density of states in the case of non-interacting electrons
ρ0 (�) =

1�
δ(� − �k ).
L

(3.21)

k

The density of states for interacting electrons is given by the imaginary part of
the real time Green’s function
1
ρ(ω) = − Im[Gii (ω + iη)].
π

(3.22)

Here iη is a small imaginary number added to the real frequency to move the
poles of Green’s function to the lower half plane. This gives the peaks in the
density of states a finite width. Since the wavevector is assumed to be independent of the wavevector, the Fermi surface does not change shape, when the
Coulomb interaction between electrons is switched on. This means that the
volume of the Fermi surface and, therefore, the density of particles at frequency
ω = 0 should also be unchanged. Since the density of states is directly related to
the density of particles, the DOS at zero frequency ρ(0) should be independent
of electron interactions.
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In this chapter imaginary time Green’s functions are used. In our program
for calculating the DOS a routine is needed which transforms the imaginary
time Green’s function to the real-time Green’s function.

3.2.2

Quantum impurity model

In DMFT one does not look at the whole lattice. The Hubbard model in the limit
of infinite dimensions reduces to a single-site problem, which has less degrees
of freedom then the lattice model (Fig. 3.4). The single-site is embedded in

Figure 3.4: Instead of studying the whole lattice, DMFT considers a single site
impurity in an eﬀective medium. The impurity site can exchange electrons with
the eﬀective medium.
an eﬀective medium which consist of all other particles in the lattice model.
This is similar to the Weiss mean field theory used for the Ising model. In the
Ising model the eﬀective medium is a static field (magnetization) created by the
nearest neighbors. In the limit of infinite lattice coordination, the fluctuations of
the neighbors are unimportant and the theory becomes exact. DMFT is diﬀerent
from this classical mean field theory in that it allows for quantum fluctuations.
The single site can exchange electrons with the bath and, therefore, can change
quantum state. The eﬀective action for the Hubbard model is given by
SH

=

�

��

�
∂
†
− µ)γiσ (τ ) −
tij γiσ
(τ )γjσ (τ )
∂τ
0
iσ
ijσ
�
�
+
U ni↑ (τ )ni↓ (τ ) ,
(3.23)
β

dτ

†
γiσ
(τ )(

i

†
where γiσ
and γiσ are Grassmann variables corresponding the annihilation ciσ
†
and creation operator c†iσ respectively and niσ (τ ) = γiσ
(τ )γiσ (τ ). It can be
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shown using the coherent potential approximation [10], or the cavity method
[8], that the local eﬀective action for the Hubbard model in the limit of infinite
dimensions can be written as
� β � β
�
Se = −
dτ
dτ �
γσ† (τ )[Gσ0 (τ − τ � )]−1 γσ (τ � )
0

+U

�

0

σ

β

0

dτ n↑ (τ )n↓ (τ ),

(3.24)

where,
[Gσ0 (τ − τ � )]−1 = −(

�
∂
− µ)δτ τ � +
t∗i0 t∗j0 Gσ,ij (τ − τ � )
∂τ

(3.25)

i�=j

The first term of the eﬀective action describes the exchange of electrons between
the impurity site and the rest of the lattice. It describes the possibility for an
electron to be created at the impurity site at a time τ � coming from the eﬀective
medium (bath) and then at a time τ go back to the bath, and vice versa, for an
electron to go to the bath at a time τ � and come back to the impurity site at
a time τ . G0 (τ − τ � ) is called the Weiss eﬀective field and is the amplitude for
this processes to occur. The Weiss field is the bare Green’s function (U = 0) of
the impurity model, which is not equivalent to the non interacting local Green’s
function of the lattice model. In classical mean field theory the Weiss field is
represented by a number, which in fact freezes local quantum fluctuations. This
approach is often only valid at low energies. In the quantum impurity model
the Weiss field is a function of the imaginary time. Since the possibility for temporal change in quantum states, quantum fluctuations are taken into account.
Spatial fluctuations are neglected however, since only a single site is studied.
The second term in Eq. 3.24 describes the Coulomb interaction between two
electrons when they occupy the impurity site at the same time.
The eﬀective action is still a many body problem because quantum fluctuations are taken into account. The number of electrons at the impurity site
continuously changes between 0,1 and 2 in time.

3.2.3

Anderson impurity model

It is convenient to have a Hamiltonian representation of the eﬀective action Eq.
3.24 to do practical calculations. The Anderson model is often used to describe
magnetic impurities in non magnetic materials and can be used to describe the
impurity site embedded in the eﬀective medium. The Hamiltonian is given by
�
�
�
HA =
�k c†kσ ckσ +
�d d†σ dσ + U nd↑ nd↓ +
[Vkd c†kσ dσ + h.c.]. (3.26)
kσ

σ

kσ

Here c†kσ creates an electron with wavevector k in the eﬀective medium and d†
creates an electron at the localized orbital at the impurity site. The first and
25

second term represent the kinetic energy of the electrons in the medium and
localized orbital respectively. The third term represents the on-site Coulomb
repulsion between two electrons when they occupy the localized orbital. The
fourth term allows an electron to hop from the local orbital into the eﬀective
medium with mixing integral Vkd and, vice versa, to hop from the eﬀective
medium to the localized orbital. The one-particle Green’s function for the noninteracting case U = 0 for the Anderson model is (see Appendix A.3)
[GσA0 (iωm )]−1

=

− < Φ0 |(dσ (τ )d†σ (0))|Φ0 >
� ∞
∆(�)
iωm − �d −
d�
,
iω
m−�
−∞

(3.27)

�

|Vk |2 δ(� − �k ).

(3.28)

=

where
∆(�) =

k

∆(�) can be chosen such that the non-interacting one-particle Green’s function
equals the Weiss Green’s function in Eq. 3.25. The Anderson model is then a
Hamiltonian description of the eﬀective action for the impurity site.
The electron interactions are taken into account via the self-energy. The firstorder diagram in U results in the Hartree-Fock approximation which leads to
a shift in the chemical potential (U/2 for half filling). The contribution of this
diagram is however uninteresting to us, because we are only interested in the
shape of the density of states from which we will study the Mott transition. The
second order in U contribution to the self-energy is
Σ(τ ) = U 2 G0A (τ )G0A (τ )G0A (−τ ).

(3.29)

This corresponds to the diagram shown in Fig. 3.5. The added electron for the
Green’s function scatters of another electron of the system creating an electron
hole pair at time τ = 0. The electron then propagates and scatters again at a
time τ = t and the electron-hole pair is destroyed. The self-energy of the on
site lattice Green’s function in Eq. 3.20 is a local quantity. Therefore, the selfenergy of the Anderson impurity model describing the single site is assumed to

Figure 3.5: The second order in U self energy diagram.
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be equal to the self-energy of the lattice Green’s function. The Dyson equation
then links the interacting lattice Green’s function to the non-interacting Green’s
function of the impurity model via the self-energy
G00,σ (iωm ) =

1
.
[GσA0 ]−1 − Σ(iωm )

(3.30)

The equations for the lattice Green’s function 3.20, bare Green’s function of
the impurity model 3.27, self-energy 3.29 and the Dyson equation now form a
self-consistent set.

3.2.4

Iterative perturbation theory

A method for solving the set of equations is iterative perturbation theory (IPT).
It is a perturbation theory because self-energy diagrams to second order in U
are considered. It might doubtful whether perturbation theory is still valid for
large values of U , in which we are interested. We return to this question later.
The procedure for the IPT calculation is shown in Fig. 3.6. First the Coulomb
interaction U = 0. The calculation starts by making an educated guess for the
non-interacting Green’s function of the impurity model. From this function the
self-energy is easily calculated using Eq. 3.29. The lattice Green’s function is
then calculated using Eq. 3.20. For this the non-interacting density of states
ρ0 (�) is needed which is calculated prior to the IPT. Depending on the DOS the
integral in Eq. 3.20 can be calculated either exactly before the IPT or numerically during the IPT routine. Using the Dyson equation the non-interacting
Green’s function of the impurity model is calculated and cycle starts again. The
iteration stops when the lattice Green’s function has converged (does not change
values after another cycle). The value of the Coulomb interaction is increased
to U + δU and the iteration continues using the just obtained lattice Green’s
function as an initial value. This procedure is repeated until the lattice Green’s
function is obtained for the desired value of the Coulomb interaction strength.

Figure 3.6: Schematic diagram for iterative perturbation theory. The numbers
denote the equations used to calculate the next step.
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After the IPT the lattice Green’s function is a function of imaginary Matsubara
frequencies iωm . Padé approximants are used to transform the Green’s function to real frequencies. The density of states is then obtained by taking the
imaginary part of the real ω lattice Green’s function (Eq. 3.22).

3.3

Mott transition on Bethe lattice

We want to study the Mott transition on a lattice by calculating the density
of states for diﬀerent values of U/t. One of the advantages of DMFT is that
it is valid for all interaction strengths U, t, and temperatures. For a hypercubic lattice an infinite Coulomb interaction strength is needed to realize a Mott
transition, since the non-interacting Gaussian density of states (Eq. 3.6) has a
finite value for infinite energies. In real materials the density of states, however,
is confined to a finite energy range.
To illustrate the iterative perturbation theory method, the Mott transition for
the Bethe lattice shown in Fig. 3.7 at half filling is studied here. The only
quantity needed in the method that depends on the structure of the lattice is
the non-interacting density of states. In the limit of infinite dimension the Bethe
lattice has a semicircular density of states
ρ0 (�) =

2 � 2
D − �2 ,
πD2

(3.31)

where D = 2t is the half-bandwidth. For each cycle in the iterative perturbation
theory the local Green’s function has to be calculated by solving the integral in
Eq. 3.20. Substituting the expression for the semicircular density of states into
this equation gives
√
� D
2
D 2 − �2
G00,σ (iωm ) =
d�
.
(3.32)
πD2 −D iωn + µ − � + Σ(ω)
This integral can be calculated using Cauchy’s residue theory (See Appendix
B). The result is
�
�
2√
(η(iωm ) = ±1)
2
2
ν(iωm )+η(iωm ) ν(iωm ) −4t
G00,σ (iωm ) =
,
(3.33)
ν(iωm )
(η(iω
)
=
0)
2
m
2t
where
ν(iωm ) = iωm + µ − Σ(iωm )

η(iωm ) =




0 Im(ν(iωm ))= 0 and |Re(ν(iωm ))| ≤ 2t
+1 Im(ν(iωm ))> 0 or Im(ν(iωm ))= 0 and Re(ν(iωm ))< −2t

−1 Im(ν(iωm ))> 0 or Im(ν(iωm ))= 0 and Re(ν(iωm ))> 2t
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Figure 3.7: Part of the Bethe lattice with z = 4.
The density of states for diﬀerent interaction strengths U/D obtained by IPT
for the Bethe lattice at half filling is shown in Fig. 3.8. The temperature in
units of the half-bandwidth was taken as βD = D/T = 40.
When the Coulomb interaction is small (U/D = 0, 1), the electrons are almost free and the DOS has the shape of a metal. When the Coulomb interaction is increased a typical three peak structure arises (U/D = 2). The system
has the DOS of a strongly correlated metal. The two peaks located at ±U/2
(ω + µ = 0, ω + µ = U ) correspond to the upper and lower Hubbard bands. The
peak around ω = 0 corresponds to the quasiparticles from the Landau-Fermi
liquid. For U/D = 2.5 a similar DOS is obtained but the peak at ω = 0 becomes
narrower, which corresponds to a mass enhancement of the quasiparticles. Note
that the height of the quasiparticle peak at ω = 0 does not change height as
is required if the self-energy is independent of k. At a critical value Uc = 2.6
the quasiparticle peak disappears and the system is in an insulating state. The
DOS for U = 3 has two bands. The lower band ω = −U/2 is completely filled
(valence band) and the upper band ω = U/2 is completely empty (conduction
band) in the case of half filling.
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Figure 3.8: Density of states for the Bethe lattice for U/D = 0, 1, 2, 2.5, 3 and
β = 1/T = 40D.
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For the calculation of the density of states, second-order perturbation theory
in the Coulomb interaction was used to calculate the self-energy. The Mott
transition occurs at large values of U however, so it is questionable whether
this is a good approximation. Quantum Monte Carlo simulations have been
done for a semi-circular density of states in the case of non-interacting electrons
by Georges et al [8]. The results are shown in Fig. 3.9. The QMC gives a
similar result to the IPT. At low values of U , the semicircular density of states
is obtained. If U is increased, the three-peak structure arises. At large values
of U the quasiparticle peak disappears and the system is in an insulating state.
The iterative perturbation theory, therefore, seems to be valid for large values
of U .

√
√
Figure 3.9: Density of states for U 2/D = 1, 2, 3, 4, 5 and βD/ 2 = 10 for the
Bethe lattice using Quantum Monte Carlo simulations by [8].

31

Chapter 4

Mott transition for the
honeycomb lattice using
DMFT
Materials with a honeycomb structure show many interesting phenomena, such
as the quantum spin liquid [28], and the topological Mott insulator [13]. These
phenomena result from the presence of Dirac points in the corners of the first
Brillouin zone. At these points the valence and conduction bands are touching
and the dispersion is linear �k = ±vF |k|, where the +(-) sign corresponds to the
conduction (valence) band. The Fermi velocity vF can be ∼ 106 m/s in these
systems. The particles are, therefore, described by relativistic massless Dirac
fermions and the Fermi liquid theory is not applicable.
An example of a material that has a layered hexagonal structure is magnesium
diboride (MgB2 ). Both the magnesium- and the boron layers form a hexagonal
structure. Experiments showed that MgB2 is a phonon-mediated high-Tc superconductor [14]. The electrons in the σ-band resulting from the boron σ orbitals
are expected to couple strongly to lattice vibrations (of the Boron atoms) and
give rise to the superconductivity.
Another example with a hexagonal structure is graphene. Graphene consists
of carbon atoms, which form a 2-d honeycomb structure that can be grown
on substrates. The electronic properties of graphene depend on the environment of the 2 dimensional structure and, therefore, on the substrate. A lot of
research has been done on graphene recently [15], partially motivated by possible applications in carbon based electronic devices. Graphene is a half-filled
electron system. The lower band is completely filled by electrons and Dirac
points are present at the Fermi energy, where the density of states vanishes.
Such a system is called a semimetal. In this chapter we study the semimetalto-insulator transition for the Honeycomb lattice using DMFT as described in
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the previous chapter. For graphene the ratio of the interaction parameters [16]
U/t ≈ 2.2 − 4.4. At these values graphene is, however, still conducting.
A possible system where the interaction parameter U/t can have higher values
is a two-dimensional honeycomb lattice constructed using three laser beams. A
honeycomb structure can be reproduced by optically trapping ultracold atoms.
The interaction parameters U/t can be changed using Feshbach resonance to
regimes not obtained in graphene.
This chapter is organized as follows: First we use the tight binding model to
calculate the energy dispersion �k for the honeycomb lattice. Then the density
of states will be calculated for non-interacting electrons. In Sec 3.2, the obtained
density of states will be used to calculate the density of states for interacting
electrons, using DMFT as described in the previous chapter. The semimetalinsulator transition will then be studied from the obtained density of states for
diﬀerent values of U/t.

4.1

Density of states for the tight-binding model

In this section the density of states will be calculated for non-interacting electrons on the honeycomb lattice. This DOS is needed for the DMFT method
described in the previous chapter to obtain the density of states for interacting
electrons. The honeycomb lattice is shown in Fig. 4.1. It is a bipartite lattice consisting of two triangular sublattices denoted by A and B. The unit cell,
therefore, contains two lattice sites (one belonging to sublattice A and one belonging to sublattice B). The unit vectors are denoted by a1 and a2 . The vector
c connecting sites of the sublattices A and B has a length a(lattice constant).

4.1.1

Brillouin zone of the honeycomb lattice

The honeycomb lattice shown in figure in Fig. 4.1 has two basis vectors,
√
3 3
a1 = (
, − )a,
2√ 2
3 3
a2 = (−
, − )a.
(4.1)
2
2
The reciprocal lattice can be defined by the following basis vectors [6]
f�1 = 2π

�a2 × �e3
,
�a1 · (�a2 × �e3 )

f2 = 2π
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�e3 × �a1
.
�a2 · (�e3 × �a1 )

(4.2)

Figure 4.1: The honeycomb lattice is a bipartite lattice consisting of two triangular sublattices, which are denoted by the green and purple colors. The basis
vectors of the lattice are a1 and a2 .
For a two-dimensional lattice, �e3 is the unit vector in the z-direction. Calculating
the reciprocal lattice vectors for the honeycomb lattice gives
√
4π 3 1
f1 =
(
, − , 0),
3a 2√ 2
4π − 3 1
f2 =
(
, − , 0).
(4.3)
3a 2
2
The reciprocal lattice of the honeycomb lattice is again a honeycomb lattice.
The Brillouin zone with the Wigner-Seitz cell is shown in Fig. 4.2.

4.1.2

Calculation of the kinetic energy

In the non-interacting case U = 0 the Hubbard model reduces to the tightbinding model
� †
H = −t
(ci cj + c†j ci ).
(4.4)
<ij>

Here the spin indices are neglected, because the hopping of spin-up electrons
can be treated independently from the hopping of spin-down electrons. For the
honeycomb lattice a single site of the sublattice A has three nearest-neighbor
sites, which are all part of the sublattice B. The Hamiltonian can be rewritten
using A†i and Bi† as the creation operators for an electron at the site i part of
the sublattice A and B respectively:
� †
H = −t
(Ai Bj + Bj† Ai ).
(4.5)
<ij>
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Figure 4.2: The reciprocal space of the honeycomb lattice. The Wigner Seitz
cell (the first Brillouin zone) depicted by the blue surface.
Summing over all nearest neighbors and performing the Fourier transform as
defined in Eq. (2.19), the Hamiltonian can be written in the following form
��
�
� † † � 0
�ab
Ak
k
H = −t
(Ak , Bk )
,
(4.6)
∗
Bk
(�ab
0
k )
k

where,
i(
�ab
k =e

√

3
a
2 akx − 2 ky )

+ ei(−

√

3
1
2 akx − 2 aky )

+ eiky a .

(4.7)

Note that the factor two in Eq. (4.6) comes from the spin degeneracy. Calculating the eigenvalues of the matrix gives the following expression for �k
�
√
√
3
3
3
2
�k = ±t 1 + 4 cos (
akx ) + 4 cos (
akx ) cos ( aky ).
(4.8)
2
2
2
The function has a maximum value of 3t and is symmetric in kx and ky . The
plus and minus signs correspond to the upper and lower bands. The electron
dispersion is shown in Fig. 4.31 . At the corners of the Brillouin zone the energy
is equal to zero and the upper and and lower bands touch. Close
� to these points

the dispersion relation can be approximated by �k = vF k2x + k2y = vF |k|,
where vF is the Fermi velocity and kx and ky are counted from the corner
points here. The corners of the Brillouin zone with this linear dispersion are
called Dirac points. The electrons and holes at the Dirac points have a zero
mass and, therefore, behave like relativistic particles. At half-filling the lower
band is completely filled and the Fermi level is shown by the red surface in Fig.
4.3.
1 A.

Giuliani arXiv:1102.3881v1 2011
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Figure 4.3: The dispersion shown for the first Brillouin zone. Dirac points are
present at the corners of the Wigner-Seitz cell. The linear dispersion around
these points can be clearly seen. The red surface is the Fermi energy in the case
of half filling.

4.1.3

Density of states

The density of states for non-interacting electrons can be calculated using the
dispersion Eq. (4.8). The density of states per spin projection for a twodimensional lattice is by definition
�
�
�
d
1
2
ρ0 (�) =
d
k
.
(4.9)
d� (2π)2 �k <�
An analytical expression for ρ0 (�) is given in Ref. [17]. We will calculate the
density of states numerically, however. According to the expression in Eq. (4.9),
we have to count the number of states within the first Brillouin zone with an
energy �k < �, for diﬀerent � and then take the derivative with respect to �.
In order to count the number of states with �k < �, we can place a grid over
the first Brillouin zone, shown in Fig. 4.2, and check for every point on the
grid whether it has an energy �k < �. The first Brillouin zone has a hexagonal
structure which makes it rather inconvenient to place a grid. By symmetries
however, it can be easily seen that the first Brillouin zone, can be replaced
by a square shown in Fig. 4.4. The square is divided into a large number
of points by placing a 10000 by 10000 grid. The energy � is increased from
0 to 3.5t by taking 1000 steps. For each �, each point on the grid is checked
if it has a value smaller then �. This results in an array with the number of
states with �k < � as a function of �. Taking the derivative with respect to �
and renormalizing, results in the density of states for non-interacting electrons.
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Figure 4.4: The hexagonal first Brillioun zone can be replaced by a square using
the translational invariance in the k-space.

The resulting density of states for t = 1/3 is shown in Fig. 4.5. It shows
the van Hove singularities at ±t. The density of states vanishes at � = 0. In the
case of half-filling, the Dirac point is located exactly at the Fermi energy. Since
the gap between the upper and lower bands equals zero, the electrons near the
Fermi surface can easily go to the upper band. The material is still conducting
and is a so-called semimetal.

Figure 4.5: The density of states for the honeycomb lattice in the tight binding
model for t = 1/3.
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4.2

Density of states for interacting electrons.

In this section the density of states for interacting electrons will be calculated
for the honeycomb lattice. The single-site DMFT method with the iterative
perturbation theory, described in the previous chapter is used. The density of
states for non-interacting electrons is the only quantity in the self-consistent
set of equations that depends on the structure of the lattice. The integral
for the local interacting Green’s function in Eq. (3.20), is calculated numerically for each cycle of the iterative perturbation theory, using the values of
DOS for non-interacting electrons plotted in Fig. 4.5. The obtained density
of states for diﬀerent Coulomb interaction strengths are shown in Fig. 4.6, for
βD = D/T = 10, where D = 3t is the half bandwidth.
For U = 0 the obtained density of states is somewhat diﬀerent from the density
of states in Fig. 4.5. Some peaks occur on the positions of the van Hove singularities in the density of states shown Fig. 4.5. The DOS at � = 0 is now finite.
This features are present because of the Padé approximation used to convert
the Matsubara Green’s function to the real time Green’s functions.
When the Coulomb interaction is increased, the upper and lower bands are
pushed together. For U = D the DOS corresponds to the DOS of a metal.
At a value of U = 2.5D the typical tree-peak structure arises with two Hubbard peaks and a quasiparticle peak at ω = 0. When the Coulomb interaction
strength is increased further, the coherent peak at the Fermi energy disappears
due to the mass enhancement of the quasiparticles. The system undergoes a
transition into an insulating state at a critical value of Uc = 3.1D = 9.3t.
In Ref. [16], single-site DMFT was also used to study the Mott transition
for the honeycomb lattice and a critical transition value of Uc = 13.3t was obtained. In Ref. [18] the semimetal-insulator transition was studied using the
Gutzwiller method giving Uc = 12.8t. Our calculated value is somewhat smaller
then these. The value is, however, very large and well beyond the interaction
parameters in graphene for instance.
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Figure 4.6: The density of states obtained using single-site DMFT for the honeycomb lattice for U/D = 0, 0.5, 1, 2, 2.5, 3.5 and βD = 10.
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4.3

Discussion and Conclusion

The results in Fig. 4.6 show that a semimetal-insulator transition is expected to
occur at Uc = 9.3t. The structure of the transition is very similar to the metalinsulator transition studied in Sec. 3.3. Because the density of states around
the Fermi level is small, one would expect that electron-electron scattering gives
rise to diﬀerent eﬀects then for a metallic system. The Dirac fermions on the
honeycomb lattice are massless which actually makes the Fermi liquid theory
an invalid approach.
The single site DMFT is valid in the limit of large lattice coordination, where
non local electron correlations can be neglected. In a low dimensional system
like the one dimensional chain, single site DMFT fails [11], because the k dependence of the self-energy cannot be neglected. The one dimensional chain actually
has a perfect nesting instability at half-filling, which can not be described by
DMFT, because the Fermi surface does not change when the Coulomb interaction is increased. The honeycomb lattice is a bipartite lattice and also has
perfect-nesting instability at half-filling, which can lead to an antiferromagnetic
insulating state shown in Fig. 4.7. The honeycomb lattice has a lattice coordination z = 3 which is not much larger then the one dimensional chain (z = 2).
Therefore, the k-dependence of the self-energy for the honeycomb lattice might
not be negligible.
Instead of considering a single site in an eﬀective medium, a cluster of sites has
to be considered to include non-local electron correlations. Cluster approaches
of DMFT exist, and have been used to study the Mott transition on the honeycomb lattice [27]. In the next chapter we will study a diﬀerent cluster approach,
called Cluster Perturbation Theory. We will study the one dimensional chain
to see if the method can describe electron correlations properly. Then we will
turn to the honeycomb lattice.

Figure 4.7: The honeycomb lattice at half filling in an insulating antiferromagnetic ground state.
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Chapter 5

Cluster Perturbation
Theory
In the previous chapter, dynamical mean field theory was used to study the
semimetal-insulator transition on the honeycomb lattice. Since a single site
in an eﬀective medium was treated, only local electron correlations (on the
site) where taken into account. This is valid in the limit of infinite dimensions
(z → ∞), where the self-energy is independent of k. The honeycomb lattice
however, only has one nearest neighbor more (z = 3) than a one-dimensional
chain (z = 2) for which DMFT fails. Therefore, non-local electron correlations
can be important for the honeycomb lattice. Instead of studying a single site in
an eﬀective medium, a cluster of sites should be studied.
In this chapter Cluster Perturbation Theory (CPT) introduced by D. Sénéchal
et al. [17,18] is studied. In CPT the lattice is divided into a superlattice consisting of identical clusters. Exact diagonalization is used to solve the Hubbard
model on a cluster. The hopping of electrons between adjacent clusters is treated
perturbatively.
Cluster Perturbation Theory is a zero temperature calculation of the probability that an electron has energy ω and wavevector k called the spectral weight,
which can be used to study the Mott transition. The spectral weight can be
measured by angle-resolved photoemission spectroscopy and can be compared
to the results obtained by CPT.
In Sec. 5.1 we will explain how a lattice can be divided into a superlattice
of identical clusters. Then we will discuss the Lanczos method of exact diagonalization, to solve the Hubbard model on a single cluster. The Lanczos
method is a numerical technique, and the text is written in such a way that
the reader learns how to write an eﬃcient routine. In Sec. 5.2 we explain the
strong coupling perturbation theory, used to describe the hopping of electrons
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between adjacent clusters. In Sec. 5.3 we apply cluster perturbation theory to
a one-dimensional chain. Results for the spectral weight and density of states
for the chain will be presented. In Sec. 5.4 we turn to the honeycomb lattice.
The CPT is applied, and the semimetal-insulator transition is studied from the
spectral weight and density of states.

5.1

Exact Diagonalization

The cluster perturbation starts by dividing a lattice into a superlattice consisting
of identical clusters. The clusters are restricted to rather small sizes, e.g. 16
sites for Hubbard systems, because of memory requirements. In Fig. 5.1a,
a square lattice is divided into identical four-site square clusters. The sites
within a cluster are labeled by i = 1, ..., 4. The superclattice is shown at the
righthand side and is a square lattice for this choice of clusters. It is important
that diﬀerent shapes and sizes of clusters are studied for a certain lattice to
distinguish between the real spectral weight and possible cluster artifacts. In
Fig. 5.1b the square lattice for instance, is divided into clusters containing five
sites. The lattice sites of the superlattice, which represent the clusters, can be
labeled by the vector R.
As stated above, in CPT the Hubbard model is solved by exact diagonalization
for an individual cluster, and the intercluster hopping is treated perturbatively.
In this section the exact diagonalization for a single cluster will be explained.
The goal is to obtain the retarded cluster Green’s function, defined as
Gij (ω) =< φ0 |ci

1
1
c† |φ0 > + < φ0 |ci
c† |φ0 >,
ω − H + E0 j
ω + H − E0 j

(5.1)

where φ0 is the ground state of the cluster with energy E0 . The first (second)
term describes the propagation of an added electron (hole) from the site i to
the site j within the cluster. To calculate these averages, we first need to obtain
the ground state of the system. This can be done by calculating the lowest
eigenvalue and eigenvector of the Hamiltonian matrix.
We consider the Hubbard model, in which electrons can hop to neighboring
sites within the cluster and there is an on-site Coulomb interaction if a site
is doubly occupied. The Hubbard Hamiltonian for a single cluster R can be
written as
� †
�
0
HR
(c†Riσ , cRiσ ) = −t
(cRiσ cRjσ + c†Rjσ cRiσ ) +
U nRi↑ nRi↓ ,(5.2)
<ij>σ

i

where the sum is over all nearest neighbors < ij > within the cluster. The maximum number of electrons on a single site is two and, therefore, each site has
four possible states. A cluster consisting of L = 8 sites therefore has 48 = 65536
diﬀerent states. These states together form a basis for the Hamiltonian matrix
which has 655362 elements. Although a lot of the elements are equal to zero,
the matrix is very large and requires substantial memory to store. For cluster
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sizes L > 9 conventional routines for finding the eigenvalues and eigenvectors do
not work anymore because the memory requirements exceed what a computer
can handle. The matrix can, of course, be stored on a hard disk, but this makes
the routines rather slow.
Cluster perturbation theory is a zero temperature calculation and therefore,
we are only interested in the ground state of our system. We thus, need to calculate only the lowest eigenvalue and corresponding eigenvector of the Hamiltonian matrix. There is a method called Lanczos exact diagonalization which
can find the extreme (smallest/largest) eigenvalues and eigenvectors of a large
matrix without storing the matrix. The method needs a routine, however, that
multiplies a vector with the large matrix. This routine produces non-zero elements of the large matrix when needed, but does not store them.
In this section we will explain how the Lanczos method for exact diagonalization works [29]. First we explain how a convenient basis can be created for
the Hamiltonian matrix. Then the routine for the multiplying a vector with the
Hamiltonian matrix without having to store the matrix is explained. This routine will then be used to derive The Lanczos algorithm for finding the extreme

Figure 5.1: (a) The square lattice divided into squared identical clusters of four
sites. (b) Exact diagonalization is used within a cluster and intercluster bonds
are treated perturbatively.
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eigenvalues and eigenvectors. Then we will show that the Lanczos method can
actually be used to calculate the averages in Eq. (5.1).

5.1.1

Definition of states

The Hubbard model conserves the electron number and the total spin of electrons. Therefore, the total number of spin-up and spin-down electrons on the
cluster is fixed. These symmetries of the Hamiltonian can be used to blockdiagonalize the Hamiltonian matrix
 �
�

. .
0


. .






. . .




 . . . 


H=
(5.3)

. . .


 


. . .



 . . .  
0
. . .

Each block corresponds to a diﬀerent number of the spin-up (N↑ ) and/or spindown (N↓ ) electrons. When finding the eigenvalues and eigenvectors of the
system the blocks can be treated separately. Other symmetries like the translational invariance of the cluster can be used to create even smaller blocks. In
this report, however, only the conservation of particles and spin will be used.
A convenient basis for a single block of the Hamiltonian matrix is the occupation number basis, which consists of all possible states. The sites inside the
cluster are labeled by 1, 2.., L. The configurations of the spin-up and spin-down
electrons are treated separately. A ”1” is used, if a certain site is occupied by a
spin projection σ electron and a ”0” if it is unoccupied. An example of a state
for a cluster consisting of 6 sites with N↓ = 2 and N↑ = 3 is
|100010 >↓ |101001 >↑ .

(5.4)

In this case the spin up electrons are located at the sites labeled by the numbers
1,4 and 6 (right to left). The spin down electrons are located at the sites 2
and 6. The total number of states for a general Hamiltonian block consists
of all possible configurations, to place N↑ spin-up electrons and N↓ spin-down
electrons over L lattice sites
m=

L!
L!
×
.
(L − N↓ )!N↓ ! (L − N↑ )!N↑ !

(5.5)

Each electron configuration can be described by a binary number of 2L bites
as in Eq. 5.4. Therefore each state can be uniquely defined by a single integer
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corresponding to this binary number
I

=

L
�
i=1

=

L
�
i=1

(n↑ (i)2i−1 + n↓ (i)2(L+i−1) )
(I↑ + 2L I↓ ).

(5.6)

Here nσ (i) is the occupation number (0,1) of a site i by a spin projection σ
electron. All possible configurations for a cluster consisting of L = 3 sites with
N↑ = 2 and N↓ = 1 are shown in the table below. I↓ and I↑ are the integers
corresponding to the spin down and spin up configurations respectively.
down configuration
001
001
001
010
010
010
100
100
100

I↓
1
1
1
2
2
2
4
4
4

up configuration
011
101
110
011
101
110
011
101
110

I↑
3
5
6
3
5
6
3
5
6

I = I ↑ + 2m I ↓
11
13
14
19
21
22
35
37
38

The 5th column of integers forms a complete basis for the Hamiltonian block. In
a program the vector containing all these integers, corresponding to the diﬀerent
states, can be computed easily. It is convenient to calculate first the maximum
values that the integers I↑ and I↓ can achieve
Iσmax =

Nσ
�

2(m−1−i) .

(5.7)

i=1

Running a dummy integer from 0 to Iσmax and checking for every step whether
the state represents a configuration with Nσ electrons results in an array with
all possible Iσ . The two arrays for the spin-up and spin-down states can then be
combined, to give all possible integers I which form a basis for the Hamiltonian
matrix.

5.1.2

Hamiltonian matrix

The Lanczos method explained in the Sec 5.1.3 will be used to find the lowest
eigenvalues and eigenvectors of the Hamiltonian without storing the matrix.
The method needs a routine, which, multiplies a vector with the Hamiltonian
matrix. The Hamiltonian is a sparse matrix and instead of storing the whole
matrix, the goal is to generate the non-zero elements when needed. This can be
done eﬃciently using binary number operations as explained in Ref. [29]. To
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show how this is done, a one-dimensional chain of L sites with open boundary
conditions is considered as an example. The Hubbard Hamiltonian for the chain
is given by Eq. 2.17
�
�
HH = −t
(c†iσ ci+1σ + c†i+1σ ciσ ) + U
niσ ni,−σ .
(5.8)
<i,j>,σ

i

It is clear from the first term that hopping can be treated separately for spinup and spin-down electrons. Because of the Pauli principle hopping between
neighboring sites is allowed when their spin-σ occupation is either 01 or 10.
The following trick can be used to check the possibility for hopping between the
site i and the site i + 1, for a configuration I↑ . First a mask (binary number) is
created with non-zero bits at the sites of interest only (2i−1 +2i ). Then a binary
AND operation is performed using the mask and binary representation of I↑ .
The result is called K. Then an exclusive or (XOR) operation is performed using
K and the mask. When the result M of this operation has the configuration 01
or 10 at the sites of interest, the hopping is possible. The state after hopping is
then given by I↑ + M − K. The element in the Hamiltonian matrix connecting
the state before hopping and after hopping is then equal to −t. An example
of the procedure is shown in the table below, where it is checked if hopping
between sites 2 and 3 is possible.
I↑
mask
K
mask
M
I↑new

1010
0110
0010
0110
0100
1100

AND
XOR

The same procedure can be used for the spin-down electrons. The Coulomb
interaction can be checked in a similar way. Coulomb interaction is present at
a site i, if it is occupied by a spin-up and a spin-down electron. Therefore a
mask is created equal to 2i−1 + 2L+i−1 . Then an AND operation with the mask
and the state I is performed. If the result equals the mask, the site contains
two electrons and the Coulomb interaction is present. The diagonal element
corresponding to the state is then increased by U . The same check is then done
for the next site.
The non-zero elements of the Hamiltonian matrix can be calculated using these
techniques. This can be used in the routine where the Hamiltonian matrix is
multiplied with a vector: Hy = x. First the vector x = 0. When a non-zero
element of the matrix H is generated, it is immediately multiplied with the corresponding element of the vector y and added to the right element of x. The
matrix element can then be forgotten, and a new nonzero element is calculated.
In this way the Hamiltonian matrix does not have to be stored. Here the one
dimensional chain was studied. Diﬀerent lattices can be studied using the same
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technique. One has to conveniently label the sites within a cluster and create
the right mask for the hopping term. The 4 site cluster for the square lattice in
Fig. 5.1a is actually a one dimensional chain with periodic boundary conditions.
The above, can therefore, be applied to this system.

5.1.3

Lanczos method

The Lanczos method is commonly used to find the smallest and largest eigenvalues, and the corresponding eigenvectors of a large matrix. As already mentioned, the method does not require the matrix to be stored. However, a routine
is needed, which multiplies the matrix with a vector. In our case the large matrix is a block of the Hamiltonian matrix corresponding to a fixed number of
spin-up and spin-down electrons. The block is denoted by A which is symmetric
and has dimension n × n.
A subspace can be defined as the set of all n-vectors that are linear combinations of the set S = {s1 , s2 ..., sm } containing m vectors. The subspace is
invariant under a matrix A, if for each vector x in the subspace, the product
Ax lies within the subspace. The eigenvalues λ of a matrix can be found by
solving the equation for the characteristic polynomial
|A − λI| = 0.

(5.9)

Lanczos tried to find this polynomial by generating vectors which form a basis
for the invariant subspace of the matrix A. He started with a random vector q0
with dimension n. The next vector q1 is chosen as a linear combination of q0
and Aq0
β0 q1 = Aq0 − α0 q0 .

(5.10)

The constant α0 is chosen such that the inner product q1 ·q1 = |q1 |2 is minimal:
α0 =

(Aq0 ) · q0
.
|q0 |2

(5.11)

For this choice of α0 , the vectors q0 and q1 are orthogonal
q0 · q1 = 0.

(5.12)

The next vector is then chosen again chosen as a linear combination of the
previous vectors
β1 q2 = Aq1 − α1 q1 − β1 q0 .

(5.13)

Again minimizing the squared length of q2 results in the following expression
for the constants:
α1 =

(Aq1 ) · q1
,
|q1 |2

β1 =
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(Aq1 ) · q0
.
|q0 |2

(5.14)

The vector q2 is orthogonal to both q0 and q1 . The third vector is in complete
analogy defined as
β2 q3 = Aq2 − α2 q2 − β2 q1 − γ0 q0 .

(5.15)

If the inner product q3 · q3 is minimized, one finds that due to the orthogonality
of q0 , q1 and q2 ,
α2

=

γ0

=

(Aq2 )q2
(Aq2 )q1
,
β2 =
2
|q2 |
|q1 |2
(Aq2 )q0
β1 q 1 q 0
−
= 0.
2
q0
q20

(5.16)

Since γ0 = 0, the new vector can be calculated using the previous two vectors
only. This can be shown for every vector. The recursion relation for a new
vector is given by
βj qj+1 = Aqj − αj qj − βj−1 qj−1 .

(5.17)

The new vector is orthogonal to the previous vectors. The set of vectors
K = {q0 , q1 , ..., qm } generated in this way, clearly forms a basis for an invariant subspace of the matrix A. The subspace K is called a Krylov space.
The matrix Q = (q0 , q1 , ..., qm ) (n × m) is defined as the matrix containing
m generated basis vectors in its columns. The basis vectors in the matrix Q
are orthogonal and can be normalized so that QT Q = I. Since the subspace K
is invariant, the product Aqi lies within the subspace and can be written as a
linear combination of the basis vectors in Q. Therefore
AQ = QT,

(5.18)

where T is a (m × m) matrix containing the linear combination constants. If
the matrix T has an eigenvector y with eigenvalue λ, then
QT y = λQy,

(5.19)

where both sites of the eigenvector equation are multiplied by the matrix Q.
Using Eq. 5.18 this can be rewritten as
A(Qy) = λ(Qy).

(5.20)

Any eigenvalue λ of the matrix T is thus an eigenvalue of the larger matrix
A. The corresponding eigenvector of A is Qy. The matrix T has the following
tridiagonal form


α0 β0
 β0 α1 β1





β1 α2
β2

.
T =
(5.21)

.
.
.



βm−2 αm−1 βm−1 
βm−1
αm
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The matrix is symmetric and can be stored by two vectors with m entries.
The Lanczos algorithm works the following way. The method starts by generating a random normalized vector q0 of dimension n. Using the recurrence
relation in Eq. 5.17 new vectors are generated. The coeﬃcients αj and βj are
calculated, and stored in vectors α and β. Because of the recurrence relation
(Eq. 5.17), only the last two generated q vectors have to be stored. The generating of new vectors stops when a coeﬃcient βj = 0 or when 400 vectors have
been generated. The convergence of the Lanczos algorithm is fast for extreme
eigenvalues and generating 400 vectors is usually enough even for 16 million by
16 million matrices [29]. The eigenvalues and eigenvectors of the matrix T are
then found using a conventional routine for a tridiagonal matrix. The lowest
eigenvalue found, is the lowest eigenvalue of the large matrix A. The corresponding eigenvector of A is φ = Qy. The matrix Q however has not been
stored, since it is very large and only the last two vectors are needed to create
a new orthonormal vector. Therefore, after finding the eigenvector y of T the
Lanczos algorithm has to be restarted using the same random initial vector q0 .
The generated qi vectors are immediately used for the multiplication Qy and,
therefore, do not have to be stored. The eigenvector of A is stored during the
routine in a third vector.
The extreme eigenvalues and eigenvectors of a large n × n matrix can thus
be found by finding the eigenvalues and eigenvalues of a much smaller tridiagonal m × m matrix. The algorithm needs a routine that can perform the
multiplication Aqi however. Only three vectors of dimension n and two vectors
of dimension m have to be stored.

5.1.4

Cluster Green’s function

At zero temperature the system will be in the ground state. It has an energy
E0 equal to the lowest eigenvalue of the Hamiltonian block A. The corresponding eigenvector φ0 describes the state and can be obtained using the Lanczos
algorithm, as described above. Since the number of electrons in the cluster is
fixed, we can write A = H. The retarded real time cluster Green’s function is
a matrix in site indices i, j:
��
�
Gijσ (ω) =
Geij (ω) + Ghij (ω) ,
(5.22)
σ

where the first part corresponds to the propagation of an electron and the second
part to the propagation of a hole
Geijσ (ω)

=

Ghijσ (ω)

=

1
c† |φ0 >
ω − H + E0 jσ
1
< φ0 |c†iσ
cjσ |φ0 > .
ω + H − E0
< φ0 |ciσ
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(5.23)
(5.24)

Here H is the Hamiltonian which is a large matrix. The Lanczos algorithm can
be used to tridiagonalize H and to obtain the cluster Green’s function. The
average
< φ0 |C

1
C † |φ0 >,
ω − H + E0

(5.25)

where C is an operator containing creation/annihilation operators with hermitian conjugate C † can be calculated in the the following way. First C|φ0 > is
calculated and used as the initial vector in the Lanzos algorithm. The coeﬃcients αi and βi are calculated as described in the previous section. The average
in Eq. 5.25 is then equal to the following continued fraction [25],
1
ω + E0 − α 1 −

β12

.

(5.26)

β2
ω+E0 −α2 − ..2

By choosing C = ciσ the diagonal element Geii (ω) is calculated. Oﬀ-diagonal elements cannot be calculated directly using the continued fraction, since (ciσ )† �=
c†jσ . The four averages with C = ciσ ± cjσ and C = ciσ ± icjσ can, however, be
calculated using the continued fraction. An oﬀ-diagonal term of the retarded
Green’s function is then given by
1
1�
1
< φ0 |ciσ
c†j |φ0 > =
< |(ciσ + cjσ )
(c† + c†j )| >
ω − H + E0
4
ω − H + E0 i
1
− < |(ciσ − cjσ )
(c† − c†j )| >
ω − H + E0 i
1
+i < |(ciσ + icjσ )
(c† − ic†j )| >
ω − H + E0 i
�
1
−i < |(ciσ − icjσ )
(c†i + ic†j )| >
ω − H + E0
(5.27)
For the hole part of the cluster Green’s function the same technique can be used.
For this the creation and annihilation operators have to be interchanged and
the Hamiltonian matrix as well as E0 get an additional minus sign. The Green’s
function Gij (ω), can be directly used for the calculation of the spectral weight
for the small cluster, which for instance is done in Ref. [30][31]. The method
of exact diagonalization is, however, confined to small cluster sizes (16 sites).
Therefore, we have to include the intercluster hopping, which is described in
the next section.

5.2

Strong coupling perturbation theory

In the calculation of the cluster Green’s function described in the previous section, electrons where only allowed to hop to neighboring sites within the cluster
and, therefore, the total number of electrons on the cluster was conserved. Now
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the intercluster hopping is taken into account using the strong-coupling perturbation theory (SCPT), which is described in references [20-23,26]. Here we give
a summary of the derivation in reference [21].
The Hubbard Hamiltonian for a lattice divided into identical clusters can be
written as
�
�
�
0
H=
HR
(c†Riσ , cRiσ ) +
VijRR c†iRσ ciRσ ,
(5.28)
R

RR� ijσ

�

0
where HR
is the Hamiltonian on a single cluster defined in Eq. (5.2), and VijRRi
is the hopping amplitude between the sites i and j located in adjacent clusters R
and R� respectively. In SCPT the hopping of electrons is treated perturbatively
and the Coulomb interaction term is dominant. Using Grassmann variables
γRiσ corresponding to the operator cRiσ , the partition function for the Hubbard
Hamiltonian at a temperature β = 1/T can be written as
�
†
†
Z =
DγRiσ
DγRiσ e−SH (γRiσ ,γRiσ ) ,
(5.29)

where the action for the Hubbard model is given by Eq. (3.23), which can be
written as
� β ��
�
∂
†
†
0
SH =
dτ
γRiσ
(τ )(
− µ)γRiσ (τ ) +
HR
(γRiσ
, γRiσ )
∂τ
0
Riσ
R
�
�
� †
+
VijRR γRiσ
(τ )γR� jσ (τ ) .
(5.30)
RR� ,ij

The last term describes the hopping of electrons and is treated perturbatively.
The action can be written in a more convenient way making use of the bra-ket
notation. The last term for example can be written as
� β
�
�
� †
dτ
VijRR γRiσ
(τ )γR� jσ (τ ) =
Vµν γµ† γν =< γ|V̂ |γ >,
(5.31)
0

RR� ijσ

µν

where µ and ν denote sets of indices (i, R, σ, τ ), and V̂ is the hopping maRR�
trix Vab
. The non-perturbative part of the Hamiltonian (Coulomb term) is
quartic in creation and annihilation operators. Wick theorem only applies to
non-perturbative quadratic Hamiltonians and, therefore, can not be used. This
makes it diﬃcult to calculate the self-energy and obtain the diagrammatic rules.
The partition function can be rewritten in a quadratic form in terms of auxiliary
Grassmann fields φRiσ and φ†Riσ using the Grassmannian Hubbard-Stratonovich
transformation. The transformation expresses the perturbation part of the partition function as a Gaussian integral over the auxiliary fields
�
−1
−<γ|�
t|γ>
e
= Det[V ] Dφ† Dφe<φ|V |φ>+<φ|γ>+<γ|φ> .
(5.32)
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Using this expression the partition function can be written as
�
�
�
−1
Z = Z0 Dφ† Dφe<φ|V |φ> e<φ|γ>+<γ|φ> ,

(5.33)

0

where < ... >0 is the average with respect to the unperturbed Hamiltonian over
the original field γ. In Ref. [21] it is shown that the average in this equation
can be written as
∞
R
�
�
� � β�
��
1
<φ|γ>+<γ|φ>
e
= exp
dτl dτl�
(R!)2
0
0
�
R=1

R{al ,al }

l=1

×φ†Ra1 (τ1 )...φ†RaR (τR )φRa�1 (τR� )...φRa�R (τ1� )

�
†
†
�
× < γRa1 (τ1 )...γRaR (τR )γRa
,
� (τR )...γRa� (τ1 ) >0,c
R

1

(5.34)

where < ... >0 , c is the so called cumulant average. Note that the operators all
share the same cluster index R. Using this expression, the partition function
can be rewritten as
�
�∞
†
R
†
Z = Z0 Dφ† Dφe−S0 (φ ,φ)+ R=1 Sint (φ ,φ) ,
(5.35)
where the free quadratic part of the action is given by
S0 (φ† , φ)

=

− < φ|V̂ |φ > .

(5.36)

The free propagator of the auxiliary fermions is thus given by V̂ . An infinite
number of interaction terms contribute to action
−1 �
R
Sint
(φ† , φ) =
φµ1 ...φµR φ†νR ...φ†ν1 G(R)
ν1 ...νR ,µ1 ...µR ,
(R!)2
{µl ,νl }

(5.37)

where
†
�
†
�
G(R)
ν1 ...νR ,µ1 ...µR =< γν1 (τ1 )...γνR (τR )γνR (τR )...γν1 (τ1 ) >0,c ,

(5.38)

is the Green’s function on a cluster in terms of the original electron operators.
The sum in Eq. (5.37) is over all µl , νl with the same cluster index R. The partition function in terms of the auxiliary field has the quadratic form, to which
Wick theorem can be applied. The interaction term can be treated perturbatively and the self-energy can be calculated.
For the cluster perturbation theory we will only include the R = 1 interaction
term. The expression in Eq. 5.37 then reduces to
�
1
Sint
(φ† , φ) = −
φµ φ†ν G1µν =< φ|Ĝ|φ >,
(5.39)
µν
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where Ĝ is the matrix δRR� Gij , and is exactly the cluster Green’s function
(Eq. (5.22)) calculated in the previous section. It is clear that for R = 1,
the self-energy of the auxiliary Green’s function is equal to the exact electron
Green’s function on the cluster (Σ̂ = Ĝ). The connection between the twopoint electron Green’s function Gab =< γa γb† > and the free propagator of the
auxiliary Grassmann field is given by the Dyson equation
Ĝ =

1
Σ̂−1

− V̂

.

(5.40)

Using Σ̂ = Ĝ this can be rewritten as
Ĝ(ω) = Ĝ(ω)

1
1 − V̂ Ĝ(ω)

.

(5.41)

The matrices Ĝ and V̂ are invariant under translation with a lattice vector of the
superlattice. The Fourier transform of the hopping matrix and Green’s function
for the superlattice is
Vij (Q)

=

Gij (Q, ω)

=

1 � 0R iQ·R
Vij e
N
R
1 � 0R
Gij (ω)eiQ·R
N

(5.42)
(5.43)

R

Here Q is a wavevector of the reciprocal lattice of the superlattice. A certain
cluster has been chosen as the origin and is labeled by 0. Eq. 5.41 can then be
written as
�
�
1
Gij (Q, ω) = Ĝ(ω)
(5.44)
(1 − V̂ (Q)Ĝ(ω)) ij
The single electron Green’s function of the lattice is thus expressed as a combination of the hopping matrix between adjacent clusters, and the cluster Green’s
function which can be obtained by the exact diagonalization as was explained in
the previous section. The electron Green’s function of the lattice is in a mixed
representation since the cluster Green’s function is defined in real space and the
hopping matrix in the reciprocal lattice space of the superlattice. In the next
section we will use this expression, to calculate the spectral weight and density
of states for a one-dimensional chain to illustrate the method.

5.3

One dimensional chain

Here the cluster perturbation theory will be used to calculate the spectral weight
and the density of states of a one-dimensional chain. In Fig. 5.2 the onedimensional chain is shown twice, divided into identical clusters with L = 2 (a)
and L = 4 (b) sites. The cluster Green’s function Gij (ω) can be obtained for
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Figure 5.2: The one dimensional chain divided into clusters containing L = 2
(top) and L = 4 (bottom) sites.
both cluster sizes using exact diagonalization described in Sec. 5.1. It is clear
from Fig. 5.2 that intercluster hopping is only possible at the i = 1 and i = L
site of the clusters. The intercluster matrix is thus given by
�

VijRR = −t(δR,R� −1 δi,L δj,1 + δR,R� +1 δi,1 δj,L ).

(5.45)

Calculating the Fourier transform of this expression (see Eq. (5.43)), we obtain
Vij (Q) = −t(eiQ δi,L δj,1 + e−iQ δi,1 δj,L )

(5.46)

The electron Green’s function matrix Ĝ(Q, ω) can then be obtained using Eq.
(5.44). This expression is defined in the reciprocal space of the superlattice and
real space within a cluster. We need an expression for the function in the reciprocal space of the lattice. The translational symmetry within a cluster is broken
since the bonds between sites within the cluster are treated diﬀerently than the
bonds between sites located in diﬀerent clusters. The translational symmetry of
the superlattice is, however, still conserved. Due to this the Green’s function G
depends on two wave vectors k and k � . The diﬀerence between the wave vectors
k − k � equals a reciprocal vector of the superlattice, because of the translational
invariance.
The one dimensional-chain is divided into N clusters containing L sites. The
reciprocal lattice of a one-dimensional chain with lattice constant a is a one
dimensional-chain with lattice spacing 2π
a . In the reduced Brillion zone the
wavevector k has the values,
k=

2πni
,
N La

ni = 0, 1, 2, ..., N L − 1.

(5.47)

The superlattice of the one-dimensional chain has a lattice spacing La. There2π
fore, the reciprocal superlattice has a lattice spacing La
, which is smaller than
the reciprocal lattice vector of the real chain. In the reduced Brillion zone the
values of the wavevector Q are
Q=

2πnj
,
N La

nj = 0, 1, 2, ..., N − 1.
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(5.48)

The Fourier transform of the creation/annihilation operator for an electron located in the cluster R, at intercluster site ri is given by
1 �
cRiσ = √
ckσ eik·(R+ri )
(5.49)
LN k
1 �
c†Riσ = √
ckσ e−ik·(R+ri ) ,
(5.50)
LN k
The single-electron Green’s function in terms of the wave vectors k and k � can
then be written as
�
�
1 � RR�
G(k, k � , ω) =
G
(ω)e−ik(R+ri ) eik (R +rj ) .
(5.51)
N L � ij
RR ij

Using Eq. (5.43) this can be rewritten as
G(k, k � , ω) =

�
�
�
1 �
Gij (Q, ω)e−ik(R+ri ) eik (R +rj ) eiQ(R−R ) .
NL �

(5.52)

RR Qij

In Fig. 5.3 the reciprocal lattice is shown for the one-dimensional chain and
the superlattice. It is clear from the figure that a wavevector k belonging to
the reduced Brillion zone of the chain can be decomposed as k = K + �
k, where
K belongs to the reduced Brillion zone of the reciprocal lattice of the superlattice, and �
k is a reciprocal lattice vector of the superlattice. The expression

Figure 5.3: The reciprocal lattice for the one-dimensional chain (purple) and
superlattice (green) for L = 2 is shown. The reduced Brillion zone is in between
the blue vertical lines. The wavevector k, in the reduced Brillion zone of the
one-dimensional chain can be decomposed in a reciprocal lattice vector �
k of the
superlattice and a vector K belonging to the reduced Brillion zone of the super
lattice k = �
k + K.
for the electron Green’s function in Eq. (5.44), is invariant, if the wavevector
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Q is translated by a reciprocal lattice vector of the superlattice. Therefore,
Gij (k, ω) = Gij (Q − �
k, ω) = Gij (K, ω). Performing the summation in Eq. 5.52
we get,
G(k, k� , ω) =

�
1�
Gij e−ikri eik rj δ(K − K� ),
L ij

(5.53)

where
δ(K − K � ) =

L−1
�
s=0

δ(k − k � +

2πs
).
Na

(5.54)

In the limit of an infinite lattice N → ∞, only the s = 0 term is important.
Performing the sum over k � , then reduces the expression for the Green’s function
to
Gcpt (k, k � , ω) =

L
1 �
Gij (k, ω)eik(rj −ri ) .
L i,j=1

(5.55)

The electron Green’s function in the reciprocal space of the lattice can thus
be obtained by using this equation. The probability that an electron with a
wavevector k has a frequency ω (spectral weight) is then
A(k, ω) = −2Im[Gcpt (k, ω + iη + µ)]

(5.56)

where iη is a small imaginary number added to give a finite width to the poles
of the Green’s function and µ is the chemical potential. The density of states
can be found by summing the spectral weight over all wave vectors within the
first Brillion zone
�
ρ(ω) =
A(k, ω + iη + µ).
(5.57)
k∈B.Z.

5.3.1

Results

In Fig. 5.4 the spectral weight is shown for the one-dimensional chain at half
filling with L = 2 corresponding to Fig. 5.2a), for U = 0 and U = 4t and
diﬀerent values of the wavevector k. The parameters used for this calculation
are N = 2000 and η = 0.01. The exact diagonalization on the cluster is done for
N↑ = N↓ = 1. For U = 0 the expected spectral weight is obtained. The k = π/2
gives a finite contribution to the spectral weight at ω = 0. The spectral weight,
however, disappears at ω = 0 when the Coulomb interaction is increased. For
U = 4t a clear Hubbard gap (separation U/2) is seen at k = π/2 corresponding
to an insulating state. Cluster perturbation theory is exact in the limit of infinite cluster sizes L → ∞. It is thus better to treat larger clusters. The density
of states for the one dimensional chain divided into clusters with L = 4 is shown
in Fig. 5.5. For U = 0 the figure corresponds to the density of states shown in
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Figure 5.4: Spectral weight for the one-dimensional chain with L = 2 for
π 2π
k = 0, 20
, 20 , ..., π for U = 0 (top) and U = 4t (bottom). The values for
the parameters are: t = 1 and η = 0.01. The number of clusters considered are
N = 2000.

Figure 5.5: DOS for the one-dimensional chain with L = 4 for U = 0 (top) and
U = 0.3t (bottom). The values for the parameters used are t = 1, η = 0.01 and
N = 2000.

57

Fig. 3.2 for the hypercubic lattice with d = 1. For a small value of U = 0.3t, a
gap already appears at the Fermi energy and the chain is in an insulating state.
The cluster perturbation theory takes into account local electron correlations
(k-dependence of the self-energy) on the cluster and can describe the insulating
one-dimensional chain properly.
The cluster perturbation theory is exact when there is no Coulomb interaction. The Hamiltonian in Eq. (5.28) when U = 0, becomes quadratic in creation/annihilation operators and the Wick theorem applies. If the intercluster
hopping is treated perturbatively to hopping within a cluster, the self-energy is
exactly V� and, therefore,
G� =

1
.
−1
�
G − V�

(5.58)

This formula is the same as for the cluster perturbation theory in Eq. (5.41).
This formula is, however, also valid when the Coulomb interaction is large
U/t >> 1, since in the derivation done in Sec. 5.2 the intercluster hopping
was treated perturbatively with respect the Coulomb interaction. The unperturbed propagator of the auxiliary fermions was given by V and the lowest-order
� = G,
� which leads to the same
contribution (R = 1) to the self-energy was Σ
equation.

5.4

Semimetal-insulator transition for the honeycomb lattice

In this section, cluster perturbation theory is applied to the honeycomb lattice.
The clusters are chosen as in Fig. 5.6. A single cluster is chosen as the unit cell
of the honeycomb lattice and thus contains L = 2 lattice sites. A single cluster
initially (for the exact diagonalization) contains two electrons with antiparralel
spins (N↑ = N↓ = 1). The superlattice is a triangular lattice which has the
same lattice vectors R1 and R2 as the honeycomb lattice
√
√
3 3
3 3
R1 = (
, )a, R2 = (−
, )a.
(5.59)
2 2
2 2
The hopping matrix in the reciprocal space for this choice of clusters is given
by
�
�
0
e−iQ·R1 + e−iQ·R2
V (Q) = −t
(5.60)
eiQ·R1 + eiQ·R2
0
�
�
√
√
−i( 23 Qx + 32 Qy )
i( 23 Qx − 32 Qy )
0
e
+
e
√
√
= −t
3
3
3
3
ei( 2 Qx + 2 Qy ) + ei(− 2 Qx + 2 Qy )
0
(5.61)
The Green’s function G(Q, ω) can then be calculated using Eq. (5.44). It was
rather diﬃcult for the one dimensional chain to express this Green’s function in
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Figure 5.6: The honeycomb lattice with clusters containing L = 2 sites with
superlattice vectors R1 and R2 .
the reciprocal space of the original lattice. For the situation at hand, however,
the reciprocal space for the superlattice is the same as the reciprocal space of the
cluster, because the clusters are the unit cells of the honeycomb lattice. Therefore, G(Q, ω) can be directly used as the cluster perturbation Green’s function
Gcpt (Q, ω).
The density of states for diﬀerent values of U/D, where D = 3t, is shown
in Fig. 5.8. For U = 0D, the density of states obtained is the same as the
non-interacting density of states calculated in Sec. 3.1 (See Fig. 4.5). When
the Coulomb interaction is increased, the density of states near the Fermi energy does not change. This is very diﬀerent from the single-site DMFT in Ch. 4.
To obtain a more precise value of the critical value of the Coulomb interaction
strength, we examine the spectral weight. A colorplot of the spectral weight
is shown in Fig. 5.9 as a function of the frequency ω and wavevector k. The
wavevector walks over the irreducible Brillouin zone of the honeycomb lattice
shown in Fig. 5.7. At U = 0 there is a high value of the spectral weight at the
point K of the reduced Brillouin zone corresponding to the Dirac point. When
the Coulomb interaction increases the Dirac point seems to move towards the
point M. It can be analytically shown that Dirac points do not move in an
isotropic honeycomb lattice [36]. In the cluster perturbation theory the bonds
within clusters are treated diﬀerently than the bonds between sites located in
diﬀerent clusters. This probably causes the Dirac point to move. Another possibility is that the interaction spontaneously breaks the isotropy. To confirm this
however larger clusters should be considered. It can be clearly seen from Fig. 5.9
that the semimetal-insulator transition occurs at a value Uc = 1.25D = 3.75t.
The results obtained in this work at T = 0, using the cluster perturbation
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Figure 5.7: Brillouin zone of the Honeycomb lattice. The irriducable Brillouin
zone is surrounded by the dark blue triangle.
theory, are close to the results of Ref [27,28]. Wu et al. [27] used continuous
time Quantum Monte Carlo simulations to study the honeycomb lattice. Their
results show that the density of states around the Dirac point does not depend
on the interaction strength for U < Uc . The semimetal-insulator transition occurs at Uc = 3.3t. Meng et al. [28] did quantum Monte Carlo simulations and
find a transition to a gapped spin-liquid state for Uc = 3.5.
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Figure 5.8: Density of states for the Honeycomb lattice obtained by CPT with
L = 2 for U/D = 0, 0.5, 1, 1.2, 1.5, 2 at T = 0.
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Figure 5.9: Spectral weight for the honeycomb lattice as a function of the frequency ω and the wavevector k for U/D = 0, 0.5, 1, 1.2, 1.3, 1.5. The wavevector
walks over the first Brillioun zone depicted in Fig. 5.7
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Chapter 6

Conclusion & Discussion
We studied the Hubbard model on a two-dimensional honeycomb lattice at half
filling. A real material that has a two-dimensional honeycomb structure and
one electron per site is graphene. We looked at the semimetal-insulator transition that is expected to occur when the ratio between the Coulomb interaction
strength U and the on-site kinetic energy t of the electrons is increased, similar
to the Mott transition observed in transition metal oxides. This transition has
not jet been observed in graphene. We used two diﬀerent numerical methods,
single site Dynamical Mean Field Theory and Cluster Perturbation Theory, to
obtain critical values for the ratio Uc /t for this transition to occur.
Single-site Dynamical Mean Field Theory gives an exact solution for the Hubbard model in the limit of infinite lattice coordination (z → ∞). In this limit
the self-energy, which accounts for the Coulomb interaction between electrons,
becomes independent of the wavevector [10]. The problem can, therefore, be
reduced to a single quantum impurity site embedded in an eﬀective medium.
Quantum fluctuations at the impurity site are taken into account because the
site and the eﬀective medium can exchange electrons.
We calculated the density of states for the honeycomb lattice at diﬀerent values of U/t, from which a critical value for the semimetal-insulator transition
of Uc /t = 9.3 is obtained. For non-interacting electrons the density of states
vanishes at the Fermi energy (Dirac point). Our calculations show that upon
increasing the Coulomb interaction strength, the system goes from a semimetal
state to a metallic state and then to an insulating state which seems rather
unphysical.
Single site DMFT neglects the wavevector dependence of the self-energy and,
therefore, only includes local electron correlations. For a one-dimensional chain
(z = 2), the limit of infinite lattice coordination is invalid and non-local electron correlations cannot be neglected [11]. To check whether non-local electron
correlations are important for the honeycomb lattice (z=3) a second numerical
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method was used called Cluster Perturbation Theory.
In this approach the lattice is divided into small identical clusters. The Hubbard Hamiltonian is solved exactly on the cluster using the Lanczos method [32]
for exact diagonalization. The hopping of electrons between sites belonging to
diﬀerent clusters is treated by perturbation theory.
We showed that CPT can describe non-local correlations properly and gives the
correct result for a one-dimensional chain. A critical value for the semimetalinsulator transition for the honeycomb lattice of Uc = 3.75t (zero temperature)
was obtained using a cluster containing two sites. Below the critical value Uc /t,
the density of states near the Dirac point is independent of the Coulomb interaction strength. This result is very diﬀerent from the results obtained by single-site
DMFT where the non-local electron correlations where neglected. The value we
obtained using CPT is close to the values obtained by Ref. [27] Uc = 3.3t
(CDMFT+QMC) and Ref. [28] Uc = 3.5t (QMC) for a two-dimensional honeycomb lattice.
In graphene the ratio between the Coulomb interaction strength and the kinetic energy of the electrons U/t ≈ 2.2 − 4.4. This ratio can be controlled by
growing graphene on substrates with diﬀerent dielectric constants. The value
obtained by Cluster Perturbation Theory for the semimetal-insulator transition
Uc /t = 3.5 is close to the ratio in graphene. Graphene, however, is conducting
and a transition to an insulating state has not jet been observed. In graphene
non-local Coulomb interactions are expected to be important [37] which are neglected in the Hubbard model. To improve our results the non-local Coulomb
interactions should be taken into account and larger cluster sizes should be used.
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Appendix A

Green’s Functions
To describe many body systems it is sometimes more convenient to use Green’s
functions instead of the wavefunction formalism. In this appendix Green’s functions will be discussed briefly. A more detailed description on Green’s function
can be found in Ref. [34,35]. We will start by defining the single-particle Green’s
function and calculate the representation in Fourier space in the case of noninteracting electrons. In Sec. A.2 we will treat the Coulomb interaction between
electrons perturbatively for the Hubbard model in the limit of infinite dimensions. The method of the self-energy is explained and Dyson’s equation will
be derived. In Sec. 3.3 a practical calculation of the Green’s function for noninteracting electrons for the Anderson model is given, which is used in chapter
3.

A.1

Free Fermion Green’s function

In many body systems Green’s functions are used as correlation functions. The
one-particle Green’s function using creation ψσ† (r, t) and annihilation ψσ (r, t)
operators for a fermion to be created/annihilated at a position r at a time t can
be defined as
Gσ (r2 , t2 , r1 , t1 ) = −i < Φ0 |Tt (ψσ (r2 , t2 )ψσ† (r1 , t1 ))|Φ0 >,

(A.1)

where Φ0 denotes the ground state of the system and T is the Dyson time
ordered product defined as
�
ψσ (r2 , t2 )ψσ† (r1 , t1 ) if t1 < t2
†
Tt (ψσ (r2 , t2 )ψσ (r1 , t1 )) =
(A.2)
−ψσ† (r1 , t1 )ψσ (r2 , t2 ) if t2 > t1 .
The minus sign in the time ordered product for t2 > t1 results from the interchange of two fermion operators. For t2 > t1 , the Green’s function describes
the probability that an added electron to the system at position r1 and time t1 ,
has a position r2 after propagating for a time t2 − t1 . For t2 < t1 the Green’s
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function describes the propagation of a hole. Note that the electron at the time
t1 is in the same state as at the time t2 . In many body systems it is often
convenient to use the imaginary time Green’s function, also called Matsubara
Green’s function
Gσ (r2 , τ2 , r1 , τ1 ) = − < Φ0 |Γτ (ψσ (r2 , τ2 )ψσ† (r1 , τ1 ))|Φ0 >,

(A.3)

where τ = it is the imaginary time. In order to lighten notation r1 can be
chosen as the origin and τ1 can be taken equal to zero, so that
Gσ (r2 , τ2 , 0, 0) = G(r, τ )

(A.4)

The Fourier transform for the creation and annihilation operator to momentum
space is given by
�
1
ckσ (τ ) = √
d3 xe−ik·r ψσ (r, τ )
(A.5)
V
�
1
c†kσ (τ ) = √
d3 xeik·r ψσ† (r, τ )
(A.6)
V
The inverse Fourier transform to coordination space is
ψσ (r, τ )

=

ψσ† (r, τ )

=

1 � ik·r
√
e ckσ (τ )
V k
1 � −ik·r †
√
e
ckσ (τ ).
V k

(A.7)
(A.8)

Performing the Fourier transform, the one particle Green’s function in Eq. A.4
can be rewritten as
Gσ (k, τ ) = − < Φ0 |Γτ (ckσ (τ )c†kσ (0))|Φ0 > .

(A.9)

The time dependence of the operators is from quantum mechanics
ckσ (τ ) = eHτ ckσ e−Hτ .

(A.10)

The derivative with respect to the imaginary time is then
dckσ
= eHτ [H, ckσ ]e−Hτ
dτ
Using the Hamiltonian for free fermions in momentum space
�
H=
(�k − µ)c†kσ ckσ ,

(A.11)

(A.12)

kσ

this expression can be written as
dckσ
= −(�k − µ)ckσ .
dτ
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(A.13)

From this the time-dependence of the of the creation and annihilation operators
follows
ckσ (τ )
c†kσ (τ )

=

e−(�k −µ)τ ckσ

(A.14)

=

e−(�k −µ)τ c†kσ .

(A.15)

Taking the derivative with respect to imaginary time of the one-particle Green’s
function, results in
d
G(k, τ ) = −(�k − µ)G(k, τ ) − δ(τ ) < Φ0 |{ckσ , c†kσ }|Φ0 >
dτ

(A.16)

The Fourier transform of the Green’s function with respect to imaginary time
is defined as
� β
Gσ (k, ωm ) =
dτ eiωm τ Gσ (k, τ )
(A.17)
0
�
Gσ (k, τ ) = T
e−iωm τ Gσ (k, ωm ).
(A.18)
ωm

Where ωm is the Matsubara frequency. The Matsubara Green’s function is an
anti-periodic function with period β = 1/T (inverse temperature)
Gσ (k, τ ) = −Gσ (k, τ + β).

(A.19)

From this it follows that the Matsubara frequencies ωm in Eq. A.18 are odd
ωm = (2m + 1)πT

(A.20)

Taking the Fourier transform gives the solution to the diﬀerential equation (Eq.
(A.16)) of the free fermion Green’s function
Gσ (k, ωm ) =

1
.
iωm + µ − �k

(A.21)

The poles of the Green’s function occur at the energies of the particles. The
Matsubara Green’s function is related in the following way to two other Green’s
functions that are particularly useful and important
� R
Gσ (k, iωm ) for ωm > 0
Gσ (k, ωm ) =
(A.22)
GA
for ωm < 0.
σ (k, iωm )
Here GR
σ is the retarded Green’s function which is by definition
GσR (r2 , t2 , r1 , t1 ) = −iθ(t2 − t1 ) < Φ0 |{ψσ (r2 , t2 ), ψσ† (r1 , t1 )}|Φ0 >,

(A.23)

and GA
σ is the advanced Green’s function
GσA (r2 , t2 , r1 , t1 ) = iθ(t1 − t2 ) < Φ0 |{ψσ (r2 , t2 ), ψσ† (r1 , t1 )}|Φ0 > .
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(A.24)

A.2

Self-energy

The Hubbard model describes the propagation of interacting electrons through
a material. The Hamiltonian in momentum space is given by Eq. 2.20
�
U �
H=
(�k − µ)c†kσ ckσ +
c†k−qσ c†k� +q,−σ ck� ,−σ ckσ ,
(A.25)
L �
kσ

kk q�=0,σ

where the first term corresponds to the Hamiltonian for free fermions in Eq.
A.12. The Green’s function describes the propagation from a point r� to a
point r of an electron (hole) added to the system. In the Hubbard model the
added electron (hole), can interact infinitely many times with the other electrons (holes) in the system during it’s propagation. The scattering between two
electrons, is shown in Fig. A.1.
In this section we will treat the Coulomb interaction between electrons perturbatively and see how it contributes to the electron Green’s function. The

Figure A.1: An electron with initial momentum k added to the system at 1 =
(r, τ ), scatters with an electron of the system at the point 3 and propagates to
4.
Green’s function in Eq. A.3 can be written as a functional integral over the
Grassmann variables γ † (r, t) and γ(r, t) corresponding to the electron creation
and annihilation operators respectively
�
†
Dγ † Dγe−Se (γ ,γ) γσ (r2 , t2 )γσ† (r1 , t1 )
�
Gσ (r2 , τ2 , r1 , τ1 ) = −
,
(A.26)
Dγ † DγeSe (γ † ,γ)
where Se is the eﬀective action. For the Hubbard model in infinite dimensions
the eﬀective action reduces to a single impurity site in an eﬀective medium and
is given by (Eq. (3.24))
� β � β
�
Se = −
dτ
dτ �
γσ† (τ )[Gσ0 (τ − τ � )]−1 γσ (τ � )
0

+U

�

0

σ

β

0

dτ n↑ (τ )n↓ (τ ).
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(A.27)

The eﬀective action for non-interacting electrons is defined as S0 and is quadratic
in the Grassmann fields. The Coulomb interaction part is treated perturbatively
and can be expanded to first order in U which leads to
�
�β
†
Dγ † Dγe−S0 (γ ,γ) [1 − U 0 dτ n↑ (τ )n↓ (τ )]γσ (τ2 )γσ† (τ1 )
Gσ (τ2 , τ1 ) = −
�
�β
Dγ † Dγe−S0 (γ † ,γ) [1 − U 0 dτ n↑ (τ )n↓ (τ )]
(A.28)

Dividing both the numerator and denominator by
Gσ (τ2 , τ1 )

=
≈

�

Dγ † Dγe−S0 gives

�β
< γσ (τ2 )γσ† (τ1 ) >0 −U 0 dτ < n↑ (τ )n↓ (τ )γσ (τ2 )γσ† (τ1 ) >0
−
�β
1 − U 0 dτ < n↑ (τ )n↓ (τ ) >0
� β
− < γσ (τ2 )γσ† (τ1 ) >0 +U
dτ < γσ (τ2 )γσ† (τ1 ) >0 < n↑ (τ )n↓ (τ ) >0
−U

�

0

β

0

dτ < n↑ (τ )n↓ (τ )γσ (τ2 )γσ† (τ1 ) >0 ,

(A.29)

where < .. >0 denotes the average over the unperturbed (U=0) action. The
Wick theorem states that the average of a product of creation and annihilation
operators can be written as the product of all possible pairwise averages.
< ABCD >=< AB >< CD > − < AC >< BD > + < AD >< BC >(A.30)
The Wick theorem applies to Gaussian distribution functions and, therefore,
the non-perturbed eﬀective action has to be quadratic in creation/annihilation
operators. Using the Wick theorem, the last average for the Green’s function
G↑ (τ2 , τ1 ) in Eq. A.29 can be rewritten
< n↑ (τ )n↓ (τ )γσ (τ2 )γσ† (τ1 ) >0

=
=

< γ↑ (τ )γ↑† (τ )γ↓ (τ )γ↓† (τ )γ↑ (τ2 )γ↑† (τ1 ) >0
< n↑ (τ )n↓ (τ ) >0 < γ↑ (τ2 )γ↑† (τ1 ) >0

+ < γ↓ (τ )γ↓† (τ ) >0 < γ↑ (τ )γ↑† (τ1 ) >0 < γ↑ (τ2 )γ↑† (τ ) >0

(A.31)

Note that all other pairwise averages are equal to zero. Filling this expression
into Eq. (A.29) leads to
G↑ (τ2 , τ1 )

=

− < γσ (τ2 )γσ† (τ1 ) >0
� β
+U
dτ < γ↓ (τ )γ↓† (τ ) >0 < γ↑ (τ )γ↑† (τ1 ) >0 < γ↑ (τ2 )γ↑† (τ ) >0
0

=

G↑0 (τ2 , τ1 ) − U

�

β

0

dτ G↓0 (τ, τ )G↑0 (τ, τ1 )Gσ0 (τ2 , τ )

(A.32)

The Green’s function for interacting electrons can thus be written in terms of
the bare Green’s functions. The diﬀerent terms in Eq. (A.32) can be represented
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Figure A.2: Feynman diagrams up to first order in the Coulomb interaction U .
by Feynman diagrams (Fig. A.2). A Green’s function for interacting electrons
is represented by a double solid line and the bare Green’s function by a single
solid line. At an interaction point four lines come together and a dashed green
line is used. The diagram with the interaction vertex, actually describes the
interaction of a single electron, with the average density of all other electrons
which corresponds to the Hartree approximation [34]. If the exponent in Eq.
(A.28) was expanded to second order in U , extra diagrams contribute to the
Green’s function for interacting electrons. Two of them are shown in Fig. A.3.
Clearly the first second order diagram in the figure is a repetition of the first

Figure A.3: Two Feynman diagrams which are of second order in the Coulomb
interaction U .
order diagram shown in Fig. A.2. There is a technique which allows one to take
into account all repetition diagrams to infinite order in U . First one has to select
the irreducible diagrams, which are diagrams that cannot be divided into two
parts by cutting a single continuous line. Here we will consider the irreducible
diagrams to second order in U . The sum of these irreducible diagrams is denoted
by the self-energy Σ. Higher order diagrams containing the same interaction

Figure A.4: The self-energy containing two irreducible diagrams.
multiple times, can then be written as a repetition of the self-energy. This is
shown in Fig. A.5 or
G = G 0 + G 0 ΣG 0 + G 0 ΣG 0 ΣG 0 + G 0 ΣG 0 ΣG 0 ΣG 0 + ...
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(A.33)

Figure A.5: Higher order diagrams are taken into account by repetition of the
self-energy which contains irreducible diagrams.
This series can be rewritten into the Dyson equation
G

=
=
=

G 0 (1 + ΣG 0 + (ΣG 0 )2 + (ΣG 0 )3 + ...)
G 0 (1 − ΣG 0 )−1
1
.
0
−1
(G ) − Σ

(A.34)

For the infinite dimensional Hubbard model the self-energy is independent of the
coordinates r since a single site is considered. In general, diagrams connecting
the site i and the site j also contribute to the self-energy. Taken the Fourier
transform to momentum space and with respect to time the Dyson equation can
be written as
1
G(ωm , k) =
(G 0 (ωm , k))−1 − Σ(ωm , k)
1
=
.
(A.35)
iωm + µ − �k − Σ(ωm , k)

A.3

Bare Green’s function in Anderson impurity model

In this section the Bare Green’s function for the Anderson model will be calculated. The Hamiltonian for the Anderson model is
�
�
�
HA =
�k c†kσ ckσ +
�d d†σ dσ + U d†↑ d↑ d†↓ d↓ +
[Vkd c†kσ dσ + h.c.]. (A.36)
kσ

σ

kσ

The bare Green’s function is the single-particle Green’s function in the case of
non-interacting electrons U = 0
Gdd (τ ) = − < Φ0 |Γτ (dσ (τ )d†σ (0))|Φ0 > .

(A.37)

Taking the derivative with respect to imaginary time and using that the derivative of the theta function is the delta function gives the following
∂
∂dσ (τ ) †
Gdd (τ ) = −δ(τ )− < Γτ
dσ (0) > .
∂τ
∂τ

(A.38)

The time dependence of the operators is given in Eq. (A.13). The commutator
in Eq. (A.13) for the Anderson model with U=0 is
�
[HA0 , dσ ] = −�d dσ −
Vk ckσ .
(A.39)
k
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Substituting this expression in Eq. (A.38) gives
�
∂
Gdd (τ ) = −δ(τ ) − �d Gdd (τ ) −
Vk Gkd (τ ),
∂τ

(A.40)

Gkd = − < Φ0 |Γτ (ckσ (τ )d†σ (0))|Φ0 > .

(A.41)

k

where

Now taking the Fourier transform with respect to time on both sites leads to
the following equation
�
(iωm − �d )Gdd (iωm ) = 1 +
Vk Gkd (iωm )
(A.42)
k

A similar calculation can be done for Gkd which gives
d
Gkd (τ ) = −�k Gkd (τ ) − Vk∗ Gdd (τ ).
dτ

(A.43)

Taking the Fourier transform leads to the following
Gkd (iωm ) =

Vk∗
Gdd (iωm ).
iωm − �d

(A.44)

Substituting this in Eq. (A.42), results in an expression for the bare Green’s
function for the Anderson model
[Gdd (iωm )]−1

=
=

�

|Vk |2
iωm − �k
k
� ∞ �
|Vk |2 δ(� − �k )
iωm − �d −
d� k
iωm − �
−∞

iωm − �d −
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(A.45)

Appendix B

Integral semi circular
density of states
The integral that has to be solved for the lattice Green function for the Bethe
lattice in infinite dimensions is
√
� D
2
D 2 − �2
Glat (iωm ) =
d�
.
(B.1)
2
πD −D iωm + µ − � − Σ(iωm )

Here D = 2t and is the radius of the semicircle (DOS). The integral can be solved
using Cauchy’s Residue theorem. Performing the substitution � = 2t cos (θ) the
integral can be rewritten as
�
1 π
sin 2 (θ)
Glat (iωm ) =
dθ
.
(B.2)
π −π iωm + µ − Σ(iωm ) − 2t cos (θ)
This integral can be rewritten as a contour integral over the unit circle (c1 ) in
the complex plane. Making the substitution z = eiθ gives
�
(z − z1 )2
dz
Glat (iωm ) =
(B.3)
1 .
c1 4πiz iωm + µ − Σ(iωm ) − t(z + z )
Multiplying numerator and denominator by z 2 and rearranging terms leads to
�
1
(z 2 − 1)2
Glat (iωm ) =
dz 2
,
(B.4)
4πit c1 z (z − α+ )(z − α− )
where

�
1
(iωm + µ − Σ(iωm ) ± ((iωm + µ − Σ(iωm ))2 − 4t2 )).
2t
So the function has a second order pole at z = 0 and two simple poles at z
and z = α− . The residues of the poles are
α− + α+
z = 0, Res =
4πit
α± − α∓
z = α± , Res =
.
4πit
α± =
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(B.5)
= α+
(B.6)
(B.7)

Note that α+ α− = 1. For convenience, ν(iωm ) is defined as
ν(iωm ) = iωm + µ − Σ(iωm ).

(B.8)

The poles that lie within the unit circle only contribute to the integral. The
second order pole at z = 0, therefore, always contributes. It depends on the
value of ν(iωm ) whether α+ and α− contribute. All cases are treated below.
If both α+ and α− are in the unit circle their contributions to the integral cancel.
If Im[ν(iωm )]= 0 then three diﬀerent cases arise.
1) ν(iωm )2 > 4t2 .
Then α+ is in the unit circle when ν(iωm ) < 0.
Then α− is in the unit circle when ν(iωm ) > 0.
2) ν(iωm )2 < 4t2
Then α+ and α− are in the unit circle at the same time (no contribution).
3) ν(iωm )2 = 4t2
Then α+ = α− and a second order pole is formed. It’s residue is however equal
to zero.
If Im[ν(iωm )]�= 0
Then two cases arise
1) Im[ν(iωm )]> 0
Then only α− lies within the unit circle and contributes.
2) Im[ν(iωm )]< 0
Then only α+ lies within the unit circle and contributes.
The integral can now be calculated for each case separately by taking the sum
of all residues and multiplying by 2πi. The result is summarized below
�
�
2√
(η(iωm ) = ±1)
2
2
ν(iωm )+η(iωm ) ν(iωm ) −4t
Glat =
(B.9)
ν(iωm )
(η(iωm ) = 0)
2t2

η(iωm ) =




0 Im(ν(iωm ))= 0 and |Re(ν(iωm ))| ≤ 2t
+1 Im(ν(iωm ))> 0 or Im(ν(iωm ))= 0 and Re(ν(iωm ))< −2t

−1 Im(ν(iωm ))> 0 or Im(ν(iωm ))= 0 and Re(ν(iωm ))> 2t
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